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ADVERTISEMENT. 

.  :^ 

THE  present  voliuue  oontains  84  papers  numbered.  300  to  383  published 
for  the  meat  port  in  the  years  1861  to  1866:  Na  378,  Report 
on  Catalogue  of  Fhiloeophical  Memoiis,  was  however  pnbliahed  in  the 
Bnt^  Aw)!cialAon  Ee^port  for  1656,  and  No.  379,  Notices  of  Gonununi- 
cations  to  the  British  Assodation,  were  pubUshed  in  the  Britith  A^odaHon 
Repofts,  1854  to  1864:  the  conduding  Paper  383,  Problems  and  Solutions, 
contuns  problems  for  the  most  part  geometrical  ones  proposed  or  solved,  by 
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The  Table  for  the  iive  volumes  m 

Vol.  L  Numbers    1  to  100. 

»    II.       „  101  „  158. 

XXX*  1 59  yi  223. 

„    IV.        „  223  „  299. 

„    V.       „  300  „  383. 


vii 


CONTENTS. 

[An  Asterisk  denotes  tliat  the  paper  is  not  printed  in  full.] 

PAOB 

300.  Note  relative  atix  droites  en  involution  de  M.  Sylvester   1 

Comptea  Rendue,  Paris,  t.  lii.  (1861),  pp.  1039—1042 

301.  Sur  les  c6nes  du  second  ordre  qui  passent  par  six  points 

dfmnAt  .  ,  ,  .  .  .  .  .  .  ,  ,  4 

Coropteg  Rendus,  Paris,  t  ui.  (1861),  pp.  1216—1218 

302.  Considerations  gcnerales  sur  les  courhes  en  espctce   7 

Comptes  Rendug,  Paris,  t.  uv.  (1862),  pp.  S.?- 60,  396—400,  672— RT.s 

303.  Sur  le  prohleme  du  pol'/(/o}te.  inscrit  et  circonscrit.    Leftre  d 

M  Panc-h-t    .  .    .  .  21 

CompccB  RenduB,  FariH,  t.  hv.  (1862),  pp.  700,  701 

304.  Sur  un  memoire  de  Jacohi.    Extrait  d'une  lettre  d  M.  J.  Bertmnd  23 

Comptes  Rendna,  Paris,  t.  lti.  (1863),  p.  43 

305.  Considerations  generates  sur  les  courhes  en  espace.    Courhes  du 

cintjuieme  ordre     .       .       .       .       .       .       .       .       .  24 

Ck)mpte8  Rendus,  Paris,  t.  Lvm.  (1864),  pp.  994 — 1000 

306.  Sur  les  coniques  qui  touchent  des  courhes  (Vonlre  quclconque. 

Extrait  d'une  lettre  d  M.  Chasles .        .        .       .       .       .  31 

Compteg  Rcndua,  Paris,  t.  Lix.  (1864),  pp^  224,  225 

307.  Note  sur  les  fonctions  al  (x),  <&c.,  de  M.  Weierstrass ...  33 

Liouville.  t.  vii.  (1862),  pp.  137—142 

308.  On  the  A  faced  Polyacrons,  in  reference  to  the  problem  of 

the  enumeration  of  Polyhedra        ......  38 

M)inLliL.>u-r  Memoirs,  t.  i.  (1862),  pp.  248—256 


viii  CONTEXTS. 


309. 

^ote  on  the  T/ieon/  of  Deierrmnants  ...... 

45 

310. 

PhU.  Maft.  t.  XXI.  (1861),  pji.  180—18.5 

Note  on  Mr  JerrartTs  reseoi'che.s  on  the  Eipiation  of  the  Fifth 

(Jif/er  

50 

Oil 

311. 

PhU.  M«({.  t.  XXI.  (1861),  pp.  210—214 
Khi   II    I hf  ti-'  in  Of  Awl  $  reiatuuf  to  itiinations  of  the  rifla 

Order   

55 

312. 

PhiL  Mag.  t.  XXI.  (1861),  pp.  257—263 
^Jn  thf  Partitions  cf  ".  ijl^'si'  ....... 

G2 

313. 

Phil.  Ma«.  t  XXI.  (1861).  pp.  424—428 
On  a  Surface  of  tfie  tourtn  Oraer  ...... 

6G 

O  1  ;4 

Phil.  Mag.  t.  XXI.  (1861),  pj*.  491—495 
Chi  the  C'trven  situfite  oh  f(  S'trfoce  of  thfi  S^'cond  Order. 

70 

315. 

PhU.  Mag.  t  XXII.  (1861),  pj«.  35—38 
0)1  the  Cidnc   Centres  of  a  Line  leith  respect  to  three  lines 

and  a  line  .......... 

73 

*316. 

Phil.  Mag.  t.  XXII.  (1861),  pp.  433—436 
Note  on  the  solution  of  an  Equation  of  the  Fifth  Order  . 

77 

317. 

PhiL  Mag.  t.  xxiii.  (1862),  pp.  195,  196 
Note  on  the  transformatiou  of  a  ceiiain  Differential  Equation 

78 

*318. 

PbU.  Mag.  t.  Xiiii.  (1862),  pp.  266,  267 
On  a  (fuestion  m  the  Tlieory  of  Frohabilities  .... 

80 

*319. 

Phil.  Mag.  t  xxiii.  (1862),  pp.  361—365 
Postscript  to  the  jyaper,  On  a  question  in  the  TJieonf  of  Proba- 

bilitipji 

Phil.  Mag.  t.  XXIII.  (1862),  pp.  470,  471 

320. 

On  the  Transcendent  gd  «  =  i  log  tan  (^Tr  +  iwi)  .... 

86 

*321. 

Phil.  Mag.  t.  XXIV.  (1862),  pp.  19—21 
Final  Remarks  on  Mr  Jermrcf s  theory  of  Eq^tations  of  the 

Fifth  Onler  

89 

Phil.  Mag  t.  xxtv.  (1862),  p.  290 


CONTENTS.  ix 

FAOB 


322. 

On  a  Skew  Surface  of  the  Third  Order  

90 

PMI.  Mag.  t  Miv.  (1862),  pp.  514—519 

323. 

On  a  tactical   Theorem   rclatinij  to   the    Triads   of  Fifteen 

Things  ........... 

95 

Phil.  Mag.  t.  xxv.  (18fi3),  pj..  59— (U 

324. 

Note  on  a  Theorem  relating  to  Surfaces  ..... 

98 

Phil.  Mag.  t.  xxv.  (1863),  pp.  61,  62 

325. 

Note  on  a  Theorem  relating  to  a  Triangle,  Line,  and  Conic  . 

100 

Pha.  Mag.  t  xxv.  (1863),  pp.  181—183 

326. 

Tlieorems  relntinrf  to  the  Canonic  Roots  of  a  Binary  Quantic 

of  an  odd  order  ......... 

103 

PhU.  Mag.  t  xxv.  (1863),  pp.  206—208 

327. 

On  the  Stereographic  Frojectxon  of  the  Spherical  Conic  . 

106 

Phil.  Mag.  t.  xxv.  (1863),  pp.  350—353 

328. 

On  the  delineation  of  a  Cubic  Scroll  ..... 

110 

Phii.  Mag.  t.  xiv.  (1&G3),  pp.  628 — 530 

329. 

Note  on  the  Problem  of  Pedal  Cnnm  ..... 

113 

Phil.  Mag.  t.  XXVI.  (1863),  pp.  20,  '21 

330. 

Oji  Differential  Equations  and  UmhiUci  .... 

11.^ 

Phil.  Mag.  t.  XXVI.  (1863),  pp.  373—379  and  4+1  —  452 

331. 

Analyticftl   Theorem  relnting  to  the  four  Conies  itiscriherl  in 

the  same  Conic  and  pas.^ing  through  the  same  three  Points 

131 

PhiL  Mag.  t  XXVII.  (1864),  pp.  42,  43 

332. 

Analytical  Theorem  relating  to  the  sections  of  a  Quadric  Surface 

133 

r^XlU.  3lag.   b  XXTu.  ^loO*^,  pp.    lo,  4* 

333. 

Note  on  the  Nodal  Curve  of  the  Developable  derived  f-om 

the  Quartic  Equation  (a,  b,  c,  d,  e^t,  1)*  =  0 

135 

PhiL  Mag.  t.  xxvii.  (1864),  pp.  437—440 

334. 

Note  on  the  Theory  of  Cubic  Surfaces  

138 

PhiL  Mag.  t.  xxvii.  (1864),  pp.  493-4% 

c. 

V. 

b 

r  ■  oogle 


X  CONTENTS. 

mar 


335. 

Inbies  des  formes  qxiadratiques  binaires  pour  leg  determinants 

nSgatifs  depuis  D  =  —  I  jxisqiid,  D=  —100,  pour  les  deter- 
minants positifs  non  carres   depuis  D  =  2  jusqu'il  D  =  09, 
et  pour  les  treize  determinants  negatifs  irr^guliers  qui  se 
trouveTit  dans  le  premier  millier  ... 

141 

f'roIl.>     t      IV     /1HR'}\     nn     "IHT  ^TO 
\_  If  110,    I,    L\.    yiOO^ff    pp.    ODI-^Oi  i 

336. 

Wole  sur  TMimination  ........ 

l.i7 

Crelle,  t.  LX.  (1862).  pp.  373,  374 

337. 

Note  sur  la  rialiti  des  racines  (Tune  Equation  quadrattque 

KJO 

CreUe,  t.  txi.  (1863),  pp.  367,  368 

338. 

NouveUes  recherches  sur  V elimination  et  la  thSt/ne  des  courl/es 

1G2 

Crelle,  t.  lxiii.  (1864),  pp.  34—39 

339. 

On  Skew  Surfaces,  otherwise  Scrolls.  ..... 

168 

Phil.  Trans,  t  cuii.  (for  1863),  pp.  453—483 

340. 

A  Second  Jlemoir  on  Skew  Surfaces,  otherici-se  Scrolls 

•  Yi  i  1 
il  }  1 

Phil.  Trans,  t.  CLiv.  (for  1864),  pp.  569—576 

'Ill 

\y?4   l/H'    ryfXHti  l  IC    xUllltS   Uj    CI   ilUlU.    \j  UI  LT  .... 

1 

Phil.  Trans,  t.  clv.  (for  1865),  pp.  545—578 

31-2. 

'm  (he  Comes  winch  pass   throitgh   thn^e  ijicen   jxnnts  and 

touch  a  qiven  line  ........ 

•258 

Quart  Math.  Jour,  t  vi.  (1864),  p|>.  24—30 

3i3 

frtx  ini*  {^it rtr  tti^  *tPf*nn/i  i'l nfi  at*   j v*v/^/'i/ vji 

265 

OiiAri   Math   Jmir  t   vr  M86i)   nn   74  75 

l^i-    V^f  /               i/Cl/cti/f/tM/tc    Kjlt/jUVCo  ...... 

.ill/ 

345. 

t>>i  </«'  Inflexions  of  the  Cubical  Divergent  Parabolas 

•284 

Quart.  Math.  Jour,  t.  yi.  (1864),  pp.  199—203 

346. 

Note  on  an  cxpn'ssion  for  the  Rcsidtant  of  two  liinarff  Cnhics 

289 

Quart.  Math.  Jour.  t.  vi.  (1864),  pp.  3^0—382 

347. 

On  the  Notion  a?u/  Boundaries  of  Algebra  .... 

Quart.  Math.  Jour,  t  vi.  (1864),  pp.  382—381 

CONTENTS. 

m 

Zl 

348. 

On  the  Theory  of  Involution  ....... 

FAOB 

295 

Camli.  Phil.  Tran.s.  t.  xi.  Part  J.  (ISob),  pp.  31 — 36 

349. 

On  a  case  of  the  Involution  of  Cubic  Curves  .... 

313 

Camb.  PhU.  Trans,  t  XI.  Part  I.  (1866),  pp.  39—80 

350. 

On  the  Classijication  of  Cubic  Curves  ..... 

354 

Camb.  Phil.  Trans,  t  xi.  Part  I.  (1866),  pp.  81—128 

Q  1 

On  Cubic  Cones  and  Curves  ....... 

401 

UaniD.  iraiL  Iraus.  t.  XI.  x^art  1.  (lobo),  pp.  li)) — 144 

J52. 

Suite  des  recherches  sur  VMimination  et  la  theorie  des  courbcs 

416 

vrCllfi,  C.  LXIV.  (loOt/y,  pp.   ID  1—1/  1 

353. 

Note  stir  la  surface  du  quatri^me  ordre  de  Steiner 

Ant 

421 

Crelle,  t.  LXiv.  (leoO),  pp.  172 — 174 

354. 

Note  sur  les  singularites  supeneures  des  couroes  planes  . 

424 

Crelle,  t  LXIV.  (1865),  pp.  369—371 

355. 

Strr  un  thdoreme  relutif  a  huit  points  situds  SUr  une  conique  . 

427 

Crolle,  t  utv.  (18GC),  pp.  180-184 

356. 

Sur  un  cos  particulier  de  la  surface  du  qnatriemc  ordre  avec 

seize  points  singuliers  ....  ... 

4ol 

CrcIIe  t.  LXT  n866^  no  284  291 

60/ . 

A  Supplemental^  Afemoir  on  the  Tlieoi^  of  JUatitccs 

438 

rail,  irans.  u  clvl  (tor  looo),  pp.  zo — so 

Addition  to  the  Memoir  on  Tschimhausen^s  Transfoivrnatiou 

449 

x^hu.  Irans.  t.  clti.  (for  Iodo),  pp.  97 — 100 

^  touppiemeniary  memoir  on  Lrausiics  ..... 

404 

xiUl.  inuiSi  C.  CbVII.  (lor  lOv/ ),  pp.  1^10 

860. 

iVote  071  a  Quartic  Surfaec  ....... 

465 

Phil.  Mag.  t.  XXIX.  (186.5),  pp.  19  —  22 

3S1. 

On  Quartic  Curves  ......... 

468 

rhil.  Mag.  t.  .XXIX.  (1865),  pp.  105—108 

XII 


CONTENTS. 


362. 

Note  on  Lobatschewsky's  Imaginary  Geometn/ .... 

471 

Phil.  Mag.  t.  XXIX  (18G5),  pp.  231—233 

«i  t\ 

36.1. 

On  the  theory  of  the  Lvolute  ....... 

473 

PhiL  Ma«^  t  xxix.  (1865),  pp.  344— 3&0 

364. 

Lhi  a  Iheorem  relating  to  rive  Foints  %n  a  plane  . 

480 

Phil.  Maff.  t  xnx.  (1865k  dd.  460—464 

3<J5. 

On  the  fntersections  of  a  Pencil  of  four  lines  bif  a  Pencil 

of  two  lines  .......... 

484 

Phil.  M.m.  t  XXIX.  (1865),  pp.  501—503 

366. 

Note  on  the  Proje-ction  of  the  Ellipsoid.  .... 

487 

Phil.  Man.  t.  XXX.  (1865).  pp.  50—52 

367. 

0/t  n  Triangle  iji-and-circ^imscribed  to  n  Qtiartic  Curve 

Phil.  Ma^?.  t  XXX.  (1865),  pp.  340—342 

368. 

On  a  problem  of  Geometriccd  Permutation  .... 

493 

Pliil.  MiiR.  t.  XXX.  (1865),  pp.  .370  372 

369. 

On  n  profwrti/  oj  (jommutants  ...... 

49.T 

PbU.  Mas.  t  XXX.  (1865),  pp.  411—413 

370. 

Ou  the  signification  of  an  elementary  fomnda  oJ  Solid  Qeonieti'y 

49c 

Phil.  Mag.  I.  .vxx.  (18G5),  j.p.  413,  H4 

.171. 

On  a  Formtda  for  tJie  intersections  of   a  Line  and  Conw, 

and  on  an  Inte-gral  Foj'mula  connected  theixicith 

500 

Quart.  Math.  Jour.  t.  VII.  (1866),  pp.  1—6 

372. 

Oi  the  Reciprocation  of  a  Quartic  DevelojKthle 

Quart.  Math.  Jour,  t  vii.  (18GG),  pp.  87—9:2 

373. 

On  a  Special  Sextic  Developable,  ...... 

511 

Quart.  Math.  Jour  t.  vii.  (1866),  pp.  105—113 

374. 

On  the  Higher  Singularities  of  a  Plane  Curve 

520 

Quart.  Matb.  Jour.  t.  vii.  (16G6),  pp.  312—223 

CX)NTENTa, 

XIU 

375. 

Notejs 

on  Polyhedra ......... 

MSI 

529 

Quart.  Math.  Jour.  t.  vii.  (1866),  pp.  304—316 

376. 

Thioreme  relcUif  d  lequilibre  de  quatre  forces 

540 

Coniptes  RenduB,  t.  LXi.  (1865),  pp.  829,  830 

377 

Note 

sur  la  correspondance  de  deitx  points  sur  une  cotirbe 

542 

«J  *V  *dl 

Comptes  Kendus,  t  LZii.  (1866),  pp.  586—590 

378. 

Report  of  a  Committee  appointed  hif  the  British  Association 

to 

consider  the  format ioti  of  a  GUaloijiie  of  Philosophical 

Memoirs  (A.  Cm/lei/,  R.  Grant,  G.  G.  Stokes)  . 

54G 

Report  of  the  British  Association  (18.')6),  pp.  463,  404 

Notices  of  Commnnications  to  the  British  Association  for  the 

Advaiicciwnt  of  Science  ....... 

549 

Brit.  A.SSOC.  R^ptirtg,  Notiee«  iind  Abstracts  of  Communications  to 
the  Sections  (1854  to  1864) 

380. 

Note 

on  the  Rectangular  Hyperbola  

554 

Orford,  Canib.  and  Dubl.  Messenger  of  Ma^ematics,  t.  i.  (1862), 

p.  77 

381. 

Note 

on  Bezmit's  Method  of  Elimination  ..... 

555 

Oxford,  Camb.  and  Dubl.  Metiaenger  of  Mathematics,  t  ii.  (1864), 
pp.  88,  89 

382. 

Note 

on  the  Tetrahedron  ........ 

557 

Oxford,  Camb.  and  Dubl.  Messenger  of  Mathematicn,  t  in.  (1866), 
pp.  8—10 

383. 

Problems  ayid  Solutions  ........ 

560 

Mathonifttical  Qiiestiorm  with  their  Solutions  from  the  Educational 
Times,  vols.  i.  to  I  v.  (1863  to  1865)  ;  for  cont«nts,  see  p.  612 

Notes  and  References 


Plates 


to  face  pp.  44,  400 


XE 


CLASSIFICATION. 

T\w  Nodfi-t'iisp,  343  ;   HigluT  Singulaiiiics  oj  Piano  ('urvt-^i.  ■iT4,  374 

Curves  in  space  (aa  defined  by  Cone  and  Mouoid  Surface),  302,  305 

Cormtpondenc'O  of  Pointa  on  Plane  Curve.  377 

Sextactic  Points  of  Plane  Curve,  311 

Lines  in  Invnlutiun,  300  ,    Involution,  348,  349 

Eliniiiifttion  iLud  Theory  of  Curves,  338,  352 

Coiiic"s  touching;  ;;iven  Ciirv(«,  306 

Coaica,  325,  331,  342,  355,  371,  380  ;  Spherical,  327 

Cubic  Curves  und  Cones,  345.  350.  351 

Cubic  tiurfacea  322,  328,  333 

Quadric  Cones  and  Surfacea,  301,  314,  332,  36C 

Quartic  Curves,  3CI,  367 

Quartic  Surfaces,  313,  360;    Steiner'n,  3-53:    16-no<lnl,  3'i('> 
Cauatics,  359 

Equilibrium  of  Four  Forces,  376 

Evolut<»a,  363 

lu-and  L'irciimscri^jed  Polygon,  303 

Sarfaoeo.  324  ;    Developable,  344,  372,  373  ;   Sliew,  330,  340 

Mincellaneous,  315,  325,  364,  365,  368,  370,  382;  and  383,  (»ee  contente,  p.  612) 

Polyhttdtit,  Not^  on,  375  :  the   a  -facetl  polyacra,  308 

Lobatachewaky's  Imaginary  Geometry,  362 

Partitions  of  Close,  312 

Pedal  Curves.  329 

Umbilici,  330 

AV4I.V81g 

Algebra,  the  Notion  and  Boundaries  of,  347 

Differential  Equations,  317  ;   theorem  of  Jacobi's,  304  j   for  Umbilici,  330 

Detenninnnts,  309  ;    Conimutants,  369 

Binary  Quadratic  Forms  (numerical),  tables  of,  335 

Binary  Forms.  326.  346 

Rxwts  of  quadratic  equation,  337 
F.limiuation,  33G,  338,  352.  381 


XVI 


CLASSIFICATION. 


Functiong  al  (x)  of  WeierBtnua.  307 
GudcrmmnMin,  320 

Integral  Formulm  connected  with  Line  and  Conic,  371 
Matrices,  357 

ProUbilities.  318*  319* 
Qiiintii-  }':4}nution«,  310,  311,  316*  321* 
TBc)iinibaiLs<-ti's  Transformation,  358 
Triads  of  15  tbiuga,  323 


Report  On  Catalogue  of  Scientific  Memoira,  378 


Uotioea  of  CommunicfttiQiis  to  tlie  Dritish  Amociation,  378 


Problema  and  Bolntiona,  383,  8»e  contenta,  ]>.  612 


300] 


1 


300. 

NOTE  REIATIVE  AUX  DROITES  EN  INVOLUTION  DE 

M.  SYLVESTER. 

[VVoim  tlie  Oim^tu  Bentbus  de  VAcadAmxe  des  Sciences  d4  Paritf  torn.  UL  {Janmtr— 

«/«M,  mi),  pp,  1039— 1042.J 

ItA  courbe  cubique  daiis  Tespacc,  repi-^nt^e  pcu*  Ics  (^uations 

— **  =  0,    zy  —  xu^O,  xg—i/*=0, 

pasHC  par  le  point  il  (x  «■  y  =  r  =  0)  et  le  fK^iiit  ijf  (y  =  r  =  «  =  0) ;  le  jilan  j  =  0  est  le 
pka  osculant  ea  A,  le  plan  y  =  0  Ic  plan  par  la  tongente  en  A  et  la  druite  AJi;  1« 
plan  ii*0  eAva  par  la  dnnte  et  1»  taiigente  en  .B;  et  enfin  le  plan  »«0  eat 
le  plan  osculant  en  B.  B^proquement,  pour  une  courbc  cubique  quelconque,  en  prenant 
les  piiiits  A,  B,  stir  la  courbe  ^  volontt'',  et  en  fixant  eomme  ci-des.siis  les  significations 
dea  coordouueea  x,  y,  z,  u,  Its  item's  coiistauttf  que  coutieuueut  iiuplicitement  ces 
valMUB  ^tant  eomvenableimat  dlteniitn^  les  ^qnatieiM  de  k  ooatbe  culnqae  eeroiit 

Tar  un  poiut  quelcouque  de  I'espaoc  il  pa^ue  uue  droite  qui  coupe  deux  foiH  la 
oonilw  Cttltque;  et  en  pranant  (pit  Jfi*  *i*  pour  1m  oooidaniite  du  point  dont  il 
s'l^pi^  et  en  Asrivaut 

n-fl%j^-yA 

lea  dqiutiona  de  la  droUe  wiont 

Pi*  +  <7iy  +  r,z  =  0,    p,y  +      +  r,  w  =  0. 
Or,  en  oooaid^raQt  cn  g(5n<Sral  uue  druite  repr^nt<5c  par  les  ^uations 

C  V.  1 
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0y-0y.    r^-ya,    aff'-a'fS,    a^-a%    ff^~0B,  yK-y'B, 

flont  oe  que  je  nomine  Ics  ooordonn^  de  la  droite  (en  repr^seutant  par  a,  b,  c,/,  g,  k 
«e*  oooe^nnte,  on  »  r^uation  identique  a/  +  bg-i-AmO,  et  tes  ooordoDiifoi  d'une 
dniito  peuvent  dtre  dcs  quantity  queloonquos  qui  satisfont  k  cstte  Equation).  La  con- 
dition pour  rinvolution  de  six  droit£'<^  est  celled,  aavoir:  le  dAennioaDt  fionn^  wee  lea 

ooordonn^es  des  six  droites  est  4f^a\  k  zi'ro. 

Je  reviens  &  la  droite  qui  coupe  deux  fois  la  courbe  cubique,  £a  ^crivaat  les 
dqumtunii  nos  1»  fenne 

+  9iy  +  r,«  +  Om  =  0,   Ox  +p^if  +  g,*  +  nu  »  0, 

les  GOdrdonn^  de  oette  droite  eeront 

Pt\  9k'-JHr„  -piji,  ptTu  Jin,  rA 

Savoir,  ccs  coordonn^  seront  des  fonctions  liin'nires  dc  (pi*,         r,-,  7, )i,  j.p,, 
Done,  en  consid^nt  six  droites  dent  chacui»>  coni^  deux  foii*  la  courbe  cubique,  et 
en  attriboMlt  des  significations  analogues  a  {pt,      r,),  etc.,  la  condition  pour  I'involu* 
ttOQ  des  ax  droites  so  trouve  en  ^gahat  k,  9ko  le  d«^termiuant  dont  les  lignes  sont 
(pt*.      rf,       r,pi,  pi^y,  {pt\  ft\  etftX  ete.;  oonditUHi  qui  exprime  que  les  eiz  droites 

dans  le  plan  n^O  (ou  at  Ten  veut  les  six  droites  p^+f^+nvO  dans  le  jdan  «>0) 
toudiettt  utie  n6me  eoniqaA  Or  la  droite 

est  la  prejection  de  Tune  des  six  droites  sur  le  plan  eeculant  «sO,  aveo  le  point 

Ti^ij^  s^O  de  la  courbe  ciiliinnf  romme  centre  de  projcctloii  :  ot  si,  *mi  prenunt  un 
plan  osculant  ijuclconque  et  un  point  quelconque  de  la  courbe  cubique  pour  plan  et 
eentre_  de  prujcciioD,  nous  appelons  tent  simplemeat  prajeelun  une  telle  projection  d'lme 
droite  qaelooaqiae  (le  plan  eseolant  et  le  point  de  la  enluqae  dtant  tonyoois  ks  mfimesX 
on  set  oottdoit  an  thdoiteie  que  void,  eanroir : 

Six  droites  dont  chacunc  coupe  deuj:  f<jU  la  meme  courbe  cuMjpiS  MHpnf  4n  itwolu- 
iion,  n  iea  fngecUom  de  eta  droite*  touchent  une  meme  conique. 

Et  de  m^nie,  pour  un  nrnnbre  quelconque  de  droites,  si  les  projections  touchent 
une  mSme  conique,  ces  droites  seront  en  iuvolubiou,  c'est-k-dirc  six  quelconquee  des 
droites  seront  des  droites  en  inTolution. 

II  convient  dc  rcraarquur  qu'en  cousidt^rant  six  droites  qucloonques,  on  pent  en 
g6i6nl  trouTer  nne  ooorbe  eabique  eoap^  deox  fob  par  chacune  des  droites:  la  con- 
dition du  th^orfeme  est  done,  comme  f'ola  Hoit  (^tro,  une  seule  relation  mtrc  les  six 
droites.  Jc  rcmarque  aussi  que  cette  relatioo  ne  ddpond  nuUement  du  plan  osculant 
ni  du  point  de  la  courbe  cubique  choisis  pour  plan  ^  centre  de  projection.  BM- 
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proq^uement!,  en  prenant  dans  un  plan  oaculaut  quelconque  de  la  courbe  cubique  uq 
nomlBe  qnekouquc  (six  on  plus)  de  tangente*  cTttne  inAni6  oonique,  et  en  reprojetant 
ew  tangenteB  sar  la  courbe  cubique  au  moyen  d'on  point  quelconque  de  la  courbe 
comme  centre  de  projection  (de  niaiut;re  k  obtenir  pour  reprojectioa  de  chaque  tangente 
une  droite  qui  coupe  deux  fois  la  courbe  cubique),  on  obtient  un  syst^me  de  droitea 
on  inTolntioiL  La  tieu  dea  droitea  doiit  cbaeniia  ooapa  dam  fbia  la  oonrbe  enliique,  at 
qui  sont  en  Involution,  est  une  surface  r4g]4e  du  quatrifeme  ordre  qui  a  la  courbe 
cubique  pour  courbe  double.  En  effet,  si  I'^quation  en  coordonn^cs  tangentioUes  de  la 
conique  envelopp^e  pax  les  droites  Pi«  +  qig    TiM^O,  etc  (ou,  si  Ton  veut,  par  lea 

(o*  h,  e,/,  g,  h)(p,  q,  r)»-0, 

cette  mdme  Equation,  en  y  oonsid^nuxt  ji^  q,  r  oooune  d^otaot  yu-r*,  ly-au,  ct— j^, 
antmnant  dil^  rAfuatioa, 

•eaa  celle  tfime  aurfiuse  dn  qnatri^me  ordre  ayant  la  ooorbe  cubique  pour  courbe  double. 
Bt  catta  aur&ce  sera  une  aurfluia  r^^;  car  en  mi  nant  par  im  point  quelconque  de 
la  surface  unc  droite  qui  coupe  deux  fois  la  courbe  cubique,  chafjuo  point  d'iutcrsection 
avec  la  courbe  cubique  doit  compter  pour  deux  points  d'intersection  avec  la  surface,  et 
]ft  droite  coupe  la  BurfMW  ea  dam  fokoU,  c'eat^pdira  que  eetta  droite  eat  attafc  antiira* 
ment  dana  la  aarboa. 

JTai  mnarqtitf  aflleaxa  (Oamh.  and  DuU  MtOk  Joum.,  t  vn.  (1832).  p.  172,  [107]) 
qu'il  y  a  sur  une  surface  r^gl^e  de  I'ordre  n  une  courbe  double  rencontr^o  par  duique 
,^n(^ratrice  on  (n  — 2)  points.  Cetto  courbe  double  sera  de  I'ordre  (n  —2)  au  raoins,  et  de 
i'ordre  ^(n  — l)(n  — 2)  au  plus;  douc,  pour  n  =  4,  la  courbe  double  sera  de  I'ordre  2  ou  3, 
at  ooaune  MdanmeDt  oatte  ooarba  ii*«ak  paa  una  ooorbe  plane,  elle  aera:  on-  P  dam 
droites  qui  ne  se  rencontrcnt  pas;  ou  2"  unc  courbe  cubique  en  espace.  Cotte  seconde 
esp^  dea  aur&oea  T6gl6eB  du  quatri^me  ordre  eat  celle  qui  ae  pr^nte  daiu  la  th^otie 
daa  dmitea  an  involution. 


1—8 
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SUE  LES  c6NE8  DU  SECOND  ORDBE  QUI  PASSENT  PAB  SIX 

POINTS  DONKES. 


(Fimn  the  Gtmiptet 


Jbmbi*  d$  FAeadAnk  d$B  Sdaim  d»  Pan^  torn,  tn,  (Jc 
Jmhh  1861).  Fik  1216— 1S1&] 


Bans  un  Mdmoirc  par  feu  M.  Weddle  "Ou  the  theorems  in  space  aiialogous  to 
thoflo  of  Biaotl  and  Briandifln  in  a  pbme'*  iOmak  and  IMUL  MaA.  JaurtL,  t  t.  1890, 
voir  la  Note  p.  69),  on  trouve  k  propos  d'lm  fll6)ffblW  de  M.  GbMleS  la  rem&rque 

que  le  lieu  du  sommct  d'uii  cone  du  second  ordre  qui  piwse  par  six  poiuts  (lonnt'-? 
est  uoe  8ur&ce  du  quatrieme  ordre  qui  coutient  la  courbc  cubique  en  espoce  par 
Ics  tax  points  VoMii  oomnMnt  jo  d^numtrs  00  th^ovteBo: 

Ea  prcDutt  (JT,  Y,  £,  U)  pour  les  coordonn^  courantea,  (c^,  y,,  S,)...(<^,  fi„  <y,,  £^ 
pour  les  eooidoiimte  dee  eU  pointe  donndi,  ei  (w,  y,  «)  povr  oeux  do  RQannelk  je 
poBB  I'^qjttetaon 

x;  r>,  z;  o*.  tz,  ex,  zf,  xu,  yu,  tu 

X  .     .  .  .  «  y  «  . 

f»  .  Sy  .  .  e  .  «  .  tt 

r  .  .    8f  .  y  «  .  ,  .  11 

p  .  .      .  .  .  .  X  y  s 

oik  le  derniiie  Ugne  denote  lee  aa  Hgnee  qu'on  obtient  en  derivant  aoooeerivement 

(a,,  A.  7i'  S.^  . .  {tt..  A,  7«,  S,)  au  lieu  dc  (a,  /9,  7.  8),  dc  mani^re  que  la  fonction  au 
cot^  gauche  est  uu  d^tenuinant  de  I'ordre  ouze:  les  coefficients  ^  ^  •'t  p  eont  des 
qunntit^  MMtnone  et  lee  pMnte  <•)  d^notent  dee  aAtie. 
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Cette  ^uatioa  eat  «^videmmeiit  celle  d'uuu  surface  du  second  ordre  qui  passo  par 
les  six  points,  et  fl  ne  hat  qu'uns  ssnle  eooditi«n  poor  qm  eette  surikoe  soit  un 
06110:  ]ft  coodituNi  set* 


• »   *»  • » 


■  $ 

M 


9, 


,     ,  u 

.   2u     .     .  X    y  z 

ou  In  fonction  h.  cOt^  gauche  est  de  lllteis  tin  d^termmiBt  de  I'ordre  dix :  cettc 
^ijuatiuti,  Ituqaeile  est  de  I'oidce  quatra  per  lappoit  k      ift  *t      sen  celle  du  lieu 

du  »<>mnict. 

Eu  efifut,  pour  que  la  6uriiEMX»  du  second  ordre  soit  un  cdnc  ayant  pour  sommet  le 
point  (x,  y,  z,  u),  il  fkut  et  il  safBt  quo  les  ^qutioiis  d^T^  par  mpiport  k  diseune 
des  ciHiidunut'cs  (A**,  Y,  Z,  U),  8oi«it  SfttibfidtSS  OD  J  ^crivant  {x,  y,  z,  u)  au  lieu  do 
(A',  Y,  Z,  U\  Je  forme  reijuatioii  d^tvria  par  nppoit  4  JIT,  et  j'j  ^cris  («.  y,  «)  »u 
liwi  de  {X,  Y,  Z,  V) ;  I'equation  est 

.,       2x,      .,      a  I      a,      a>      Z,      y,      U,  .j 

X    2jc    .    .     .     .    «    y    tt  a 

Or  on  nc  change  p«u»  la  valeur  du  determinant  cn  substituant  pour  la  premie  ligue 
ostte  nsfaae  ligne  moons  h  seoondo  ligne;  I'^ttatioa  denent 


Oj 


et  le  determinant  se  r^uit  k  -\  multapli^  par  le  d^tertniiHint  de  fivdee  dix ;  done, 

en  enppoKint  que  ce  deniier  detei-minaut  ae  r^uisc  k  zero,  l't?<inatioi»  d^riv^e  par 
rapport  a  X  sera  aatislaite ;  ct  de  m^e,  lee  ^uations  d^riv^  par  rapport  k  Y,  Z,  Up 
en  Bubotitaaiit  toiqoon  (x,  y,  z,  u)  an  Sea  de  (X,  Y,  Z,  V),  senmt  tontss  sat 
le  ddtenninaiit  do  Toidre  dix  so  idduit  k  win.  c.  <|.  r.  D: 


n  oonnoDt  do  remarqner  quo  Toil  pent  ssns  perte  do  gioSnUM  fddoiro  4  a^ 

ti'  is  (nu  lcDnques  dcs  (jimntit^s  \  fi,  v,  p;  de  Ik  on  obtient  I'^uation  du  oflne  en 
substiiuant.  au  lieu  de  I'uae  queloonque  dee  premises  quatre  lignes  dn  d^temunaat 
de  I'ordre  dix,  la  ligne 

I  X\  F".  Z',  I?,  YZ.  ZX,  XY,  XU,  YU.  ZU\. 

£a  oonsid^rant  la  courbe  cubique  par  le»  six  points,  on  pout  suppoeer  que  lee 
4qtntiotw  de  cotte  courbe  aotent 


yu  —  «*kO,    zy  —  xu  =  0,    «  —  y'  =  0; 
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'/Ja-V-O,  /9v-o8*«0,  «r-/9*-0 

pour  I'un  quelconque  de8  points  (a,,  /ci,,  71,  $1),  ...(a«,  ^t,  7«,  ^) ;  et  de  la,  au  moyen 
dM  propri^Xi  dm  ditmamaltK,  «t  «n  fotnmt 

□  -  4  (yu  -  i»)  («  -  y*)  -  (xy  -  )», 

OD  exprime  I'^uation  de  la  sur&ce  corn  me  fonction  lin^aire  par  rapport  k  x,  y,  g,  u  et 
pir  nqpporfc  i  dJD*  4^Q,  <^D,  dwO;  om  demttm  feoetioiiB  se  v^dtuMnt  k  tin  en 

3n»-^«0,  9->m«0k  ci^j^bO. 
«l  tSati,  oomnw  oek  doit  ttra^  1*  onzbee  poose  par  1»  eourbe  enUqne 

Je  prends  Voeatmm  de  reai«rqaer  que  le  tliA»kiiie  que  j'ai  dxmni  par  rapport  mix 
IBS  droites  en  involntuai  de  IL  Gt^lveatar  [S00]»  pent  ^esfcioier  dans  Hue  fcana  6iimm»« 
plug  ampte  conune  mit: 

Soit  donn^  une  oourbe  cubique  en  espace,  et  prenons  un  point  quelconque  de  la 
courbc  pour  sommet  d'un  c>*)no  dn  isecond  ordre,  d'ailleurs  arbitrairo ;  tin  plan  tangent 
du  cune  reuooutro  la  courbe  eu  deux  points,  et  par  ccs  deux  poiuu  ou  peut  lueuer 
vne  draite:  lea  dnites  qoi  eamepoodent  dft  oette  auntitee  &  ax  plana  tai^^ta  quel* 

conques  du  c6ue  sont  dos  droites  en  involution.  Je  dois  remaniucr  que  Ildda  de 
nttocher  ces  droites  k  une  sur&ce  du  quatri^e  ordre  est  due  a  M.  Sylvester. 

A  propos  de  ce  stijct,  j'ai  considi'rd  !o  problferae  de  trouver  le  lieu  du  BOininet 
d'un  oAne  du  second  ordre  qui  touche  k  six  droites  donn^es:  ce  lieu  est  une  suriiace 
dn*  Irailifanie  oidre;  «t  en  wprthantant  la  oooidoDn^  de  I'une  quelconque  des  droites 

{Of  it  9,  ft  fft  h%  awoir  lea  coordona^  de  k  pmoutee  dnito,  et6,  aonl 

ba  ooeffifliente  de  rdquatkm  aopmut  dee  fonetiaiDs  lin^aLres  des  determinants  du  aixi^ne 
eidre  fbmdi  an  rnqran  de  k  ntatrice  (<H    <^  /»  $t  i^Y*  k  «z  Ugnee  e»  vingt  «t  wie 


Digitized  by  Google 


7 


302. 

CONSIDERATIONS  GENERALES  SUR  LES  COURBES  EN  ESPACE. 

[From  the  Comptes  Eendua  de  I'Academie  des  Sciences  de  Paris,  torn.  UV.  {Jamier — 
Juin.  1862),  pp.  55—60,  396—400,  672—678.] 

SoiT  uiie  courbe  donn^e  du  mf**'  ordre ;  je  suppose  toujours  que  cette  courbe 
soit  une  courbe  proprc,  aavoir  qu'cllc  n'est  pas  oompoB^e  de  courbea  d'ordres  infi^ricure. 
Si  nous  prenons  pour  somtuet  d'uu  c6ne  qui  passe  par  la  courbe  ua  point  A  g[U£l- 
ccnqm  qui  n'ert  pae  sar  U  couiImi,  oe  cAne  sera  de  IVndie  m;  oek  «rt  vni  m  gMetA 
quelle  que  soit  la  courbe ;  seulement  si  m  eat  tin  oombre  compost,  alors  pour  de 
certaines  courbea  il  peut  y  avoir  des  poeitioos  de  A  pour  ksquellaa  le  odae  e«ra  d'on 
onlie  MNu-multiple  de  m;  mais  en  fiunat  abatnelum  de  oee  poritiooe  pHrtieaUkee,  le 
o6oe  wra  de  I'ordre  m.  E(,  cola  ^tant,  une  droite  du  cdue  ne  contiendm  en  g^n^ral 
qii'un  8otil  pi/int  de  la  c<mrbe.  £u  empIojKnt  quatre  oootdoon^  (4t^  y,  Mt  w)  et  «n 
suppoeant  qu'au  point  A  on  ait 

X  —  0,    y  —  0,  z—0, 

r^uadon  du  couu  ^ra  U  =  0,  oil  U  est  une  function  hotnog^ne  de  {ai,  y,  z)  de  I'ordre 
Mii  On  peot  fiaie  futee  par  la  coarbe  odo  snifiuse  ajBat  pour  ^aation 

^<m  v^^>  <A  P,  Q  eont  dee  fenetioiM  homogtoes  de  (x,  y,  z)  des  ordres  p,  p~\ 

reqieotivement  Et  on  peut  suppoeer  que  p  soit  ^gal  tout  au  plus  i  m— 1:  en  effist,  en 
prenanfe  jism— 1»  I'ltfqaatjott  emtiencbait 

i(m-l)m+im(m  +  l)-l. 

c'esfc-^-dire  m'— 1  coostantos  arbilrairea;  et  en  deUfrmiuant  convcnablemcut  m*  — m  +  1 
de  eee  qoantitd^  la  aorfiMe  de  t'eidn  m— 1  pmMcirn,  par  m*— m+1  points  de  la 

fonrbe  dc  I'ordrp  m,  c'ci't-A-diro  cette  surface  contiendra  la  courbe  entifere.  De  cette 
manifere,  on  obtiendrait  toujours  one  sur£su:e  de  I'ordre  m—\\  mais  si  les  fonctioits  P,  Q 
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ainsi  trouvi^es  avai«ni  on  &efeeur  commun,  ee  ftieteiir  cteviait  tUn  favt^;  il  ooovient  done 
de  nppoaer  qoe  les  degidi  do  P,  Q  soient  j)^  p— 1  respeetiTemeBtk  p  <tant  tout  aa 

pins  e'gal  i\  m—l.  La  surface  Qw  —  P^O  a  au  point  ^  un  point  coni(jue  du 
(p  —  iy*"  ordre;  en  effet  dans  le  Toiamage  de  ce  point  I'^uatiou  se  r^uit  k  Q^Q, 
liiqiMlIe  tippwtinit  k  un  oAne  du  (p^iy^  ctin.  J'ajoute  que  U  mxAoa  oooti«Dt  lee 
p(p—l)  droites  P«0,  Q  =  0  qui  passent  daenne  par  Ic  point  A  ;  toute  autre  droite 
par  ce  point  rencontre  hi  surface  dans  ce  point  (kHjucI  compte  poor  J)"!  pointA 
d'interaection)  et  encore  dans  un  seul  point  donue  par  1  e«|uation 


On  peut  appeler  monoide  une  telle  surface;  le  point  A  sera  le  uonunet;  le  cdne 
paO  le  cdne  aup&ieur;  le  cdne  ^  =  0,  le  cdne  mf(^eur;  lei  dnitH  ^nteneeiiDii  de 
ees  denz  eteee,  les  droites  de  U  moDoiide. 

Or  le  cdne  circouscrit  U  =  0  et  la  mouoide  Qw  —  i'  0  se  ooupent  seion  une 
ooturbe  de  I'oadK  mp:  a!  p«il,  eette  inteneetion  dee  denx  •aifceee  eera  la  coiurbe  da 
TO**"  ordrc,  l;iqnello  sera  une  courbe  plane ;  niais,  dans  tmit  autre  can,  la  courbe 
d'interaection  sera  compost  de  la  courbe  du  m*^  ordre,  et  d'uu  autre  s^-st^me  de 
rordre  m(p  -  1) ;  ce  sjstfane  ne  pent  tee  autre  clieie  que  lea  droitee  d'inteneetion 
du  cdne  oiioonaerit  ITaO,  et  du  edne  inthmar  QmQ  de  la  monoiifde;  c'eefc'i-dire  lee 
^uatkms 

U  =  0,   Q  =  0 

doivtiit  donner  P  =  0 ;  reir,  cela  <ftant,  les  droites   U—  0,  Q  =  0  seront  sitnecs  sur  la 

tnunoide;  et  ces  droitea,  lesquelles  fonneat  un  systeme  de  I'ordre  m{p  —  l),  seront  portie 

de  l^teraeetion  de  la  iDODoide  et  du  edue  dieonicrit  IT  ■  0.  Et  il  est  n^oeaaaiie  que 

0^  «m(  aiMi,  oer  autvement  diaque  droite  du  edne  ZT^O  ne  contiendiait  aur  la 

p 

monoide  que  le  point  il»  et  le  point  ddtennind  par  r^uatioa  W"^,  lequd  eet  un 

point  BUT  la  eomlie  du  nH"^  oidre;  done  cette  autre  partle  de  Ilnteneetifln  de  la 
mono'iMe  et  du  crme  U-O  tutit,  non  pee  une  courbe  queleaoque,  meis  le  Mul  point 
A  i  ce  qui  est  abeuide. 

Le  cdne  cueonscrit  ^  =  0  ae  peut  pas  dtre  un  cdne  queloonque  k  moins  que 
p=l;  en  effet  si  p>l,  il  est  n^cessiire  fjue  le  cone  ait  au  moins  (p  —  \)m  droites 
doubles  (en  comprenant  dans  cetUi  lucutiou  le  cas  oh  le  cdne  a  deii  singulantes  qui 
iqui^alent  4  (p—  l)m  dvoitee  douUcsX  car  en  auppoaant  pour  uu  moment  que  le  edne 
t7  =  0  n'ait  pas  dc  singularitcs,  le  cune  P  =  0  de  I'ordre  p  devrait  passer  par  les 
(p  —  l)m  droites  d'interaection  du  oone  Q~0  de  I'ordre  (/)  —  1)  et  du  cone  11  =  0 
de  I'ordre  m;  or  m  est  au  moins  ^gal  k  p  +  l,  de  mani&re  que  le  cdne  P  =  0  doit 
peiaer  an  m<nna  par  (p^  —  1)  droitee  du  odne  Q  =  0 ;  mais  -  1  est  > pF  — p,  k  nadna 
quep  =  l;  done  ce  cone  P"0  serait  compose  du  edne  Q  =  0  et  d'un  plan  P'^0  par 
le  point  A;  c'ost-j^-dire  P^QI^,  et  I'^uatiou  de  la  tuonoide  se  r^uirait  k  w  e*P',  aa 
I'on  aunnt  p«l,  ce  qui  eat  contnure  k  I'hypoth^  On  obtiendia  le  mdine  rdaultat  k 
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rnoins  i)e  Boppomr  que  le  odne  Q  =  o  y^as  par  un  certain  nombre  «  de  drottw 
doables  da  oAne  UmO;  mais  en  faUant  cetto  supposition,  cbteona  da  068  drntM 

compt^  pour  deux  interswdons  dps  cSnes  Q  —  0,  U'  =  0;  il  y  a  encore  (p  — l)fn  — 2« 
droites  d'intereectiou ;  et  lea  x  + {{p— l)m  —  '2x],  c'est-a-Uue  {j>  —  l)tn  —  x  droits  peuveut 
^tra  oomfiriMB  paimi  les  p<|»— 1)  drmtM  d«  la  monoiide  «i  «  est  ^S*!  nunna  k 
(p  -  1 ) (ni  p) ;  o'est-ii-dirc  le  c6ne  U  =  0  doit  avoir  au  moins  cc  nombre  de  droitcs 
doubles.   Je  remarque  que  pour  m  impair,  et  +      le  nombre  aera  J(to'  — 2m  +  l), 

«t  pour  m  pair,  et  p—^m  ou  +  le  nombre  sera  ^(m'  — 2m);  mais  pour  toute  autre 
val«iir  de  j»,  la  nombra  sem  mdiw  A«vd 

Je  r&ume  comnie  suit: 

Toute  oourbe  du  m**"*  ordre  est  i'intersection  d'uii  c6ne  circonscrit  (1  =  0,  du 
mf*^  oidre,  et  dNine  mirfroe  mooalde  Qv— P,  de  rordre  —  1  an  plii&  JJintet- 

section  complete  de  deux  surfaces  est  compost  de  la  courbe  du  m**^  ordre  et  des 
m(/)  — 1)  droitefl  d'interseetion  du  c6ne  circonscrit  U  =  0,  et  du  o6ne  infdrieur  Q  —  0  de 
la  mono'ide.  Ces  droitcs  seront  {p  —  l){m—p)  +  a  droites,  chacune  r^p^t^  deux  fois,  et 
(p  — l)(Sp— m)  — S«  droites,  oik  a  peut  £tre  igil  k  wiro',  chaenne  des  (p-'l)(m-'p)+a 
droitcs  sora  uiio  droite  doubles  <lu  cone  U=0',  et  lea  (p— \){m —p)  +  a  droites  et 
{p—1)  {2p  —  m)  —  2a  droites,  ensemble  p(p  —  l)  —  a  droites,  seront  situ^  aur  le  cdne 
supArienr  P^O  de  la  mmioTde. 

II  y  a  deux  circonstances  qui  empdchent  que  cette  th^rie  ne  conduise  tout  de 
suite  k  une  classificatuni  dee  oourbes  en  e^fMoe.  lyabomi,  une  droits  double  du  edae 
U  =  0  peut  correspondre  oa  k  un  pcnnt  double  n^l,  ou  h  un  point  douUe  apparent 
de  la  courbe;  et  de  nieme  eu  supposant  que  la  droite  double  devienne  niif;  (Irnite  dc 
rebrouwemeot,  cctte  droite  peut  ou  con-eepondre  k  uo  point  de  rebrouasement  (point 
atattonnaire)  de  la  oourbe,  ou  la  drnte  pent  6tre  une  tangente  otdtoaire  de  la  oouxbe, 
Mna  qa'il  ait  sur  la  oourbe  aucune  singnlaritd  qui  corresponde  k  cette  droite  de 
TcbrousBemcnt  (voir  le  M^moire  dc  M.  Salmon :  "  On  the  classification  of  CUTVee  of 
double  curvature,"  Camb.  et  DubL  Math.  Joum.,  u  v.  pp.  2S — 46,  1850). 

Puis,  ^tant  donin^e  l'i^r|uatioii  U  =  0  du  c6ne  circonscrit,  \t\  moiioTde  n'est  paa  une 
Bur&ce  d^terminee,  tt    il   n'e.st  guere   tacile  de  voir  quel  doit  fetre  I'ordre  de  cette 

P 

En  cffet,  cvtte  eiiufvtion  ('tant  «»  =  -tt,  il  peut  y  avoir  des  foactums  P*,  Q 


Idles  que  P(jf  -  F'Q^MU,  eW  oela  ^taat,  puiaqu'il  ne  a'agit  que  de  l^atetaBction  avee 

P  P* 

le  o6iie  Zr>  0,  on  poumut  nmplaeer  I'dqoatioB  ^^-q  V  oella^,  ^"^f  laqueUe  peut 
AtaiB  d'un  ordre  ml&ieur. 

Ces  diflBcaUA  se  pnfsentaat  dte  k  oommeiioeiiient.   En  eflefe  soit  msS.  On  a 

p=l  ou  p  =  2,  maia  p^l  ne  donne  qua  la  enbtque  plane ;  je  suppose  done  p  =  2.  Le 
c6ne  17=^0  du  tcoisi^me  ordre  aura  une  droite  double,  laquelle  peut  dtre  une  drnte 

p 

de  rdtvouawment  L'^uation  de  la  monoide  sota  w  =     oil  Q—0  est  Tdquation  d'un 
C.  V.  2 
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plan  qui  paan  par  le  poiiit  double  ou  de  rebnNwement,  et  qui  oonpe  uan  le  cdne 

U  =  0  scion  mw  mitre  droite ;  et  Qw  —  P-0  est  I'^quation  d'liii  rrtnc  dn  fweond  onlre 
qui  passe  par  ces  deux  droites.  Maia  soit  que  le  c6oo  U^O  uno  droite  double,  soit 
que  «ette  droite  a/At  de  rebrounement,  on  n'obtient  qu'une  aenle  eep^  de  oooibe 
cubique;  aiU  premier  cas  le  sommet  n'est  pas  situ^,  au  dcuxii.int'  eaa  ce  MMnmet  est 
attti,  sur  ttue  ta^gente  de  la  cowrbe  cubique;  voili  touto  la  diffifrenoft 

Soit  eueoce  ma4;  on  pent  avoir  |»a*l,  i  ou  8;  maia  jp««l  ne  doune  que  lea 

oourbea  planes  du  quatri^me  ordre,  je  suppose  done  P'S  ou  p'S;  dans  i'un  ou  I'autro 
cas,  le  cdne  tr=  0  du  quatri^me  ordre  doit  avoir  mi  tnoins  deux  droitoH  dmibles.  II 
peut  done  y  avoir  seulement  deux  droites  doubles;  i'une  de  droites  peut  Stre  une 
dioito  de  vebtonsoMiwuti,  ou  toutea  lea  deux  peuvent  Itre  de  tdlea  draitea.  Ou  enooie, 
il  peut  y  avoir  trois  droites  doubles ;  I'une  de  ces  droites  peut  Stre  une  droite  de 
rcbrousaement,  ou  deux  droites  ou  toutes  Ics  trois  peuvent  £tre  de  telles  droites.  II  y 
a  done  un  assez  grand  nombre  de  cas  ^  oouaiddrer;  mais  on  sait  qu'il  n'y  a  que 
quatra  eqAoea  eu  tout,  aavoir:  1*  k  oonrbe  d'inteieaetiou  de  deux  surboes  du  aeoomd 
ortlrc  qui  no  se  touchent  pas,  oourbe  que  je  nonime  quadriquadrique  geniraU ;  2°  les 
deux  surfaces  du  second  ordre  peuvent  ae  toucber;  la  coiurbe  d'intersection  sera  une 
quartiqM  noidh ;  8*  lea  deux  aniftoea  peuvent  avoir  un  contact  siugulier,  la  coutbe 
d'intersection  sera  une  quariiqiu  an^pidttie;  4  il  y  a  cnfin  la  oourbe  du  quatri^me 
ordre  qui  n'est  6itui5e  que  sur  une  scule  surface  du  second  ordre,  et  qtie  Ton  n'obtient 
qu'au  moyen  d'unc  suriace  du  troisieme  ordre:  ce  sera  la  courbe  ej>cuix>-quartiqite.  Je 
reaiaique  en  passant  que  lee  quartiques  nodate  et  euspidale  sout  dea  aoue-eep^cee  taut 
de  Texcubo-qimrtii]!!!'  ({u<:-  de  la  quadriquadrique.  En  !^up}>i>sant  que  le  oftne  IT'a'O 
n'ait  que  di-ux  droiti's  doiiWps  ou  de  rebrousscment,  i  t  snit  que  p  =  2  oti  f>^'^,  on 
obtiendra  par  la  theorie  actuelle  la  quadriquadrique  g^uersle  (cela  est  evident  par  les 
ftmnulea  du  lUmoire  etbi  de  H.  SalmonX  Si  lo  otoe  U^O  a  troia  droitea  doubka 
ou  de  robrousKemont,  ulors  8oit  que  ^>  =  2  ou  /)  =  3,  ou  obtieiidni,  scion  les  circonstances, 
ou  I'excubo-quartique,  ou  la  quartique  nodale,  ou  la  quartique  euspidale  (mais  nun  pas 
oette  demi^  k  monw  quHl  n^  ait  an  moiaa  une  initie  de  rebrouaaeineot).  Mais  il 
fiutdrait  pour  tout  cela  une  diaeuarion  plus  afqpKofimdie. 

Jo  remarque  qu'en  prenant  le  point  A  sur  la  oourbe  du  ordre.  Ton  auraife 

eu,  an  Imu  du  oAne  U^O  du  ordre,  un  oOne  du  (m  — 1)**^  ordre,  et  I'ordre  du 
c6Qe  se  rdduirait  encore  si  le  point  A  ^tait  un  point  multiple  de  la  cooilwi,  Peut- 
dtre  il  oonvtendiait  de  oonnd^rer  de  tela  cdnea  an  lieu  du  o6ne  du  wf*^  ordrft 

En  conclusion,  je  fais  les  reflexions  que  voici,  savoir:  Si  S  =  0,  T^O  sonb  des 
mt&ces  quelconques  qui  pawottt  par  la  oonrbe  du  m**^  oidre^  akn  en  ^timioant  eutre 
oea  dquationa  ia  ooordonn^     on  obtient  une  ^ualion 

qui  contient  comme  facteur  1  equation  £7=0  du  cone  du  m**"^  ordre.  Mais  il  y  a  plus: 
la  thteie  de  I'dliminatfaa  entn  deux  dquatioua  a^briquea  (bit  voir  que  lea  ^oationa 
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8^0t  7=0  doanent  lieu  4  un  wmm  gimnid  iMNn1>re  d'^qnatums  de  la  fDmiB  ^^"Q 
(en  wfwfaontant  d«az  qnelcoiiqiiM  de  ce«  ^nations  par 

p  r 

on  aura  toujoui-3  Py  —  F'Q  ^  AfU).  c'ost-ti  dire  on  obtient  par  une  telle  iHiiiiination 
plusieura  surfaces  monoides  dout  chacuue  coupe  le  cone  U  =  UV'^Q,  selon  la  courbe 
d^tanMetiom  otmipl^  de  deux  eni&oes  ff-O,  7i*0.  Ibfa  il  ne  •Tenmiit  pes  (mko» 
en  admettant  que  Ton  ait  de  cette  mani^re  totitet  lea  surfaces  monoides  qui  passent 
par  rintensectiou  complete),  tjue  Ton  ait  tmtes  les  siu^ace^  monoTdos  qui  passent  par 
la  courbc  du  w**"'  onlre  ;  en  eflFct  il  peut  y  avoir  des  fonctions  P",  Q'  lesquellcs,  sans 

donner  PC/  -  rQ  =  MUV,  douuent  cependant  i'Q'  -P'Q^MU,  et,  cela  dtant^  "'■^ 

aerait  une  sutfacc  munolde  qui  passendt  par  la  combe  du  ordre. 

PS.  0)1  d^uit  sans  peine  la  th^rie  ik.s  courbes  sltuees  sur  une  surfac{>  du  second 
ordre  (voir  ma  Note  "  On  the  curves  situate  on  a  sur&cc  of  the  second  order,"  Pltil. 
Mag..  July  1861,  [S14],  at  lee  Bavantea  redieireheB  que  M.  Cliaatea  vient  de  puUier  daaa 
lee  Oomptm  Mmtdm).  En  eflbty  en  eiqiiioaaiit  qua  U  noncnde  loit  nne  eorfiwe  du  seeond 

wdxa  O^jrpeiMolde)  et  qae  eoa  ^foalien  aoit  ^  aloia,  pnuque  le  o6ne  <r~0«  da 

rn****  otdre,  doit  i-encuuirL-r  le  plan  g^O  selon  les  seulee  droitee  «bO,  y~0,  3  but 

que  ces  droiten  wni-iit  des  droitos  ninltiples)  du  cone  U  =  0,  et  on  pnjiinnt  p,  q  dcs 
Dombres  teU  que  p-Vq^m,  ou  peut  supposer  que  les  deux  droites  soieat  des  droitei 
mnttiplee  dee  ocdrea  |»  et  9  rcspectivement ;  et  oela  arrivem  ri  U  (fonetion  boiuogone 
du  m'^  ordre  en  y,  oonti«iit  $^  poor  la  plus  haute  puissanoB  de  x,  et  pour 
la  phis  haute  poiaaanoe  de  y.  Oar  an  anaaigaaiit  aeloa  lea  ptuflaanoea  deeoendantee  de 
y,  on  aura 

ce  qui  fait  voir  que  « >  0,  z  —  Q  sera  une  droite  multiple  du  j)""  ordre,  et  de  mSme 
y.Ok  0  am  nne  droite  mnltiple  du  o""'  otdre.  On  a  doBO  adon  la  notatian  da 
TL  Ghaalea 

en  se  aoavenant  qn'id  U  eontlait  auaat  la  ooovdonn^  m. 


Smttd — ClaMrfat  du  quatriim*  or^bt. 

Toute  surface  du  sc'Ooiid  ordre  est  une  snrfaco  iiioiioide,  ct  on  peut  prendre  pour 
sommet  u&  point  quelconque  de  la  soiiace.  £n  effet>  en  coosid^rant  un  point  quel- 
eonqne  de  la  rarflm  da  aaeond  eidre,  anient 

»-0,  y-Q,  «-0, 
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1m  ^natioiia  de  tids  plain  qudoonques  qui  passent  par  oe  poiiii;  I'^aatioii  da  la 
Mii&oe  Nia  aatisbite  cm  j  ^crivank 

done  eette  ^tiation  me  oootaendm  paa  de  tome  en      at  elle  eeta  ainn  da  la  fimne 


i*  «t  Q  ^kamt  d^  fonctiooB  homog^nes  en  m,  du  aecond  ordre  et  da  pmnier 
ordre  respeetSf«meat }  c'eat^jkrdire,  la  suifiwe  araa  monolde,  ou,  si  Ton  Teut^  mfmoide 

quadriqua 

Or,  par  uue  oourbe  du  quatri^me  ordre  (ou  courbe  quartique)  quelconque  eo  espaoe, 
on  peat  fiure  pawiwr  vne  sm&oe  du  fleoond  indre,  oa  moooiide  quadrique.  Seloa  la 
tb^rie  g^D^rale,  la  6ur&c«  mooolde  eet  (out  au  plus  du  troisi^me  ordre,  ou  monoule 

cubique;  j'avais  tort  de  supposer  f^ue  ponr  la  <oi)!4>i>  pxcubo-qi:artii[nc  la  snrfaoe 
XDOnoiide  fikii  Q^ceasairetnwt  uue  tuuuuide  cubique.  ll  amve  conmie  nail,  rnxvuir :  puur 
la  ooailM  quadriquadriqoe,  en  prenaot  pour  eommet  un  point  qnelconquo  d«  I'eapaoe 
(on  suppose  toujour  ipie  it-  sointnet  ilu  I:i  iniiii'>iilt'  uV'st  ]r,is  situe  sur  lu  courbe),  on 
aura  UDe  luouoiide  quadrique ;  DUiia  pour  la  oourbe  excubo-quartique,  pour  que  la  mouoide 
8oit  quadiique,  il  fitut  que  le  eommet  eoit  aitu^  but  la  aurfroe  du  aeoond  ordre  (il  u'y 
a  qu'une  eeule  surface)  qui  passe  |>:ir  la  courbe;  oela  tftant,  la  moooide  quadrique  aera 
cette  surface  niemc  flu  second  ordre.  hlais  rn  pr<»nant  pour  sommrt  un  point  quel- 
oouque  qui  n'eat  point  situ^  sur  la  surface  du  secoud  ordre,  la  mouoide  sera  n6ce»- 
aurement  una  fluifiuse  cubique. 

Aiasi,  pour  lea  courbee  qoartiques,  il  suffit  de  oooaid^r  «ea  oourbes  oomma  eitu^ 

8ur  ana  mooolda  quadrique ;  il  eat  oependant  aaaes  intAeaaaat  de  lea  oonaid&per  OM»me 

p 

ntaiea  tar  una  uonoide  cubique.  Je  nippoae  done  U^O,  «»»^,  ob  U^O  eat  un 

P 

ccmv.  ([uartique  et  uue  moDoido  cubique  avec  le  mSme  point  x  =  0,  y  =  0,  z  =  0 

pour  sommeb. 


StltJii  la  throne  gdnt^rale,  les  huit  droitos  Q  =  0,  U  =  0  doivent  dtre  comprises 
panui  leu  aix  droites  ^  =  0,  P  — 0.  Or,  pour  cela,  il  &ut  que  le  cone  U  =  0  ait  dea 
dioitea  mnltqilies;  il  y  «  tnia  eaa  k  cousid^rer:  1°  Le  cAna  paaw  par  les  six  droites, 
«t  va»  de  cea  droitea  eat  uue  droite  triple  dn  c6ne ;  il  j  auMt  oomaia  eel*  dott  tee. 


dioites  d'intersection  de  Q  =  0,  U=0.  2°  La  cAne  paaaa  par  lea  tax  droites;  deux  de 
cea  droites  ^tant  des  droitea  doubles,  il  y  aura 

2+2+1+1+1+1=8 

droites  d'intet^ectiou.  3"  Le  c6De  passe  par  cinq  dee  six  droites; '  tieis  de  cea  cinq 
droites  ^tant  des  droites  doubles,  il  y  aura 

2+2+2+l+l=» 


ioQ-P=Q  ou  w- 


8+1+1+1+1+1-8 


302]  OONBIDArATIONB  O^MKALSS  8UB  UB  OOCBBn  JBK  lEUPACB.  13 

droites  d'intersection.  Or,  daoe  le  premier  et  le  second  CM,  le  otee  U^O  pasee  par 
1g8  six  draitas  d'inteiaflGlaMi  dw  cdnfls  P»0,  ^vt  done  que  Ten  ait  iden* 

tiquement 

P*,  ^  ^tant  dea  fimetkuie  homog^nes  «a  «,  y»  «  da  eecond  otdre  et  dn  immer  oidre 
nqfteetiveineiit  Ibie  en  vertn  de  I'^iuatioii 

P   P"    ,  P' 

on  ;i  'Q~     '  c'cst-i\-dirc  la  courbo  est  situee  sur  la  moiioi'de  quadrique  w  =  ^.  La 

oouibe  irQT&  4uadriciiiadri<jiu'  oii  pxcubo-quartique,  aelon  circonstances. 

Keote  k  considercr  h  troisiibinc  cas.  La  moDoide  cubique  est  une  surface  cubique 
ajrant  le  aommek  pour  point  oonique;  la  th^orie  dea  dn^taa  mt  vne  telle  mirfiMe  a 

emnindc  par  M.  Salmon  dans  son  IMi'nioiro :  "  On  the  triple  tangent  planes  of  a 
surface  of  the  thin!  <n-dvr"  C(i7nb.  and  Dubl.  Math.  Joum.,  pp.  252—260  (1849).  II  y 
a,  en  efiet,  les  six  droites  par  le  point  conique,  savoir :  les  droites  P  =  0,  Q  =  0,  qui 
eomptent  poor  dome  droitea,  et  de  plus  quinae  dioitee;  6x2-fl5s27.  Cheeone  des 
quinze  droites  est  donate  comme  troisifemc  interaectioB  (\q  la  surface  avec  un  plan  qui 
pasHc  par  deux  des  six  droites.  Done,  en  nommant  1,  2,  3,  4,  5,  6  les  six  droites,  on 
peut  Qommer  12  la  droite  dons  le  plan  men^  par  les  droites  1,  2 ;  et  de  mkme  pour 
lea  droites  13,  S3,  etc.  La  droite  1  est  rencontr^  par  les  droites  2,  3^  ^  5.  6^ 
12  U,  14,  In.  16  .  la  draite  12  par  lea  droitea  1,  2;  S4,  66;  36.  64;  86,  46;  et  ainai 
pour  les  auires  droites. 

C( la  t'tant,  je  suppose  que  le  ciJne  U=0  passe  par  les  droites  2,  S,  4,  .',  6,  et 
que  les  dioites  4,  5,  6  soient  droites  doubles  du  cone.  Je  dis  que  la  courbe  sera 
«itu^  ear  une  anxboe  du  seoond  eidra  qui  pasw  par  lea  droitee  12,  18  (diottee  qui 
ne  se  coupent  pa-s),  snvoir,  cea  deux  droites  ct  la  courbe  seront  rintcrsection  complMe 
de  la  nuuunde  cubique  et  de  la  surface  du  second  ordre;  cela  iait  voir  que  la  cuurbe 
eat  ime  oourbe  eieabo^luque.  Et^  ocnnme  il  eat  auparavant  dit,  en  prenant  pour 
aouunet  un  pirint  qneleonque  de  la  aiuAoe  du  seoond  oidie,  la  eoorW  sem  eitn^  sur  une 

q«driq«e 

Done,  en  partaut  de  la  mono'ide  cubique,  on  trouve  toujouis  que  la  courbe  du 
quatriteae  ordre  eat  aitu^  sur  nne  moniritde  qnadrique. 

J'^tablis  comiiR'  i^uit   I'fxiKtrnce  dc  la  surface  du  second  ordre  (jui  pas^^e   par  lea 

p 

droites  12,  13.  J<-  rcmarque  ea  g^o^ral  que  I'^uation  w°  ^  pent  s'^crire  sous  la 
en  en  ehangeant  w«  oette  dqnalion  sera 

P+LQ 
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€^esfc4f£fe  OD  peat  remplaeer  le  cAne  P^O  par  un  e6iie  <|aflleooqne  qui  paase  pw 

lea  droitee  d'lntoi-section  dcs  cones  P  =  0,  Q  =  0.  Done,  pour  la  naonotdc  oiibique,  on 
peut  prendre  pour  I*  +  LQ  =  0  un  Kyut^me  de  trois  plans,  et  cn  prenant  pour  ^uations 
de  ces  plaiks  x  —  0,i/  —  0,t  =  0,ou  peut  prendre  pour  ^uatiuas  de  la  moaolde  cubique 

ComiM  !«•  oooidoniite  m,  y,  »  reniiBinii«iit  cbacaiM  un  tnultipKcBtear  JndAanBan^  «q 
poat  ium 

00,  en  pOMnt  ^"jl*  ''^'"7*  "*  fit  V  ^**^^  ^  qmatitte  quekonqneai  on  peat 

Retire 

ce  qui  est  la  forme  la  plua  commode  pour  mettre  eu  Evidence  les  droites  d'inteisectioa 
t^mO,  QmO.   On  peat  sapposer  que  les  ^natioiu  de  oes  droites  Boient 

(1)    J,     0,  tf+a£^0,  (2)   «  =  0,    ay  +  *^0, 

(3)   y  =  0.  *+/Sflr=0,  (4)   y  =  0.    ^*  +  x  =  0. 

(.1)    «=0,  a!  +  yy  =  0,  (6)    *«0,    7j;  +  y»0. 

Done,  pour  les  plans  56,  34,  24,  on  auni  leu  ^juations 

(56)   «-0,         (34)   y  =  0.  (24)   x+a/Jy +  iS«  =  0; 
et  de  ]k  r^uati(>n 

AQ'  +  QglBjf  +  C(as  +  +/9<)]+i>«V(ie  +  a^Sy  +      =  0 

sera  edit!  d'uu  cone  du  qnatrifeme  ordre  qui  passe  par  les  droites  2,  3,  4,  5,  6  et  a 
lc8  droitea  4^  5,  6  pour  droites  doubles;  et  comme  cette  ^uation  contient  lea  trois 
qnntitA  Mrbitnures  A  t  B  i  0  t  oe  laim  I'^iiiatun  la  plus  gAitele  qm  nCiibtfe  aw 
«ooditioiia  domt  il  iffptz  cTestpMiM  ootte  ^natum  6«ia  oeUe  dn  o6m  U —0. 

Lh  AjuatiUNU  da  la  dvoite  12  «mt  «rsO;  pour  «li«emr  oelle  de  la  dnite 
18k  j'obMTva  que  rdqnatioii  dn  point  19  ert 

efe  je  forme  l'^iiati<ni  ideatiqtte 

laquelle  m  TArifie  mm  peineL  Donc^  «a  dnivaat 

«((ftB+y+«*-0,  on  9r»-«(#+iS«X 

r^ui^oQ  v)  =  ^  devient 

~ax{i  +  /9x) «  _  —  aBz 
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oa,  CO  qui  est  la  m^me  cbo^u, 

laquelle  et  I'^uation 

acnt  les  deux  iSquatioiiB  ds  la  droite  18. 
Oeta  4ltvA. 

{Am+Bw)  ((Kfix + y + w) + (<&  +  Dw)  [o^ + (1  -  «0r)  (1  -  «^  «]  -  0 


r<6)i»tioii  d'nne  •azfim  du  Mcond  oidva  qui  paaae  par  lea  dens  droitw  18,  18; 
«t,  en  dUminant  w  $a  moyen  do  r^mtioa 


on  obtient  I'^uatiou  du  cone  du  qoatai^nie  ordre.  £n  aSet,  en  snbstituaut  cette  valeur 
de  w,  on  oMient  ane  dqualim  dn  ttdtaie  oidie  laquelle,  divude  par  {afix+y+cu), 
deviant 

a^jc  +  y  +  a^    ^^^^    wTyT<i»T  c^Sic+y+af  * 

done  la  partie  fractioouelle  est 

afisB+y  +  az  * 

e'est-Anilne 

et  r^uation  devicnt 
cm  enAn 

ce  qui  est      eifet  I'^uatioD  d-dessus  trouv^  puur  le  cdno  U^Q, 


On  pontnit  aaiei  bien  d^oter  1«b  courbea  dea  ordm  on,  deux,  ttm,  eonune  wait, 


Courbe  du  premier  oixlru,  par  ....  1 
Courbe  du  second  ordre,  par  ....  2 
GburiMB  dn  trauibme  oidre,  par   ...      8  «t  4-1, 
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c'est-jl-dire  quo  la  courbc  piano  Herait  3  et  la  courbe  dans  I'espoce  4  —  1.  Mais  pour 
le  quAtribne  ordra,  oette  notatioiD  aenit  d^k  em  defeat,  «t  r«n  aundt  befloin  d'une 
notatioit  telle  que  oen«-Gi: 

CSoorbe  plane   4.1 

Courbe  quadriqoadriqae  .  2.2 
Courbe  excabo^uaxtiqne  .      2.3  — 1- 1. 

Cila  (ieviiut  ccpendant  trop  complexe,  et  commc  je  ne  chcrche  rmllemeut  unc 
notation  parfaite,  il  soffit  pour  le  moment  ile  denoter  la  courbe  plane  (dont  je  u'ai 
gu^  k  m'ooeuper)  par  4*,  k  qoadriquadriquo  par  4,  et  I'eaenbo-qiiartiqiie  par  6— 2l 
De  m^rae  pour  le  troirifeme  oidre,  <m  pent  d^nofeer  la  oourbe  plane  par  S*  et  ia 
courbe  dans  reapaoe  par  8. 

Cela  ^tant,  pour  lea  ooorbe*  dtt  einquiime  ordre»  ou  oourbes  qmntiqaee,  U  y  a 

cinq  cap^ces,  savoir: 


Courbe  plane  <ni  eqpfeoe  6 

Oourbe  quadricabiqae  ,       6  —  1 

Courbe  quadriquaitiqae  „      8  — S 


Courbe  eul^bique  (deux  cKp^cs) 


1 


a  A. 

0 
4 

6 

6 


(9-3- 
U-6-1-8  II  5 


oil  la  colonne  p.  D.  a.  fait  voir  ponr  choquc  ^>f!p^ec  le  noinbre  des  points  doubles 
apparenta  (voir  le  M^oire  de  M.  Salmon:  "On  the  classification  of  Curves  of  double 
Ourvature."  Comb,  ft  DuU  JUath.  Jeurn.,  t  v.  1850).  Cette  chmifioRtion  est  au  fond  oeUe 
dn  M&Doire  cit<$;  oetUement  U  Salmon  a  toumir^  trois  sous-esp^ces  qui  n'exiBtent 
pa-j,  k  savoir  It  s  wns-oapices  quodriquadriques  analoj^ics  h.  V.  7.  V.  8,  V.  9  (p.  42, 
oil  M.  Salmon  parle  dea  courbes  algebriques  aMrespondantes  k  V.7,  K.  8»  1^.9,  F*.  10, 
aaoB  atta^er  de»  nnmdraa  k  oes  qnatie  ioua-«qptee«>  Je  vais  4  pr^Knt  expUquer  la 
tbteie  dee  cinq  eepioea 

(hvfite  pUme,  ou  espioe  5— H  va  sana  dire  que  eette  eonrbe  est  llntanecUon  d'une 
enifiwe  quintiquc  par  un  plan  quelconque. 

Coiirb*'  ipuidnctihiqiie,  oti  espeoe  6  —  1. — Cette  courbc  i\st  rinforsection  paitiello  d'une 
surface  quadrique  ct  d'une  sur&ce  cubique  qui  oot  en  commuu  unv  t.iju\e  droite.  En 
cui^Maaat  que  les  equations  de  la  droite  ament  «sO,  y»0,  on  pent  jnendre  pour 
^nation  de  la  surface  quadrique  aw  —  yz  —  0.  et  pour  celle  de  la  .surface  cubique 
t  V  -  ;/U  =  0,  oil  U^Q,  V^O,  fiont  des  sarfooes  quadiiquea  quelconques.  Au  lieu  dee 
lieux  equations 

il  eat  pcnujLS  d'ecrirc 

I        :t,   s  \  =0, 
1       y.  »t 
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ce  qoi  fiut  Toir  4u'il  pa»>8c  par  la  cooil>e  oetto  mmvdle  vatbeo  tubique, 

laquelle  a  en  oomtntui  avee  la  pKmidve  audhce  euttique  la  ooarbe  quadnquadntiue 

La  courbe  a  4  points  (toubIe«  apparents;  elle  peut  donc  avoir  0.  1  Ou  2  points 

doubles  ou  de  rebroussoment  ;  cela  doune  les  sous-ef^p^res 

V.l,  K.2,  K.3.  r.&.  K.6, 

de  M.  Salmon. 

Jti  remarque  en  poasant  qu'cn  wippoHant  que  la  suriace  cubiquc  xV  —  i/U  =  0  u  en 
oomtDttn  avee  la  sor&oe  qoaibiqae  aw—ytt^O,  noa-flettleneint  la  droite  0«O,  y«0, 

ihiiis  fiussi  uiu'  autre  geiieratrico  dii  iiirMiU'  iiiLide  de  genenitioii,  on  iiura,  au  lieii  de 
la  courb«  quiutique  6-1,  cette  DouvcUe  droite,  ct  unc  courbe  excubo-quartique.  C'est 
li  fe  tMafime  qui  donae  ane  des  coofltruetianB  que  H.  Gbadw  a  tiouvto  pour  la 
oourbe  eseubo-qtiaiiique. 

J'ajoute  que  la  courbe  conndcr^  coranu  couiU  situt'-e  svir  une  sorboe  quadrique 
sera  de  I'espece  (3,2),  ou,  selou  la  notation  de  M.  Chaslcs,  J/ (ay).  On  connait  ainsi 
uu  graud  nombre  des  propri6t^s  de  cette  courbe,  et  auasi  de  la  courbe  d'cspece  8  —  3 
dent  nous  alkos  parler,  laquella,  wamdiMt  oonme  coni^  Atwie  mr  une  auf&ee 
quMbique,  at  de  Peqiice  (4,  1)  ou  Jf 

Camrhe  qtudriquatiique,  cm  «8/)e<»  8 - 3— Une  telle  aoarlie  «i|  I'inteiWOtiOiO  particllt- 
d'une  sur&ce  qHadriii\ir  ct  d'unr  surface  (lUfirtique  qui  ont  en  commnn  trois  droit<>H 
qui  ne  so  rencuntrcui  pan:  autreiumit,  dil,  ces  droites  sci'out  des  gdndrairices  du  memo 
mode  de  gi£ii4iatioii  de  la  surboe  quadriqueO)^ 

Soit  x»—y*^0  r^uatioD  de  la  auiiaee  quadrique;  on  pent  prendre  pour  Icm  tWN» 
g6n6ra,incw 

{x-\ff  =  0.    \w-z  =  0), 

ct  oela  ^tant,  I'^uatiou  de  la  mirboe  cjuartique  Hern 

(d,  ...)ix  —  \y,  \w  —  z)(ir  —  fttf.  iMv  —  z)  (.<  —  vy,  mv  —  z)~  {), 

eu  reprebeutHui  de  celle  nianiere  une  Ibnctiuu  liueaiic  pat  mpjxtrt  a  x  —  \tf  ct  \u'~s, 
par  rqiport  k  m-/^  «/k  pm-t,  el  par  fapport  it  s-vy  et  Mtf-«,  tee  ooeffioieiita  v, ... 
Aant  dee  fodotiaiDB  Un^iree  quekwoquea  de  c,  y.  »,  v. 

La  courbe  a  (j  points  doubles  apparentB;  tl  n'y  a  done  pes  d'autM  singularity: 
c'eet  I'espece  aoalonie  4 

F.  10 

de  H.  Salmmi. 

*  Dttn.'^  If  K^-InlK<lL'  h  -  :i  ou  ri-iiinujiHia  <iut'  :!  lii  D;)tt'  non  la  oubique  (roucbr,  lUais  leg  troi>  dtoiU>4; 
B- 1-1-1  serait  (rop  long,  et  je  me  aniH  servi  e&]itv!<  dc  U  noUktion  nioiiu  eviaplvl«;  «t  Aiiiti  it  e«t  iW«ti* 
■tfw  m  fsnil  n*  dinplii|iMir  la  nolatioa. 

a  T.  3 
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CVuHms  cubicubiqm,  espece  9-3- L— La  courbe  est  riuteraection  pM^eUe  4e  deux 
nirfaeee  eabiiiues  qui  ont  en  commim  ane  oowbe  eubique  geodie  et  use  draite  qm 
ue  (enoontive  pee  I»  coorbe  eubique. 

Soicnt  p,  ij,  >\  V,  t,  >i,  P,  Q  defl  tbnctions  lin^aires  quelconques  dee  coordonn^; 
3,  ^,  y.  c^,  ff,  7  des  fonctions  lin&ires  ijnclconqtieH  de  P,  Q  (aatrement  dit,  a  =  0,  ^  =  0, 
etc,  seront  le&  equatioos  de  aix  platis  quelconques  qui  passcnt  pai-  la  droite  P  =  0,  =  OX 
Celft  ^tent,  lee  «ariiM»e»  enUqaee 


:  ^ 

«, 

a 

«, 

/J-  =0, 

»•, 

". 

,1 

7  1 

auroDt  en  oommuu  la  courbe  aibique 


8,     t,  It 


»0 


(ainet  les  surfaces  t|uadrii]ue8  pl  —  Hi^  =  Q,  pu  —  sr  =  0  se  reDcontreiil  seloii  la  rIroit<'  /)  ■=  0, 
«»0  et  8«lon  la  oourbc  cubiquti  dont  il  s'agit)  et  la  droite  P=0,  Q  =  0.  11  y  aura 
done  enoon  ane  inteneetion  qui  8«t»  la  eouilie  quintique  9— S-1. 

La  oourbo  a  6  pointe  doublee  apparents:  il  n'y  a  dtsic  pas  d'autre  eingulantid: 
e'eet  I'eapte 

V.  10 

de  H.  Salmon. 

Je  reniarque  en  passant  que  oette  courbe  quintique  9  —  3  —  1  a  avcc  unc  cei-taiue 
ootnrbe  eeoitique  uae  reladon  eemMable  k  cetle  qui  exiete  entre  la  ooiirbe  exeulw-quar- 

tique  et  la  cmiibe  quintique  6  —  1.  En  effet,  p,  q,  r,  s,  t,  u,  a,  ff,  y,  a',  ff,  •/  jiant  k 
pr^i^oiit  lies  toDctiuiia  liu^aiiee  queloonqaea  dee  ooordonn^,  la  courbe  eextiqua  seia 

dunnee  par  les  equations 

p.    ».  «. 

9r     t>    fit  ft 

r,   »,  7.  7' 


-0, 


on,  ee  qui  rerient  k  ta  w6ute  chose,  elle  eeca  I'mtereeetiea  peitaelle  dee  deux  eui&oee 
eubiquee 


q,  t.  fi  '0, 
r,   u,  J 

teequdlee  out  en  oommun  la  oourbe  eubique 


p,    x,  a 

q,  t.  ^ 

r.   «,  y' 


0. 


0, 
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Or,  eo  preoaot  a.  ft,  7,  a',  ft',  y'  Ues  ibac^ons  litteaires  (its  i'*  et  ^,  nous  avous,  en 
eflfet,  rddnit  l»  conrbe  seztique  Ik  h  draite  P«sO,  QsO  et  &  h  oonrbe  quintkiue  6— S  — 1. 

Courie  cubictdnque,  egpece  9  -  6  +  2.— Cetie  oourbe  ent  I'inteneotion  pardelle  de  deux 
suriacfls  cafaiqiiw  qui  out  eo  oommun  une  courbc  cxcubo-quartique.    En  aupposant  que 

cette  courbe  excubo-quiirtiquf  soil  I'inteiiiection  partielle  d'une  surface  quadriquc  ct 
d'une  suriace  cubiquc  qui  ont  en  commuu  ies  deux  droitos  (x  =  0,  et  («  — 0>  w  — 0), 

<m  pent  prendre  pour  ^quallon  de  CM  dettx  mtiftoes 

U  =  anf  —  y*"0, 

'  c,  a 

eii  rt^pr^nunt  de  cette  maniere  la  fouctioD  axz  +  bjfz  +  cxw  +  difw,  Un^aire  par  rapport 
4  if,  jf  et  par  rapport  i  *,  w,  ftvee  des  coeffioienbi  41,  6,  c.  d,  lesquels  Mint  dee  fonetioos 
lindrires  qndconqueM  de  c    «;  w. 

Sn  ^TUt  d'abcvd 

IT-     -  jr  » w, 

OD  ubticnt 

»F-(cr  +  rfy)  U'^s[eafi  +  {Jl>-\-c)xy-\-df\ 
Et  de  meme  en  ^crivaot 

tr»      «»«-      *  jf. 

Oft  oblient 

r  K  +  (6i  +  dM')     =  .r  [« -  4-  (/» +  c)     +  dtp*]. 

Or  Ic  prejnk-r  de  oos  rA<uItats  tuit  voir  qu'eu  supposaut  U  =  V  =  0,  on  obtieiit 
a«°  +  (6  +  c)ay-t-«iy'  =  0,  et  le  second,  qu'en  mipposant  IT—O,  V  —  Q,  oti  obtient  de  meme 
wfi-¥{h'¥  e)«iv+AD*»0.  Im MiiftceB  7-0,  F- 0  m  oovpent  aelon  Ui  oourbe  eonnibo^uar- 
tiiiuf  ft  If.-i  fliuitf-s  (j-  =  0,y  =  0)  et  («  =  0,  w  =  0) ;  ina)>.  la  surface  oai"  +  (6  +  c) ay  +  dy*  =  0 
ne  passe  que  par  la  premiferc,  et  la  sui-&ce  ae*  +  (6  +  c) +  tiiv' =  0  nc  passe  que  par  la 
aeconde  de  oe«  deux  droites ;  done  lee  deux  fturftoes  ae  coupeut  selon  la  courbe  excubo- 
quartiqiie,  wtm  non  pus  Bdou  rune  ou  I'autre  des  deux  droitee^  e'ert^Hlue  que  lea 
dens  surfaoee  cubiques 

an"  +  (i  +  c  )  xy  +  dy  '  ~  U, 
+  (t  +  c)zw  +  did'  =  (I. 

tie  cuupeut  selou  la  courbe  excubo-«{uarUque,  et  eiicoiv  i^elon  une  courbe  quiutique 

Lm  deux  flurfiuses  cubiques  ont  chacune  une  droite  double,  elles  stmt  done  dc-a 
suxfinee  r^gldea   La  courbe  est  done  comprise  parmi  ks  courbes  d^oritee  ear  une 

surfn<>i>  ctibi<|uc  regloe,  pour  l(»«r[ueUee  M.  ChaeleH  •  trottv^  denu^UMiit  uae  oon- 
structiou  geora^trique  tr6s-dlegaDte. 

8—2 


Digitized  by  Google 


20 


COKaiD^RATIOllS  OtniRALBB  WK  LBS  OOURBBS  EN  B8PACB. 


[802 


I 


Lft  couriM  a  dnq  poiata  doublci  apfMrentfl;  die  pent  dono  ue  pw  ftvoir  d'Mttie 
nDguhrit^,  ou  ftvoir  nn  poiiit  double  ou  de  rebronaMdiciil:  mIa  donne  les  4nw  mob- 
etp^oee 

K.7.    K.8,    K.  U 

de  31.  SalmuQ. 

On  dt^montre  ^an**  p^'iiif  que  toutt*  ermilx-  iiiiiiitii|in'  o«t  plane,  «|ua(liiciibi«4U0, 
quadriquartiquc  ou  cubicubit^uc ;  inais,  puur  taire  voir  qu'il  nexiste  que  lea  ciuq 
ewpioee  d-demis  mentioimte,  il  y  a  encore  piuaeon  cm  k  OMuid^rer.  Fur  exeinpl<^ 
pour  lee  coarboB  oubieubiqiiMy  on  pourrait  Rupposer  que  les  deux  surfaces  cubiquee 
jivaicnt  en  pommun  une  courbe  quadriquadrique :  hi  win  (*tnit,  les  pqtintionK  fli  s  Jptix 
«urfiice«  »eraieat  de  la  torme  Vx—  Ui/  =  0,  Vz  —  Uw  =■  0  (surfaces  qui  out  en  comiuun 
la  eonrbe  quadriquadrique  ZTsO,  F^OX  mail  dana  ce  eia  k  oourbe  quintique  wrail 
liitu^e  sur  la  surfiswe  quadrique  xw  —  y«  =  0,  et  Ton  nc  fait  que  retrouver  I'esp^oe 
quadricubiquc  6  —  1.  J'ai  fait,  nprbs  M.  Salmon,  cettc  revue  d<?H  diffi^reut«  can,  ot  je 
me  s\m  assur^  qu'il  n'y  a  que  les  cinq  esptices.  II  couvicnt  peut-«tre  de  remarquer 
que  rAmm^iatitfla  des  soos-esptees  eompriaee  dans  oeliea-d  n'cet  pas  tout  k  fidt  oom- 
plfete,  paiTc  i|ue,  cn  certains  cm,  la  courbt>  pout  avoir  uu  puint  triple,  on  autre 
si^gulaiitt^  plus  dlcvcc  que  lea  points  doubles^  ou  dc  rcbroussenient.  Cela  ne  pr^sente 
paa  de  difficult^,  el  en  effet  Je  n'ai  p»rl^  dee  ewu-«c|iioee  que  pour  rapprocber  mes 
rftnltata  de  oeux  de  H.  SalmoD. 

La  longueur  de  oette  commuiiieatkD  m'empfidie  de  frire  voir  k  pnSMDt  comment 
les  cinq  eq^ees  peuvent  ae  dMuire  de  la  iMom  gSoAti^  den  oonrbee  dans  t'espaoe 
eooBid^nfee  comme  situ^  sur  une  suiftoe  monolide. 
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SUB  LE  PBOBI^ME  DU  POLYGONE  INSCRIT  ET  CIRC0N8CRIT. 

LETTRE  A  M.  PUNCELET. 


[Froiu  the  Voniplai  Hendiu  de  I'Aaidtmie  des  Sciences  d  Paris,  torn.  LV.  {Juillet — 

D^otmbn,  1802).  pp.  700,  701.] 

J'osE  vous  4cnrv  par  rappurt  uux  rciiian|ue-  i|iic-  voim  fiiites  p.  483  de  I'oHvnmt' 
{ApplicatioHS  cCAnalyse  etc  [Paris,  t.  i.  (1862)])  au  sujet  de  mes  i-ocherches  sur  li» 
problisine  du  polygoue  inherit  et  cixcouscht  [267  and  the  papers  113,  115,  116  and  128 
therein  refemd  to], 

Je  n'ai  nullement  voulu  attribuer  k  Fun  ie  fh^rbme  pour  lea  deux  oeraleB. 

J'ai  aeiilLiiiLiit  dit,  tout  k  fait  en  p»8saiit :  The  <:a.se...of  the  ttoo  circles  {the  origintd 
caae  of  the  Poriem  as  considered  hy  Fuss)  ct  en  effet  Fuss  a  fait  dcs  rechercheH  sur 
ce  cas  d'uD  polygons  inscrit  et  circonscrit  &  deux  ccrcles.  Mats  je  n'ai  jamais  imogiad 
i{u'il  y  eht  un  g^m^tre  (algAviBte  ou  non)  «|ui  no  oonn&t  pas  tant  votre  ouvn^ 
clas.'iiiiiie  lie  TS22,  que  Ie  mf^inoiV"  He  1828  de  Jac«»bi,  oil  Ton  voit  pi-^is^mtiit  at; 
4ue  Fuss  a  tiut  sur  ce  probl^me.  Far  rapport,  a  moo  dernier  M^moire  (PkU.  Trans. 
1861)  [267],  que  vous  dtes  et  qui  rteuoe  quelijuos  Notes  que  j'ai  publi^  en  18S3, 
permettcz-moi  de  vous  mentioniiOT  la  Ibrme  de  ma  Nolution :  on  a  unc  fouction 
a -\- +  d^,  o\\  f  est.  nne  r|uaTTtit»'  ind(<t<>miimkj,  et  a,  b,  c,  d  sont  dcs  foiictions 
donuees  ties  iiiiuples  det*  panunetrcs  <jui  delenuiuent  les  deux  ceixdes  (uu  conique«). 
On  ddveloppe  bk  meine  camde  de  oette  faiietiou  dans  la  fbnne  A+Af 'fC|'+i>p+£|p4..., 
i  r  -la  fait,  on  fi  tout  de  suite  r«k]uation  entrc  lc«  parameli^s  pour  uii  jxiJygoiie 
d'urdre  quelcouquej  liavoir  pour  le  triangle,  le  pentagone,  rbeplagon^  etc,  ces  con- 
ditions 

(7-0. 


C,  DpO,     0,  D,  £  -0,  etc. 
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taodis  que  poor  le  qimdrangli',  rhexagone,  I'dctogMQc,  etc.,  ce«  craditioiis  soDt 

i^.O.  I  />.   A' 1=0.     />,   h'.  /".-O,  etc., 

I         I       :      F,  Cf  i 
I  i*,  0.  h  \ 

de  tiiuriit  n  tjiu-  l;i  cntnlition  vsX  trntivec  cxplicitetiK^tit  |Hiiit  uii  jN^iIvgniic  d'ordre  (|IM)« 
eouqut  »am  ptmer  par  eel  I  eg  qui  uppurtieuiieiU  aua  polyenes  d'ordit  vx/efieur. 

Coinnie  j'attache,  je  I'avout',  tin  pen  d'importnnce  a  wtU-  sotutioii  (laquelle  selun 
I'explication  quo  je  vieus  de  doiiiicr  ne  parait  pa*  m^riter  la  critique  que  vous  eo 
foites)  je  aemh  bieii  aise  »i  voiij*  voulez  bicn  communiquer  cettc  lettre  k  i'Acad^mie. 
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bUR  UN  AlEMOIRE  DE  .JM'nm.    KXTRAIT  D'UNE  L£TTR£ 


[From  the  Comptett  Reiidua  de  I'Acadiinie  den  Ocieiuxa  li  Farui,  torn.  i.vi.  (Jaiivier — 
Jum.  1868X  PL  4S.   See  996,  foot-note  to  Na  117.] 

PEHMETiK/.-MOl  de  V0U8  souinctuc  uue  remarque  i^ue  je  vieno  de  laire  par  rapport 
an  Mtounre  de  Jaoobt  "Sur  r<diiniimtkiii  des  lUBuda  dans  le  probltoie  des  trois  coriM" 
(Coittflfa  Rendu  8  aoAt,  1842  [and  Crelle,  t.  xxvi.  (1843).  pp.  115— 131]).  II  me  semble 
qne  »inoiqnf  Jacob!  (iisc  qu'il  a  fait  depcndrr  le  pinbl?mie  d'nn  sysietiiL'  <1<'  riiuj  t'lHiation's 
du  premier  urdre  el  une  scule  du  second  urdi-e,  il  a  rtkiUemeut  fail  pliut  que  oela,  savuir 
qoll  1*A  tut  dandle  d*im  syatime  de  aU  ^qiwtiaiM  do  pmnier  ordre  et  qu'einn  il 
eat  alle  .iiissi  loin  r|iif  vmis  dans  \r  "  Mt^moirc  sur  rint^gratioi i  do  .  jui'linies  i'<ju;itions 
diff&reutieUes  de  la  Mdcauique,"  Journal  de  M.  Liouvilh,  U  xvii.  (1852).  Ku  effet  ai 
dam  tee  dqvatiom  Ih..vi.  de  Jacubi,  pour  lei  iMiiue  k  un  aysttene  d'dqaatunu  do  preaiMr 
endra^  OB  ient 


ot,  ccla  etant,  cn  remanjuant  i|ue  Ifs  furictioiia  /,  /,,  U....,  iic  conticnnutit  pas  t,  et  eu 
omettant  I'^juatiou  (=dt),  on  a  un  Hystuine  de  tax  equations  eiitre  les  quantity 
t,  H,  u,  u,,  r,  r,,  ea  suppoeaot  que  rint^gration  wit  effectu^,  on  obtieiit  alors  t  m 
moyen  d'ane  qnadiBturo. 

Je  remarque  en  paK^ant  qu'il  ne  me  pamit  pas  que  Jacobi  uit  dO  dire:  "fw 
siiito  Ton  fait  ciiii|  intt-gmtions;"  Ice  sculi's  iiitegrafions  i|iril  u  fnites  eont: 
rint^;raie  dee  forcesi  vives,  et  lea  troie  iut^prales  des  aires:  cela  etant  on  obtient  an 
Gen  de  12  dquatmos  eotre  IS  TariBblee,  8  ^nations  entre  9  variaiUee,  et  dRu  la 
Holutiou  de  Jacobi  il  arrive  que  ce  systenie  de  H  ^uations  contient,  oomme  parlae  de 
liii-mAme.  un  ftyat^mc  dc  n  dquationn  entre  7  variables;  maia  &  moina  d*inti%m'  lee 
t)  eipiations  on  n'obtient  fan  d'int^grale  nouvclle. 


X  M.  J.  BERTRAND. 


le  eyatteie  pent  evidemraent  «e  presenter  eoin  la  forme 

di    dt,    du    dui    dr    dii  d$ 


T  Ii~  U'  U,~  R~ll,~H 
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305. 

CONSIDERATIONS  GEN  EH  ALES  SUR  LES  r'OURHKS  EN  ESPACE. 
COUKBES  DU  CINQUIEME  ORDKK 

[From  the  Gon^pttB  Rmdtis  de  VAc(td(^iii<e  des  Sciences  de  fam,  torn.  LVUl.  (Jisiivkfr— 
Juin,  1864),  pp.  d94— KKMl  CkmtiuuAtion  of  303.] 

En  consid^rant  uue  courbe  du  m**^  ordre  rt- present^  au  moyen  dee  .^qiiatums 

qui  d^notent  respectivement  un  edne  da  w/*^  onlte  et  une  entftoe  menoide  da.  ff*^ 
Ordre,  le  c6ne  doit  passer  vi{p-\)  fan  (Mr  foe  p(p— 1)  droitcs  (P  =  0,  <^  =  0)  do  I* 

morniidc.  J'indiqup  la  nrnnieiv  cle  cc  p8.«»sagr  n»  movfn  d'un  symbole  (|uo  jc  nomme 
la  signature  du  systeuic ;  co  syiubole,  compoee  orditiaireineut  des  oum^ros  2,  1,  0, 
enwniUe  p(p—l)  namittm,  fiut  voir  oomluen  des  p(p-l)  drratee  de  la  mounde  sent, 
par  rapport  au  cone,  des  dntitrs  doubles,  des  droites  simplrs,  ou  dee  fi-  *i  tnii  oe 
8ont  pajs  situ^es  sur  te  c6dc:  par  exemple,  m^o,  p  =  3,  ta  siguature  222211  fait  voir 
qu'il  y  a  quatre  droites  doubles,  deux  droites  almples;  la  signature  222220,  qu'il  jr 
a  einq  dioitee  doublee,  une  droite  qui  n'vtt  pa«  siUi^  eur  le  nbu^ 

Je  reviens  aux  eourbee  du  ciiuiuifeme  ordre;  j'ai  ^bli  (t  uv.  p.  672)  qu'il  y  a 
einq  eq[itos  de  oee  oourbee.  k  eavoir : 

p.  D.  A. 

C'liiirbf  plaiii-  uu  espcoc  •">  0 

C'ouibi  ijuadiiuubiqui"  „        K  —  i  4 


Courbc  qundriquartitiue 

Cotirbe  oubtcnbique  (deux  ospecee) 
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Je  fais  abstractiou  de  la  courbe  plaae^  el  je  cberche  k  rattachcr  les  quatre  aiitres 
«8p&oea  ik  la  throne  de  la  monotde.   Pour  oela  je  remarque  qu'en  prcoont  pour 

Bommet  du  cone  et  dc  la  sur&oc  mouoide  un  point  gwdeon^pie,  la  sniiaoe  momoade  (ne 
pottvaiit  pas  dtre  de  Tordre  2)  seta  de  I'ordn  3  ou  4i. 

Je  comnd^re  d'abovd  te  e«»  d'one  moiuHde  euhiqne:  la  aignatnie  seca  S2221I  ou 
222220. 

Aluttoide  culnque,  signrUitre  222211. — Ici  le  cone  U=fi  pfuse  par  Ics  six  droites  »ie 
la  monoide ;  done  U  est  fonction  «yzygdtiquc  de  P  et  Q :  autreuient  dit,  ou  peut 
trouvcr  P*  et  fonctions  homogenes  de  {x,  y,  z)  de  manierc  h  avoii*  identiquemcnt 
If^Pi^—F'Q:  P  et  Q  eont  dca  ovdree  3  el  2  reqwetivemeiit.  dome  F  et  <jf  senmi 
auai  dee  ovdree  S  et  2  nqwctiTemeat.  En  oomlunant  lee  ^nations 

un  obtient 

F 

ou  plus  g^n^ialement 

_P+aP 

(oh  a  «iit  un  panm^re  arbitrure);  maia  en  ^vaAt  oette  dquation  sous  la  fonne 
(Qti- +  P\+a{Qfw-'I'^^0,  on  voit  qne  lee  nionotdae  eubiqaei  que  lepr^sente  cette 
i'i|uation  »ont  tonten  en  involution  nvcr  li  s  deux  monoTdes  eubifiuoH  Qw  —  P  ~  0, 
Q'w  —  P'  ^0;  on  peul  done  dire  qu'il  y  a  dans  le  cas  dont  il  s'agit  deua-  n)ouoidei< 
enliiquee. 

MuMibU  cubique,  signature  222220. — ^Ici  le  coue  ne  pasoe  pas  par  les  six  droitos  de 

la  mouoide.  done  ii  n'euste  pas  d'^nation  identiqne  telle  que  U^Pff —FQ^  et  la 

p 

tnenotdie    =  ^  est  la  senle  monotde  cubique. 

Je  paaae  an  esa  d'une  monoide  quartique;  la  aignatute  seia 

222111111111,  m  22221U11110,  ou  22S22I1U10U,  ou  822222111000. 

Montnde  qmrtique,  ngiuihm  22211I11I1I1.— Le  o6ne  ZTasO  pease  id  par  toutes  les 
douse  droites  de  la  monoide,  (M  st-a-dire  on  uurait  identiijuement  U  PQ' —  P'Q,  oil  P,  Q 
seraient  dee  fonctions  homoguueti  de  (x,  y,  z)  des  on  Ires  2  et  I  respectivement.  et  U  y 

aurait  ane  monotde  ^tiodrtfut      ^  •   Ge  cas  u'existe  done  pas. 

Mtmnde  quartu^ue,  signature  222211111110. — Le  c<^ue  U  —  0  pmn:  par  toutett  iett 
dottse  droites  de  la  monoSde,  bormis  une  seule  dioite;  done  en  ^rivant  Jf«0  pour 

I'dquation  d'un  plan  (juelcon<(U(!  par  ccttv  droite  exceptee,  le  cone  MU  =  0  passt-  pir 
les  douse  droitee  de  la  monoide :  on  a  done  identupiemcnt  MU  ^  FQ'  —  FQ,  oil  F,  ^' 
C.  V.  4 
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sont  den  ordres  3  et  S  respeetlvement,  et  il  paase  par  la  oonrbe  h  nwnmtfe  enbiqne 

Tft— ;  tie  plus  M  cuntieiit  une  coimtantc  aibitmiif  {M  =  K  +  aL.  i  i\  piLMiani  J{=^0,  L  =  0 

puur  les  ^uatioDS  de  deux  plans  qui  passeut  cluvcun  par  la  droite  iiitiiiiiuunee) ;  done 
f,  Q  oontieiiiieiiit  vam  iwtte  oamitaate  aibitnireb  •iitranent  £t  il  y  a  dmue  mondidM 
eutnquM  Cela  rantra  done  d«u  le  gm^  moiKnde  cabiqne,  dgnatere  2tSSll. 

iiom/fde  tpmrtique,  signature  222221111100. — Le  coue   U^Q  paoe  par  tuutu^  It^ 

rlrriites  de  la  inonoTdt-,  hnnins  drux  ilroites ;  (Intm  l  u  t'frivai>t  .V  =  0  |v)ur  l'e>juation  du 
plan  pasgant  par  cca  deux  droites,  Ic  cdne  MU^Q  contient  toutes  le«i  ilr<iit4>s;  un  a 
done  tdentiquement  MU^       —  PQ,  o&  P",      sont  dm  ordreg  S  et  f  i  csix-rtivement, 

F 

et  il   pasHe  par  la  courbe  la  monoTdc  cubique  w^-^.    Mais  ici  J/  =  0  est  un  plan 

d^termiu^i  doDC  F  el  Q;  Hont  ausm  des  I'onctions  d^tenuiu^es,  et  il  n'y  a  qu'uue 
wule  monolde  enViquA  Cda  levtre  dus  te  om^  moiUMde  eaUque,  ngnatutt  222190. 


JioneXth  quartique,  dffmttm  22S2S2111000. — Le  odiie  17*0  paase  par  touted  les 
droiteB  de  la  monoide,  bonnis  tnii  drutas;  done  en  prenant  M  =  i)  pour  i'i-<|uauon  d'nn 
fAne  t|nfwlniiuc  iniclrimque  qui  paaae  pfir  Ics  druitos  cxcept^cs,  le  cOnc  MU=^0  poase 
[lar  t«>ut43«  Ils  (IruittJji.    On  a  done  idteuti(iui«m<  iit   .\fU=>P(^  —  J*'Q,  oil  /*',  y  miit  dc« 

ordi-ea  4  ct  3  t^espectix'ement.    Cela  donne  la  iiiouuide  cjuartique  w=  j  .    Mai»  M  con- 

tient  tiok  ooostantes  arbitraires:  il  y  a  done  trois  nouveUes  moooides  quaittquet 
J**  P" 

ws^,  w  —      w*^*  «u  en  tout  quatre  moaoSdes  quartiquM. 


-3  ^ 

^    ^  j- .  monolde  quarllque,  aigaattire  2S222S111000, 


On  d^niontro  non  pane  que  pour  r«flpte6  6-1,  3  y  a  deux  monofdei  eubiqucfl, 

pour  I'eap^e  9  —  6  +  2  une  seule  monoide  cubique,  et  que  pour  les  u^tpeoes  8  — 8  et 
O  —  d-*!  il  n'y  a  pas  de  monoide  cubique;  on  a  done  I'identiH cation  que  voici: 

Esp^ce  6  —  1,  monoide  cubique,  ngnature  222211, 
Esp^  9-6  +  2,  monoide  eubiqu^  idgnature  222220, 

Espke  8-3 
Esp^ce  9 

ct  il  ne  rc^tc  i\u'k  distinguer  les  deux  esp^cee  8—8  et  9  —  8—1, 
repr^eeot^es  au  moyen  de  cdne  ct  monolde. 

Je  i-emarquc  que  le  syst^me  de  c6ne  et  monoide  a  sigiiatiirt-  22222211  lUOO  con- 
tient  20  cuostautett.  £u  effet,  en  prenant  Q=0  un  cuue  cubique  queloonque  (9  con* 
etanteeX  pvendm  i  votont^  sur  ee  etae  hvit  droites  (8  oomtantes),  et  par  «ix  de 

ces  droites  comme  droites  doubles  i  t  drux  de  ces  droites  l  oinme  droites  simples  (20  con- 
diticHis)  iaire  passer  le  cdne  quintiquc  determine  U^O;  cc  cdne  et  le  coue  cubique  Q  =  0 
ae  coapent  aelon  lea  hnit  dnitea  (qui  comptott  pour  quatorze  droites)  et  aelon  une 

neaviime  droit*;  ^  par  lea  neiif  drntea  on  pent  fidro  passer  le  odne  qnartiqae  P-0 

p 

(5  oonaUntea>  Cela  donne  la  monoule  quartique  *c  =  g>      w  eontient  implicitenietit 
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cumme  ftkcteur  une  oonstaule  ;  U  y  a  done  eu  toat  9  +  8  +  5  +  1  =  23  couatantefl. 

en  cotnbivHit  r^mtion  de  la  mondSde  avee  TAjiiBtion  U^O  da  ofine  qaintiiiiie,  on 

obtieni  la  monoiide  qiiarUqae 


fiui»  k  tnis  oooditioDB  qaeloomqiNB ;  on  dmt  done  dimiotter  de  3  le  nomlwe  28,  m  qui 
donne  enfin  SO  otmstantea. 

Lii  fonrlw  S  -  f>  foiitieiit  18  eonstantes,  il  faut  done  cherchfi  ([uellc  est  la  parti- 
cularity qui  doit  avoir  Ucu  pour  que  le  cas,  mono'idc  quartique  a  sigoature  222222111000, 
doone  une  combe  8—8. 

Tmi  nammi  droUe*  d§  In  monaVit  lea  droitee  P  =  0,  Q«0  qui  posstcnt  par  le 
Bommet;  en  aappoaaiA  qu'il  y  ait  sur  la  monoYde  des  druites  qui  me  paasent  pas  par 

le  sw)ni!iiet,  on  pent  appeler  tratiawrsale  line  telle  droite.  Or,  pour  I'ettpf'Cf  8-3,  il 
doit  exister  sur  la  monolde  quartique  trois  traosversales  qui  ne  se  rencontrent  pas; 
ear  alon,  en  fiuaant  pMter  par  eee  tnutsvenalee  un  hyperbokAde,  cet  hyperbololde  et 
lu  nionoido  sl'  coupent  selon  Ics  trois  tninsvcrsales  et  selon  la  courbc  8  —  3  dout  il  s'agit. 
Or,  en  nupposant  qu'il  existo  une  transversale,  le  plan  passant  par  le  sommet  et  cette 
trau8vet«ale  contieut  trois  des  droitea  P  =  0,  Q  ^  0.  En  effet,  un  plan  quelconque  par  le 
•omiDet  coupe  la  mooolde  aeloo  une  oourbe  quartique  avec  un  point  triple  an  mmuiMt ; 
pour  li;  |>!aii  iiund  par  unc  tmnsvoisale,  cette  courbe  qtiartiquL'  devient  la  transversalc 
ct  une  courbe  cubique  avec  un  point  triple  au  sommeti  cette  courbe  cubtque  sera 
dvidemmeDt  un  qrBtiana  de  trois  droiteii,  k  savinr  troiB  das  droitai  PmO,  0.  Et 
fMpvoqnenientk  ai  trab  ijnelcunques  des  droites  de  k  taonoTde  lont  eitnte  dans  un 
plan,  ce  plan  coupe  la  monoYde  selon  les  trois  droites  et  !>elon  une  transversale.  S'il 
}-  a  sur  la  monoidc  une  sccondc  transversale,  il  y  aura  de  metne  un  second  sj'steme 
de  trois  droites  dans  on  plan ;  on  d^nontre  que  d  le  pirainier  tyttkmt  eat  eompasd  de 
trois  droitcH,  et  le  second  systt-nu'  de  trol«  tiutres  droites,  les  deux  tI•n,n^ve^sall^^  bc 
coapeot;  done,  ei  lee  deux  transvenales  ne  ae  ooupent  pos^  les  deux  systeincs  auront 
une  droite  comuiane.  S'il  y  a  sur  la  monoTde  une  trofasime  trBosTeraide.  il  y  a  de 
mime  un  traiMibine  apteme  de  troiti  droites  dans  un  plan;  et  si  les  trois  tlWiavetsales 
ne  se  reneontrent  pas,  il  est  de  plus  n^cessairc  que  deux  quelconques  dca  trois  plan.* 
ment  en  coninuin  une  di-oite  de  la  wono!de;  cela  revient  jt  dire  qu'il  doit  y  avoii- 
pami  les  douse  droites  PaO,  Q^O  de  la  moDotde  six  drattee  7,  8,  9,  7',  9f,  V  telles 
<|ue  les  droite-s  7,  8',  9',  les  droites  7',  8,  9',  et  les  droites  7',  8',  9  soiont  situ^s 
chaque  s^teine  dans  uu  ro^me  plan:  cela  ^taut,  la  monolde  aura  trois  trausveraales 
qui  ne  se  rencontrent  pas. 

Je  preuda  a  volouie  par  un  point  i|uelconqiic  de  I'cspacv  uu  tel  sjsteme  de  six 

dreites  7,  8,  9,  V,  K  V  (9  eoostantes);  je  bis  passer  par  lea  mz  droites  on  edno 

eulnque  quelconque  Q«0  (3  oonstantes)  et  aussi  un  cAne  quarlaqae  qudconque  P^o 

p 

(K  eoQstantes);  au  moyeii  des  deux  o6nes  je  fbnne  r<^aationw*Q  de  la  euffiioe 
monoide;  il  y  a  une  constante  arbitnuxe  oontenue  implioitemeut  en  w:  oela  donne  en 


4—2 


28         ooxuDABAnovs  o^teALu  bub  lb  oomuuB  m  bbpack;  [SOS 

tout  9-(-3  +  8  +  l»21  ooBsiaDtes.  Les  deux  ednes  P^O,  Q  =  0  se  coupent  selon  Ics 
ax  droitea  7,  8,  9.  T,  H',  9*,  et  mIob  six  autras  draiies  1,  2,  3,  4,  5,  6 :  il  suit  de  b 
thA)rie  pn?c<?dcntc  (mais  on  pent  aii»ri  denn  ntrfr  nnalytiiUKnicnl)  ()u'il  fxisto  nu  cune 
quin^ue  17  =  0  qui  Hatisiait  aux  oouditious  de  paaeer  deux  lois  par  chacuue  des 
droitei  1.  2,  3,  4,  5,  6  (avoir  chactme  de  oes  droitm  poor  nne  dnite  double,  18  con* 
ditioiM)  et  une  foiB  par  chacune  dM  droites  7,  8,  9  (3  conditions,  en  tout  IS  +  S^SI 

oonditioiis)^    £t  cela  ^tont,  oo  aum  la  oourbe  8-3  d^terminte  au  moyea  dtt  odm 

p 

U-tt  et  la  aux&K  moiuiide  k  Mgnature  2S22S21I1000  {k  Mvdr  lea  draitea 

1,  2,  8,  4,  5,  6  qui  aont  par  rapport  an  cflne  des  droites  doubles,  lew  droitcH  7,  8,  9 
d«8  droitcs  tdmples,  et  lea  droitea  7',  8',  9"  des  droitei  qui  tic  sont  pas  nitu^  snr  le 
cAne)    Le  nombre  des  coa»tanteB  est  21,  mais  au  moycn  dc  la  trauiformatiou 

Q  +      +  ti(/'  fO"" 
on  reduit  oomme  aupamvant  ce  uombre  k  21  —  3  =  18»  oe  qui  est  juste. 

J  ajoute  les  considerations  que  vuici :  Ic  vi'nu)  U  =  0  poMSe  deux  fois  par  chacune 
des  (lit)itc3  1,  2,  3,  4,  5,  6,  uue  lois  par  chacune  des  droitcs  7,  8,  9.  Soit  ^f=0 
r^ualiuu  du  syst&me  dea  trois  plans  qui  contienneut  les  droites  7,  8',  d',  les  droites 
7\  8^  9^,  et  lea  droites  V,  9  respectivemeot ;  le  eOiie  Jf^O  oontieiit  chacune  dee 
droites  7,  8,  9  une  fots,  ct  chactinc  dex  ilroitcs  7',  S',  9'  deux  fois.  Doiir  It-  cone 
MV^O  oonti^t  chacune  des  droites  1,  2,  3,  4,  5,  ti,  7,  8,  9,  7',  S',  9'  deux  fois^  oes 
douae  dmtea  sont  les  droites  d'mteneetioii  des  cdnea  PaO.  Q^O,  et  aiaa  now  avons 
idcntiqucmcnt  MU  =  AP*  +  BPQ  +  CQ^,  A,  B.  C  e'tant  des  fonotiow  homogilMa  de 
(«>  !f,  *)  des  ordrea  0,  1,  2  respectivement  Oela  ^tant,  les  ^uatioos 

donoent 

^oatioQ  de  la  surface  quadnquc  sui*  laquelle  est  situ^e  la  coarbe  8  — S. 
Je  passe    la  throne  aiialjtM)iie.  Sott,  pour  aWger, 

=a'  X         +  c'^,    Y  ~  a'  a-          +  y'z, 

Je  prends  poor  ^luationa  des  droites  7,  8,  9,  7',  S*,  8' : 

(3,-0,  ,=0X  (*-0,  x-OX  («-0.  y«0). 
(x  =  0,  1-0),  (jr-0,  11  =  0),  (*  =  0.  r-O). 
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et  je  forme  lea  ^iiati«ifl  lea  pine  g^i^retes  pour  le  odne  caUqae  et  le  cune  4uai  ti4ue 
qui  iMweot  par  oea  droitea;  oea  ^uaAiona  aeront 

p 

On  a  de  14  ia  eur&ce  uonoide  w«  q  .  En  ^vent  dans  oette  ^nation  «eO,  on  obtient 

X  X 
w=-  ^ ;  et  de  mfane,  pour  jr>*0,  on  obtient  10  =  ---^,  efe  pour  *—0  on  obtient 

iv-— c'eet-a-dijK:  i|u'il  y  u  mx  U  monoide  les  trob  traosvei'sales 

oomme  on  pent         eea  ^uationi^ 

=  0,  «'«       +  72  +  y  » OX 
(*«0,  «"«4/8"y+  +«^w=OX 

On  ti-ouve  siuifl  peine  I'^quntion  de  lu  ^iirtoce  4uudri4ue  c[ui  passe  par  les 
tnuiKTenntes;  en  ^erivant,  pour  abreger, 

B  =  (S'a"  +  8"a')  &c  +       +  «a")  S'y  +  5"  (Sa'  +  8'a) 

0  =  aV'&c'  +  ff'&S  If  +  ry'S"    +  (7^"S'  +  7  ^«")    +  (« V  +  «"7'^) «  +  K^'^^  +  ;8a"S')  «y. 
cette  t-fjUBcion  est 

P  ,  . 

et  eu  elimtiuuit  m  eutre  cette  t^itation  et  I'equation  w=:q  >  on  obtient  1  equation 

laqnelle,  en  vertu  de  Fidentitd 

ae  iMuift  it  17-0.  ^vation  d'nn  oAne  du  dnqottme  oidn.  oe  qui  doone  le  ^jat^ 
p 

ir«0^  ws^  de  oAne  et  monolde  4  inguatiue  822222111000.  Pour  dtfrnontrar  I'ldentiti 

dont  il  i/agitv  i]  eoovient  de  temarquer  qu'en  ettbecitoaat  <bna  TeKpiraaaion  JJ*+iKPQ4ClQ* 
lea  valeun  de  P  et  tona  lea  termea  eontiennent  ezplieitenMiit  le  Actenr  cyt  hormia 
les  termea  qoe  voiei: 
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et  )>i>ur  ddmontrcr  que  cch  tomics  except^  conticnncnt  aussi  le  facte ur  xjft,  il  mfit 
(Ic  tiiirc  voir  inio  la  fonction  AX^  —  BXS+CS"-  runticnt  le  facteur  x,  car  alors,  par  la 
symdtrie,  les  tonctions  AY'' -  £Yi^ +  CSr^  et  itif*  -  if^S"  +  CS"'  conUendront  refpectivement 
ies  fiieteun  y  et  «,  e(  rexptemon  entitre  Mm  divinble  par  wjfg.  M»b  en  4fcriv>nt  m^O, 


+  (78*      +(fi9-¥'f»){fi^'i9  +  y'i''»)S^ 
e'est-Mm  AX'^^BXi+Ct^  eontient  le  faeteur  c.  Dono  enfin 

oootient  le  fiicteur  xtfz,  cc  qui  ^teit  le  di^oc^me  k  dtfmoutrer. 
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SUR  LES  CONIQUES  QUI  TOUCHENT  DES  COURBES  D'OKDRE 
QUELOONQUK   EXTAATT  D'UNE  LETTBE  A  M.  CHASLESL 

[From  the  €fompk$  Mmdus  de  VAcmlimie  den  Svitnres  da  Pari*,  torn.  UX  (/tni2M — 

l}4cembn,  pp.  224— 22o.J 

En  oonnd^noit  rex|NreMOb 

que  voUjS  avez  tlonnt'o  (('i>tnpte.s-  RendM,  L  i.viil.  p.  223)  pour  lo  iiombrc  dc«  coni<|ue8 
•jui  toucheut  cinq  courbcft  d'ordrc  quelcoiique,  j'ai  trouvd  qu'elle  pt'Ul  s'^ire  mm  la 
fimne  que  tiAA,  mmt:  en  d^notamt  les  oidra  par  {m,  tt^  p,  q,  r),  et  en  mettanfe 
M=»i'-m,...,  de  maiii^re  que  {3i,  Jf.  P,  H)  aeront  clnsMft  4e»  einq  oonrbeo, 
I'expiesaiou  teaDsform^c  est 

(Jf.  m)  (if,  «)  (P.  j»)      9)  (it  r)  (1,  Ij; 

«n  veprtentaot  |Mr  ceUe  notatiott  utiir^igife  la  fyuOim 

1.  jirilTPQA 
+  2S<ffiiVPQi2> 
+  4£(miiPQiZ) 
•l'4S(m»pQ^ 
•«-  S£  (hm  p  fit) 
•fl.  mnpfr. 

Bn  ^eartanfe  tee  rdaticine  ifsm*^  m,...,  «t  en  ■upponnt  wnlement  que  (m,  n, j^  r) 

s<ii(iit  Its  'irdri'?,  L-t  (jV,  iV,  P,  R)  los  classes  des  cinq  courbcs,  lr\  nnnvpllc  foi-mule 
a'applique  &ux  courbes  avec  dea  poiate  duublet)  ou  de  rebrouaaeiueut ;  on  peut  mdme 
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supposor  que  la  couibe  de  la  classe  M  et  de  roitlre  m  i-i^uiw;  uu  bysteine  de 
M  pojttta  et  de  m  draites.  et  que  les  auties  eourbee  ee  rtfdnbent 

de  |K>ints  et  droitcs;  ct  fola  t'tant,  on  obtiint  itne  v^riticAtion  imm^iate  df  la 
fonuule.  Car  cti  t-huisissaut  datix  le  sysUime  qui  reuiplace  chaque  coiirbe  un  ^leuient 
(point  OU  droite)  k  vobnti^,  on  obticnt 

MNPQIl  systi-nu  s  5y<, 
'S.mNPQR  Kysttmes  4/j.  Irf 
SmnPQJR  sjrrtkneB  3^,  2d, 

Or  la  cxHKKtioD  par  mpporr  A.  la  premiere  oouilie  so  rMait  ceile  de  pas!M.-i-  par 
ran  queleooque  dee  if  points,  uu  de  toucher  Tunc  queloonque  dee  m  droiu^s:  et  de 

mSinc  pour  lo«  ajitres  courbrs.  Done  (I'li  ontcnrlant  par  In  mot  fwrfier  Hp]»lii(iK'  a  \\\\ 
svat^nie  de  poiuUi  et  de  droitcn,  passer  par  les  poiuis  et  toucher  Ie8  droiten  du 
■jettme)  la  eooique  doit  toueher  I'tm  qaelomique  dee  qntirmee  (5j»),  ou  (,\p,  Id),  oa 
(%>,  8d)  ou  (5d>;  et  poor  un  sjfet^e  de  la  forme 

(5p),  {4,p,  W).        M),  (%),  SW).  dp.  4d)»  ou  (M). 

le  nombie  des  ooniques  e«t 

1,        8,  4.  4.  2.       o«  1. 

ce  qui  donne  pour  le  nonibre  total  des  couiquc^  I  exjjrcstoiou  ci-deasiis  ecrite. 

Ou  peut  sttppoeer  que  la  conii|Uc,  nu  lieu  de  toucher  les  deux  courbcs  vi,  ».  ait 
avec  la  Wtile  OOUrbe  m  (V)  un  contact  du  dcuxieue  ordre;  (2  )  un  contact  double. 
Le  nomine  dee  eonique^  (|ui  witisfunt  k  Tune  ou  I'antie  de  ces  conditions,  et  qui 
p4i8scnt  aussi  par  trois  points  donn^,  a  4t6  txoavi  par  Steiner  (Au%abe  und  Lehiaatxe, 
VrtUe.  t.  XLIX.  p.  273),  savoir: 

(1  )  le  nombre  =  .'J»«(w  —  1);  (2  >  le  uonibrc  =  ^ (»*•  — itt) (m' +  Jim  —  0) ; 

j'ai  v^rifi^  d'one  tnani^  particuli^  oee  deux  r^ultatfv 

Eu  .supposant  que  la  cuni(|Ue  (an  lieu  de  paxsi-r  par  les  trois  points  donn^) 
(ouche  les  courbes  p,  q.  r,  je  trouve  potu-  les  deux  cas  I'espectiveinent  oee  r^ltate, 

1     le  nombre  =  3  (m  -  m)  x  (i*.  p)  {Q.  q)  {R,  r)  {1,  2.  8.  I}, 
8'   le  nombre  -  \  {iii'  -  m)  x 

(jP.  P){Q»  9)  1"*  +  3'"  -  C.  2iM*  +  tiiM  -  16,  *m-  +  4w  -  22,  4i«'  -  15] ; 

formules  dans  tesquelles  la  oouibe  m  doit  dtre  nne  oourbe  eans  aiiigularit^ 
Orammtt  Wtitmoniand,  S7  JuilUt,  1864. 
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307. 

NOTE  SUB  LES  FONCTIONS  al      &c.,  DE  M.  WEIERSTRASS. 
[From  tb»  Journal  d»  MatkikMti^  (LuMville),  torn,  m  (ia68X  FP-  187— US.] 

Les  fonctioDS  al(c)i>  al(c)b,  al(«)h  ^  M.  Weientnuv  satisfont  respectiTement 

auz  ^uations 

cmP  am  ab 

ox  cm; 
on,  oe  qui  est  la  mtoM  ebon,  l«a  fonctiona 

Vjt  1 

Mtiafimt  ohaenne  rdquation 

S + afc»«  ^  +  2JUfc'' i + -  ol 

l^Tooi  poor  un  moment  ^.  «  an  lieu  de  A;  Im  fenetionB  al<^,  eta.  Mtbfeiit  4 
r^qnation 


0.  y. 
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on  obtient 


e(  de  ft 


L'^uatioD  diffirentielle  devient  ainai 


c'est-^dire 


equation  qui  sera  ainsi  satisfute  par 

"(vi)'  '*"(^).'  i^l^*).'  vf''''(,ri).- 

Or  eu  ^rivant 

,  1 

A  + j=a, 

I'dquation  en  z  devient 

laquelle  est  ce  que  devient  ceUe<ci 

(2)  (1  -«^+«»)^+(»- lK««r- ~  -  2» (^•-4)^  +  « 1)««»-0, 

en  y  &riv«nt   ^  aa  tten  de      «t  puk  L^uatioa        tnrayte  pw  Jaoolii 

vn 

{Jwmd  4»  OraUs,  t.  it.  pk  18a,  18S8X    ^  pmpri^t^  que  voioi,  •avoir  en  poemt 

csib+p  «ss Viitsinamti, 
alon  I'^uation  est  satiBfidte  en  preoaat  poor  t  wnt  le  num^ratear,  sait  le  ddnominatear, 

de  la  fonctiou   fatiuiincllc  de   x  qui  douue   la  \al<jur  de  la  foiiclioii   Va.      um       ,  Xj , 

oix  X,  M  sont  le  module  et  le  multiplicateur  qui  correspondent  il  In  transformation  de 
Tordie  n  (n  4tMit  un  nombce  impair  qneloonqueX 
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L'&juation  fut  donu^  par  Jacobi  ma»  demuostratioQ.  Je  I'ai  demon tr^  (C'am6. 
and  DM,  Matk  JonnuU,  t  IL  p.  SM,  1847,  [45])  de  la  auuiibw  que  vom,  MToir 
en  Airiraiit 

on  obtient  pour  2  I'^uatioD 
Cette  ^aation»  en  pranint 


devient 


Citation  mentioonte  par  Jaooibi,  laquelle  est  aatisSute  par 

»K'\        ^    „/  nA" 


S  =  e  (^n«,      j ,  ott  2  a  H  (nM,  -j^-) ; 


cek  donne  povr  *  deux  valeora  qui  aont  le  ddnorniaateur  et  te  num&ateur  de  la 

fraction  rlont  i1  s'agit.  J'osc  croire  que  ce  doit  Atro  pea  pc^  de  oette  maaibre 
que  r&juatioQ  fut  trouv^  par  JacobL 

Or  lea  solutioDs  en  question  de  I'^quation  (1)  peavent  ^tre  trouv^es  au  nioyon 
de  r^uation  de  Jaoobi ;  pour  cela,  au  lien  dee  valeum  ei-demis  donnto  de  n,  v,  j'iem 

IT  A"  ^/mni 

K'  ''""Sir' 

ee  qui  conduit  k  la  mine  ^nation 

^  —  4-^=0 
tUi'      dm  ' 

liquelle  eeta  ainn  eatiifittte  par 

2  =  e  ^Vhu.  2  =  H  (v'wii.  . 

en,  oe  qui  cat  la  mime  cboee,  par 

Z-ecViitiX  S-H(Viia). 

L'^uation  (2)  eera  douc  satisiiutc  par 

5—2 


Digitized  by  Google 


9B  NOTE  9UR  IS8  FONCnONB  al{«),  &C.,  DS  M.  WBIXBBTBAttt.  [307 

ou,  «n  le  wmvenaat  que  ^(0)ba^-^i  par 

e(v«)i)  B"(0) 

Or  en  ^criraDt  -j-  au  lieu  de  %  pour  fiure  eneaite      oo ,  none  wm 

v» 

"7=  =     aia  am  «, 

4^quation  qui  se  r^uit  k 

_  * 

oela  domie 

e (VS«)«e  (^) ,      « e»(0) « "'^''^^  - e«(0) «»^*"*^ , 

puitqae 

et  II  f  du  (  <luMn*am«,  en  y  enfaetitiiaiit  «--^,  contieat  le  fiMsteur  •  efc  w  rMnit 
einai  k  w6uk  Done  on  obtimit 

0(0) 


conime  solutioa  de  I'equaiion  (1),  qui  se  deduit  dc  I'^uation  (2)  cn  y  ^crivant 


«u  Uen  de  c  et  puk  n^co,  B(  oette  valeur  de  f  est  primkaemt  la  fimetion  al 
de  IL  WdentHMSi  On  obtient  de  m&ne  la  aoltttion 


V  ;( 
X 


oa,  oe  qui  eit  h  mime  eheee» 


6(0)  * 


•  — ~^  —  C  i 


qui  est  la  fonctioo  V£al^J-^  .   Et  d'uae  manike  sttnUable  ke  sotutioos 

*      e(0)    •       »  *■  6(0) 

qni  sent  les  fbuelkm  Vit  "'(^)/ 
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I, 

0. 


C,  =  +  8«, 

C',  =  -    32a»-  4. 

C,--  512se-    OtiOa-  -  408, 
Cj  =  + 20482'+  7168a>+  7584a. 
<7.--81Ma^*460B0ai*'-88SS0«^-  16S84^ 


4e  fi^oB  qo'ea  gAi6«l 

Cr«  =  -  (2r  + 1)  (2r  +  2)  C,  -  (2r  +  2)  aC^,  +  2  (aP  -  4)  ^ 


de  cette  mite.  Je  lemaiqiie  en  pmaot  que  pour  a  «  2»  la  suite  ae  r^uit  k 


n« 
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308. 

ON  THE  A  FACED  POLTACRONS.  IN  REFERENCE  TO  THE 

PROBLEM  OF  THE  ENUMERATION  OF  POLYHEDRA. 

[From  the  Memoirs  of  Uie  Literary  and  Fhiloaophical  Societtf  of  Maaclieskr,  voL  h  (lSt>2), 

ppi  S48— 2o6.] 

Thb  jmblem  of  the  enumeration  of  polyhedraO  is  one  of  extreme  clit^culty,  and 
I  am  not  aware  that  it  has  been  discussed  elsewhori'  than  in  Mr  Kirkman's  valuable 
series  of  papers  ou  this  subject  ia  the  Memoirs  of  the  iSociety  and  in  the  Piiilot(qjHoal 
TratmutioM,  A  eaae  of  the  geneial  problem  is  that  of  the  enmneratiaii  of  the 
polyhedra  with  trihedral  summits;  and  Mr  Rirkman  in  th*-  <aili<\st  of  his  papers, 
viz.  that  "On  the  representation  and  enumeration  of  polyhedra"  {Memoirs,  vol.  xii. 
pp.  47 — 70,  1854),  has  in  fact,  by  an  examination  of  the  particular  case,  accomplished 
the  Mnuneration  of  the  octahedra  with  trihedral  summits,  A  sulweqiieat  pttper  "On 
the  cnumcrnlion  of  a;-edra  having  trihedral  suiiimits  and  an  (x—  l)gonal  bi\se,"  Phil. 
Tram.  voL  xlvl  pp.  389 — 4il,  1856),  relates,  as  the  title  shows,  only  to  a  special 
on  of  the  problem  of  the  polyhedn  with  trihedral  nimimtB,  and  in  llui  pmljcabtr 
case  the  number  of  polyhedra  ia  more  oomplet«ly  detwmined;  but  the  later  memoin 
relate  to  the  problem  in  all  'ts  crcnerality,  and  the  above-mentioned  particular  problem 
of  the  OQumeration  of  thti  polyhedra  with  trihedral  summits  is  oot,  I  think,  any 
where  leanmed.  Instead  of  tiie  polyhedro  with  trihedral  summit^  it  i»  really  the 
same  thing,  but  it  is  rather  more  convenient  to  consider  the  polyacroos  with  triangular 
faces,  or  as  these  may  for  shortness  be  called,  the  A  facod  polyacron? ;  sind  if  is 
intended  in  the  present  paper  to  give  a  method  for  the  derivation  of  the  A  faced 
polyacionB  of  a  given  number  of  aummita  from  thoae  of  the  next  inferior  number  of 
Bummita,  and  to  wnmplify  it  hf  finding,  in  an  oiderly  mauner,  the  A  feced  poljneerons 

1 1  OM  with  Vr  niknuni  fh«  txpraifoB  "wiunmtiom  af  polylMdni  to  dedffiutts  tfis  geneiml  prahkn, 
bat  I  coiis-drT  that  thu  pruMcin  ii  to  find  tbtt  tlifTerunt  ixjlvhidrci  rutliet  liia:i  t'.>  count  thSUip  aod  I  Odflp 
M^ttMiUy  tAke  the  word  twwmtratton  in  th«  pofHilAi  rather  than  tbo  mitbemAtical  aenM-.  ; 
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up  to  the  uctAcroQS :  thus,  as  regurds  the  examples,  atopping  at  the  same  point  as 
]lr  Kvkman,  for  •Ithoagh  parfeotly  practicable  it  would  be  veiy  tedious  to  carry  them 

further,  and  there  wonld  be  no  conimenaurato  a/1vantago  in  doing  so.  The  epithet  A 
faced  will  be  omitted  in  the  sequel,  but  it  ia  to  be  underetood  throughout  that  1  am 
speaking  of  each  polyacrons  only;  and  I  aball  for  ooDvenienee  use  the  epithets  tripleural, 
tetrapleural,  tVc.  to  denote  summits  with  three,  fuur,  &c.  edges  through  them.  The 
n\unber  of  edges  at  a  summit  is  of  course  er^ual  tu  the  number  of  ftceOt  but  it  is  the 
edges  rather  than  the  faces  which  have  to  be  considered. 

An  n-acron  has 

n  summitB,  8fi— 6  edges,   fit  — 4  hem, 
and  it  i>  easy  to  see  that  there  are  the  followiiig  three  cases  only,  viz. : 

1.  Th*!  polyacron  h;us  at  least  oiu?  trij)liMiral  siininiit. 

2.  The  prilyacron,  having  no  tnpleural  suinrnit,  hi^s  at  ieaust  ouu  tctrapleiiral  summit, 

3.  The  polyacron,  having  do  tripleural  or  tctropleural  summit,  has  at  least  twelve 
pentipleural  aunumta. 

In  fact,  if  the  polyacron  has  o  trij^eural  suaunite,  d  tctraplourai  summits,  e  penti- 
pleural  nmunica,  and  ao  on,  then  we  have 

i»-  c+  il+  «+  /+  g+  A+Ac., 

On  >  12  -  8e -f  4d + fie  +  6/+ 7<7 + M + 

and  therefwe 

X2«3o  +  2d+  e+Of-  g-2h-&c., 

or 

vthence  if  c  =  0  and  d  —  0,  then  0—12  at  least.  It  a])pear8,  moreover  (since  n  cannot 
be  less  than  e),  that  any  fKiIyacron  vnth  less  than   12  summits  cannot  belong  tO  the 

third  class,  and  must  therefore  belong  to  the  tin^t  or  the  st'r;ond  r:las.s. 

An  (A+l)-acroD,  by  a  process  which  I  call  the  subtraction  of  a  summit,  may  be 
reduced  to  an  »-aonm;  viz.,  the  taoee  abont  any  summit  of  the  (n+l)-acr(m  stand 
HiKin  a  i^'lygou  (not  in  gcnend  a  plane  figure)  which  may  bo  called  the  basic  polygon, 
and  when  the  summit  with  the  faces  and  edges  belonging  to  it  is  removed,  the  basic 
polygon,  if  a  triangle,  will  be  a  tiace  of  the  n-acroni  if  not  a  triangle,  it  can  be 
partitioned  into  trianglea  which  will  be  hem  of  the  The  aimeud  figures 

exhibit  the  process  for  the  cases  of  a  tripleural,  tctrapleural  and  pentipleural  summit 
respectively,  which  are  the  only  ca.';efi  which  need  be  considered  ;  these  may  be  called 
the  first,  second  and  third  prucetaii  respectively.  It  is  proper  tu  remark  that  for  the 
aame  removed  mimmit  the  fiist  preoeM  can  be  perfomed  in  one  way  only,  the  lecond 
proccB^s  in  two  ways,  the  third  in  five  ways}  these  bong  in  &ot  the  ttumben  of  ways 
of  partitioDing  the  basic  polygon. 

VVc  may  in  like  manner,  by  the  converse  procpss  of  the  a<hlition  of  a  summit, 
convcit  an  n-acrou  into  an  (n-(-l)<acroD;  viz.,  it  is  only  necessary  to  take  on  the 
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n-acron  a  polygOD  of  any  number  of  sides,  and  make  thib  the  l>ai>ic  pulygou  of  the 
new  sumtnit  of  tlie  («+l)-Mniii,  and  foe  thk  piiipOM  to  rvmam  tlio  fiioes  within  the 

polygon  anrl  substitute  for  them  a  set  of  triangular  faces  standing  on  the  sides  of 
the  polygon  and  meeting  in  the  new  summit:  the  same  figures  exhibit  the  process 
he  the  cases  of  a  tripleuiml,  tetraplenml  and  pentipleuml  Muninit  respectively,  which 


(as  for  the  tabtractiona)  are  the  only  CBBee  which  need  he  conmdered.  It  may  he 

nf>tic«l  that  for  the  same  basic  jmlxpon  the  piwess  is  in  each   case  a  unique  one; 

the  process  is  said  to  be  the  first,  secou4  or  third  prooeas,  according  as  the  new 
mtinmit  is  triplenral,  tetmplenral,  or  pentiplenml 

Now,  reverting  to  the  befoi-e-iaentioned  (iiviaiuii  of  the  pjlyacixms  into  three  classes, 
an  (H+l)-«cnm  of  the  fint  claw  may  by  the  fint  prooesB  ut  mibtrao^n  be  reduced 
to  an  n-acron,  and  convoivi-Iy  it  crm  be  by  the  first  jtroeess  of  mldition  dcrive<l  h"in 
an  n-«cion.  An  (»  +  l)-acron  of  the  second  class,  as  having  a  tetrapleural  summit,  may 
the  eeoond  procoM  of  rabtraetion  be  rediraed  to  an  n>acron,  and  convemely  it  can 
be  by  the  aeooud  process  of  addition  derived  from  an  ?i-acron.  And  in  like  manner, 
an  (n+l)-acron  of  the  third  class,  as  havings  a  pcntipknral  summit,  may  be  by  the 
thin)  process  of  subtraction  reduce<i  to  an  n-acron,  and  convex'sely  it  may  be  by  the 
tlmd  proceaa  of  addition  derived  from  an  n-acnin. 

Hence  ait  the  (n  +  l)-acrQiDB  can  be  by  the  first,  second  and  third  processes  of 
addition  respectively  derived  from  the  n-acron».    It  is  to  be  obeerved  that  all  the 

(n  +  IVacrons  of  the  first  class  arc  obtained  by  the  first  process ;  the  <'ccond  process 
is  only  required  for  finding  the  (n  -f  l)-acrous  of  the  second  cta^js ;  and  these  being 
all  obtained  by  means  of  it,  the  third  proceas  ia  only  reqaired  for  finding  the 

(m  +  l)-acron.s  of  the  third  class.  Hence  the  second  process  need  only  be  mafle  use 
of  when  the  n-acron  hofl  no  triplenral  summit,  or  when  it  has  only  one  triplenral 
summit,  or  when,  having  two  triplcural  summits,  they  are  the  opposite  summits  of  two 
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adjacent  fiuses.  In  the  iasb-mcutioned  two  cases  i-eBpcctiveiy  it  is  only  oecessary  to 
conrider  the  basic  quadrangles  whioh  pass  thnmgh  the  single  tripleural  Buminit  and  the 
basic  quadiaugle  which  passes  through  the  two  tripleural  summits;  for  with  any  other 
basic  quaHraiigle  ihv  diTivt'il  (H+lVacron  wottld  retain  a  tripleural  summit,  and  would 
ooiuequeutiy  be  of  the  tirst  class.  The  coaditioQ  is  more  simply  expressed  as  follows, 
ni.:  The  Moond  proe««s  need  «dy  be  employed  wiieii  (here  »  on  the  n-acron  «  beaic 
qtukdnagle  the  Miminits  of  which  an  at  leaat  of  the  number  of  edges  ehown  in  the 


8 


3 


annexed  figure,  and  all  the  other  summite  are  at  leaat  4-pleural.  Again,  by  the  third 
process  (aa  already  mentioned)  we  seek  only  to  obtain  the  (tt  +  l)-aerans  of  the  third 
class ;  the  process  need  only  b>'  applied  to  the  n-acrons  for  whioh  there  exists  a  basic 
pentagon  the  summits  of  which  are  at  least  of  the  number  ot  edges  shovtn  in  the 


n 


annexed  figure,  all  tlio  other  summits  being  at  least  5-pleural;  for  it  is  only  in  this 
case  that  the  derived  (n  +  l)-acron  will  be  of  the  third  olass.  The  ooudition  just 
lefenred  to  obnoualy  implies  that  the  iMcnm  ia  of  the  asoood  or  third  ehas.  It  is 
to  be  noticed  that  in  applying  the  fimgoiog  principles  to  the  formation  of  the 
po1\-ncrons  as  ftr  aa  the  ll-acroos  we  are  only  oonoemed  with  the  first  and  second 

pr<K'csHea 

Cuusidrr  the  entire  series  of  n-acrons,  say  A,  H,  C,  &c.,  and  suppose  that  the 
n-acron  A  gives  rise  to  a  certain  number,  say  P.  Q,  R,  S  of  ()»+  l)-acpon8,  the  (n  +  1)- 
acnm  P  ia  of  couise  derivable  from  the  n-acron  A,  but  it  may  be  derivable  from 
other  n-acrons,  suppose  from  the  «-acrori«  7?  and  C.  Then  in  cousiileting  the  (m  + 1)- 
acrons  derived  from  B,  one  of  these  will  of  course  be  found  to  be  the  (n  +  l)-acroQ  P, 
and  it  its  only  the  remaining  (n+l)-aorons  derived  from  B  which  are  or  may  be 
<ii -f  l>«erons  not  already  previously  obtained  aa  (n  +  l)-acrous  derived  from  A.  And 
if  in  thin  maiinrr,  as  ^xm  as  each  (n  +  l)-acron  is  obtained,  wo  npply  to  it  the 
process  of  subtraction  so  aa  to  ascertain  the  entire  series  of  «-acrou»  from  which  it  18 
derivable,  and,  in  forming  the  (n  +  l).acrMtt  derived  from  theae,  take  aoooont  of  the 
(«  +  l)-acrons  already  previously  obtained  and  found  to  be  derivable  from  these,  we 
sboald  obtain  without  any  repetitiiHia  the  entire  series  of  the  (»  +  l)-acrona. 

a  V.  •  6 
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For  merely  finding  the  number  of  the  (» +  l)-Hcrous,  a  more  simple  proo«ift  might 
be  adopted:  aay  that  aa  n^mvo.  w  jp-wue  generatiug  when  it  gives  lue  to  a  imiaber 
p  of  (n+ l)*acrons,  and  tfaat  it  is  9-wifle  generable  when  it  can  be  derived  ftom  a 
number  ry  of  (n  +  l)-acrons ;  and  a.<«^iiine  that  a  given  w-ar*ron  is  (y, +  y.  +  j^,  +  Aa)- 
wiee  generating,  viz.  that  it  gives  ri^e  to  a  number  of  (n  + 1  )-acrom  which  are 
l-wiM  genecaUe,  a  numbef  jft  of  (n-f'l)-aoi«iw  vbiob  aie  S-wiee  genemUe^  and  ao  on; 
theae  forming  the  enm 

where  2  refers  to  thii  entire  wries  of  the  n-acrons,  it  is  clear  that  every  m-wise 
generable  («  + l)-acn:iii  will  in  rcsjxict  of  each  of  the  fmcnuis  from  which  it  is  derivable 

be  reckoned  as  — ,  that  i»,  it  will  be  in  the  entire  sura  reckoned  as  1,  and  the  sum 
m 

in  question  will  consequently  be  the  number  of  the     +  l)-acroits. 

The  figures  of  the  polyacrons  compriHcJ  in  tho  finncxed  Tables  show  the  upjjluation 
of  the  method  to  the  genesLs  of  the  polyacrons  as  far  as  the  octacrons,  in  which  the 
numlwn  imficate  the  natim  of  the  dilferent  snminita!,  aeeotding  to  the  number  of 
«dge»  through  each  summit  via.,  3  a  tripleural  sammit,  4  a  tetrapleural  summit,  and 
so  on.  It  will  be  noticed  that  there  m  only  a  sinpfle  case  in  which  this  notation  is 
insuffident  to  distinguish  the  polyacron,  viz.,  among  the  octacroua  there  are  two  forms 
each  of  them  with  1^  tm»  iq^bol  83449666;  the  inapeetion  of  the  figurce  riiowa  at 
once  that  these  are  wholly  distinct  forms,  for  in  the  first  of  the  111,  viz.  that  derived 
from  3344555,  each  of  the  tripleuial  eummita  etanda  upon  a  basic  triimgle  456,  while 
in  the  otbar  of  Unem,  that  frinn  3444565,  eaoh  of  the  tripleural  «immito  stands  upon 
a  hade  triaa|^e  666.  But  the  symbol  is  ineraly  generic,  and  of  course  in  the  polyacrona 
of  a  {^ater  number  of  summits  it  may  very  well  happen  that  a  considerable  number 
of  polyacrons  arc  comprisofl  in  the  same  genus. 

The  following  remarks  on  the  derivation  of  the  octacrons  ti-om  the  heptacroos  will 
iurtber  illnatrate  the  method: 

1.  The  heptaoron  3333536  haa  three  ktnda  of  fteea,  via.  355C).  S§6.  555.  the  fint 
pioceaa  consequently  gives  rise  to  3  octacrons.  As  the  heptaeron  haa  more  than  two 
tripleural  summita  the  second  procewi  ia  not  applicable. 

2.  The  heptaeron  .'?3-i4466  h.is  three  kinds  nf  (j\ce«,  viz.:  366,  346  and  44G,  aa<l 
the  tirst  process  gives  therefore  3  octacrons.  The  heptaeron  has  only  two  tripleural 
aommita,  and  they  are  diqioaed  in  the  proper  mann»;  the  aeoond  procem  gives  there- 
fore 1  ootaoroQ. 

3.  The  heptacnm  3844656  has  five  kinds  oS  fitoes,  viz.  Ur,.  346.  356,  436  and 

4.)5,  and  the  firet,  process  con»C(]nently  g^ivcs  n  oct,'\cii>ns.  Tlie  heptaeron  has  two 
tripleural  sununitu,  but  they  are  not  disposed  in  such  manner  as  to  render  the  second 
piuoeaB  applicaUou 

'  It  U  lierfly  necesa&ry  to  remark  that  it  m^i^t  not  Ir-  iuukginod  that  in  general  all  the  tweet  deootad 
tiv  IX  symljol  -Huch  as  Hi3')  (w}iich  determines  only  t)ir  luiture  of  (hs  MUDBlItS  OH  A*  ClW)  SM  hOSS  et  ths 
itme  kind,  bat  this  ia  so  in  the  caaM  iefen«d  to  in  the  text 
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4.  The  heptacron  3444555  has  four  kinds  of  faces,  viz.  3',',  455,  445  and  444, 
aud  the  first  ptucem  gives  tb«rdare  4  octacroiu.  The  heptacrou  has  oue  tripleural 
aniDmit,  ud  the  banc  qaadnnglM  8545  whicb  bekwg  to  U  «re  of  the  auae  kind; 
the  HooBd  procen  give*  therefore  1  oetMnm. 

5.  The  heptacron  4444456  hu  onty  one  kind  of  &ce,  viz.  445,  and  the  fint 
process  gives  therefore  1  octaooD.  There  are  two  kinds  of  boaie  quadnuglee,  viz,  4545 
and  4446.  and  the  lectnid  prooees  gives  therefore  8  octacrais. 

The  numhor  of  oetacmni  would  thiie  be  90,  hot      paarfng  baek  fimn  the  oetacrons 

tr>  the  heptacrous,  it  is  found  that  th>re  an.'  in  fiict  only  14  uctficrons.  Tlins  the 
uctacruu  33336666  has  oaly  oue  kind  of  tripluural  summit  666  (the  summit  i&  here 
indicated  by  the  syinbol  of  the  basic  polygon)  and  the  octacron  is  thm  seen  to  be 
derivable  from  a  single  heptacron  only,  viz.  the  ht!pUn:!ron  3335'),") (J  from  which  it  was 
ill  fact,  derived  But  the  octacron  33345567  hus  ihrce  kiiuls  of  trijikmral  summits,  viz. 
5U7,  557  and  467,  and  it  is  ooDsequently  derivable  from  three  heptacroos,  viz.  the 
heptacroDs  8S35566,  3844466  and  3844555,  and  SO  oa.  The  poseago  to  the  heptaerons 
from  an  octacron  with  one  or  more  tripleural  summits  is  of  course  always  by  the 
first  prtKess,  but  for  the  Ijwt  two  oetacrons,  which  have  no  tiipkural  aummit,s,  the 
passage  back  to  the  heptacrous  is  by  the  second  process:  thus  for  the  octacron 
44445655  we  have  hot  one  kind  of  tetiapleon]  summit  4555;  but  as  opposite  pairs 
of  summits  of  the  briKic  quadrangle  are  of  different  kinds,  viz.  45  and  55,  we  obtain 
two  heptacronn,  viz.  3444555  and  4444455.  The  octacron  444444G6  has  but  one  kind 
of  tetrapleural  summit,  viz.  4646,  and  the  pairs  of  opposite  summits  of  the  basic 
qnadiang^  beb^  of  tiie  same  kind  46,  we  obtain  ftom  it  only  the  heplaeron  4444465. 

It  may  be  remarked  that  for  the  five  heptacroos  respectively  the  values  of  thu 


l+i  +  i.  4  +       +     i  +  i  +  i  +  l  +  l,  1  +  l  +  l  +  l  +  i.  l  +  i  +  i, 
giving  for  X  (!f%-¥iyt+^fh  + the  value  14^  as  it  should  do. 
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309. 

NOTE  ON  THE  THEOKY  OF  DETERMINANTS. 

[From  the  rhilosophical  Majosine,  vol.  XXJ.  (1861),  pp.  180 — 185.] 

Ths  following  mode  of  amngemeDt  of  the  developed  cxprcssiou  of  a  detenninanb 
had  presented  itself  to  mt*  rw  a  convenient  one  for  the  calculation  of  a  rithor  eompHratrsI 
determiDaut  of  the  Afth  ordei-;  but  I  have  since  found  that  it  is  in  effect  given, 
altbougli  in  a  miieh  le»  oompendioos  ibrm,  in  a  paper  liy  J.  N.  Stodcwell,  "Ob  tke 
Resolution  of  a  System  of  Syniinetrical  Equations  with  Indeterminate  CoefficiiBntBt'' 
Gould's  Att.  Jwrml,  No,  138  (Ounbiidge,  U.  8^  Sept.  10,  1860> 

Suppoee  tliat  the  determinant 

11,  12,  13 
j  21,  22,  23 
i  31,   32,  33 

is  repivseoted  by  (1S8),  and  m  for  a  detemiinant  of  any  order  {12S ...  a). 

Let  I  1 1,  I  2  ,  I  121,  I  128  r,  «e;,  denote  e«  fbliowa:  vis. 

I  1  I  =  11.    I  2  I  =  22.  Ate 
I  12  j  =  12.21, 
I  128  [»  IS.  28. SI. 
Ac, 

where  it  is  to  be  noticed  tliac,  with  the  same  two  aymbols,  eg.  1  toad  2,  there  is  but  one 
diettnet  ezpreerion  |  12  |  (in  &et  |  21  )  >  21 . 12  »  j  12|);  with  the  aune  three  syvihobt, 

1,  2.  3,  thern  arc  hvn  distinrt  fxpivssion?;,  |  128  |  (=12.23.31)  and  |  132  |  (=13.32.21)-, 
and  generally  with  the  same  m  symbols  1,  2,  3...m,  thei-e  are  1.  2.3  ...(m— 1)  distinct 
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expressions  j  128 ...»»[,  which  are  obtawed  by  permuting  in  every  possible  nuumer 
all  but  one  of  the  m  symbols. 

This  being  so,  and  writing  for  greater  simplicity  1  1  |  2  |  to  denote  the  product 
f  1  I  X  I  2|,  and  so  in  general,  the  mlaw  of  the  dAtmnimots  [12],  {123],  11234}.  {1234oj, 
te.  we  w  ibUowi:  viz. 


No.  of  term*. 


{12}  =  + 


{123}-  + 


{12345} =  ^ 


1  1*1  . 
I   S|  . 

1 |2] 31 
1  2131 
12   3  1 


1  I  2  i  3  I  4  1 

1  2|3i4| 

1  2    3  I  4  I 

I  2  J  3    4  I 

1  S   3   4  I 


1  I  2[3|4|5| 

1  2|3|4|51 

1  2  3|4|5| 

1  2  13  4|5i 

1  2    3    4  I  5  I 

1  2  8|4  5| 

I  3  9  4  5| 


+ 

1 

1  B 

1 

3 

2 

8-«- 

3-. 

13-<-lS-S4 


1 

10 

20 

15 

30 

20 

24 

60 00^120 


whcTL-,  as  regards  thr  signs,  it  is  to  bo  ohscrvod  that  t!u;ic  is  ;i  hitjn  —  for  each 
compartment  j    |  coutainitig  nn  even  nuiubir  of  symbols;  thus  in  the  expression  for 

11234),  the  terms  1 1  2  |  .i  4  |  ham  the  sign  »  +,  and  the  tenns  |  1  S  S  4  ]  the 

sign  — .  Or,  what  comeR  to  the  SMoe  thing;  when  n  is  vna,  the  sign  is  +  or  - 

acoordhig  as  the  number  of  compartmenl?  t?  even  or  odd  ;  and  eontrariwise  when  «  is 
odd.   As  regards  the  remaining  part  of  the  expression,  this  merely  exhibits  the  partitions 
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oi  a  set  of  n  things  j  aad  the  fonnulsB  for  the  several  deternunants  up  to  the  deter- 
amuuit  of  a  giv«n  «der  am  aU  of  tlwm  ol»tatii6«l  by  mesns  of  the  form 


1 

.  1 .  .  j . 

•          •          •     .  • 

• 

.  •.  .  1  . 

.  .  1 .  .  1 .  . 
.  ,  .  .  1 .  . 
.  .  .I.  .  . 

.  .  .  1 . 

.  .  .  .  1 

.  1 .  . 
•I-  ' 

which      cxirrierl  up  to  tbo  order  7,  but  wliMb  cav  be  further  extended  witlioitt  any 

difiiculty  whatever. 

It  is  perhaps  hardly  ueceaaaiy,  but  I  give  at  full  length  the  expressions  of  the 
determiiMiit  of  tiw  third  <HPder :  tUs  is 

[123}  -  I  1  I  2  I  :i  I 

-|»  8|1  I 

-|3    1|2|  J 

+  1 1  2  3  n 

f  1  1    3    2  I  |: 

and  by  writing  down  in  like  manner  the  expression  for  the  twenty-four  terms  of  the 
4etemiiiiaiit  of  the  fiwrth  ocdw,  the  notatteii  tdll  become  perfeotly  dear. 

The  femtila  hardly  vequirea  a  demonstraUon.  The  temu  of  a  determinant  (lS8...nj, 

for  example  the  detcnninant  {1234],  axe  obtained  by  pfrmutinp  in  every  posnble 
juaoner  the  symbols  in  either  column,  say  the  seo^nd  column,  of  the  arrangement 

1  1 

8  S 

3  3 

4  i 
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«nd  prafizing  the  sign  (+  or  -)  of  the  arrangement;  aud  the  resulting  arraagemeDter 
for  instance 

+  11.   -  1  2,   -  1  2, 
2  2       2  1        2  8 

4  4        4  4        4  1 

are  intcri.n  ted  either  into  + 11 .22. SS.H  - 12 . 21 . 33 .41,  -12. 23. S4.41,      in  the 

uotatiou  uf  the  formula,  into 

+  ll|2|3|4i,    -112|8j41.   -11  2341; 

and  so  in  general. 

Suppose  that  any  partition  of  n  contains  a  compartments  each  of  o  symbols, 
/9  compartments  each  of  b  symbols ...  (a,  b, ...  being  all  of  them  different  and  greater 
than  unity),  and  p  compntments  each  «f  »  single  igrmbol,  we  have 

n-aa  +  ffb+ ...  +p; 

and  writing,  as  usual,  Ha  .2.ii ...  a,  the  number  of  ways  in  which  the  s^mbolfi 
1,  t,.9,...nt  can  be  ao  airanged  in  eompartoMnita  ie 

 Ha  

hut  each  such  anaagement  gives  (n(«i-l))*.(n(fr— 1))*  terms  of  the  detenninant. 
sad  the  coneqwuding  number  of  terms  therefore  ie 


a*l/>...  11a lid...  llp- 

The  whole  number  of  terms  of  the  determinant  it  Ila,  and  we  have  thus  the  theorem 

1 


1-S 


a«6»...n«ll/i...  lip' 


ill  which  the  summation  corresponds  to  all  th.  different  partitions  ii  -  aa  +  $h. . . .  +  p, 
where  a,  &, ...  ar«  all  of  them  different  and  greater  than  unity;  a  theorem  given  in 
CSanehy's  Mimoin  rar  te  Arrmgenmtt  Ac.,  1844.  But  it  is  to  be  noticed  aUo  that, 
the  number  of  the  positive  and  negative  terms  being  equal,  we  have  besides 

or,  what  is  the  same  thing, 
and  dience  also 

.  _v  1 

'""(rt^ ...  na  n/9...np' 
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where,  u  before,  nBOo+jSt  ...4-^(0.  6. ...  being  all  difEimnt  ftud  graster  than  unity); 
hut  ite  summation  Lh  restricted  either  to  the  partitions  for  which  n— a— ^9 ift 
even,  or  ebe  to  thoae  for  which  n— a  — — ^  is  odd 

The  formula  riffords  a  proof  of  the  fuudauiental  property  ctf  skew  symmetrical 
determiuaattk  Iii  such  a  determinant  we  have  not  only  12  =  — 21,  <&c.,  but  also  11^0, 
^  Su^toee  that  ».  the  order  of  the  determinant,  ui  odd;  then  iu  each  line  of  the 
expMsrioQ 

(123. ..n)  =  I  1  I  2  I  ...  I  n  j 
±  &C. 

of  tlic  di'trrmiiiiint,  there  is  at  least  one  coTiii>artmcnt  [  1  |  m  |  12o  j  &c.  coutaiuiug 
an  odd  number  of  symbols :  lut  |  12H  J  be  such  a  compartment,  then  the  detomuoant 
oontaioB  the  terms  |  ISS  |  P  and  |  188  ]  P  (whan  P  lepraaBnta  the  remaiidiig  com- 
partments), that  Ls,  12.2S.81.P  and  13. 32. 21. P.  But  in  virtue  of  the  relations 
12 --21,  &c,  w6  have 

12.S9.91--13.32.21; 
atid   8u   iu   all   similar   cases;   that    is,   the   terms    desLiuy   eacli   other,  or   the  skew 

•Sjnhmotricftl  detemiinant  of  an  odd  order  is  equal  to  aenx 

The  like  conuidetatioas  show  that  a  skew  ^ymutetrioal  detemunaot  of  an  even 
order  is  a  perfect  square.   In  fact,  considering  for  greater  simplinty  the  case  ll«i4,  any 

line  in  the  foregoing  fxprpHsion  of  {1234]  for  which  a  (•nmpnrtmcnt  cont.xirig  an  odd 
number  of  symbols,  gives  rise  to  terms  which  destroy  each  other,  and  umy  be  omitted. 
The  exprassion  thns  redncea  itself  to 

(1234)-+ 1  12  ]  34  I    3  terms 
-  1 12  34  I    6  tefns, 

which  is  in  foot  the  square  of 

12.34  +  13.42  +  14.23; 

for  the  square  of  a  term,  eay  12.34,  is  12'. 34'  or  12.21.34  .43.  that  is,  |  12  |  34  | , 
and  the  double  of  the  product  of  two  terms,  sny  12.34  and  13.42.  is  2.12.34.13.42. 
or  -12.24.43.31-13.34.42.21.  that  is  -  \  1243  |  -  |  1342|,  and  so  for  the  other 
dmikur  term  and  we  have 

{1234}  -  (12 . 34  + 18 . 42 -t- 14 . 23)^ : 

and  so  in  genmal,  n  being  any  even  number,  the  ricew  lymmetrieal  <kterminant 
(123  ...  n)  is  equal  to  the  square  of  the  F&ffiaa  12 ...it,  where  the  hw  of  theee  Plhffian 

functions  i» 

1234    =12.34    +13.42  +14.23 

123456  - 12 . 3456 + 13 . 4532 + 14 . 8628   15 . 3234  + 16 . 2345, 

where,  iu  the  second  equation,  3450,  iic.  are  Pfaffiaiit,  viz.  3456  =  34 .  5(j  +  35 .  64  +  ^6  . 45 ; 
and  so  on. 

2.  Stone  Buildings,  W.C..  D&xmber  28,  1S60. 

C.  T.  7 
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310. 

NOTE  ON  MR  JERRARD'S  RESEARCH  Kb  (  )N  THE  EQUATION 

OF  THE  FIFTH  ORDER. 

[froiu  the  FkOoafq^uaU  Maganne,  voL  XXL  <18dlX  pp^  210—214.] 

Functions  ot  the  same  set  of  quantities  which  arc,  by  any  HubutitutioQ  whatever, 
autntlteiMoasly  altmwd  or  aunttlta&eoiuly  unaltered,  may  be  called  homoljfpieal,  Thua  all 
t^ynnni  tiic  fiinrtinns  of  fhu  same  Set  of  quantities  aie  heuMAjpioal :  (te+jf—s—wy  and 

a;y+:w  aro  hutiiotyijiejil,  &c. 

It  is  one  of  the  most  beautiful  of  LugraDgc's  discovciics  iii  the  theory  of  equntionfl^ 
tluiti  given  the  value  of  any  fiinetion  <tf  the  roots^  the  value  of  any  horootypical 
fuoetioiD  nay  be  rationally  determined';  in  other  worda,  that  any  bomotypical  fiiQOtion 
whatever  is  a  mtional  function  of  the  ooeffidents  of  the  equation  and  of  the  given 

functiuii  of  the  routs. 

The  researches  of  Mr  Jcrrord  arc  contained  in  his  work.  An  Easay  on  the  Reso- 
AiljiM  Cjf  .fipMCjlaM,  London,  Taylor  and  ¥naxaa,  1869.  The  aolutien  of  an  equation 

of  the  fif^h  order  is  made  to  depend  on  an  f  fjnatinn  of  the  sixth  onler  in  TT:  and 
he  conceives  that  he  has  shown  that  one  of  the  roots  of  this  equation  is  a  rational 
fhnofeion  of  anotlier  root:  *The  equation  for  W  irill  tberefiwe  belong  to  a  dasa  of 
equations  the  axtb  degree,  the  resohiiiou  of  which  can,  as  Abel  has  shown,  be 
effected  by  menns  of  equation-,  of  the  second  and  third  degrees ;  whence  I  infer  the 
possibility  of  sMilviiig  any  proposed  equation  of  the  fifth  degree  by  a  tinitc  corabination 
of  fadicab  and  tatimial  functiona." 

*  Ttw  a  priori  daaonrtrAtion  showi  the  CMe»  or  failure.  8iippo»e  that  the  roots  of  a  biquadratic  equation 
are  1,  8,  5,  'J;  tlwo,  tivLti  (/-fi  =  H,  we  know  tlial  either  ii  =  8,  6=5,  or  ui-t  ,!=.■;,  f/  =  3,  and  in  either  oate 
ij6=15;  bcDoe  iu  the  t>'t:i>uut  <sme  (whieh  itipn'^i  the  Kencral  caxc),  a~b  btiuR  known,  the  homotypical 
(unction  ab  \»  rationally  determined.  But  if  the  are  1,  3,  5,  7  (where  1 -f  T^S-^-O),  then,  gircn  a-t-6s8^ 
tUs  ia  aatuHad  (a,  h-i,  6)  or  bgr  (a,  bml,  7),  and  Uw  eoneliuion  is  oAsU  or  7;  m  tiut  ben  «A  it  dalcr- 
mined,  ant  u  bitan,  ntioBsllj,  bat  ty  a  qiuidntie  cqoalian. 


Digitized  by  Google 


3]0]  NOTE  OK  MR  JBRRARD'8  BESBABCBIS  OK  THE  »lUATIOK  ftC.  51 

The  above  property  of  rational  expressibility,  if  true  for  W,  will  be  true  for  any 
fiuketum  homotypuwl  with  W;  Mid  oonvenely.  I  proceed  to  inqoii*  into  the  form  of 
the  fimctioii  IT. 

The  fiinetkm  IT  is  derived  from  the  lunotion  P,  whkih  denotes  any  one  of  the 

quautities  p,,  ju,  pt.  And  if  x,,  x,,  g^,  «4,  are  the  roota  of  the  given  equation  of 
the  fifth  onler,  and  if  a,  )9,  7,  8,  e  represent  in  an  undetermined  or  nrbitrary  order  of 
6ucce8si(Mi  the  five  indict  1,  2,  3,  4,  o,  and  if  t  denote  an  imaginary  Atth  root  of 
unity  (I  conform  myself  to  Mr  Jenwd's  not«tionX  then  p,,  and  the  other 

mtxiUscy  quantitiee  t,  u,  nre  obtained  from  the  system  ef  eqoations: 

e+  tt, 

+PitBf'¥p^  4- jib  -  «<  + 1%» 

If  from  these  eqoatious  we  seek  for  the  values  of  p^,      Pb,  t,  u,  wc  have 

1  :  Pk   |>b  !  2>k :  — <  :  —  if'^ni  :  Hi  :  n« :  II4 :  n« :  III, 
where  lit,  TI,, . .  denote  the  determinants  formed  out  of  the  matrix 


1. 

1. 

1 

1, 

(  > 

I* 

aV'. 

1. 

i\ 

t« 

■I  t.  . 

1, 

t^ 

I* 

«.  , 

1, 

t 

i.c..  denoting  the  columns  of  this  matiix  by  1,  2,  3,  4,  5,  6,  we  have  11,  s  23456, 
ni  =  - 34561.  n,- 45612.  &c.   In  particular,  the  value  of  11,  is 


I  wg\  at,,   I,  I. 

J  1,   t\  I* 

j  a?*',  «■« .  1. 

1  «.» 


!»'.  1,    i',    »»  I 


and  developing,  nod  putting  far  shortness  {4V9)~«wi^(ew— we  have 

Hi  =  ({0/91  +  \^\  +  {78}  +       +  {««})(-  2»+         ••  +  ««♦) 
+        +  l7«l  +       +  l/SS]  +  (&»])  (+  i  +  2<'  -  2t'  -  2i«) ; 


7—2 
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and  this  ia  alio  the  form  of  the  other  detenninauts.  the  ouly  difference  beiug  Ui>  to  the 
meaning  of  the  symbol  {ttjS},  whick,  btmevtr,  in  each  caw  denot«B  a  fiinction  audi  that 
{^3)»«>(j9>}.  Writing  for  greater  eiiortiMM, 

{^]  -  (a^)  +        +  [yB]  +        +  [«|. 

and  in  like  manner 

III  is  an  uiwymmelric  liu^  fuuctiuii  (without  constant  term)  of  lafiy&fl,  [9j€^il ;  or, 
what  IB  all  that  ia  material,  it  is  an  unsymmetrie  fhnetion,  containing  only  odd 
powen.  of  {49yfe)»  {*r^]' 

If  for 

a  i9  V   8  « 
yn  eubotitute  any  one  of  the  five  amagementa 

«  iff  7  « 
y   S  «  a. 

7    S    €    a  3, 

<    9         y  B, 
then  [c^i^c}  and  (07*^3$}  will  in  each  case  reniain  unaltered. 

fiat  if  we  Bubatitute  any  one  of  the  five  arnmgementa 

a  €  B  y  ^, 
e  B  y  ^  a. 
B  y  t3  a  €, 
y  ^  a  e  B, 
a  e  7, 

then  in  each  case  \a^yB(]  and  'a7C/38j  will  be  changed  into  -  'a,3yS(]  and  —  [cty(^B\ 
respectively.  Hence  11,  remains  unaltered  by  any  one  of  the  first  five  substitutions; 
and  it  is  changed  into  —  II|  by  any  one  of  the  second  five  nubstitutiona  And  the 
like  bttng  the  case  aa  regaida  lit.  ^  it  follown  that  the  quotient  II,•^IIa,  or  aay  P, 
n  mains  miriltertij  by  any  one  of  the  ten  sub'ttitutirms.  Now  the  120  permutations  of 
0,  fi,  y,  B,  e  can  be  obtained  as  follows,  vise  by  forming  the  12  diffmint  pentagons 
whksb  can  be  formed  with  ct,  ff,  y,  S,  t  (treated  aa  five  points),  and  reading  each  of 
them  otV  ill  either  direction  tioiii  any  angle.  To  each  of  the  12  pentagons  there 
corresponds  a  distinct  vahu?  tif  P,  but  such  value  is  not  altered  by  ihe  different  modes 
of  reading  off  the  pentagon ;  t  is  consequently  a  12-valued  function. 
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But  there  is  a  mmv  simple  t<>iui  of  the  analytical  expretttiou  ut  mich  a  12-valued 
fiiDcfeioD;  in  fiust,  if  [a^yBe]  U;  any  futtctioii  whidi  is  not  altered  by  any  on*  of  the 
nbove  ten  mlwtitittknu — ^if,  for  iutBooe,  [nfi]  ia  a  symmetrical  fonetion  of  and 

and  Cherefom 

then  any  unajrmmetrical  function  of  \afifSt\  and  [oy^fi]  will  he  a  iS-valued  fiinctlon 
homotjiiieal  with  P. 

Mr  Jcrraixl's  functi<m  W  is  the  mm  of  two  values  of  his  function  P;  the  sub- 
stitutiou  by  which  the  socouti  is  iLiivcd  from  the  first  can  only  be  that  whtrh 
interchanges  the  two  tiinctioas  [oifiyBe]  and  [aTC^dS];  and  hcaco  any  symmetrical  function 
of  [9l3ySf]  and  [vyt/SS]  is  a  fbnefeian  hiHttolgriiiGal  with  Mr  Jenard's  Wi  such  symmetric 
function  is  in  &ct  a  6-valued  iooetuNi  <ndy.  Indeed  it  is  eaaiy  to  see  that  the  twelve 
pentagons  mirr«?pond  together  in  pairs,  either  pentagon  of  a  pair  being  derived  from 
the  other  one  by  st^lation,  and  ilie  six  values  of  the  function  in  i^uestion  currenpoudiug 
to  the  six  paim  of  pentagons  tespectivdy. 

Writing  with  Mr  Cockle  and  Mr  Harley, 

T  =  .r^rg  +  x^.ry  +  iFyXj  +  .'-j'',  +  .r,.r„ . 

then  (r  +  t'  is  a  symmetrical  function  of  ail  the  rootSj  and  it  must  be  excluded ;  but) 
{T-r'  f  or  tV*  are  each  of  them  6*Talued  functions  ft  the  fbrm  in  question,  and  either 
of  these  functions  is  linearly  connected  with  the  Beeolvent  Froduct  In  Lagrange's 
general  theory  of  the  solution  of  equations,  if 

/»  »  4^  +  Mb + + Alii  + 

then  the  coeffiiients  of  the  equation  the  roots  whereof  ar»*  {fif,  {fi^,  {/if,  (/**)",  and 
in  particular  the  last  coefflcieiit  ( fi fi'/i^/t*y,  are  deteiiniued  by  an  equation  of  the 
sixth  degree ;  and  this  last  coethcient  is  a  perfect  fifth  power,  and  ita  fifth  root,  or 
/( /(',  is  the  fbnction  just  referred  to  as  the  Resolvent  Prodnct 

The  concluaon  firom  ik»  foregoing  remarks  k  that  ^  ^  eolation  for  W  hat  Ae 
aham  ^ropartjf  tif  ratihmd  tjrpre^aibiUtij  of  u.^  roott,  the  equation  of  the  sixth  order 
resulting  from  Lagrange's  general  thetny  has  the  ssme  property. 

I  take  till  opjxiitiuiity  of  adding  a  sini])!.-  renuu-k  on  cubic  equatiumi.  The 
principle  which  turnishea  what  in  a  foregoing  foot-note  is  called  the  <i  priori  demon- 
stration of  Ljigiiinge'H  theorem  is  that  an  cqtiatiou  need  never  contain  extraneous  roote; 
a  quantity  which  h;>s  only  one  value  will,  if  the  investigadon  is  ptvpetly  conducted, 
be  determined  in  the  flisi  iiigiance  by  a  Unear  o<juatiou ;  «np  whirh  has  two  values 
by  a  quadratic  equation,  and  so  on ;  theire  ie  always  enough,  and  not  more  than  euougb, 
to  detennine  wha^  is  required. 
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Take  Cardan's  solution  of  the  cubic  equation  «*+}«  — r««0,  we  have  ff  =  o  +  6,  and 
thence  c^+fi*sr;  snd  to  obtain  the  eottttkm  we  witte 

But  tliese  two  equations  are  not  enough  to  precisely  determine  x,  they  lead  to  the 
9-valued  flinetioa 

in  order  to  precisely  detennine  (t,  it  \m  (u  everybody  knows)  neeemry  to  use  the 

original  equation  a6  =  — |.  But  seek  for  the  tolutiou  as  follows;  viz.  write  x  —  ah{a-^h), 
which  gives 

or  what  b  the  aame  thing, 

S  9 

these  equations  give  x^4A{aArh\  where 

whteh  is  a  3-valued  functioa  only,  ah  in  tlus  case  being  not  given. 

2,  atone  Buildings,  H'.C'.,  Jamai-y  28,  1861. 
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311. 

ON  A  THEOREM  OF  ABEL'S  KELATING  TO  EQUATIONS  OF 

THE  FIFTH  OEDE& 

IFwem  thA  FkUotophtieal  Magaaitt,  vol  XXL  (1861X       S57— 26S.] 

Tub  following  is  given  (Abel,  (Envres,  vol.  u.  j*.  253  [Ed,  %  wL  IL  p.  2tj6j)  us 
an  eztncfe  of  n  letter  to  IL  Gi«ll«: 

"Si  une  f^quation  du  cinqui&uiti  degrd,  dout  les  ooeiiicieuU  sont  dcs  mnibres 
raHoiuult,  est  r&oluUe  algdbriqueiiKmt*  oii  peut  donner  auz  nuanes  la  Ibrme  suivante, 

o&   

a,  *s  m-  nVrT^  +        +  i«  -  Vl  +^), 

«3  S=  «t  +  /i  v^r+e» -%//,"(! +e'+\/l  +e'), 

a,- iH-»  Vl +«»- ^/A  (1  + 1^- Vl  + 

Les  quaatitte  c,     e,  m,  n,  K,  K,  K",  JT*  mat  det  nmbm  ratiaimat. 

"VtM  de  oette  maaitoe  I'^uatko  a^+aw+b^O  a'est  pas  r^lnUe  tint  que  a 

et  b  sunt  <k'8  (juantitds  qnclconquea.  J'ai  truuv^  de  pai-eils  th^ovfemea  pOUr  les  6quattOIM 
da  7*«",  U'"",  W",  &c.  degr^   Fribourg,  Ic  14  iloi-H,  1«2G." 

The  thcoiom  is  refund  to  by  If.  Eion«cker  (Berk  MwaUb.  June  20,  but 
nowhere  else  that  I  am  aware  ol 
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It  is  to  be  soloed  tkat  iu  the  expre«stOfMi  for  a,  at,  at>  Oi.  the  redicalii  are  snch 

that  

Vr+«i*/4(i  +  «» +  VI  +  >  )     (I Vl  +  «■) + 

a  mtienal  number. 

The  theoram  is  given  as  belonging  to  numerical  equationa;  but  eomidering  it  aa 

belonging  to  Hteml  equations,  it  nnll  be  convenient  to  change  the  notatioil ;  and  in 
this  point  of  view,  and  to  avoid  suffixes  and  aooeuts,  I  write 

where 

a  >  in  +  ti      ■(■  </}» -t- 9  Vt*, 

B  =  iM-  n  \'B--Jp-q  v'«  ; 

the  radicals  being  connected  by 
and  where 

il  =  A'  +Za  +  Jf7  +  Xiy,    h^K  +  L$-^Mh  +  N^h, 
in  which  equations  6,  m,  u,  p,  q.  ft,  $.  K,  Lt       If  tixe  mUonal  functioua  of  the 

elements  of  the  given  ({uintic  cqtintiATi. 

The  biisis  of  ihv  th4'nn;m  is,  thnt  the  expression  for  r  has  only  thr  fivp  valuei' 
which  it  acquires  by  giving  to  the  quiutic  radicalii  contained  iu  it  their  hve  several 
Tallies  and  does  not  acquire  any  new  value  by  enbetituting  for  the  quadratic  mdiealB 
their  seveml  values.  For,  this  being  90,  it  will  be  the  root  of  a  rational  quintic ;  and 
eonvetsely. 

Now  attending  to  the  equation 

JpJ^q*PS  Jp-q^S  »  e. 

the  difierent  admisrible  -vakici  of  the  TRdicak  are 
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corresponding  to  the  sjrstenu 


«.  ii,  y,  S, 

/9.  y.  8.  a. 

7.  3.  iS- 

«.  0,  y,  8. 


of  tbu  roots  Qi,  fi,  y,  &;  Lc.  the  ctfect  of  the  alteration  of  the  values  of  the  quadratic 
ndicals  n  mwely  to  cyclically  ptirmute  the  roots  a,  ff,  y,  S  ;  and  obMmng  tint  may 
Bucli  cyc'lical  permutation  givcfl  r\m  to  ft  like  cyclical  permutation  of  A,  B,  C,  D,  thta 
alteration  of  the  quadratic  ladicais  producw  no  altexatkm  in  the  expreasioti  for  c 

The  quantities  a,  /9,  7.  £  are  the  iDotB  of  a  national  qwkrtic.  If.  tolviog  tbe 
quartic  fagr  Euler'e  method,  we  write 


then  the  expressions  for  F,  0,  11  in  terms  of  the  roots  are 
which  are  the  roota  of  a  cubic  equatioa 

wbera  X,  /t,  ¥  vie  given  ralaonal  fitnetions  of  the  ooeffidenta  of  tlie  quartic.   We  have 


flo  that,  takiiig  B-F^  tlw  kvt-mentioned  ezprnaimiB  for  a,  0,  7,  S  will  be  of  the 
aiRumed  form 


a  -  m+^F+i/O-t-  -fS,      ^FQHmv,  a  ntional  fnnotion. 


Hie  equation 


thuB  becomes 


Vi*V((?-if)«-».  or  F(0-By=il'; 


that  is, 
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Hence  in  order  that  the  root«  of  the  i|uartic  may  be  of  the  asButned  fonu, 

where  m,  p,     d  are  rational,  aud  where  also 

V^d^li+^VeVp-^jVclst,  a  rational  ftinction» 

the  nocoacmry  and  snffident  oonditions  are  ihat  the  qoartie  ehould  be  each  tliat  ihe 
redneing  eutnc 

(whoee  roots  arc  {a  +  0-y—By,  +  y  —  -By,  (o  +  5  - yS  —  7)*)  may  have  one  raHmud 
root  8,  and  moraovcr  that  the  fiinetion 

shall  be  the  aguoiv  0/  a  ratiomat  fmOioA  a  Tbi*  being  to,  the  roots  of  the  quartic 
will  be  of  tha  aemmed  foim 

a  =  m  +  '^H  +  'Jp  +  q  \  H,  &c. ; 

and  from  what  precedfs,  it  is  clear  tliat  utiy  fttnctimi  of  the  nvtts  ut"  the  ()uartic 
which  remaios  unaltered  by  the  cyclical  substitution  affyS,  or  what  is  the  same  thing, 
any  fonction  of  the  form 

will  be  a  rational  fimetioii  of  m,  H,  q,  s.  and  consequently  of  the  coefficients  of  the 
(|uartic.   The  nbove  are  the  oonditions  in  order  that  a  quartic  equation  may  be  of 

the  Abelian  torin. 

It  may  be  as  well  to  remark  that»  assuming  only  the  system  of  equatioos 

then  any  rational  function  of  a,  A  Y>  '  which  remains  unaltered  by  the  qrdiod  sub* 
stitution  0^78  will  be  «  lationnl  function  of  B,  T  +  T,  TT,  V¥T(T-T),  V6(T— T% 
V6  VVf,  In  Cftct,  suppose  such  a  function  contains  the  tain 

then  it  will  contein  the  four  terms 

(  VT)P(  Vr>», 

(  v'©)*(-V¥)»(-VT^r, 
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which  together  are 

(^/e)•  {{I         1)  (Vry  (Vr)T  +  (_)•  [(-y>  i  +(-)t  ij  (VT>»(Vt'y], 

an  expression  which  vanishes  unless  (->/,  (— )'  ate  both  positive  or  both  nc^tive.  The 
forms  to  be  considered  are  therefore 

i-y.  {-/.  (-)» 
+    +  + 
-    +  + 


The  first  form  is 

whibh,  %  0,  y  bung  eadi  of  tli«ni  even,  w  a  rRtkmal  foneUfiu  of  B,  T+T,  TV. 
The  seoood  form  is 

i(VTy  i^Dr  -  (Vt)"  (Vf  )rl. 

which,  a  being  odd  and  jS  and  y  each  of  them  even,  is  the  piodoct  of  such  a 
foiicti<«i  into  VHCT-Tj. 

The  thud  form  n 

{(Vfy  -(VTiylVf/}, 

whkh.  a  being  ev«a  and  /9  and  7  each  of  them  odd,  la  the  produet  of  audi  a  fanction 
into  Vfr(T-T). 

And  the  fourth  form  ht 

(VS)-  \i^/Tf  C^T)y  +  (v^T)r  (Vr y»  i , 

which,  a,  ^,  7  being  each  of  them  odd,  it»  the  product  of  such  u  function  into  Vt*(T-T'). 
HcDoe  if  T-p+gVe,  T-ji-jVe.  and  VSVp^VSVp^VHs*,  then 

e,  T+r(-%>).  Tr(-|>'~5»©x  >/fr(T-r)(=^), 

Ve(T-r)(-28e),  and 

M-e  respectively  mtional  functioDa  Thia  18  the  A  jntttriori  verification,  that  with  the 
tjstem  of  equations 

anj  function 

4>(a,  ff,  y,     +         7.  B,  a)  +  <^(7,  B,  a.  /3)+*(6.  a,  /i,  7) 
is  a  rational  function. 

8—2 
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The  cocfficientfl  of  the  ^uintic  equation  for  x  must  of  course  be  of  the  form  Just 
1;  that      ibey  raast  bs  fiinctiooB  of  «,  fi,  y,  i,  wfaieb  remain  unaltered  hj 
Che  4^y«Ko  mbstitntiaik  afiyt.  To  form  the  qdntie  equatkn,  I  inite 

^.l^l^i^c,  B)5*7W=d.  CV*aM/8»=«: 


then  we  have 

and  the  quintie  equatkii  u 


where  «  ia  an  imaginary  fifth  raot  «f  vinily,  atul 

/«  »  o  +  6«  +  Cft>*  +  do**  + 

We  have 

J^yW-  2o* + (•  +  »•)  S'ai ,+  (o>*  +  «')  2'ac, 
=  S«»  +  (w»  +  w')  2'o6  +  (o»»  +  »»)  2'oc, 

where  £'  is  Ur  Hariey's  (^tical  «ryiubol,  viz. 

S'liA  »  dfr -I- to + -I- <i0 -I- M  i 

aod  10  in  other  eeees,  the  order  of  the  ^de  being  alwaja  otafe  Thie  gives 

fto  fta* /«'  /to*  =  la*  +  So"*'  -  2<i'6  +  2Sa'6c  -  labcd  -  St'a*(be  +  c<i) ; 
and  maltiplj^ing  by/L,  =2a,  and  equating  to  zero,  the  result  is  found  to  be 

or  arranging  in  powere  el  a,  this  ie 

of 

+  0^.    -5(*a  +«0 
1+ 


+  a 


5(fiV  •f<^  -iMd) 

+  5  (4<W +«W + ec* + d«») 
the  ^veral  coetficiente  beings  it  will  be  obaerved,  ciycKcal  fbnetions  to  the  eyde 


-0. 
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Futtiug  for  a  ite  value  —  and  for  b,  c,  d,  e  their  values,  the  quiolic  equation 
in  c  b 

+<«-0)>.    ->5(J«5yt  +(?Dafi  +2}^Afiy  ^tft^ 


=  0, 


vlioe  as  beiim 


(il*/»y«*  +J^yCV  +C^fi^  'i^D^tfii'  )afiyS 

C  =  K  +  Ly+  Ma  +  Nya , 


and  the  cneffidents  of  the  quintic  equation  m, 
with  the  cycle  oByB. 


th«7  should  be^  <7dioal  fbnetioiw 


2,  Stone  Buildings.  W.C.,  FAruary  10,  1801. 
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312. 

/  ON  THE  PARTITIONS  OF  A  CLOSE. 

[Ftom  the  PiUlpM|iAt(!irf  Uosomm,  vol  xzl  (1861X  pp.  4M— 428.] 

h  l\  >S,  K  denote  the  number  of  faces»  eamtnits,  und  ed^s  of  a  polyhednm,  then, 

by  Euler's  well-kiiowu  theorem. 

Mid  if  wc  iniagine  the  polyhedron  projecte<l  on  the  phuie  of  any  one  face  in  such 
manner  that  the  projections  of  a!1  the  summits  not  belonifin?  to  the  fiice  fall  xnthin 
the  face,  then  we  have  a  partitioned  polygon,  in  which  (it  P  denote  the  number  of 
oomponeni  polygoiuB,  or  wy  the  number  of  parts)  J^eP+l,  or  we  have 

where  H  ia  the  number  of  sutojuits  and  E  the  number  of  eUgc&  of  the  plane  tigiu'e. 
I  retain  for  conveoienee  the  word  vigt,  as  having  a  different  initial  letter  from  mmmit. 

The  formula,  however,  excludeii  eaaes  sucli  as  thul  of  a  polygon  divided  into  two 
parts  by  means  of  an  intnior  polygon  wholly  detached  from  it;  and  in  order  to 
extend  it  io  anch  eases^  the  formula  most  be  written  under  the  form 

where  B  b  the  numb^  of  breaks  of  contour,  as  will  be  presently  ezpbuned. 

The  edges  of  a  polygon  aro  right  Liuetj :  it  might  at  finit  sight  appear  that  the 
themy  would  not  be  matedally  altmd  by  removing  this  restriction,  and  allowing  the 

edges  to  be  curved  lines;  but  the  fact  is  that  t!uis  introduce  closed  figures  bounded 
In  twii  I  (Iwcfi,  or  even  by  a  single  oHl,'! %  or  by  what  I  tenn  a  mere  contour}  and  wo 
have  n  new  theory,  which  I  caJl  that  ot  the  Furtition^  ol  a  Clo^'. 


Digitized  by  Google 


312] 


ON  THB  PAKTmONS  OP  A  CLOSE. 


68 


Several  defiuitiooa  and  explauations  are  required.  The  wordi>  Jlae  aud  curve  are 
uMd  m^UhmxAf  to  denote  any  path  whkh  can  be  deaeribed  eurrtnte  eahuM  witlwut 
liftiqg  the  pen  from  the  paper.  A  closed  curve,  not  cutting  or  meeting  itself  0),  is 
ca'led  a  contour.  An  enclosed  space,  such  that  no  part  >>f  It  is  ^hnt  mit  fi-om  any 
other  part  of  it,  or,  what  ia  the  same  thing,  Buch  that  any  part  can  be  joined  with 
any  odier  part  by  a  liae  not  enttiiig  tbe  boundary,  is  termed  a  doM.  The  boundary 
of  a  close  may  be  cousidere<l  a«  the  limit  of  a  single  contour,  or  of  two  or  more 
contours  Ijing  wholly  within  the  close.  The  reason  for  »peaking  of  a  limit  will  appear 
by  an  example.  Consider  a  circle,  and  within  it,  but  wholly  detached  from  it,  a 
figure  of  eigbt;  the  qiaee  interior  to  the  circle  but  exterior  to  the  ligare  of  eight  ia 
a  rIo5ie  :  its  boundary'  may  be  considered  as  the  limit  of  t\vii  roritovirs, — the  first  of 
them  interior  to  the  close,  and  indefinitely  near  the  circle  (in  this  cam  we  might  say 
the  eiide  itoelf) ;  the  aeoond  <^  th«n  an  hour-gbsa-shaped  enrv^  interior  to  dose 
(that  iti,  exterior  to  the  figure  of  eight)  and  indefinitely  near  to  the  figure  of  eight. 
The  figure  of  eigbt,  as  bein?  n  mrvo  which  cuts  itself,  is  not  a  contour;  anrl  in  the 
catie  iu  question  we  could  not  have  said  that  the  boundary  of  the  close  consisted  of 
two  antouTBL  A  siinikr  instance  is  affonded  by  a  cirete  having  within  it  two  ctrdea 
exterior  to  eaah  other,  but  couneoted  by  •  line  wrt  cutting  or  meeting  it«clf;  or  even 
two  points,  or,  they  may  be  called,  summits,  connected  by  a  line  not  nittint^  or 
niet'ting  itself^  or,  agam,  a  single  summit:  in  each  of  these  cases  the  boundary  of 
the  close  may  be  considered  as  the  limit  of  two  oontonm.  But  this  explanation  onee 
given,  we  may  for  shortness  speak  of  the  close  as  bounded  by  a  single  contour,  or  by 
two  or  more  contours ;  and  I  shall  throughout  do  so,  instead  of  using  the  more  precise 
expression  of  the  boundary  being  the  limit  of  a  contour,  or  of  two  or  more  contours. 
The  exeses  above  unity  of  the  number  of  the  contoon  which  form  the  boondaiy  of 
n  r]n-r  \^  the  hreak  <,f  cint'jur  for  such  close}  in  the  case  of  a  doss  bounded  by  a 
single  contour,  the  break  of  contour  is  zero. 

Any  point  whatever  on  a  curve  may  be  oouidered  as  the  point  of  meeting  of 

two  cnn-cs,  nr.  in  the  case  nf  ji  cluj^ed  curve,  as  the  point  where  the  curve  meete 
itself,  but  ii  is  not  of  necessity  so  considered.  A  point  where  a  curve  cuts  or  meete 
itself  or  any  other  cmrve,  is  a  wmmit;  each  point  of  termination  of  an  nndoeed 
curve  is  also  a  summit;  any  isolated  point  may  be  taken  to  be  a  stttnmit.  It  follows 
that,  in  the  case  of  n  closeil  ctirvr  not  cuttinc^  or  meeting  itself  (th.at  is,  a  contour'), 
any  point  or  points  ou  the  curve  may  be  taken  to  be  summits  ;  but  the  contour  need 
not  have  upon  'it  any  summit:  it  »  in  this  case  termed  a  mere  oonAwr.  The  curve 
which  is  the  path  from  a  summit  to  i(st<lf,  or  to  any  other  summit,  is  an  edge:  the 
frtrmer  case  is  that  of  a  contour  having  upon  it  a  single  summit,  the  latter  that  of 
an  edge  having,  that  is  terminated  by,  two  summits,  and  no  more.  It  is  hardly 
neceasary  to  lemaric  that  a  eontoiur  having  upon  it  two  or  more  summits  consists  ot 
the  same  number  of  crlpc,  and,  by  what  precedes,  a  contour  having  ujwn  it  a  sitiglo 
summit  is  an  edge ;  but  it  is  to  be  noted  that  a  coutoui*  without  any  summit  upon 

*  It  Is  hMHj  asotiiwy  to  add.  esoept  ia  s»  flkv  •§  aaf  paint  vlwlsm  of  Oit  sons  tatj  bs  sooildiMd 
SI  a  point  wlun  As  sam  oMat*  itself. 
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or  mere  contour,  is  not  au  edge.  Ii  luay  hv  added  thiit  au  edge  does  uot  cut  or 
meefe  itself  or  anjr  otber  «dg«  «Eoept  at  the  Mttnmit  or  aunauts  of  the  edge  itseU 

Consider  uow  a  close  bounded  by  ^  + 1  mere  coutoun :  if  fur  uuj'  partitioued 
eloee  we  have  P  the  number  of  porta,  8  the  number  of  eummitB^  B  tlte  namber  of 
edges,  B  the  number  of  breaks  of  contoiar;  then,  toe  the  unpertitioned  doie,  ve  have 
p.l,  3=0,  £sO.  And  therefore 


and  it  is  to  be  shown  that  this  equation  holds  good  in  whatever  wauner  the  cloee  is 
partitioned.  The  partitiomimit  is  effected  by  the  addition,  in  any  manner,  of  eanmnts 
and  meie  contours,  and  by  druNs  ini,'  L'dgea,  any  edge  firom  a  aummit  to  itadf  or  u> 

another  summit.  The  eflftct  of  adding  a  summit  is  first  to  increase  5  by  unity :  il' 
the  summit  added  be  on  a  contour,  JH  will  be  thereby  increased  by  unity;  for  if  the 
ooDtomr  is  a  mne  oantonr,  it  ie  not  an  edge,  but  beeemee  eo  by  the  addition  of  the 
summit ;  if  it  is  not  a  mere  contour,  but  has  upon  it  a  summit  or  summite^,  the 
addition  of  the  summit  will  increase  by  unity  the  number  of  edgea  of  the  contour. 
If,  on  the  other  hand,  the  summit  added  be  an  isolated  one,  then  the  addition  of 
such  summit  causes  u  break  of  coutour,  or  £  is  increased  by  unity.  Hence  the 
addition  of  a  summit  increases  h\  unity  .S ;  and  it  also  increases  by  unity  E  or  eUr  B, 
that  is,  it  leaves  the  equation  undisturbed.  The  effect  of  the  addition  of  a  mere  con* 
tour  b  to  inereaae  P  by  unity,  and  also  to  increase  B  by  unity:  it  is  easy  to  see 
that  this  is  the  case,  whether  the  new  mere  contour  dote  ur  does  not  contain  within 
it  any  contotir  mntoiiTs.  Henw  the  addition  of  a  mere  contour  leave*  the  equation 
undisturbed.  The  etlecl  ut  drtiwiug  an  edge  is  tirst  to  increase  by  unity;  if  the 
edge  la  drawn  from  a  summit  to  itself,  or  from  a  summit  oo  a  contour  to  another 
summit  on  tin  siini*'  rontonr,  then  the  cfTfct  is  ulsn  to  iiicr^'iiso  P  by  unity ;  if, 
however,  the  edge  is  drawn  from  a  summit  ou  a  coutour  to  n  summit  on  a  ditiereut 
oontour,  then  P  vematne  unaltered,  but  B  h  diumushed  by  unity.  There  are  a  few 
special  cases,  which,  although  apparently  diffarent,  are  really  included  in  the  two 
preceding  ones:  thus,  if  the  edge  be  dnvwn  to  connect  two  isolated  summits,  these  are 
iu  fact  to  be  considered  as  summits  belonging  to  two  distinct  coutoura,  and  the  like 
when  a  summit  on  a  contour  is  joined  to  an  iaobted  summit  And  ao  if  there  be 
(wo  11!  iiioiv  summits  connected  together  in  order,  and  a  new  edge  is  drawn  connecting 
the  first  aitd  last  of  them,  this  is  the  same  as  when  the  edge  is  drawn  through  two 
summits  of  the  same  contour.  The  elfect  of  drawing  a  new  edge  is  thus  to  increase 
E  by  unity,  and  also  to  increase  P  by  unity,  or  else  to  diminish  B  by  unity;  that 
i-.,  it  Kavts  the  c«)uation  undisturbed.  Hence  thr  e<|n;itiiiu  P+S  +  ff^E+l+B, 
which  subsists  for  the  uupartitioued  clotft',  coutiuufc«  tu  subsist  iu  whatever  manner  the 
cW  b  partitioned,  or  it  is  always  true. 

In  partioviliir,  if  ;3-0,  that  is,  if  the  original  close  W  bound>  d  hy  a  mere  eonto»ir, 
P  +  S  =  E-i-l+B;  and  if,  besides,  B-Q.  then  i^  +  ^'=£'+l,  which  the  ordmajy 
equation  in  the  theor)*  of  the  partitions  of  a  p^^j-gon. 


P+8+B~B+l+B; 


« 
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If  we  consider  the  (surface  ol  a  plane  as  bounded  b^'  a  laeiv  contour  at  mfinit)', 
then  for  the  infinite  plane,  /8a>0,  or  we  have  P+8^B+1+B:  in  the  oaee  where 

the  infinite  plane  15  |>artltlon0(l  by  a  men'  contouf,  P  =  2,  8  =  0,  E  =  0,  B=l  (fur  the 
exterior  part  is  bounded  by  the  contour  at  inhuity,  and  the  partitioning  contour,  that 
is,  for  it,  B=l),  and  the  equation  ia  thns  satisfied.  And  so  for  a  contour  haviug  upon 
it  n  sununits,  P  =  2,  S  =  n,  E^n,  and  the  equation  is  stall  satisfied:  this  is  the 

case  of  the  plane  partttioned  into  two  parts  by  means  of  a  single  poljigon. 

The  ease  of  n  spherical  sur&oe  is  very  intevestmg:  the  entire  surfiuie  «f  the  sphere 

must  be  eoii^-idered  as  a  close  bouude<l  b\  0  contour,  or  we  have  ,9^  —  1,  and  the 
©(juatiou  thus  becomes  P  +  S=  £'+2  +  ii.  Thus,  if  the  sphere  be  divided  into  two 
parts  by  a  mere  contour,  8  =  0,  E=0,  B  =  0,  and  the  equation  is  satisfied.  And 

in  gen.ral,  when  B  =  0,  then  P  +  8  =  B+ii  or  writing  F  for  P,  then  F+8>^S+% 
which  is  £uler's  equatiim  for  a  polyhedron. 

2,  Stoat  BuiUinffa,  WjO„  Monk  8,  1861. 


C.  V. 
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ON  A  SURFACE  OF  THE  FOURTH  ORDER. 

[From  the  FhiloaoplUctd  MagasiM^  voL  xxL  (1&6I),  pp.  491 — 193.] 

Let  At  B,C\»9  6md  points;  it  ia  required  to  investigate  the  nature  of  the  anrbce, 
the  locus  of  a  point  P  such  that 

where  X,  ^  y  ate  given  ooeffidents;  the  equation  dependB^  it  is  dear,  on  the  ratios  only 

of  them  (jiiandties. 

The  surfiice  is  easily  seen  to  be  of  the  fourth  ordti  :  it  is  oLviousIy  symmetrical 
iu  regard  to  the  plane  ABC;  and  the  tiection  by  this  plane,  or  say  the  principal 
seeUoD,  is  a  eorve  of  the  fourth  order,  the  k)cus  of  a  point  M  snch  that 

The  curve  is  considered  incidentally  by  Mr  Sshnon.  p.  125  of  his  Jfi^Aer  Plane 
Curves  [Ed       p.  126  and  see  also  p.  210  et  ASf.];  and  he  has  remarked  that  the 

two  rirculur  ))oint8  at  infinity  are  <loubIe  points  on  the  curve,  which  is  thcrcfoiv  nf 
the  eighth  class.  Moreover,  that  there  are  two  double  foci,  since  at  each  of  these 
dreular  points  there  are  two  tangents,  each  tangent  of  the  one  pair  interseeting  a 
tangent  of  the  other  pair  in  a  double  fociiB ;  hence,  further,  that  there  are  four 
othfi-  fori,  the  points  A.  B,  C,  run!  a  fdUitli  point  D  lyint*'  in  n  pircle  with  A,  B,  C, 
antl  which  are  such  that,  selecting  any  three  at  pleasure  of  the  points  A,  B,  C,  D,  the 
equation  of  the  curve  is  in  respect  to  sudi  three  points  of  the  same  Ibnn  as  it  is  in 
r^ard  to  the  pomts  A,  B,  G. 

Consider  a  given  point  M,  on  the  prindpal  ssction,  then  the  equations 

^_GP  GP  AJ*  AP  BP 
BM'OJt'    CB^AB'  AM'SS 

belong  respectively  to  three  spheres :  each  of  the  spheres  parses  through  the  point  M. 
The  first  of  the  spheree  is  such  that,  with  respect  to  it^  £  and  C  are  the  images 
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each  of  the  other:  that  is,  the  centre  of  the  sphere  ties  on  the  line  BC,  and  the 
TVOdltet  ct  its  distancos  from  B  and  C  \h  equal  to  the  sfiuare  of  the  radius ;  in  like 
manner  the  wrmd  spluTc  is  such  that,  with  regard  to  it,  C  and  A  are  the  images 
each  of  the  other;  and  the  third  sphere  is  auch  that,  with  regard  to  it,  A  and  B 
are  the  images  eadi  of  the  other.  The  three  epherea  btetaeet  in  a  oirde  through  M 
•t  right  angles  to  the  principal  plane  (that  is.  the  thi*ce  sphttras  hftve  *  eommOD  dlCtilar 
MetioD).  and  the  equatiwu  of  this  cirele  may  be  taken  to  be 

.4  P     BP  CP 
AM  ~  MM  "  VM' 

It  is  clear  that  the  circle  of  interaection  Uea  wholly  on  the  sur&oe. 

The  .spheres  meet  the  piincipal  plane  in  three  circles,  which  are  the  diametral 
circles  of  the  spheres;  these  circles  are  related  to  each  other  and  to  the  points  A,  B,  C, 
in  like  manner  as  the  spheres  are  to  each  other  and  to  the  same  points.  The  oirclee 
have  thu.s  a  common  chord;  that  is,  they  meet  in  the  point  M  and  in  anothor 
point  It :  and  Jf if  '  is  the  diameter  of  the  circle,  the  iatersectkm  of  the  three  q>h«nw. 

It  may  be  shown  that  M,  M'  are  the  imagee  «m]i  of  the  other  in  recpeot  to 
the  rircli-  throtirfh  A.  B,  C.  In  fact,  consider  in  the  first  place  the  two  pointn 
A,  B,  and  a  circle  such  that,  with  respect  to  it.  A,  B  arc  the  images  each  ot  thi' 
other;  take  M  a  point  on  this  drele,  and  let  0  be  any  point  on  tlie  line  at  right 
angles  to  All  thrMiigh  it.s  middle  point,  and  join  DM  cutting  the  circle  in  .I/" ;  then 
it  is  easy  to  sec  that  M,  M'  are  the  images  each  of  the  other,  in  regard  to  the 
circle,  centre  0  and  radius  OA  (=  OB).  Hence  starting  with  the  points  A,  B,  C  and 
th«  point  M,  let  0  be  the  centre  of  the  circle  through  A,  B,  C,  and  take  JT  the 
image  of  Af  in  rcfspcct  to  this  circle;  then  considering  tlie  circle  which  passes  through 
M,  and  in  respect  to  which  B,  C  are  images  each  of  the  other^  this  circle  passes 
through  IT;  and  m>  the  oirole  through  M,  in  respect  to  which  (7,  A  are  iniagefi  «aek 
of  the  other,  and  the  circle  through  M,  in  respect  to  which  A,  B  are  images  each 
of  the  other,  paaa  each  of  them  through  if' ;  that  is,  the  three  oirolea  inteitaeot  in  JT. 

It  is  to  be  noticed  that  M'.  bcinj^  on  the  surface,  must  be  on  the  piincipal 
section ;  that  i»,  the  principal  section  is  such  that,  taking  upon  it  any  point  M,  and 
taking  M'  tlie  image  of  Jf  in  regard  to  the  drde  through  A,  B,  C,  then  M'  is  also 
on  the  |)rilMqwl  aaetioD.  It  is  \('ry  easily  shown  that  the  curve  of  the  fourth  order 
possesses  this  property ;  for  M,  M'  being  images  each  of  the  other  in  respect  to  the 
circle  through  A,  B,  C,  then       ^,  ^  aro  point.<(  of  this  circle,  or  we  have 

M A     M B  _MC 
M  A  '  M'B'ir  C  ' 

that  is.  the  equation 

XAM+i»BM  +»CM  ^0 

being  aatisfied,  the  eqaatioii 

XAM'+tUiM+vCM'^O 

is  also  satisfied. 

9—2 
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The  puiuts  M,  M'  of  the  curve,  which  are  images  each  of  the  other  in  respect  to 
the  eirde  thxoogh  A,  B,  C,  ma,j  be  odled  conjugate  pointo  of  the  eurve.  Tlie  above* 

mentioued  circle,  the  intersection  of  the  tbr«e  spheres,  is  the  circle  having  MM"  for 
its  diameter;  hence  thf  rr-rpiired  surfiice  ia  the  locus  of  a  circle  at  right  angles  to  the 
principal  plane,  aud  haviug  for  its  diameter  MJJ',  where  M  and  M'  arc  conjugate 
pointa  of  the  eurre. 

Id  the  paiticulur  case  where  the  eijuation  uf  the  surface  is 

BO.AP+CA.BF+AB.CP^O, 

the  prindpal  section  is  the  circle  through  .1,  B,  V,  twice  repeated.  Any  jMiiiif.  on  the 
circle  is  it*  own  conjugate,  and  the  radius  of  the  ffcnerating  circle  of  thi-  .-surfaco  is 
zero ,  that  is,  the  smfacc  is  the  aunuius,  the  envelojie  of  a  sphere  radiua  0,  having 
ite  centre  on  the  drcle  through  A,  S,  0.  Or  attending  to  real  pointe  only,  the  euriaoe 
reduces  itself  to  the  circle  through  A,  B,  C.  But  this  last  statement  uf  the  solution  is 
an  incomplete  one.  The  c<]uation  of  an  anuulust  the  envelope  of  a  sphere  radius  c, 
having  its  ceu^  on  a  circle  radius  unity,  h* 

and  hence  putting      0,  the  equation  of  the  muftoe  ht, 

(if,  ae  oraal,  »s  V  -  IX  or,  what  is  the  same  thing,  it  is 

aP  +  i/'  +  (t±i)^^0: 

that  is,  the  surfiacc  is  made  up  of  the  two  spheres,  passing  through  the  p<^)ints  A,  B,  U, 
and  having  each  of  them  the  radius  zero ;  or  say  the  two  cone-spherei  through  the 
pdnte  At     C,  In  other  words,  the  equation 

BC.AP  +  CA  .BP-k-  AB.CP  =  Q 


is  the  condition  in  oixler  that  the  four  points  A,  B,  C,  P  may  lie  on  a  sphere  radius 
zero,  or  conc-spherc.  Using  1,  2,  3,  4  in  the  place  of  A,  B,  C,  P  to  denote  the  four 
pobtfl,  the  fawt-ntentioQed  equation  beoomee 

12.34-f  1S.4>S-M4.SS«0: 

and  coasideiing  12,  &c.  as  quadratic  imlicak,  the  ruiiuual  form  of  this  e4|uatiou  is 

— •   —I   — I 
0  ,  13,  13 .  14 

— t'  — i    — * 

21  ,  0  ,  23 ,  24 
3l',  32*  0  ,  34 
41*.   ^*    48*.  0 
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In  my  papei-  "  On  a  Theorem  in  the  Geometry  of  Position,"  CanUi.  Math.  Joura.  vol.  It 
ffp.  S67— 271  (1841),  [1],  I  obtained  this  equation,  the  four  points  being  tiwre  eoa- 
si>ki>  d  an  iyiiig  in  a  plane,  as  the  relation  between  the  diatanoee  of  four  pointe  in  a 
circle,  in  addition  to  the  relation 


1 , 

1  , 

1  , 

1 

I. 

0, 

—i 

12. 

- — s 
13. 

— 1 
14 

1. 

81*. 

0  . 

— * 
28, 

—t 
S4 

1, 

—1 

SI, 

32* 

0  , 

T\ 

1, 

«, 

*2. 

43. 

0 

=  0. 


which  exists  b«  twei n  the  distanncs  of  any  four  points  in  a  plane.  The  pn«!Otit  investi- 
gation shows  the  uiguification  of  the  equation  □  -  0  between  the  distauccs  of  four 
points  in  space;  viz.  it  expreeses  that  the  four  pointe  Ue  in  a  sphere  radius  zerov  or 
ooiie>«pherc.  But  the  fbrmnla  in  question  is  in  reality  included  in  that  given  in  the 
paper  fur  tho  distances  of  five  points)  in  space.  For  calling  the  points  0,  1,  2.  3,  4, 
the  relation  between  the  distances  of  these  five  points  is 


0. 

I , 

1 . 

1  , 

1  , 

1 

1. 

0  , 

01, 

— t 
02, 

08* 

— « 
04 

1. 

—1 

10. 

0, 
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12. 
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13. 
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14 

1. 

2o; 

Ti''. 

0  , 
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— 1 
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— 1 
32. 
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1. 
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 3 

41. 

42*. 

48*. 

0 

Hence  if  1,  2;  8.  4  are  the  4»nti«8  of  spheres  ndii  «,  fi,  y,  S,  and  if  0  is  the  een(t« 
of  a  tangoit  qphen  radius  r,  we  have 

Oltsffo,  W-r±7,  04««r±t; 

so  that,  tor  any  given  combiimtinn  ot  signs,  it  would  at  first  s^t  appear  that  r  is 
determined  hf  a  quartie  equation;  but  by  means  of  a  simple  transformation  (indioated 

to  ine  by  Prnf  Sylvester)  it  may  be  shown  that  thr  cqiiatinn  fur  r  is  really  a  qiiadmtin 
ouei  moreover,  the  equation  remains  unaltered  if  the  sigua  of  a,  /3,  7,  8  and  of  r,  are 
all  veveraed;  and  r*  has  thus  in  the  whole  dxteen  values.  In  partiealar,  if  a,  fi.  y,  B 
are  each  equal  0,  then  »-*  is  determined  by  a  simple  er|uatioii  (r  the  radius  of  the 

sphere  through  the  fmir  piints) ;  and  if,  nioif<>v*M-,  r  =  0,  then  we  have  fat  the  relation 
between  the  distances  ot  the  four  points,  the  torcgomg  equation  □  =  0. 

S.  AwM  JMMti^  1F.a.  JToreft  25.  1861. 
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314. 

ON  THE  CUBVES  SITUATE  ON  A  SUBFACE  OF  THE  SECOND 

OBDER. 

[From  the  Phdtotepkiml  MagtuiM,  toL  ixil  (1861),  pp.  85^38.] 

A  SURFACE  (if  thf  second  order  has  on  it  a  double  system  of  generating  lines, 
nal  or  imaginai')' ;  and  any  two  generatiog  lines  of  the  first  kind  form  uitb  any  two 
geneiHtiiig  Vaam  of  the  aeecMid  kiiul  a  tkew  quwlnngle.  If  tbe  «qii«tioiis  of  the 
planes  containing  respectively  the  first  and  second,  secoml  and  thinl.  third  and  fonrth, 
fourth  and  firat  aides  of  the  quadrangle  are  « s  0,  y  =  u.  b-0,  w  =  {),  and  if  the 
oonibHBft  multiiilieiEt  whidi  an  iniplicitly  oooC^ed  in  x,  y,  z,  w  respectively  are  mit- 
My  d«tennin«d,  than  the  eqnatioo  «f  the  ear&ce  of  the  second  older  (or  aa;  ior 
ehortnoM  the  qnadiie  lorboe)  is  jmr—yj! « 0. 

Aasame  -  =  -,  then  ^,      or  eay  (X,  (t,  v,  p),  may  be  i^egaided  as  the  co* 

ordinates  of  a  point  on  the  quadiio  aurfiwe;  we  in  bet  have  x'.y.s'.wli^  :  ^  : 

or  wliat  is  the  same  thing,  -\p  :  fip  :  v\  :  fiv.  The  ftnn  rutftntities  (X,  jx,  v,  p)  are 
for  symmetry  of  notation  iu>ed  as  coordinates;  but  it  i!$  to  be  throughout  boroe  in 
aund  that  the  abeolute  magnitttdes  of  %  and  ^  and  of  v  and  p  axe  essentially 
indetmninate;  it  is  only  the  latiaB  X  :  /t  and  9  :  p  that  we  are  ooaeerned  with. 

An  equation  of  the  form 

that  l<;,  nn  equation  honn  igeucoua  of  the  degree  p  as  regard*  (X,  fi),  and  homogeneons 
of  the  degree  q  as  regards  {v.  p).  represents  a  curve  on  the  (juadric  surface;  «nd  this 
curve  is  of  the  order  p  +  q.  hi  fact,  combiiuug  with  the  equation  of  the  curve  the 
equation  of  an  arbitiary  phne 

Am  +  Bjf+Cs  +  Dw^O, 
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this  «qnati<Ni,  eitpremed  in  temn  of  tbe  ooordiiiates  (K,  ft.     p),  k 

A\p  +  Blip  +  Cv\  +  Ditv  =  0 ; 

or,  as  it  ia  more  conveniently  wiittt  ti, 

(  C.  D  W  p)  =  0; 
A,  B 

and  if  from  thi»t  and  the  c<iuution  of  the  curve  we  eliminate  \  :  ft  at  ¥  :  p,  lay  the 

tiecoud  of  these  quantities,  wc  obtain 

which  is  of  the  order  p-i-q  in  (X,  >x) ;  and  X  :  /x  beini,'  known,  v  :  p  i?  linearly  deter* 

mined.  There  are  thus  p-t-'j  systems  of  values  of  the  coordinates,  or  the  plane  meets 
the  curve  in  ji  +  q  points;  that  u,  the  curve  u  of  the  order  p  +q. 

A  linear  equation       +  gives  a  generating  line,  my  of  the  fii-st  ]<in(l,  of 

the  quadtio  surface,  and  a  linear  equation  Cv  +  Dp  =  0  gives  a  generating  line  ot  the 
Moood  kii^:  and  hy  combining  liie  one  or  the  other  of  then  equations  with  the 
c({uation  of  the  cur\'e,  it  is  at  once  seen  that  the  curve  meets  each  generating  line 
of  the  fint  kind  in  q  points,  and  each  generatiog  line  of  the  second  kind  in  p  points. 

ConaidA-  the  eurvea  of  the  order  n:  the  diffierent  ndutionB  of  the  equation  p^qstn 

give  different  species  of  curves.  But  the  soltition  («,  0)  gives  only  a  system  of  n 
generating  lines  of  the  first  kind,  and  the  solution  (0,  n)  gives  only  a  system  of 
generating  lines  of  the  second  kind.  And  in  general  the  solnttona  {p,  q)  and  {q,  p) 
give  species  uf  curves  which  ai-e  related,  the  one  of  them  to  the  gnkerattng  lines  of 
the  first  and  second  kinds,  in  ihc  sninf*  way  n«!  the  ntlicr  of  them  to  the  i3;encrnting 
lines  of  the  second  and  tirst  kinds;  and  they  may  be  considered  as  correlative  members 
of  the  sanM  spscieK  The  number  of  distinct  speeieB  is  thus  ^(»  — 1)  or  ^n,  aooording 
af  n  is  odd  or  even ;  for  n  =  3  we  have  the  single  species  (2,  1)  or  ( 1 ,  2) ;  for  n  =  4, 
the  two  Mpepips  (1,  3)  or  (3,  1),  and  (2,  2);  for  n  =  5,  the  two  species  (i,  1)  or  (1,  4), 
and  (3,  2)  or  ^2,  S);  and  so  pa  Thus  for  naS,  the  species  (2,  1)  is  represented  bj 
an  equation  of  the  form 

(a,  b,         fifv-k-  (a',  b',  c'$X,  fiyp  =  0. 

which  belongs  to  a  cubic  cui-ve  in  space.  To  show  d  posteriori  that  this  is  so, 
I  observe  that  the  equation  ezpteased  in  terms  of  the  original  cooniinateB  («,  y,  g,  w)  is 

X  (rt,  b,  cjx,  yy  +  s  (a',  6',  c'$a;,  rjY  =  0. 

which  by  means  of  the  etiualion  xw—t/z  =  0  of  the  quodric  surface  is  reduced  to 

(o,  6,  c         + tt'aw  +  2b'yg + c'yw  •  0 ; 

and  this  th«-  equation  of  a  quadric  surface  intersecting  the  quadiie  nnfiuie 
ww  —  gg—0  in  the  line  x^O,  y^O;  and  therefore  also  intersecting  it  in  a  eohSo  eofve. 
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For  i»«4,  I  tak«  fiist  (Ihe  apeeies  (2,  2)  [the  i|uadnquadm  curve]  which  b  rcpix- 
Bested  bgr  ui  equstiim  of  the  form 

whii-h  ill  fart  lHlonp>  f.i  u  (inaitic  ciin'o,  the  intoi^oction  of  two  qundric  BUlfiwea 
For,  reverting  to  tin  nrigiual  cooniiuates,  the  equation  becomes 

fa,  b.  c^x.  i/f.-r^  +  2(fi'.  h\  c%r,  j/Yrz  +  in".  h" .  t:"\.r.  >/)':- ^0, 

which  bj  means  of  the  tiiuatimi  jw--yz  =  0  of  ihv  quudric  surface  is  at  once  reduced  to 

(«,  b,  c'^r.  t/>*  +  2'i'.r:  +  Wt/z  +  2c' yw  +  u'z'  +  2b"s7i>  +  c"iv'  =  0, 

which  is  the  equation  ni  a  quudnc  surface  iutcrscctiog  the  given  quadric  surface 
«Kr— 0  in  the  eurve  in  qneBttim. 

Gbtttidw  nest  the  species  (3,  1)  [the  exeubo-quwrtte  eurve]  represented  by  an 
eqoaticn  of  the  fonn 

wliich  is  the  other  species  of  (]uartic  curve  situate  on  only  a  itnglc  quadrie  surfiMie. 
Reverting  to  the  oiigiual  coordinates,  the  equation  becr>me.« 

(a.  b.  c,  (l^x,  yyx  +  ia',  b',  c'.  d'l^x,  y)'r  =  0; 

and  by  meiuib  of  the  ei^iiation  xtv  —  yz=:0  of  the  qiia«iri<-  surface  this  is  reduced  to 

(«,  b,  c,  (i'^x,  yf  +  a'x'2  +  :ib'xt/z  +  :ic'ff'z  +  d'fw  =  0, 

which  is  the  efjuatiou  of  a  cubic  surface  contfuning  ibe  line  (^'  =  0,  !/=>0)  twice,  and 
therefore  along  this  line  touching  the  quadrie  nirfiMe  w»  —  y*=0;  and  eoneequeutly 
intcrst  c-tihg  it  besides  in  a  quartie  curve.  And  in  like  manner  for  the  curve*  of  tlie 
fifth  and  higher  ordeis  which  lie  upon  a  quadrie  snrfoce. 

The  combinaticin  of  the  equations 

(•5x.  M)"!",  py  =0. 

f,)-\v.  p)''  =0. 

phnws  at  once  that  two  cui-ves  on  the  same  quadrie  suiface  of  the  species  (/»,  q) 
and  (p,  t/)  respectively  intersect  in  a  number  ip<j'  +  i>'q)  of  points.  Thus  if  the  cunes 
are  (1,  0)  and  (1»  0),  or  (0.  1)  and  (0^  1),  ie.  generating  lines  of  the  same  kind,  the 

number  of  intersections  is  1.0  +  0.1=0;  but  if  flu  ctm-rf  aro  (1,  0)  and  (0,  1}, 
Le.  generating  lines  of  different,  kinds,  tho  nninh.  i  'A'  iiiti'i-^wiions  is  1  .1  +  0.0  =  1. 

The  uution  of  the  euiployment  ot  hyperboloidai  coordmates  presented  itself  several 
yeais  ago  to  Frof.  Flttcker  (see  bi-s  paper  "Die  analyttaehe  Oeometrie  der  Cttrvm  anf 
den  Flachen  zweiter  Ordnung  and  Cliase,"  CVvIfo,  vol.  zzxir,  pp.  S41— 869,  1847); 

but  the  qntems  made  use  of,  eg:  ifm-^--,  with  «(«<l-<l)+M«y**0  for 

the  equation  of  the  suriaoe  of  the  second  order,  is  less  simple;  and  the  questicn  of 
the  etaasification  of  the  curves  on  the  surfooe  is  not  altered  ohl 

%  Soot  BvildiiiSf,  W.C^  May  24,  1661. 
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315. 


ON  THE  CUBIC  CENTRES  OF  A  LINE  WITH  RESPECT  TO 

THREE  LINES  AND  A  LINE. 


[Fiom  th»  Pkilotapkical  Maganne,  voL  XXlt.  {im%  pp.  439-486.] 

On  referring  to  my  Note  on  this  subject  {PbiL  Mag.  vol  xx,  pp.  41b — 423, 
1860  [257]),  it  will  be  kod  tbait  the  eabic  oetitreR  of  tbie  line 

X.r  +  fii/  +  yz  =  0 

in  relation  to  the  lioes  «r«0,  jr^O.  2—0,  and  the  line  it  +  y  +  s^O,  are  detenniiietl 

by  the  equaliouH 

1  11 

whete  0  i»  u  root  of  the  cubic  equation 
or  M  it  may  aUo  be  written, 

^  -  9  (flV + 1^ -I- V)  -  S^U" 

Two  of  the  contm  wiU  eoinside  if  tiie  equation  for  ^  has  equal  roote;  and  tibia  will 
be  the  oaae  if 

or,  what  is  the  same  thing,  if  K,  ft,  or*.  b~',  c"*,  whm-  a  +  6  +  c  =  0.  In  fiwt,  if 
a+b+c^O,  then  aF+i^+<f  —  9iAe,  and  the  equation  in  $  becomes 

0.  V.  10 
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that  is 
which  is 

-1  i 

m>  that  the  values  of  0  are  ^ ,  . 

First,  if  0  =  —  \-,  theu  ^,  u,  z  will  be  the  coordiuatcs  of  the  double  centre.  And 
aoo 

we  have 

or  putting  for  fihortne^  □»<<•  + 6* +  c*, 

with  '■imilar  vnluis  tor  f^  +  M.  ^H-i'.    But  -  are  proportional  to  0  +  X,  6  +     0  +  t>i 

and  we  may  thenefore  write 

papa  pa 

J*6«?*  y"6P*  T^'ec* 

whence,  in  virtue  of  the  eqaation  a+i  +  e^O,  we  hftve  for  the  Iacos  «f  the  douUe 
centre, 

Vx  + Vy  + Vi— 0; 

or  this  locuB  is  a  conic  touching  the  lines  .r  =  0,  y  =  0,  r  =  0  hannonitvilly  in  n>spect 
to  the  line  nc  +  jf  +  fO,  a  result  which  was  obtained  somewhat  difierently  in  the 
paper  above  refetied  to. 

2 

TS«ttt  if  *t  9>  *       be  the  coordtnatee  of  the  ibigle  centra.  And  we  now 

have 

with  omiiar  values  for  0  +  fi,  6  +  ».   But  ^  are  pKpordonal  to  0+\,  $+ft, 

and  we  may  therefore  write 

6a»    '    >j       e¥     '    s        6c*  • 

from  which  equatiom,  and  the  equation  a  +  6  +  c  =  0,  the  quantities  P,  a,  b,  c  have 
to  be  eliminated.  I  at  firrt  e£feoted  the  elimination  as  follows:  viz.,  writing  the 
eqoatieiM  under  the  form 
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we  obuuu 


which  we  Msily  tnuMformed  into 

(y +P)(*  +P)    U+i') («+  P)  * (jr+P) (y +P) 
or,  what  is  the  aune  thing, 

«(P+«>(P+y)(P+*)-«(P+y)(P+«)-y(P+*)(P+«)-*(P+«)(P+y)=0. 

OCP+tfXP+yXP+^j-y'CP+tf)        -j»(P+y)  -ay(P+«).0. 
which  «give 

6P'+ ftP'(« + y -f  «) + 4P(y« + «» + ay) + s  0. 
9P* + 9P>  (ff +y + ')+ 8P  (y*  4  «» + «y) + 6«y*- 0 ; 
or,  multiptyiiig  the  fizsl  eq;iiatiion  by  S,  and  siibtnieting  the  aeoood, 

8P  +      (*•  +  y  +      0 ; 

and  we  thus  obtain  tor  the  Iociih  of  the  8inglc  centrv  tho  equation 

  Jf   * 

-2ir  +  ^  +  «    -2^  +  t'f«    -S»+«  +  y 

or,  what  us  the  s,iiiu'  thing, 

+  y*  +    -  (y**  +  «x'  +  a:y«  +  y«  +  «^a;  +  «»y)  +  3«y*  =  0, 
wbieh  may  aUo  be  written, 

-(-«+y+«)(«-y+«)(«  +  y-«)+«>y»-0. 
The  aame  reaiilt  may  alao  be  obtained  aa  MIowa:  vis,  obaarving  that 

□  -  ea*  - + <^  -  ta^ «  -  4a*  -  2ie, 

we  have 

«  _  j-jifi"-      If     -36*      £  _  -  f^f* 


and  then  by  means  of  the  equation 


-1-0, 
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which  IB  identically  true  in  virtue  of  a  +  6  +  c  »  0  (in  fkct,  multiplying  out,  this  gives 

I2a'fcV  +  4  (6V  +  (fa"  +       +  «te  ( a'  +  b'  +  c") 

-  8o»6V- 4  (6V  +  c^a' +  a?**)  -  2a4c  (tt»  +    +  c»)  -  a'6V  =  0  J 

that  is 

JaWei«-a6c(a'  +  6»  +  c')=0.  or  afc(<^ +  6»  +  c»-3aic)-0, 
wbeie  the  aecond  fitctor  divides  by  o+6-t-c),  we  find  the  above-meatioiied  aqiMtioD, 

We  Chen  ham 


tliat  is 

~*+y_+f    — 3ftc     «~y+#    —Sea    g-fy— jt  ->8flfr 

and  foraui^  the  fifodnet  of  tliese  fnuctkna,  end  tlMfe  ef  the  fimganig  velaee  of 
^.  ^.  ^.  we  find  M  before, 

fiar  tlie  eqwition  of  the  locus  of  the  single  centre.  The  equation  shnwn  that  the  locus 
is  a  cubic  curve  which  t<niches  the  lines  x=0,  u-Q,  z^O  at  the  points  where  these 
lines  are  interHected  by  the  lines  y  —  2  =  0,  z  —  x  —  0,  x  —  y  —  O  (that  is,  it  touches  the 
lines  «bO,  y-0,  haiinoiiioslly  in  rapeet  to  the  Kse  9+jf+*^0),  mod  beaidee 
meet^  the  siinie  liiies  7  =0,  yaO,  x«0  «fc  the  pdnts  in  wfaieh  they  «re  leepecdvely 
met  by  the  line  x  +  y -i- z  =  0. 

2,  Stom  BuiUtngs.  W.U.,  Septeniber  2o.  1861. 
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316. 

NOTE  ON  TH£  SOLUTION  OF  AN  EQUATION  OF  THE  FIFTH 

ORDER. 

[From  (he  PMomphical  Magasim,  vol  \xiu.  (18a2).  pp.  195,  196.] 

Thi^  Note  xnw  in  lais-xm  to  Mr  Jerrard  i<  papir  "Rmrin  w  Ur  Otffiiif*  MoMi"  PAil.  ^fay.  ml.  m. 
pp.         360.  (efening  to  Uw  fwcgoiBg  p«per  SIO. 
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317. 

NOTE  ON  THE  TBANSFOBMATION  OF  A  CERTAIN  DIFFERENTIAL 

EQUATION. 

[From  tlie  FkUotopheat  Maganiie,  voL  xzin.  (1862),  pjk.  S67.] 
TuK  diflerential  equatioD 

if  we  put  tbereiu  i6  =  2af  +  l{i~^  —  l  a»  usual),  becomes 

In  fact  an  integial  of  the  Beoond  equation  is  (V^l  ;  this  is 

-  {Vf2«»+1)»-1  +        1)- ; 

«r  iNitttng  iB^f^+l,  it  is 

which  is  _ 

+  l  +0)]"'  ; 

M>  thai  ao  iutegml  of  the  tnuuformed  eqoatioa  in  $  ia 

and  writiiig  in  the  woond  eqtmtion  0  for  and  for  we  see  that  the  last- 
mentioQed  fimetiOD,  vis.  (Vtf»+1  +  Oy^f  is  an  integnl  <^ 
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whence  the  traosfonued  eijuatioa  io  6  miwt  be  this  very  equation,  that  is,  it  must 
be  the  first  e<)aati<m.  I  have  Aur  tkat^nnm  used  the  partieaiar  integral  (Vl 
but  the  reasoning  should  have  been  «{q[ilied,  and  it  »  u  fiwt  applicable,  vithovt  alter* 
ation,  to  the  general  integral 

^lere  b  of  ooitne  no  difliculty  in  a  direct  TerificataoiL  Tlnu,  atarting  from  the 
first  equation,  or  equation  in  0^  the  relation  «9«2«^+l  give* 

L*^y.      dlyi_d  /i_  dj/\  1_  .  '(■!/  _1 

1+^— 4a!*(l+4^; 
so  that  the  equation  beeomes 

or  mnltiplj^ii^'by  ^ 


that  la 


the  second  cqTintion.  But  the  first  metliod  ehows  the  reason  why  the  two  fbnns  are 
thiw  connected  together. 

2.  Stone  BuUdings.  W£.,  Ftitruary  la,  I6(i2. 
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318. 


ON  A  QUESTION  IN  THE  THEOKY  OF  PROBABILITIES. 
[From  tho  FMktophkal  Magniitt,  voL  zxuL  (1862).  pp.  861—805.] 


Th«  qoMtlioii  nt&mi  to  fa  tint  diamtnacl  in  flw  FHMir  Itl;  ttie  mmiln  oo  ttnl  p^wr  te  the  Wotai 

«mJ  Bt'ferenof-s  Ui  volume  II.  are  in  a  Kf«*l  mt'a»urO  to  thv  sAinci  (.fltict  as  the  prescnf  sir  d  nivt  papers, 
aud  :U'.*,  Uifc  existence  of  which  I  luid  cntiixly  ovtrtooktM.  In  tliu  first  part  (datod  2,  bluuc  il;„LildinKS, 
W.C.,  March  1862)  of  the  present  paper  318,  afuj  reforriu^  to  the  t*o  iiiodef  of  Btatoment  which  may  be 
called  the  Cmuation  statsment  ai>d  the  Vautomitaaee  statement,  I  reproduoe  Dearly  m  in  the  Notes  and 
B*feranoM  first  my  own  aolatkm  m  oomploted  by  Dedekind.  nert  Boole^  MliDltion  of  tbe  proUam,  inTOtviag 
hk  ksioAl  pnlMbOUiM:  tod  tlw  f&pit  to  tlw  «QBtfiiiiid  m  iDUowi;. 

Ihe  foregoing  |»p»  was  labinHtad  to  FroC  Boolo,  who,  in  &  letter  dated  Mareh  86, 
1868,  writes: 

"The  obeervations  which  have  oocurred  to  me  after  Htudyuig  your  paper  are  the 

ibUowiiig. 

1$it.  I  Uiiuk  thai  your  .solution  in  cunticL  uitilcr  couUitioos  partly'  exprvs»ii3d  and 
partly  implied.  The  one  to  which  you  duect  attentioD  is  the  aesumed  independence  of 
the  cau»eb-  denoted  by  A  and  B,  Now  1  am  not  sun:  tliat  I  can  state  precisely  what 
the  othci-s  lire ;  but  cue  at  least  appoare  to  me  to  be  the  aiaumeil  independenct>  of 
the  evcutb  of  which  the  probabilities  according  to  your  hypotUesih  are  oA.,  fifji,.  Assuinuig 
the  independence  of  the  eausea  aa  to  happmdnff,  I  do  not  think  that  you  are  entitled 
01)  thilt  fjnrtind  t<.  u.'^siinic  thfir  inHoppntlcnw  as  to  acting:  because,  to  confine  our 
observations  to  common  experience,  we  oftcu  notice  that  states  of  things  apparently 
independent  as  to  th«r  occurrence,  may.  when  ooncurring,  aid  or  hinder  each  ol^er  in 
audk  a  manner  that  the  one  may  be  more  Or  lew  likely  tO  ftCt  'effidentljr'  in  the 
pix-$tenr-('  of  the  other  than  in  it«  aheenoe.  I  uae  the  language  of  your  own  hypotheeii 
of  efficient  IK'! ion. 

2udly.  When  I  »uy  that  I  think  your  bolutiou  correct  uuder  certain  couditioiu, 
I  ought  to  add  that  it  appeain  to  me  that  euch  oooditious  ought  to  be  stated  aa 
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part  of  the  original  data,  and  that  they  ought  to  be  of  such  a  kind  that  they  can 
be  established  by  cxpeiionce  iu  the  same  way  as  the  other  data  are.  For  instance, 
if  experience,  m  embodiecl  in  »  suffidently  lot^  series  of  stfttistical  reooRb,  ertaUiah  titat 

the  verj'  same  experience  may,  by  establishing  also  that 

Prob.  AB  =  aji. 

whence  m  oonjunetiiui  with  the  former  it  fellows  that 

Ftab.  ASr^tifiT,   Prob.  A'B~«^fi,  Prob.  A'B^dff, 

enable  ns  to  {iroiiKrance  that  A  audi  jB  are  in  the  long  run.  as  to  h^pentng  or  not 
bappenii^  in  the  position  of  nutuaKy  independent  events. 

Srdly.  I  think  it  may  be  shown  to  demonstmtioo.  from  the  nature  of  the  result, 
that  the  Bolutii  ti  you  have  obtained  doee  not  apply  simply  and  generally  to  the  proUem 
Knder  the  .siugle  iuij<lificatiou  of  the  assumption  that  A  and  B  are  independrat.  The 
completed  data  under  this  assumption  nrf 

Prob.  A^a,    Prob.  iB=/8,   Ptob.  AB^afi, 
FroK  AS -op,  ?h>b  BB^fiq. 

You  may  deduce  all  these  fifom  your  Table  of  Probabilities  of  'compound  events*  given 

in  your  paper.  Now  you  may  easily  satisfy  yourself  that  the  sole  neosSMuy  and 
sufficient  conditioiia  for  the  oontitUney  of  these  data  are  the  following : 

(1) 


13) 


But  yovr  solntion  requires  the  fidbwing  oaiditions  to  be  satisfied,  viz^ 
together  with  the  system  (8).  Now  (1)  and  (2)  are  expresrible  in  the  form 

firom  which  yua  will  sec  that  your  conditions  are  narrowtr  than  those  which  thr  data 
are  really  sabjeet  ta  If  yonr  oonditioiis  are  satisfied,  the  data  will  be  consistent ;  but 
the  convene  of  this  proposition  does  not  hold. 

C  V.  U 
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■Itbly.  Yuu  mttark  ibat  my  saluiiuu  of  the  prublciu,  la  which  the  iudepeudeooe 
of  A  and  A  is  not  iwiimed,  but  in  whidi  the  piolwbiliticfl  amt  otiierwifle  tiie  aune 
«■  in  yonn,  is  only  applicable  when 


but  you  do  not  ii|i|>eiir  tu  have  noticed  that  thcue  are  aotnaUy  the  oonditiooa  of 
consistency  in  the  daUk.   Unleas  theae  are  satisfied,  the  data  cannot  poaribly  be  fiumiahed 

by  experience. 

5thly.  You  i-emark  that  I  have  sijlvcd  the  problem  undt-r  what  you  call  the 
' ooJUMfnttoaea '  statement,  and  not  the  ' caimUian'  stat^-nieut.  I  think  that  every  problem 
atated  in  the  'canaation*  fiinn  adnutSt  if  capable  of  scientific  treatment,  of  reduotion 

to  the  '  rnuriniiitancc '  firm.  I  ;ulniit  it  would  hiivf  b*'-'n  bettor,  in  statint,'  my  problem, 
not  to  have  employed  the  word  '  cau>ie '  at  all.  But  the  introduction  of  the  h^'pothesis 
of  the  independence  of  A  and  B  doen  not  a(f«et  the  nadirv  of  the  problem. 

iithly.  The  x,  a,  &c.,  about  the  int4*rpretatiou  of  which  you  inquire,  are  the  pro- 
babilitiee  of  ideal  events  in  an  ideal  proUcm  oonneoted  by  a  formal  relation  with  the 

n  al  one.  T  ^houM  fulh  cMiu  erlr-  that  the  auxiliary  probabilities  which  are  employed 
in  my  method  always  refer  to  an  ideal  problem ;  but  it  is  one,  the  form  of  which, 
as  given  by  the  calenhis  of  lo^pc,  is  not  arUtnuy.  Nor  does  its  connexion  with  the 
real  problem  appear  to  me  arbitrary.  It  itivoKcH  an  extension,  but  it  seems  to 
me  a  perfectly  srii'utific  extension,  of  the  principles  of  the  tirrliruiry  thfnry  i)f  pm- 
babilitiea  On  this  nubject,  however,  I  have  but  little  to  add  to  what  1  have  said, 
TmHWiwnt  <if  the  Royal  Sodetu  of  Edinburgh,  voL  XXL  part  4,  "  On  the  Application  of 
the  Theory  of  Probabilities  kcT 

Tthly.  The  pnMem,  aa  stated  by  me,  and  dien  modified  by  the  simple  introduction 

I  if  thf  hypothc-si'?  of  the  irido|>onde?icp  of  A  and  B,  must  admit  of  solution  hy  my 
method  i  and  that  solution  ought  to  impose  no  reiitrictiuu  bey<md  the  conditions  of 
possible  experience  noted  in  (M). 

1  should  be  extremely  glad  if  muthemuticiau»  would  exaiame  the  analytical  queslious 
connected  with  the  spplioation  of  my  method.  Thm  can,  I  think,  after  the  partial 

proofs*  which  I  have  given,  exist  no  doubt  that  the  conditions  of  applicability  of  the 
solutions  are  always  identical  with  the  conditicmn  of  coiisisiuucy  in  the  data,  i.e.  with 
what  I  have  called,  in  the  paper  above  referred  to,  the  cuiidition»  of  potudble  experience. 
The  proof  of  the  general  propontion  would  involve  the  showiiig  that  a  cerlsin  fonctional 

determinant  coii'si.st.s  aolely  of  po>ifivi'  \mn^.  with  some  connected  theorems  whidh 

appf*nr  to  nic  t(i  lie  of  nonsiderahlr  analjiiicai  interest. 

iSthly.  I  certainly  think  your  paper  deserving  of  publication.  If  you  thiuk  proper 
to  add  any  or  the  whole  of  my  remarks,  you  cam  do  so^  with  of  cou»e  any  comments 
of  your  own." 

I  remark  upon  Pir*^  Boole's  obiiervattons : 

1st.  I  do  asHuine  that  the  cause.t  ^1  and  B  ivre  absolutely  independent  of,  and 
uninfluenced  by  each  other;  via.  not  only  the  probability  of  A  acting,  but  also  the 
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probability  of  ii«  acting  efficiently,  aiv  each  of  bbem  the  «ami-  whether  B  does  not 
•et^  or  acta  indScientlf,  or  acts  efflteienfcly ;  and  the  like  for  B. 

Siidljr.  I  do  wuHie  tlwt  the  tame  experience  which  establisheti 
would  in  the  long  run  eetabluh 

Prah.  AB-a0; 
if  it  doM  not,  €ttdit  qimtUo,  the  eaineB  are  lurt  indepeodent 

didly.  I  anume  not  only 

Frohi  A»ew   PtoV,  S-B,  FraK 

but  al^o  as  Ist  abovo  stated;  and  I  consider  that,  inasmuch  lis  the  result  of  the 
investigation  iw  to  show  that  the  conditions  5  —  ap  <  0,  p  -  ffq  -t  0  m-o  n<H!Pwiaiy  and 
sufficient  condiMon:^,  it  is  also  a  result  of  the  investigation  that  them;  are  the  con- 
ditiona  of  eoiuutmtcf/  among  ikt  data,  ■m.  the  eon<Ution8  in  order  that  the  data  may 
be  conaistcnt  with  thi-  abcivc  HJ^sumptiotus  a»  to  the  independence  of  thr  rati«ep.  It  is 
clear  that  iduce,  as  just  stated,  I  d<>  a88iinie  something  beyond  the  last-meotiooed  three 
eqtwtiona,  the  omditiona  of  oonsiateuey  ought  to  he  mummer  than  thoae  in  Frof.  Boole's 
3idly. 

4ftUy.  I  had  not  overlooked,  but  I  ought  to  have  stated,  tl»t  Prof,  fioofe's  oou- 
ditions  were  actually  the  conditions  of  consistency  in  the  data. 

othly.  I  contend  that  the  conceptinn  of  A  jiiul  B  as  causes  does  alter  th'  i><tt>tre 
of  the  problem.  For  when  A  and  B  are  conceived  of  as  causes,  there  is  a  dehuite 
notion  of  the  eHteient  or  ineflSdent  aotion  of  il  or  and  in  particular  when  they 
both  sict,  one  of  them,  say  A,  may  net  im  flicieatly.  But  according  tti  the  concomitance 
Rtatemeiit,  then  either  there  is  no  such  notion  as  that  of  the  cfticiinl  oi'  imn-efficicnt 
happening  of  il  or  (i  believe  this  to  be  hu),  or  else  the  only  notion  of  efficient  or 
ineflknent  happening  ia  happening  in  ooncomitance  or  in  non'oonoomitanee  with  E\  but 

ill  this  view,  if  A,  B,  K  all  happen,  then  A  ami  B  each  of  tlioni  hiippeno  efficiently. 
The  argument  is  to  me  conclusive  as  to  the  diversity  of  the  [uubleni!*. 

Gthly.  T  do  not  in  anywise  assert,  or  even  suppose,  that  the  ideal  problem  is 
arbitrary-,  ur  that  it^  counexiun  with  the  real  problem  is  arbitrary.  I  simply  do  uot 
know  what  the  ideal  pvobleni  is;  I  do  not  know  the  point  of  view,  <v  the  assumed 
mental  state  of  knowledge  or  ignorance  aceording  to  which  x,  ij,  s,  f  arc  the  probnhiHtics 
of  A,  B,  AE,  BE,  It  is  to  be  borne  in  mind  that  sc,  y,  a,  i  are,  in  Prof.  Boole's 
sohitioo,  determined  as  numerical  quaotitiea  indodsd  between  Umita  0  and  1,  ie.  as 
quantities  \vhic)i  list  ui  inay  be  actual  |Hobalnlitiea.  What  I  dssidemte  is,  that 
Prof  Boole  shouM  gi\e  for  his  auxiliary  qitantiti("<  x,  y,  s,  t  such  an  explanation  of 
the  meaning  as  I  have  given  for  my  auxiliary  quantities  X,  /*.  I  do  not  find  any 
such  explanation  in  the  memoir  referred  to. 

Tthly  and  hlhly,    Wo  remark  is  nece.^saiy. 

Murcli  29.  1862. 
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ProC  Boulc,  111  his  reply,  Uat«d  April  2,  writ«s,  "  No  aixch  explanation  as  you 
deiiderate  of  the  mteipretatioii  of  the  mnxOLuy  qnantitMS  in  my  method  of  sohition 

i?*  [K>s-=;iblc  :  bor.iu'^^  they  ;ire  not  uf  the  nature  of  adrlitional  data,  and  their  iutroductioti 
does  not  limit  the  problem  as  any  hv-potheses  which  arc  of  that  nature  do.  I  do  not 
Me  any  difficulty  whatever  in  the  conception  of  the  ideal  prablem." 

We  thus  join  iiisue  an  follows:  Prof.  Boole  says  that  there  m  nu  difficulty  in 
nndentaading,  I  aay  that  I  do  not  a^dei«tand»  the  raftomib  of  his  solution. 

It  may  he  ramarirad  that  the  qneelaon  nay  he,  not  to  find  any  actual  fnohahility 

whatever,  but  only  to  find  a  Boolian  probability  or  probabilitios.  That  tlM  equations  (L), 
p  omitting  the  laFt  mombor,  which  alone  involves  u,  determine  in  t^nns  of  the 

data  a,  ^.  ip,  ^ij  the  Boeiliaii  jjfobabilitics      y,  *,  t  of  the  events  ^1,  JJ,  AE,  BE. 

In  a  subsequent  hastily- wiitteu  letter,  Prof.  Boole  gives  an  explanation  of  the 
equations  (L)b  whid)  appeals  to  me  little  more  than  a  tiandatioo  of  these  equations 
into  oidinaiy  language. 

16.  1861 
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POSTSCRIPT  TO  THE  PAPER  "ON  A  QUESTION  IN  THE  THEORY 

OF  PKOBABILITIES." 

[FixMu  the  J'hUomyMoal  Maffatinet  voL  xxui.  (186SX  pp^  470-^71.] 


Htt  aw.  Ih»  pnMBt  piptr  MgcodooM  Withrahui'*  diwBMioii  9t  fiooU's  Solatioui  and  oooolodM 
«ttb  the  nmnli  "FntoMr  Boofe  widM  im  to  nnotim  flwt  Iw  iM  aiMMdad  in  obUiniiie  •  teoenttration 
of  tlM  ua^rtiNl  ttMiai  ariiinR  hvm  Ut  ttmij  rafema  to  in  his  Bmfif  la  lagr  FV"       oiift  p.  7tla^. 
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320. 

ON  THE  TRANSCENDENT  g^u^^logtan  (iir+itf«)- 

[Fitim  the  FhUoaophictU  Magasim,  voL  xxiv.  (1»(>2X  PR-  li^— 21.] 

The  elliptic  functionsi  which  correspond  to  the  modulus  reduce  thcniwlves, 

u  w  well  known,  to  circular  functions.  The  case  in  qiR'sti«xi  playu  implicitly  an 
important  p:irt  in  the  giTicnil  tlu-in  v,  ami  it  has  been  particuki  ly  s-tiifh'(><l  by  (Jutlenuann, 
and  by  Dr  BcMJth  in  connexion  with  hu^  theory  uf  |)»rabuUc  logarithuis.  But  in  the 
ahMDoe  of  *  notation  corresponding  to  that  used  for  elliptic  functions  in  general,  the 
theoiy  has  not,  it  appears  to  roe,  been  exhibited  in  it^  proper  fornt  The  defect  is 
very  easily  Buppliod:  using  for  ami«,  to  the  modulus  1,  the  notation  gdu  (Onderman' 
man  of  u),  then  if 

"  "  '"^  ^^'^ 

we  h«ve 

^  =  gil " ; 


and  hence,  observing  that  the  equutiun  between  u  and  ^  in 
or,  what  i»  the  eame  thing. 


,     I  +  i  tan  <b 


and  that  we  have 


1  »  /I  ,1V  I  1  +  tan  iwt 
log  tan (iw  +       =  log  j;^^^ . 

,    COS  iui  +  sin  iwi 
-log—?  . — ^ 
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or  if 

H  =  log  Uiu(i7r 

then 

and  substituting  fur  ^  it«  vatuo,  we  obtaiu 

9I K  -  j  log  tan    V + |in), 

which  is  th«  definition  ot  the  tiuuscendent  gdu.  It  ia  to  be  noticed  that  gd  u, 
although  exhibited  in  an  imaginaiy  fana,  is  a  real  funetaon  of  and,  moreoTer,  that 
it  is  an  odd  limetioo^  vi&  we  have 


and  Uierefora  ako 
The  origiitBl  equattoo, 
written  under  the  form 

diowg  that  we  have 


gd(-  »}--gd(ii), 

gd(0)=a 

«=  l«gtan(jir+i^)» 
N  »ti  log  tan  ^iw  +  i«  tj, 

«-igd(|)-<gd(-i*); 


or  nibrtitutii^  for  ^  its  vahie  gd  »,  we  have 

«  =  igd  (-igdu), 

which  nay  abo  be  written 

«M«gd(tgdii); 

so  that  gdu  is  a  i|uasi-penodic  function  of  the  second  order — a  property  which  has 
not,  at  least  obviously,  any  analogue  in  the  general  theoiy.  We  have 


cos  gdii  *  ^  (^i**  +  e^'B**) 

~  ■  U  -  tan  fti 1 4  tan  |it»/ 

_  1  +  tan'  i  ui  _  I  ^ 
~    1  —  tan*4i»~ooBi»' 
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and  in  like  manuci 

11 


sin  gd  M  =  L  ie'^"  - c"'"^") 


"  S!t  U  -  tan  ini    1  +  tan  inif 

_       i  tn  ^wt     _  Hin  Ml 
~    »(1  —  tan*  Jii<)~»«Mt»* 

or,  aa  these  equations  may  also  be  written, 

sec  gd  H  =  coej  «»■  =  ^  (c"  +  e""). 

tan  gd  N  s  ^  sin  «i  =  |[  (e"  -  e-"  ) ; 

and  from  tbeee  eqafttioos  we  have 

see  gd  (tt  +  v)  •  see  gd  » .  see  gd  V  +  tan  gd  w .  tan  gd 
tan  gd(«i + «)  *  tan  gd  V .  aee  gd  V tan  gd  V .  see  gd  « ; 

or,  what  is  the  same  thin^, 

,^       .     sin  gdt»4  eingdv 
^  ^      '    1 -(-smgd«.8ingdv 

,  ,        ,       c<)8  m\  M  .  cos  tfd  r 
^  1 -t-aingdtt.sittgdtr 

whtdh  fianns  are  at  once  obtunable  from  the  fennube 

.  »inam«eoB«nvAamv-f«n«m«60samitAam« 

Bin  am  (»  4-  v) «  = — rr-»-«  s-i  1 

'  1  —  J:*im*amt(8ii:^ani  V 

.    cos  am  u  coeam  9—  sin  am  «  nin  atn  v  A  am  m  A  am  « 

006  am  ( u  +  u) «  = — j .  .  .  .  ,  , 

^      '  1  —  «^an*am«8in*amv 

.    AamtiAamv— ^sinamMsmamvcoHatnwoosamr 

A  am  —   —   tj-!-:  , 

^      '  1    c'Bin*am«sin*am  V 

observing  that  fot  k=l  we  have  Aam-ooeam,  and  that  the  numerators  and  denomi- 
nator each  of  them  divide  by 

.  1  —   nn  am  «  sin  am  V. 


2,  Sbme  BtnMiu^,  F-C,  ifay  7,  1862. 
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321. 

FINAL  REMARKS  ON  AIR  JERRARDS  THEORY  OF  EQUATIONS 

OF  THE  FIFTH  ORDER. 

[From  the  FhilowplUccU  Magazine,  vol.  xxiv.  (1862),  p.  290.] 


a  T.  12 
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322. 

ON  THE  SKEW  SURFACE  Of  THE  THIKD  ORDER. 

[From  the  FkUot«^iad  Ma^WMtt  vol  XUV.  (1862),  pp.  514— olU.] 

Thb  skew  surface  oi  the  third  order,  or  "  cubic  scmll "  (dito-egarding  a  oertain 
special  form),  may  be  eouiidawd  as  generaiei]  fay  a  line  whidi  always  pMses  through 
three  ilirectrices;  viz.,  a  plnne  nibic  having  a  nwlf,  and  two  lines,  one  of  them 
meeting  the  cubic  in  the  node,  the  other  of  them  meetiug  the  cubic  in  an  ordinaiy 
point  The  analytical  investigKtiiOD  pMseasea  w>me  uitoresl  as  an  illoslinitioa  of  die 
atialytioal  tbeoiy  of  akeir  aat&eea  in  geneial. 

IMte  fbr  the  equatioB  of  the  enbie 

(ce  +  0')xy-  (a.'  +  If)  a/S  =  0, 

which  belongs  to  a  cubic  having  ;i  niKlc  at  the  origin,  and  passing  through  the  point 
(a,  0)i  and  fbr  the  equations  of  the  two  lines 

(«-flU»0.  y-tt«  =  0), 
(«-  «  =0,   y-  /8  -0)l 

Then,  {Xt  Y,  Z)  being  current  coordiaatcsi,  the  iH^uatioas  of  the  genemling  line  will  be 

X-  €-¥AZ, 
Y  =  y  +  BZ; 

when  this  meets  the  line  {X—taZ^O,  V—nZ^sQ),  we  have 
and  thence 

j(«-jB)-y(m-.-l)  =  0; 
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or,  whut  is  tho  same  thing, 

jur  -  my — Ap il  jr  B  0 : 
and  when  it  meets  the  line  (JT-tieO,  Y—fi^O),  we  have 

m=x  +  AZ, 

KoA  thenco 

We  haTe  thus  the  syBtem  of  equaUons 

(*»+/8»)^-(«»+y«)««8«»0, 

««"—  my  —  Ba(+  Ay  =  0, 

troDi  which,  eliminatiug  {A,  B,  x,  y),  wc  obtain  the  equation  of  the  imrlace. 
Writing  in  the  last  equation 

aX  A^9(y-ff) 
(valaee  which  give  JSa— — «(/8!B-aif)).  we  find 

X+aaZ  =  {l-\-$Z)te, 

{n+0s)x  —  (m  +  aa)y  =  O; 


whence  abo 
that  10 


or  eliminating  «  from  this  equation  Hiui  thi  two  equationei 

x-X  +Z{x- a)«  =  0, 

y-  Y  +  Z(!f-fi)s'0. 
we  have  t 

((iM  ^mfiy£+fiX-aT\      J)-  ir(«  -  aXnJr  >  mlT)-  0, 

+ /8X-«F)  <y  -  F)-*<y-ifl)(nZ-«F)=0; 

theee  give 
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and 

ily  -  i'  \{na  -  mfi)Z-¥  ffX  -aY}  -  0Z{nX^mY) 
=  nZ<tY+  YWX  -  aY)  -  nZfiX 

where 

^^{X-mZ)'-a{Y-nZ)-E\n{X^mZ)-m{Y-nZ)] 
=  (fi-nZ){X-mZ)-ia-mZ){Y-n2)i 

80  that 

 (.V-wZ)(^.Y-ar)  

"(/8-n^)(JK-in2?)-<a-in2)(jr-ii^' 

^'*'0»-iii)(Z-™i)-(a-.««)lF-iaf)' 

wliioh  equations  give  the  coordinates  (2:,  of  the  point  in  which  the  genenting  Vam 
through  the  poiat  (X,  Y,  S)  of  the  wurtaoa  meets  the  cubio 

(«• + ay  -    -f  y*)  ^8  -  01 

Substituting  these  vahicjj  of  {jc,  y)  in  the  equation  of  the  cubic,  wo  obtain  the  etjuation 

~afi(fiX~ar)  {(X-ii»«)«+(F-ii«)F|  *0 ; 

or,  as  it  may  he  written, 

{cf  +  fiF){Z~mX)iY'-n£){0(X-mZ)-aiY~n^] 
+  («•  +  /9») (X  -  mZ)  (Y-nZ)Z  (m Y -  nZ) 
^afiifiX^aY)  iiX-mZr+iY-nXyi  -a 

This  eqnatiion  oontMns,  howeier,  the  extnuwoos  ftctor 

f3{X  -mZ)-a{Y-nZ), 

which,  equated  to  zero,  gives  the  equation  of  the  plane  through  the  node  aud  the  line 
{x  —  ms  —  0,y  —  m  =  0).    In  fact,  assuming 

(ce+iS*) iX-mZ)iY'-nZ)Z  (mY-nZj-afiifiX  -  oK)  {(X  - mZy  +  (Y-  nZf] 

»\B{X  ^na)-a{Y-HZ)\<t^iX,  Y,  Z% 

it  will  pvBSBntly  he  shown  that  ^  fa  «n  integral  fbnetion.  Hence,  omitting  the  ftMtor 
in  question,  we  have 

(fl»  +  /9')<Z-wf>(F~«Z)+4»(Z,  F,  r)=0, 
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which  is  the  equation  of  the  surface.  It  only  remains  to  tiad  4> :  writing  for  this 
INupoee  X+m£,  T+nZ  is  the  place  of  Z,  T,  respectively,  and  putting  for  a  monunit 

<P(X+niZ,  Y  +  tiZ,  J2)  =  *', 

we  have 

{f  +  ^)  XYZ  (mY- fltfS  [j8(2r  +  fi»^)  -  a(F  +  »ir)|  {X*  +  P)-  03Z  -  aF)  •I*' ; 
that  ia 

<^tr -«r)*'-*l(«?+j8^zr(mF-ii«)-(z>  +  P)d?|S(i«3-i««)} -(«r-«r)^(j^^ 

or,  effi»edng  the  divtnon, 

=  ^  {( J»a  -        (aH  -  ^m)  -  X  Y  (a»m  +  ^n)]  -  o/9  (Z'  +  F'), 
and  then  writing  X  —v^,  F  -     in  the  place  vi  X,  Y  respectively,  we  have 
*<X  F,^-Z{((X-mir)»«-(F-ii*)»/8)(«»-i9») 

-  (Z  -  «»^)  (F-fi«)(«ftiH'/9^)}  -  «3  {(Z  -  m^y + (F-  nXyj. 

Hence,  liiially,  the  equation  of  the  surface  is 

(«• +^)(Z-m«)(F-flr)-««9«Z -«*>«+<F- it«y] 
+Z{((Z -m^y  « -(F-K^^)  (<m -i8»»)-(Z-m«)(F-ii^)(rf»  +  fl^))  -  0, 

which  is,  as  it  dMtild  be,  of  the  third  onler* 

Arranginj^'  in  powers  of  Z  and  Inducing,  the  equation  is  found  to  be 
(t^-^^)XY  -afi  {X » +  F*) 
+  ^  t_ («.  +  /9.)(mF  +  n  J )  +  (A'»a  +  F'/9)       -f  «a)  +  a/S  (mA'"  +  nF")  - (aftii  +  /3^)  ZF} 
+ {«»  («•  +  i9»  -  tfZ  -      )  OSii»  -  «m»)  {fiX  -  aF)j  =  a 
The  fiiit  fimn  puts  in  evidttooe  the  nodal  line 

(Z-m2»0.  F- 11^=0). 
and  the  BBoond  fonn  patB  in  evidence  tl^  limple  line 

(Z-«-0.  F-^-OX 

But  to  obuun  a  more  convenient  form,  write  for  a  moment  X  —  mZ  =  P,  V—nZf^Qi 
the  equation  is 

or,  as  this  may  be  written, 
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or,  observing  that  X  =  P  +  mZ,  V  =  Q  +  nZ.  atiii  Llanice 

PY^QX=£  (P«  -  Qm),         +  Ql*  -  P»  +  g»  +  Z(mP*  +  nQ'h 

the  equatkni  beeames 

(«*•+ j8«)  PQ+(«CP  -  ff^HPy  -  QX)-itl3 (M  +  Q«r)-0, 

or,  what  i»  th«  tame  thing, 

(a/^  -  00")  (9Y-0X)+  PQ  («^  +  y?" -  a».Y  -  ^ l'>  =  0  ; 

whuucu,  makiug  h  slight  cbaugc  in  the  form,  iuiU  rc»turiug  for  i',  thoir  valiie;%,  the 
equation  is 

;a  (A'  -  mZf  -fi(Y-  nZy]  ^^(Y-fi)-fi(X-  <x)\ 

-  (X  -  mZ)(r- nZ)  lct>  (X  -»)  +  $'{)'- 0)'.  =  0. 

a  form  which  puts  in  evideucc-  ua  well  the  simple  line  (A— aaO,  V—^—O)  as  the 
nodiil  line  (X-mZ^O,  F-nZ-O). 

li  Z  =  0,  we  havf 

which  is' in  fiMt  the  eubie  curve  (e*  +  /9*)ZF-^(X*4-  P)->0. 

Reverting  to  »  ktemer  vfttem  of  equations 

1UB  —  my  —  Uj:  +  Ay  -  0, 
P<«-a)-^Cy-i8)-0. 

(NV  a»  these  may  be  written, 

&  —  ily  »  DC— my, 

}i(tix-  ay)  =  (/3-y)  (tu  -  M*y>, 
A(Jix-9n)»ia-{i;)iHse-^  my) ; 

y  (tt  -  ac)  (liar  -  my)  „ 

as  the  equations  of  the  genemtiufr  line  which  paasee  through  the  point  y)  of  the 
cubic  ourve. 

2,  Stone  Buildings,  W.V.,  October  2iS,  1»62. 


we  find 


so  that  we  have 
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323. 

ON  A  TACTICAL  TUEOKEM  RELATING  TO  THE  TKIADIS  OF 

FIFTEEN  THINGS. 

[From  the  PkUoat^iical  Ma^atiw,  toL  xxv.  (186^).  ppi  59—61.] 

The  schoul-girl  pivblem  may  be  stated  an  fbllowH; — ^"With  15  things  tu  I'onu 
95  triads,  inV'dvi^g  all  the  103  duada,  and  aueh  that  they  can  he  divided  into  7  systems, 

lach  of  5  triiids  rontaining  all  the  15  things."  A  more  simple  problan  ifl,  *With 
15  tihiiig8,  tu  forai  >'id  triads  involving  all  the  105  duads." 

Ij)  the  !*ohition  which  I  formerly  gave  of  the  school-girl  problem  {PhiL  Mag. 
voL  xxxvii.  1850,  [»2J),  and  which  may  be  presunttid  iu  the  form 


a 

b 

c 

d 

e 

/ 

9 

abc 

35 

17 

82 

64 

62 

84 

15 

37 

»/n 

13 

57" 

80 

42 

bdf 

47 

1 

38 

bge 

58 

23 

14 

- 

IT 

tdg 

12 

78  1 

-  - 

56 

34 

«/ 

3G 

27 

i    !  »«| 

(vilb  the  ^Magt  heing  a,  b,  c,  d,  9, /,  g,  1,  2,  3,  4.  5,  6.  7,  8,  the  fint  pentad  ef  triada 

is  abc,  rf35,  e  17,  fH2,  g64,  and  so  for  all  the  seven  pentads  of  triadti),  there  is  obviously 
a  diviiaoa  of  the  15  things  ialo  (7    8)  thinga,  viz.  the  35  triads  are  compuiied  7  of 
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them  each  of  3  out  of  the  7  thingit,  aad  the  remaining  28  each  of  1  out  of  the 
7  tbuigi,  tad  2  out  of  the  8  thingit  or  attendii^  only  to  the  8  things,  there  are 

2S  triack  each  of  th(Mn  containing  a  duad  of  the  S  things,  but  there  is  no  triad 
consisting  of  3  of  the  8  things.  More  briefly,  we  may  say  that  in  the  system  there 
is  an  8  without  3,  that  is,  theie  Me  8  thi^  vuk  thwb  no  triad  of  tbein  ooeius  in 
the  eyeteu, 

I  helieve»  hut  an  net  auie,  that  tn  nil  the  atriutiena  whidi  have  been  given  of 
the  Kshool-giTl  ptobtem  there  ia  en  8  without  8. 

Now,  considering  the  more  simple  prohlem,  there  are  of  course  sohitions  which 
have  an  8  without  3  (since  every  solution  of  the  school-girl  problem  is  a  solution  of 
the  more  simple  problem):  but  it  is  very  easy  to  show  that  there  is  no  aolation  which 
baa  a  9  without  S.  1  wiah  to  ahow  that  there  is  in  every  solution  at  least  a  6 
without  3.  This  heing  so,  there  will  be  (if  they  all  exist)  3  cla-saes  of  solutions,  viz. 
those  which  have  at  most  (1)  a  6  without  d»  (2)  a  7  without  3,  (3)  an  8  without  3. 
I  believe  tfant  the  fiiat  wd  aaoond  daane  exist,  as  well  ea  the  thiid,  whioh  ia  known 
to  do  aok 

Hie  piepo^on  to  be  proved  ia.  that  given  any  ayatem  of  36  triads  involving  all 

the  duads  cjf  1."  things ;  theif  are  always  C  things  which  are  a  ft  witlimit  ^,  that  is, 

they  are  such  that  no  triad  of  the  6  things  is  a  triad  of  the  system.   This  will  be  the 

ease  if  it  is  shown  that  the  number  of  distinct  hcxads  whioh  can  be  formed  each  of  them 

.  .  ,    .  ,      .1      /IS.  14. 13. 12.11.10    ^  ^  „,„   \  . 

containing  a  tna<l  ot  the  »yat<"n»  us  less  than  (  j    o         4,    5    f;  =  « • '  •  il  •  13  = )  .>w.j, 

the  entire  number  of  the  hcxads  ot  15  thingf.    Now  joining  to  any  triad  ot  the  ^V!»t<fm 

a  triftd  formed  out  of  the  remaining  12  thiogn  (there  are  -^'-^^^^  =  4.5.11  =  220 

such  triads),  we  obtain  in  all  (220  x  35  =)  7700  hpxaHs,  rmch  of  them  containing  u  triad 
of  the  system.  But  these  7700  hexads  arc  not  all  of  them  distinct.  For,  first,  coq- 
aidering  any  triad  of  the  system,  there  ere  in  the  aystem  16  other  triada,  each  of 
them  having  no  thing  in  conimon  with  the  first-mentioned  triail.  (In  feet  if  e.g.  123 
is  a  triad  of  the  system,  then  the  system,  since  it  contains  all  the  duads,  must  have 
besides  6  triads  containing  1,  G  triads  containing  2,  and  6  triads  containing  3,  and 
therefore  36— 1  —  6-6  — 6a>  16  trwb  not  eontatning  1,  2,  or  8.)  Hence  we  have 

^35^>  _^       bezada,  eadi  of  them  composed  of  two  triads  of  the  cgpatem ;  and  smoe 

eadh  of  theae  hezaib  can  be  derived  from  either  of  ita  two  eompment  triads,  these 
280  hexads  fmseat  themselvee  twice  over  auMmg  the  7700  h^mda, 

Seoond]y»  there  are  in  the  system  seven  triads  eontstning  eada  of  them  the  same 
one  thing,  e.g. 

123,  146,   167,  180,   1.10.11,  1.12.1s,  1.14.16. 

(7    G  \ 
^2  =]  2'  pain  sueh  as 

128,  146  containing  the  thing  1.  and  thei-efore  (15  x  21=)  315  pairs  such  as  0^7,  a£e. 
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And  tor  aay  Bucb  pair,  coiubiuiog  with  a^yCe  auy  gne  of  the  reoutining  10  thiogs, 
we  hvn  10  hexacb  tffn^f        ^  them  derivable  finm  mth«r  of  the  triads  a0y,  ei&r; 

that  is,  we  have  (315  x  T0=)31-"0  hcxad^  which  present  themselvt-s  twice  ovti  among 
the  7700  hexads.  The  hexads  not  belonging  to  one  or  other  of  the  foregoing  classes 
are  derived  each  of  them  from  a  nngle  triad  only  of  the  system,  and  they  present 
themeelveB  omie  among  the  7700  heuda.  Tina  number  ui  oonaequffiailf  made  up  aa 
foUowa,  vis. 

280  hexads  each  twice  =  otiu 
3150        „  „  =6300 

840        „  once  =  840 


4270  7700 

or  theira  aie  in  all  4270  distinct  hezads;  and  since  this  is  less  than  6005,  it  followa 

that  there  are  hexads  not  containing  any  triad  of  the  f'j'.Hti-m :  there  must  in  fact  be 
(dOOi}  —  4270  =)  735  such  hexads.   The  theorem  in  question  is  thus  shown  to  be  true. 

2,  Stone  BuUdingg,  W.C.,  ^'ovember  24.  1862. 


c.  V.  18 


Digitized  by  Google 


98 


324. 


NOTE  ON.  A  THEOREM  RELATING  TO  SX7RFACE8. 

[Aom      PftOosopAtcoi  Jfn^KuAMk  vol  ZXT.  (1868X  pp.  61,  62.] 

The  following  a^MBectly  self-evident  geometrical  theoreDi  requiTM,  I  think.  * 
proof ;  viz.  the  theorem  is- — "  If  every  plane  section  of  a  surface  of  the  order  m  + » 
break  up  into  two  curves  of  the  ordera  nt  aad  n  respectively,  then  the  surface  breaks 
up  into  two  flaifiwM  of  tlu)  ofden  m*  n  leqteetively.* 

To  fix  the  idoui,  rappow  nasi.  Tmngino  any  line  nwelmig  the  flOT&ee  in  m  +  t 

points,  the  section  incUides  a  conic  which  meets  the  line  ill  two  of  the  m+2  points, 
say  the  points  A,  il'(').  Suppose  that  the  plane  revolves  round  the  line  AA',  the 
section  will  always  include  a  conic  which  passes  through  thete  same  two  points  A,  A'; 
and  it  u  to  he  ahown  that  the  ibeetk  die  lecoa  of  this  oonie^  is  a  eorboe  of  the 
second  order.  In  bet  the  conic  in  question,  .say  APA',  by  its  intei-sectiou  with  an 
arbitrary  plane  traces  out  a  branch  of  the  intersection  of  the  given  sur&ce  with 
the  arbitrary  plane.  And  if  ABA'B'  be  the  conic  in  any  particular  plane  through 
A,  A',  md  if  the  athiteary  plane  meet  this  ctmic  in  the  points  B,  then  the  hnnch 
passes  through  these  points  li,  I?.  Imagine  the  plane  ABA'B"  revolving  round  BB" 
until  it  coincides  with  the  arbitrary  plane;  the  section  includes  a  conic  passing  through 
the  pomta  B,  B",  and  tiie  hefiaffe<tnetttioned  biaueh  ta  thia  conk;  that  is,  the  come 
APA'  by  itH  iut/ersection  with  an  aihitniy  plane  traces  out  a  conic;  or,  what  is  the 
same  thing,  the  sheet,  the  locus  of  the  conic  APA',  is  met  by  au  arbitrary  plane  in 
a  conic,  that  is,  the  sheet  is  a  surlace  of  the  second  order;  and  the  given  surface  thus 
inelwlaB  a  ntfiwe  of  the  aacond  order,  and  ia  thendhre  nade  np  two  aorftoea  of 
the  oideie  m  end  8  faapectividy.  The  demonstntioD  aaenia  to  me  to  add  at  laaat 

■  The  flgore  referred  to  will  be  at  onee  understood  by  ooMidering  A,  A'  as  dio  pole*  at  sb  dl^MU,  av 
■ajr  of  ft  qbwtb  ^iBA'B"  tiM  DMiidiu  of  pnieotti^  APA'  aqj  otiur  iMridiaii,  BPBT  tfaa  stator  tr  war 
ItMit  (Mle. 
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something  to  the  evidence  of  the  theorem  asserted,  but  I  should  be  glad  if  a  more 
ahnpte  one  oonld  be  Iband.  Analytically,  the  tbeorem  ie— *If 


where  (a,  /3,  7)  are  arbitrary,  break  up  into  fiwtors  (j-,  y,  «)"»,  {x,  y,  «)»  rational  in 
regard  to  («,  y,  «),  then  («,  y,  «,  »)"»+»  breaks  up  into  factors  (a:,  y,  to)",  («,  y,  «,  w)", 
rational  in  regard  to  y,  «,  10).'*  It  iroald  at  first  sight  appear  that  (c^  fi,  y)  \mag 
arbitrary,  these  quantities  can  only  enter  into  the  factors  of  (f^  jf,  m  +  fi^+ysY^ 
through  the  quantity  ax  +  ^t/  +  yt;  that  is,  that  the  fiaflton  in  queiticn,  oouidend 
functions  of  (x,  y,  z,  a,  0,  7),  arc  of  the  form 

(ic,  y,  2,  <ue  +  ffy  +  yi)",  («,  y,  «,  a«  +  /9y  +  7*)" ; 

and  thtu  replacing  the  arbitrary  quantity  cui!  +  0y  +  ys  by  w,  the  factors  of  (  c,  r/,  s,  w)"*" 
will  be  («,  y,  t,  wf*,  jft  (v)".  But  the  objection  proves  too  much ;  for  in  a 
nmUtr  iray  it  wodd  fdkiw  tfaat  if  (x,  y,  ax  +  /9y)"^,  wh«re  9,  fi  an  arbitnuy,  breaks 
up  into  the  factors  (ts,  yf*,  (»,  yY,  rational  in  regard  to  (x,  y)  (and  quA.  hom<sgeD(X)us 
function  of  two  variables  it  always  doct  so  break  up),  then  {x,  y,  would  in  like 

maoner  break  up  into  the  factors  {x,  y,  {x,  y,  s)",  rational  in  regard  to  («,  y,  z): 
and  a  simple  esampie  will  ahow  that  it  ia  not  tme  tbat  tike  fiustota  of  {»,  y,  tm+fy)r^ 
only  contain  (a,  ff)  thtoagh  m+fiy,  in  Ibet,  if  tile  fimetioo  be  ''^+j^+{tK+fijff, 
then  tile  factor  is 


(x,  y,  t,  ox  +  ^y  +  7^)' 


1 


which  cannot  be  exhtbite<]  a»  u  function  of  a,  0,  ax  +  ffy. 

I  am  not  acqtmlnti  d  with  any  analytical  denuntstratbo ;  the  geometrioal  one  cannot 
eaBUy  be  exhibited  in  an  aoalyticid  form. 


13—2 
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325, 

NOTE  ON  A  THBOBEM  RELATING  TO  A  TBIANOLE,  LINE,  AND 

CONIC. 

[From  the  PkOtrnfMeal  Magadm,  iraL  m.  (1868),  pp.  181— 188L} 

I  nxD,  among  my  papers  headed  "  Ot:'at>rali2jition  «f  a  Theorem  cf  Steiner^Bt,"  an 
investigatioD  leading  to  the  following  theorem,  viz.: 

GiriBidtr  a  triangle,  a  line,  and  a  conic;  with  each  vertex  of  the  triangle  join  the 
point  of  intersection  of  the  line  with  the  polar  of  the  same  vertex  in  regard  to  the 
eonie;  in  urder  ttiat  tbe  time  joining  lines  may  meefe  in  a  point,  the  line  muat  be 
a  tangent  te  %  curve  of  tlie  tlmd  dan;  if,  however,  the  conic  break  up  into  a  pur 
of  lines,  or  in  a  certain  other  cnne,  the  curve  of  the  third  claas  will  break  op  into 
a  point,  and  a  conic  ioacribed  iu  the  triangle. 

Let  the  eqnationa  of  the  adea  of  the  triangle  be 

«_0,  y>0,  «aO, 

the  eqmrtion  of  the  oonie 
and  Uiat  of  the  line 

then  the  polar  of  the  vertex  (yvO,  a«0)  haa  ibr  iti  equation 

<Mf+*Sf+y»=0; 

it  therefore  meeta  the  line  \x  +  fty  +  vz  =  0  in  the  point 
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and  the  equation  of  the  line  joimng  this  point  with  the  vertex  (^  =  0,  z^O)  is 
{aft—hX)y  =  {g\  —  av)z.  Tba  etpu&mB  of  the  three  joining  line>  tliwelove  are 


linee  which  will  meet  in  «  point  if 


tJiat  IB,  i1m  line  tnuat  toodi  a  enrve  of  lite  third 

If  tikM  eqiMtian  break  up  mk»  fiuitan,  the  fona  mvmb  he 

(aX  +  /9/4  +  yv)  {Attv  +  BvX  +  CV)  =  0 ; 

that  is,  wc  mui>t  have 


(uM  -  h\)y  =  {g\  -  ap)  e, 
{bv  —  /fi)  z  —  {hft  —  b\)x, 


or,  mvltipljing  oat  and  putting  ia  naual 


£  -  die  - 1^  -    -  eH* + 


Aa  +  B^  +  Cy  =2(abc  -fgh), 


and  (be  laat  six  equaiiouti  give  without  diHiculty 


when  k  w  arintnuy ;  the  fiwt  equation  then  give* 
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or,  reducing  hy  the  equations  ®^  =  ^g  +  aj^,  &c.,  this  is 

which,  anlMtitvtiiig  for  9,  9f     their  v»luea»  beoomeB 

Henoe  if  tint  i§j  if  the  conic  braak  up  into  $,  pnt  of  ItnM,  or  if 

.     a*    Z>*  c* 

in  either  caae  the  equetioii  of  the  curve  of  the  tluid  chM  beoomee 

that  is,  the  eorre  hndke  itp  into  a  pobt,  end  a  oonie  inacrihed  in  the  triaoglei. 

In  the  case  where  the  conic  breaks  up  into  a  pair  of  lines,  then  we  have 
(o,  b,  0,/,  g,  k$iB,  If,  «]^»2(fW<l'9y4'ra)(ii'«+e>-l-f^«X 

and  tfaenoe 

(It «. «;  R    M«i  y.  #y=-((«''-«»«+(rp'-''p)y+(rt'-rtM*; 

«>  that  the  equatum  in  (X,  ^  v)  is 

tlvV-  ^r),»,  ^9t{^-^'P)  i-X+rK  («^  -J>'f)M  -  0 ; 
tihwe  the  point  nqpiroacnted  by  the  c<|aation 

(gr'  -  g'r)  X  +  (rp  -  r'p)>*  -f  (pj'  -  y'j)  v  =  0 

is,  of  course,  the  intersection  of  the  tivo  lines. 
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32e. 

THEOREMS  RELATING  TO  THE  CANONIC  ROOTS  OF  A  BINARY 

QUANTIC  OF  AN  ODD  ORDER. 

[From  the  PAifcwgijUbal  Magamiit,  vol  xxt.  (186S),  p|x  S06— 206.] 

I  CALL  to  mind  FrofeaBor  Sylvester's  theory  of  the  caDonical  form  of  a  bioaiy 
quantb  of  an  odd  «id«F;  vi&,  tbe  qtiantic  of  tlw  order  Sn  +  l  my  be  eipraeBed  as 

•  Mim  of  a  number  n  +  1  of  (2m  4*1)111  powers,  the  root^i  of  which,  or  say  the  canonic 
roots  of  the  cjnantic,  nre  to  constftnt  mnltipliers  prh  thp  factors  of  a  ccrtaiu  covarintit 
derivative  of  the  order  (n  +  1),  called  the  CanonizanL  If,  to  fix  the  ideas,  we  take 
a  ttointic  fonetkn,  tlieii  we  may  write 

(a,  6.  c,  d,  «i  = ^  (te  +  my/  +  A'  {I'x  +  w!0  +  A"  {L"x  +  m"yf 

(it  would  be  allowable  to  put  the  coefficients  A  each  equal  to  unity ;  but  there  is 
a  convenienoe  in  retaining  them,  and  in  considering  that  a  canonic  root  Ix  +  my  is 
only  given  as  regards  the  ratio  I  :  m,  the  coefficienta  I,  m  remaining  indeterminate); 
and  then  the  eanoDic  roota  (l0H>MyX  te;  we  the  betoca  of  the  Oanonaant 


9*. 

«t 

h  , 

d 

b, 

d  , 

e 

c , 

d  , 

9  , 

/ 

It  ia  to  be  obaerred  that  this  reduction  of  the  quantic  to  ita  oaaoiikal  finrn,  Le. 

to  a  mm  of  a  number  n  +  1  of  (2n+r)th  fKjwers;,  is  a  unique  one,  and  that  the 
quantic  cannot  be  in  any  other  manner  a  sum  of  a  number  n  +  1  of  (2n  + 1)  th  poweza. 
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Pkofewor  S^v«ater  ocmnuiuoBtied  to  me,  uoder  »  aUghtly  less  general  fono,  nd 
hat  pennitted  me  to  ]nibluh  the  foUowing  tlieomiiB: 

1.  If  the  second  eiUMUiaiit  {X9m+TdgfV  has  in  oommoD  with  the  quamtic  ZT  s 

siugle  canonic  root,  then  all  the  canonic  roots  of  the  emanant  are  canonic  roots  of  the 
quantic ;  and,  moreover,  if  the  remaining  canonic  root  of  the  quantic  be  rx  -4  s>f,  then 
{X,  F),  the  iacicnts  of  emanation,  are  —(a,  —r),  or,  what  is  the  same  thing,  they  are 
ffwn  hy  the  equaliQii 

canont.  U  (X,  Y  in  place  of  «,  y)— 0. 

In  Ikcl,  couBideruig,  as  before,  thv  quiiitic  U  =  {a,  b,  c.  d,  e,  f^x,  y  f,  we  have 

U=A{lx  +  myf  +  A'  {fx  +  myf  +  A"       +  m"yy, 

and  thence 

(Za.+  T9^yir-B(lx  +  myy+R  (r«+  m'yy+  Br(rx  +  m"yy, 
if  for  shortness 

Suppow  I'Sy)*  U  has  in  cohhuoii  with  U  thi  canonic  root  Ue  +  my,  then 

{Xdf¥  YdgyU~C{Le+myy  +  €'(j)x  +  qny, 

and  thence 

F  (/'a  +  7«'y)'  +  B"       +  m"yy  =  (V  -  B)  (Lr  +  myf+C'(px  +  qyf. 

which  must  be  an  identity  \  for  otherwise  we  should  have  the  same  cubic  function 
expressed  in  two  different  CMonical  fonn&   And  we  may  write 

and  then  we  have 

to  that  all  the  canonic  roots  of  the  emanant  are  canonic  roots  of  the  quantic  Mere* 

over,  the  condition  B"  =  0  gives  l"X  +m"Y=-  0.  that  is,  X  :  F  =  to"  :  -  T,  or  unittng 
ra+sy  instead  of  t"x  +  Tn"y,  X  :  Y  =  8  :  —r  ;  and  the  system  b 

U=A{!x  +  myy  +  A'  {I'x  +  m'yy  +  ^  (»w  +  9yy, 
{jHf-i^y  U'B (te +inyy +  my/, 
which  proves  the  theorem. 

2.  Tbo  two  fimetiooa,  canmbl?,  canont.  (Z2!c+P3^)*£r,  hare  for  their  lesnitant 
(oanoot  UiJ[,7m  place  cf  m,  y)}**,  if  Sn  +  1  be  the  order  of  U. 

In  lact»  in  order  that  the  equationa 

canonl  IT  >  0,  canttnt,  (A'c*,  +  Yd,y  U-0, 
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may  txmdA,  their  resultant  must  TuiBh;  and  oonvendy,  wli«i  the  reenltaat  vaoiehee, 

the  equations  will  have  a  common  root.  Now  if  the  equation  canont.  {Xdg  +  YdyY  V  =  0 
has  a  common  root  with  the  equation  canont.  U  "0,  all  its  roots  are  roots  or 
canont.  ZTsO;  aad,  moreover,  if  +  ^  —  0  he  the  remaining  root  of  canont  (TsO, 
then  Z  :  7m«  ;  ^r,  that  ie»  we  have 

canont  U  {X,  V  in  place  of  x,  y)  =  0 ; 

or  the  resultant  in  question  can  only  vaniah  if  the  laet-mentioned  equation  is  satisfied. 
It  fiollows  that  the  resultant  must  be  a  power  of  the  ntt/aetum  of  the  equation;  and 
oheervu^  that  canont  17  b  of  the  form  {a,  ...y***  (x,  y)'*',  i.e.  that  it  is  of  the  degree 
« + 1  well  in  regard  to  the  coeflScients  as  in  rfsjard  to  the  variables  (x,  y),  it  is 
eas)'  to  see  that  the  resultant  is  of  the  degree  2n(n  + 1)  as  well  in  r^;anl  to  the 
ooeffidente  as  in  repgi  to  (X,  F);  Chat  k,  we  have  Sn  ea  the  index  of  the  power 
in 


8,  In  particular,  if  F— 0,  the  theoffoai  »  that  the  lemltant  of  Ih*  fimefeiona 
canontk  U,  oanont.        ia  equal  to  the  Snth  power  of  the  fint  eo^BoiBint  of  oanont.  U. 

Thus  for  n  =  l,  that  is,  for  the  eahUe  fiinolion  (a,  b,  c,  d^x,  yf,  we  have 


canont.  U  = 


y",  -ay,  =(oc-6',  ad— be,  W— c*3[«,  y)', 
a,      b  ,  c 


i  ,     e  ,  d 
U  » 

and  the  reeultant  of  the  two  ftnetiona  is 

-(ao-ft*.  od-fie^  hd-t^-ay 

whidi  verifies  the  tbeontn. 

The  theorems  were,  in  fact,  given  to  me  in  relation  to  the  quantic  U  and  the 
aeoond  difiben^  ooefBcient  9^U;  hut  the  introduotion  inateed  thereof  of  the  Moond 
emaaant  (Xia-^TdffU  piewnted  no  dilBenlty. 


2,  jStoM  BrntHiifft,  W.O^  Mnawy  16. 186& 
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327. 

ON  m£  STEREOGBAPHIC  PEOJECTION  OF  THE  SPHERICAL 

CONIC. 

{From  the  PkOaaepkieat  Magtumt,  voL  xrr.  (1863X  FP*  860— 85S.] 

Tx  order  to  thu  tolcrublo  ilL'liiiLuiIoii  of  some  figures  relating  to  spherical  geometri*, 
i  had  occasion  to  coutuder  the  tstereographic  projection  of  the  spherical  conic  Tu  tix 
tile  Mata,  itniiglne  a  sphere  having  ito  oeatre  in  the  |dane  of  the  paper,  and  thnnigli 
the-  centre  three  rectjiiigutar  axes,  that  of  x  horizontiil  and  that  of  y  verticaJ,  in  ttc 
plane  of  the  paper,  and  the  axis  of  z  perpendicular  to  and  in  &ont  of  the  plane  of 
the  paper.  The  radiuB  of  the  sphere  is  taken  equal  to  uoity  (flo  that  its  intcrsoctioo 
hf  the  plane  of  the  paper  is  the  drcle  radius  uiuty).  and  the  pomts  X,  T,  and  £  ue 
taken  to  denote  the  points  where  the  axes,  drawn  in  the  positive  direction,  meet  the 
surface  of  the  sphere ;  and  the  opposite  points  are  called  X',  T,  and  The  cjre 
IS  supposed  to  he  at  7,  and  the  projection  to  he  made  on  the  plane  of  the  paper. 
This  being  so,  and  NuppoKing  that  tho  axes  of  coordinates  are  the  principal  axes  of 
the  spherical  conic,  the  aaia  of  x  heinij  the  interior  axis,  and  takillg  9*  the 
cooidinates  of  a  point  on  the  spherical  conic,  its  equations  are 

-f +if«ot*^+^-0; 

where  it  may  he  remarited  tiiat  tanjS,  s  are  the  senuaxes  of  the  fdane  conie  vhioh 

b  the  gnomonic  projectiw  (Le.  the  projection  by  lines  through  the  4Ssintra  of  the 
sphere)  of  the  ephedoal  oonio  on  the  tangent  plane  at  X  or  X'. 

Taking,  for  a  moment,  «,  y,  z  as  the  foordinates  of  a  point  on  the  projecting  line 
(that  iS)  the  line  through  the  eye  to  a  point  (|,  9,  on  the  spherical  conic),  the 
equation  «f  this  line  is  ^ 
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mi  tfaame  puttiiig  «*0,  y  will  be  tlie  oooidiiates  of  a  point  of  the  pfC|jeefeioD, 
end  we  bttve 


«r.  whtt  is  the  nme  things 

the  equations  of  the  spherical  conic  may  be  written 

({•-!,•  oet?^; 

•ikl  by^  dtnunatiQg  |,  «*  C  ftoni  tiie  finir  equatiODa,  we  obtMn  the  equatioii  of  the  conic 

Substituting  for  (  aud  tj  their  vahieH,  we  hud 

i;«-c»(i*«-s(*ool?/8)(l-iyi 
or,  ofaeemng  that  the  tint  eqpiation  gtve» 


and  that  thence 


the  equation  is 


(«!■ + ^  - 1)* «  4c»    -  y  cot' ;S). 


It  is  now  very  easy  to  trace  the  curve.    We  see  first  that  the  curve  is  aymmetrical 

with  JTsprct  to  the  axp«,  atifl  that  it  meets  the  axis  of  y  in  four  UnagiUMy  points, 
but  the  axis  of  x  iti  four  i^l  poiuUs,  the  cuordiuulcii  wheieot  aix* 

80  that  the  two  points  on  the  same  side  of  the  oeatie  are  the  images  one  of  the 
Other  in  regaid  to  the  oinsle  cadius  ani^.   Moreover  the  eurve  touches  the  lines 

y-i»t«ni9 

at  their  inteieectioiw  with  the  dicle.   By  developing  in  regard  to  y,  the  equatioti  becomes 

J/*  +  2  (a?  -  1  +  Zc' oot^/3)  y*  +  («•  -  ly  -  4c?*' «  0 ; 

and  putting 

14—2 
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the  Im  term  v«iu8hea»  and  the  equation  gives  if  =  0.  or 

=2(l-j7'-2c»cot»/9) 

-  4  (-   T  c  Vi+"c^  -  c»  oot^  iS) 

-  eooaa^fi  T  vT+y), 
the  upper  sign  ooRiespoDdtag  to  tlie  exterior  value* 

•nd  the  lower  aign  to  the  interior  values 

In  the  ibmer  caae  the  vnlnee  of  y  are  inu^pnuy;  in  the  latter  caie  tht^  aie  led  if 

Vl4>c^>ecaeee/9. 

or,  what  is  the  aame  tiling,  if 

Hin*/9> 


that  is,  if  (for  a  given  value  of  c)  >3  ia  sufficiently  great*  but  ofcherwise  they  era 
imaginary. 

If,  as  in  the  annexed  figurea.  (and  therefore  Vr+^-|f,  Vl+^i^^esf, 


vT+c*  — C  =  |),  then  for  the  limiting  value  of  /3  wc  have 

Bin-  ^  =  r^~  'M-iH,  siu  ^  —  (32,  or  ^  =  38"  nearly. 

In  the  first  fiprtirc  3  is.  Ic-s?,  in  the  Romnd  fi^ire  ^ntcr  than  this  value:  the  fonn 
for  the  limiting  value  is  obvious  from  a  comparison  of  the  two  figures. 

I  take  the  opportunity  to  mention  the  following  theorem,  which  is  perhajM  known, 
bat  I  have  not  met  with  it  anywhere ;  viz.  any  three  drekflj  each  two  of  whidi  meet, 
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may  be  considered  as  the  stereographic  projections  of  throe  great  circles  of  the  sphere. 
Id  fact  supposo,  as  above,  that  the  projection  is  made  on  the  plane  of  a  great  circle, 
and  ««]Hng  tldb  tlie  prindpal  otreks  tlio  prajeotion  of  any  ctiur  great  oirde  meeto  die 
principal  circle  at  the  extremities  of  a  diameter  of  the  principal  circle.  It  follows 
that  the  theorem  will  be  true,  if,  given  any  three  circles  each  two  of  which  meet,  a 
oiicle  can  be  drawn  meeting  the  given  circles,  each  of  them  at  the  extremities  of  a 
dnmeter  of  tllA  drd«  so  to  be  drawn.  It  is  easy  to  see  that  the  required  circle 
has  for  its  centre  the  mdical  centre  (point  of  intersection  of  the  nuiical  axe.s)  of  the 
given  circles,  and  that  the  radios  is  the  'Inner  Potency'  of  the  point  in  question  in 
regard  to  eadi  of  the  time  ^irm  eiidea.  Li  particohr  tbe  time  oirdea  hKving  ftr 
oentres  the  vertioes  of  an  eqailateral  triangle,  and  the  side  for  radius,  may  be  con- 
sidered as  the  stereographic  projections  of  three  great  circles  of  a  sphere.  This  vs  a 
very  ready  mode  of  delineation  of  a  spherical  hgure  depending  on  three  great  circles 
of  the  sphere. 


S,  8taM  BmUmgt,  WJO^  MM  SI,  1868. 


110 


[328 


328. 


ON  TH£  D£UN£ATION  OF  A  CUBIC  SCBOLL. 

[From  the  Fkikt(g^bioai  Majfoswe,  vol  xxv.  (1868),  pfk  526—630.} 

ImaoUiE  a  cubic  twroli  (t^kew  surface  uf  the  third  order)  geuerated  by  liues  each 
of  which  meeto  two  given  direotriz  tines.  One  of  these  is  a  nodal  (doable)  line  on 
the  fsurfitce,  and  I  call  it  the  nalal  directrix;  the  oth.  r  is  a  <)ingle  line  on  the  miTftice, 
au'i  I  call  it  thi-  sin^'lc  directrix.  The  suction  by  any  plane  is  a  cubic  passing 
through  the  points  in  which  the  piano  meets  the  directrix  lines;  le.  the  point  on  the 
nodal  directrix  is  a  node  (doable  point)  of  die  curve,  the  point  on  the  single 
directrix  a  single  point  on  the  curve;  the  two  directrix  lines,  and  the  cubic  curve, 
the  section  by  any  pkuie,  determine  the  scroll.  Consider  the  sectioaa  by  a  series  of 
parallel  planes.  Let  one  of  those  planes  be  called  the  basic  plane,  and  the  section  by 
this  plane  the  basic  section  or  haaie  oubic ;  and  imagine  any  other  section  project^ 
on  the  ba=;ic  plane  by  lines  pamllel  tn  the  nodal  directrix :  such  sectidii  may  be  spoki  n 
of  simply  as  '  the  section,'  and  its  projection  as  '  the  cubic.'  The  cubic  has  a  uode 
at  the  node  of  the  haBk;  cnUc;  that  is,  the  two  eurres  have  at  this  point  four 
points  in  common.  The  two  curves  have,  moreover,  in  euniiuon  the  three  points  at 
infinity  (or,  in  other  word;*,  their  asymptotos  arc  panillci);  in  tact  the  points  at  infinity 
of  either  curve  are  the  points  in  which  the  line  at  infinity,  the  inteisectioQ  of  the 
hasic  plane  voA  the  plane  of  the  section,  meets  the  seroll}  and  these  pi&ls  are 
therefore  the  same  for  each  of  the  two  curves.  The  remaining  two  points  of  inter* 
section  of  the  cubic  witli  the  basic  cubic  r\re  also  fixed  points  on  the  basic  cubic, 
Lu.  they  arc  the  poiuia  ui  intersection  of  the  baeic  plane  by  the  two  generating  liues 
psnllel  to  the  nodal  dirsetrix.  Heme  the  oobie  meets  the  hasie  culne  in  mne  fixed 
pointH,  viz.  the  injxic  counting  as  four  points,  the  three  poitits  at  infinity,  and  the  two 
points  the  feet  of  the  i^neiaton  parallel  to  the  nodal  directrix.  It  follows  that  if  CTs  0 
is  the  equation  of  the  besic  euhio,  F^O  the  eqnslion  of  lome  other  ealna  meeting 
the  hasie  cubic  in  the  nine  points  in  qnesttOQ,  then  the  eqnatten  of  'the  cahie'  is 
U+W^O,  \  bong  a  parftmeter  the  value  of  which  varies  aooovdiaig  to  the  positiDn 
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(in  the  seriea  uf  parallel  planes)  of  Uie  plane  of  the  sectioa.  Suppose  that  the  basic 
eaUe  CTbO  is  given.  aod'suppoM  for  *  nMtnent  that  tbe  euUe  VssO  w  alw  j^vwi, 
these  two  OUbka  having  the  above-mentioned  relations,  viz.  they  have  a  common  node 
and  parallel  asymptotes:  the  cubic  IT+\V  =  0  might  bo  constructed  by  drawing 
through  tho  node  (say  0)  a  radius  vector  meeting  the  cubics  iu  i',  I*'  itispectivcly, 

and  taking  on  this  radius  vector  a  point  Q  such  that  FQ^^-^  PF",  or,  what  is 

OP  +  XOP" 

fche  «wne  tlnns.  ji+x    *  ^         ^  ^  ^  *^  ^  ^  ^ 

{T+XVsO.  And  we  may  even  suppose  the  cubic  'F»0  to  break  up  into  a  line  and 
a  conic  (hyperbola),  and  then  (disregarding  the  Hnc)  mc  the  hyperbola  in  the  con- 
»tructioQ.  In  fact,  if  the  hyperbola  is  determined  by  the  following  five  conditions, 
viz,  to  ]MM  through  tlie  node  and  through  ^  feet  of  the  two  generators  parallel  to 
the  nodal  directrix,  and  to  have  its  asymptotes  panllel  to  two  of  the  asymptotes  of 
the  basic  cubic,  and  if  thu  Hue  be  taken  to  be  a  lino  through  the  uode  jjarallcl 
the  third  asymptote  of  the  basic  cubic;  then  the  hyperbola  and  lino  form  together  a 
colne  enrve  meeting  tiie  baric  cabio  in  tiie  nine  pointe.  and  therefiwe  ntiefying  the 
oonditiona  assumed  in  regard  to  the  cubic  F  =  0.  And  it  is  to  be  noticed  that  as  in 
general  th--  i^ubic  V=0  is  the  projection  of  some  section  of  the  !»cn>Il,  so  the 
hyperbola  and  uiiu  are  the  projection  of  a  section  of  the  scroll,  viz.  the  sectiuu  through 
one  of  die  genenting  lines  (there  are  thtee  suoh  l^Mt)  fiemUd  to  the  basie  plane. 
But  it  is  1>(  tttr  to  construct  'the  cubic'  by  a  different  method  (using  oiily  the  kislc 
cubic  U  =  0)  which  r^ult«  more  immediately  from  tho  geometrical  theory.  Taking 
the  banc  plane  aa  the  plane  of  the  figure,  let  0  be  the  nude,  or  foot  of  the  nodet 
direetrix,  K  the  foot  of  the  angle  directrix,  Ek  the  projection  of  the  angle  directrix. 


k  being  the  projection  of  the  point  in  which  the  single  directrix  meet«  the  plane  of 
the  aeetioD.  Drawtng  through  0  any  ndius  Teotor  meeting  the  baeie  oDhut  in  P,  and 
the  line  Kk  in  r,  and  producing  it  to  a  pr>])  r!y  determined  point  Q,  then  OPrQ  will 
be  the  projection  of  the  generating  line  which  meet*  the  nodal  directrix,  the  basic  cubic, 
the  single  directrix,  and  the  section  in  the  points  the  projections  whereof  are  0,  P,  r,  Q 
respectively:  and  the  oonridemtaon  of  the  lolid  figure  ahowa  eaeily  that  the  condition 
for  the  determination     the  point  Q  i» 
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Henoe,  starting 'frtnn  the  baaic  cuUc  and  the  line  Kk,  we  btve  a  oonstraedon  Cnr  tlw 

point  Q  the  locuH  whereof  in  the  cubic,  the  projection  of  a  section  of  the  scroll;  for 
the  projections  of  the  parallel  sections,  we  have  only  to  vary  the  length  Kk.  By  what 
precedes,  the  construction  gives  for  the  locus  of  Q  a  cubic  having  a  node  at  0,  and 
havbig  ite  asjnnptotes  parallel  to  those  of  the  banc  eubla  As  P  moves  up  to  K, 
till'  distances  Pr,  vK  become  indefinitely  small ;  but  tbt'ir  r.uio  is  fiuik-,  hence  thi- 
cubic,  the  locus  of  does  not  pass  through  the  point  K.  The  construction  shows, 
kowerer,  that  it  dees  pass  through  the  points  L,  M,  whiek  are  tlw  other  two  inter* 
sectioas  of  Ek  with  the  basic  cubic;  these  points  £^  Jf  are  in  fikct  the  feet  of  the 
genemton  psrallel  to  the  nodal  diiectriz. 

The  gvieral  oonclunoa  ia^  that  a  series  of  cubics  having  each  of  them  at  one 
and  the  same  ^ven  point  a  n<>de — having  their  a.«!}'mptotcs  parallel — and  besides 
passing  through  the  same  two  given  points — may  be  considered  as  the  projections  of 
«  soiee  of  parallel  seetioos  of  •  eulne  scroll;  sind  saoh  a  series  of  euWos  will  thus 
aflbrd  *  delineattoo  of  the  senll. 

2.  Stone  BvMingt,  W.C^  Aprd  15,  1863. 
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NOTE  ON  THE  PROBLEM  OF  PEDAL  CUKVES. 

[From  the  PhiloKjAiiad  Magaxme,  voL  ZXVL  (1863),  pp.  20,  21.] 

It  is  Qot,  so  far  at  I  am  aware,  g«neni]1y  known  that  the  problem  of  pedal 
curves  (Steiner's  FuMpimiStm-Cui^)  was  considered  by  MHclauriti  in  the  Geotnetria 
Organica,  1720.  He  app<>nrs  to  have  been  lod  to  it  tliniitLjh  an  idfa  such  as 
Sir  W.  R.  Hamilton's  Uodograph,  or  ut  »ay  rate  with  a  view  to  a  dynamical  appli- 
cation, for  he  remark^  p.  95,  "Ciun  t«to  feonetria  qnc  curvas  «d  datum  oentiiim 
rclatoH  contemplatur  in  philoaophia  naturali  ad  motus  corporum  et  ▼ires  evolvendaa 
,  facilius  applirnri  poRsit....hac  «ectione  considerabimuij  ciirv'jw  tanqnam  ad  pnnctum 
quodvis  datum  relata8  ex  quo  ad  omnia  circumferenti^e  puncia  radii  imdique  educuntur, 
et  simnl  perpendienla  in  illorum  punctorum  tangentes  demittuntur,  et  rationem  radii 
ad  perpendiculum  tanquam  curvse  chararterem  u^urpabimiLs."  And  accordingly,  Ftopa, 
IX.  to  XII.,  he  considers  the  problem :  Given  a  point  <S'  in  the  plane  of  a  given 
curve,  to  find  the  locus  of  the  intersection  of  a  tangent  of  the  cur\'e  by  the  per- 
pendienlar  let  hSU  upon  it  from  the  prant  S\  with  aome  apedal  caBea;  and  deductions 
from  it  In  particular  if  the  giv«  n  cnirvp  hp  a  circle,  tho  l(vn«  in  question  (or  pedal 
curve)  is  a  carve  of  the  fourth  order  having  a  doubb  point  S\  viz.  if  iS  be  inside  the 
cirelei,  this  is  a  conjugate  or  isoUted  point;  but  if  outside,  a  douUe  point  with  two 
real  branches:  if  H  be  on  the  circle,  then  instead  of  the  double  point  we  have  a 
cusp:  it  is  ;=iliu\vii  tliat  in  each  ca."*(»  the  pedal  curve  is  in  fact  an  epicycloid.  If  the 
given  curve  be  a  parabola,  then  the  locus  or  pedal  curve  is  a  curve  of  the  ehutl  order, 
vis.  a  defecttve  hyperbola  having  a  donble  point  at  8,  and  with  its  single  asymptote 
perpendiciilar  to  the  axis  of  the  parabola:  some  particular  c»»e»  are  specially  noticed. 
If  the  cim'e  be  an  ellipse  <>r  hyj>erboIa,  then,  as  in  the  ca«K>  of  the  circle,  the  locus 
or  pedal  curve  is  a  curve  ot  the  fourth  order  having  a  double  point  at  S,  And  it  is 
moreover  shown,  Ptop^  XII.,  that  for  any  givw  curve  whatever  the  loeus  or  pedal  ourve 
i%  in  a  generalized  sf  nsc  of  the  term,  an  epicycloid.  This  is  in  fact  seen  very  oa.-<ily  by 
a  mere  inspection  of  the  figure.  Imagine  the  curve  Wi*",  rigidly  connected  with  and 
C.  V.  15 
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canyiog  along  with  it  the  point  S",  to  roll  on  the  siimiai'  and  equal  fixed  curve  OP 
tymm^bnatitty  attoate  on  the  «ih«r  ad«  of  tlie  oommon  tengent  OJf  or  OJf ;  then 

when  P'  coincides  with  P,  the  point  S"  is  brought  to  S",  whore  SNN'S"  is  the 
perpendicular  bom  S  on  the  tangent  FN  or  Pif,  and  SN^NS".  that  ia,  iSi9''s2^iV; 


and  the  curve  generated  by  5"  (that  is  S'),  or  say  the  i  jiicytloid  the  locus  of  .S",  is  a 
curve  similar  to  and  eimilarly  situate  with  the  pedal  curve  the  locus  of  but  of 
tirieo  tiiB  luMMV  magnitude  of  the  pedal  curm  Or,  what  is  the  same  tUog^  If  instead 
<rf  the  given  curve  we  consider  a  similar  and  amilarly  situated  curve  of  twice  the 
linear  magnitude  (the  point  S  being  the  centre  of  similitude),  then  the  epicycloid  the 
locus  of  S"  ia  the  pedal  curve  of  the  substitut/ed  curve  in  relation  to  the  point  S. 
It  may  be  added  tliat,  m  aoBOfdanoe  with  a  theonm  of  DniidelniVi,  if  nje  pmrmding 
from  the  point  S  are  reflected  .it  the  given  curve,  then  the  epicycloid  (or  pedal)  in 
question  is  the  tecondarjf  ccutatic,  or  an  orthogonal  trajectory  of  the  reflected  raya 


2.  StOM  Buildings,  W.C.,  June  3,  im 
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ON  DIFFERENTIAL  EQUATIONS  AND  UMBILICL 

[From  the  PkOoiopMcal  Magimnt,  voL  ZXTI.  (186SX  pp.  S73— 879  and  441—452.] 

t. 

GOKBIDKB  the  integral  equation 

A^  +  2Bg  +  C  =  0, 

where  «  is  the  coostaot  ot'  integration:  the  derived  equation  is 

fl^iACr  +  A'C- -IBB  f  -i(AC-B')  {A'C - B*), 
'^{CA'-C'AY-^(Aff-A'B){BC'-BC)  ,-0; 

and  if  fiw  gieater  aiuidiioity  ive  write  il  ■  1,  then  the  derived  eqnation  is 

O-C'*-4iKrF+4C»»-0, 
ooReeponding  to  the  integml  eqnatieii 

*«  +  2&  +  <7=»a 

Writing  the  integral  equation  under  the  form 

(«  +  A')u  +  F)  =  0, 

««  have 

S£«jr+F.  Cm  XT, 


and  the  derived  equation  becomes 


15—2 
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Hence  if  we  i-cpn  scnt  the  roots  X,  Y  in  tht  lorm  t  Q  m  tbat  P^  —  B, 
Q  VO  =  t/B'  —  AC,      being  the  greatest  square  fiwitor  of      —  AC,  then 

XT  -  i**  -  40        +  QD?  I 

and  the  derived  etjuatiou  in 

n  s  -  Q<  {4QF*  -  (2  go  +  QOyi  -  0. 

If  B,  0,  in,  an  funetions  of  the  oooidinatu  («,  y),  the  c<]uation  £'  +  2fi;  +  C^«0 
(r  nil  nrbitrixry  constant)  rpprescnts  a  spn<'«  nf  rrirv*"-'  in  the  jihitin  of  jr y :  but  if  w« 
consider  «  oh  a  cuordiuate,  then  the  equation  represeuti^  a  surtace,  and  the  curvea  in 
quettioD  are  the  orthogonal  projections  on  the  plane  of  dty  of  the  Mctiooa  of  the  suifiwe 
hy  the  planes  parallel  to  the  plane  of  ay.  To  fix  the  ideM.  the  flhuie  of  mg  tOMJ  be 
takiMk  to  be  borisontal,  and  the  ovdinates  m  vertieaL 

Writing  the  equation  in  the  fbm 

{z+Br-{ii'-c)=^o, 

wp  spe  that  the  siirfarc  contains  upon  it  the  curve  z  +  B  —  0,  Jp  ~  C=^0,  which  is  the 
line  of  contact  with  the  circumscribed  vertical  cylinder:  such  curve  majr  be  termed  the 
envelope,  or,  when  this  is  neeeBsaiy,  the  complete  envelope.  The  equation  of  the 
surface  has  howevtr  been  taken  to  be  (s  -  I')' —  Q'D  =0  (viz.  it  haa  been  aissumed 
that  B  =  -P.  B'-C=Q'D);  the  envelope  thus  Imnks  up  into  the  curve,  z-P  =  0,  f?=0. 
taken  twice,  and  the  curve  z  —  P  =  0,  0  =  0;  the  former  of  these  is  in  general  a  nodal 
curve  on  the  siuftoe,  and  it  may  be  spoken  of  as  the  nodal  curve;  the  lattnr  of  them 
is  the  reduced  or  proper  envelope,  or  mmply  the  envelope.  And  the  terms  nodal  euive 
and  envelope  may  also  b*^  applied  to  the  ciirvos  Q  =  0  und  n=;0,  which  are  the  pro- 
jections on  the  plane  ot  xif  of  the  first-mentioned  two  cun'ea  respectively.  There  is 
however  a  case  of  higher  mngrularitj  which  it  is  proper  to  consider:  suppose  that 
Q  and  n  have  a  common  futor  A',  sjiy  Q  =  KR,  □  = V  ;  the  complete  envelope 
Q^D  —  }^'K*  V  =  0  here  breaks  up  into  the  nodal  curve  i2  =  0  twice,  the  cuspidal  curve 
K  —  0  three  times,  and  the  reduced  or  proper  envelope  v  =  0  once. 

Reverting  for  a  moment  to  the  form  {z  +  X)  +  Y)  ^  (1,  the  derived  r',  |i!;(tion 
(l'=  —  {X  —  Yy  X'Y'  =  0  is  satisfied  by  {X  —  Y/^O;  this  equation,  or  Hay  the  equation 
of  the  envelope,  being  in  &et  the  angular  solution  of  the  diflerential  equation.  Hub 
assumes  however  tbat  the  difFerential  equation  is  given  in  the  form  in  which  it  is 
immpdiately  obtained  by  derivation  from  the  integral  equation,  without  the  rejection 
of  factors  which  are  functions  of  the  coordinates  (x,  y)  only;  it  is  proper  to  oonsidcr 
the  Tsdnced  equation  obtained  by  r^ecting  sadi  factors.  Thus  if  X  and  F  are  intiQiial 
functioDSk  the  redueed  form  is  JP'F'"0,  which  is  no  logger  satisfied  by  the  eqnatioD 
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(X  —  F)*  =  0.  In  the  before-mentioned  case  where  the  roots  are  P  ±  Q  \/Q  (or 
(JT—  F)»=Q°D),  P,  Q,  and  □  being  ratiooal  functions  of  («,  y),  the  derived  cquatioa 

O  «  ~  -  (2gf □  +  QQ'/I  -  0 

divides  out  bj  ihe  factor  Q*,  but  b  doM  not  divide  «at  by  □ ;  the  ivduoed  ibnii  » 
therefore 

4nP^-  (2Q'n  +  QD')'  =  0, 

which  is  not  satisfied  by  Q  —  0,  while  it  in  Htill  satisfied  by  □  <■  0  (since  this  gives  also 
□'bO);  that  ia,  the  nodal  eurve  Q^O  is  not  a  solution  of  the  diffareatial  equation, 
Imt  we  atill  have  the  dngufaur  solution  0=0.  which  corresponds  to  the  reduced  or 
proper  envelope.   In  the  case  Q^KR,  of  a  euepidal  curve,  the  above  form 

of  the  differential  equaiiou  becomes 

4A"V P'> -  [HKK'R'V  +  if '  ( 2  V  if '  +  V 'Ji)Y  =  0, 

which  divide*!  out  by  K;  and,  when  reduced  by  the  rejection  of  this  factor,  it  is  no 
longer  satisfied  by  the  equation  K  =  0,  which  belongs  to  the  cuspidal  curve;  that  is, 
neithOT  the  nodal  curve  B^O  nor  the  euepidal  curve  K^O  is  a  aolulion  of  the 
cliiTcrcntial  equation,  but  we  still  have  the  singular  solution  V  =  0,  which  corresponds 
to  the  reduced  or  proper  envelope.  It  would  appear  that  the  conclusion  may  be 
extended  to  singularities  of  a  higher  nature,  viz.  the  factor  corresponding  to  any 
idngiilar  curve  which  preeente  itseV  aa  part  <tf  the  complete  envelope  divides  oirt  from 
the  derivi'd  ciniation ;  and  such  singular  ctir\'c  (loes  not  constitute  a  solution  of  the 
reduced  e<^uation,  but  we  have  a  aiogular  solution  correspoDding  to  the  reduced  or 
propa  envelope. 

IL 

Consider  the  diJItaeatial  etjoation 

y(|iP-l)<f  2sM^-0, 
where,  to  fix  the  ideas,  m  >or  «1 ;  the  integral  equation  may  he  taken  to  be 

t  =  {  )iu:  -r  \'m^jr  +  f  )i  f lu-  +  ff  +  x'^m'jc'  +  jjf*  )"""• ; 
or  rather,  writiug  for  sbortaeas  □  =  m'^  +  f,  and  putting 

«•(««  + VD  )(«M!«+y«+«VD)^'-P+QVa, 
the  integral  equation  is 

(#~J»)«-Q«D-0,  or  j^-2Fr+P»-Q<3-0, 

where 

In  the  particular  case  m  —  l  the  equation  is 

or  s*-2«r-j^sO. 
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Before  going  further,  I  remark  that,  m  being  a  positive  integer  greater  thau  unity, 
we  bftfv 

«  -P+ Q  '/n^mm(tiu^+^T^  +  (im^  +  ^ +(•!-         (in^+  f^^O  +ius.. 

the  «ah0eqaent  terms  bebg  divisible,  th«  wtioBal  ones  by  □,  and  (be  irrational  ones 
by  □  VQ.  Hence,  observing  that 

WM^-f    +  (m  -  1)  »wi^-«»a^  + y»  -  □, 

we  see  that  Q  contains  the  factor  □,  and  the  equation  OaO  belongs  to  a  cuspidal 
carve  on  the  surihoei  If  however  iii«l,  then  the  equatiai  is  sb«  +  VZJ,  so  that 
Q  =  l  does  not  contain  the  factor  mud  D^if+j^^Q  ts  ikot  •  stogalar  curve  on 
the  soiCsoe,  but  is  in  fiwt  the  reduced  or  prafMr  envelope. 

The  curve  represented  by  the  integral  eqoaldon  will  poan  through  the  origin 
(x  ~  0,  rj^O)  for  the  valtm  x  « 0  of  the  constant  of  integration.  In  hct,  for  this  valn^ 
the  integral  equation  becomes 

-  y»»  (y=  +  (2in  -  1 ) iT'j"-'  =  0, 

which  belong««  to  a  set  of  2w  4- On  —  1)  +  (m  —  1)  lines  coinciding  with  tho  lines  y  =  0, 
y ss ir  v'Sni  —  1 ,  and  y  =  — w;v2w»-l  respc-ctively.  The  directions  at  the  origin  aro 
therefore  p  —  0,  p—  ±  i  >/2in  —  1,  which  are  the  same  values  of  p  m  are  obtained  from 
the  difibrentisl  equstian ;  vis.  ainoe  this  is  satisfied  identically  at  the  point  in  qncstion, 
pmoeediiv  to  the  derived  equation,  we  have 

p(l»»-l)  +  8W|»-0, 

that  is 

p(p-+  2vi  -  I)  =0; 

but  it  is  to  bo  observed  that  these  values  of  p  are  ditfereut  from  the  values  given 
by  the  equation  O  "tnV+i/'^O,  which  are  ptm±im.  The  reason  is  that  the  curve 
□  =  0  boing,  OS  wo^;  shown,  a  cuspidal  corve  on  the  soiftos,  the  equation  □  wO  is  not 
a  soluiiou  of  the  difiarential  equation. 

If  however  m  — I,  then  the  integral  equation  giv^  at  the  origin  no  longer  tiiMe 
values  of  p,  but  only  the  value  /)  =  0.  The  diffi  rential  equation  however  gives,  as  in 
the  general  case,  three  values;  viz.  we  have  p{f^  + 1)^0 ;  and  the  values  p  =  ±i 
obtained  from  the  fiwtor  j^+\»0  are  ptecisely  the  values  of  p  obtained  Htma  Hie 

fquation    \3=3~+i/^  =  0,  which    in    th*'   rase    now   nnder   coDsidenition    belnngs  to  the 

reduced  or  proper  envelope  of  the  surface,  and  it  therefore  the  singular  solution  of 
the  differential  equation. 

m. 

The  two  carves  of  eurvatore  which  psss  throngh  any  given  point  of  a  snifiMje  are 

distinct  curves,  not  branches  of  one  indecomposable  curve.  In  fact  if  P,  Q  are  the  two 
curves  of  curvature  for  a  point  A,  then  for  a  point  A'  on  F  the  two  curves  of 
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curvature  will  he  P,  Qf;  and  if  F,  Q  were  branchee  of  ao  iudecompoaable  curve,  then 
P,  tjf  would  alao  be  Imachei  <^  an  indeoomponble  curve,  and  tre  shoulii  liave  P  a 
bnuicb  of  two  different  indecompoMblo  curves,  which  M  of  oourae  impoiDlile.  In  the 

case  of  an  umbilicus,  the  two  curves  P  ami  Q  coincide  toc^f flier  ■  <ir,  as  we  may 
express  it,  the  curves  of  curvature  through  iui  unibilicus  are  the  dupucaiion  of  a  single, 
in  general  indeBompoeable,  enrre;  and  in  general  tbis  enire  bas  at  tiie  umbilious  a 
trifid  node.  I  use  this  expression  to  denote  a  point  at  which  there  are  three  distinct 
tangents,  or,  more  accurately,  three  distinct  directions  of  the  curve:  an  ordinary  triple 
point  is  of  necessity  a  trifid  node,  but  not  conversely.  Tbe  umbilicus  of  an  ellipsoid 
or  other  quadrie  suiiue  is  «  peeulior  cxoeptioiMl  oaeOb 

In  support  of  the  foregoing  conclurions,  consider  a  eurboe  having  an  umbilicus  at 
tbe  origin,  and  take  at  the  eciuation  of  the  tangent  plane  at  tbat  point;  tbe 
equation  of  tbe  nirfim  in  tbe  neighbourhood  of  the  umbilicus  will  be 

«  -  llr  («f + y>) + 4  (Mi* + 3ft<y + 3My*-f  ; 

eo  ^t,  writing  as  usuid  p  and  9  fbr  tbe  firsts  and  r,  a,  t  br  tbe  aeoond,  differential 
ooeffidente  of     we  have 

p  =  k-j:  -\-  \  {a^  -ir  2b.i;/  +  ci/*), 

^  =  i-^  4-  i  (iu:"  4-  -Ic^-;/  +  djf*), 
r  Bik  -t     ax  +  by, 
fa  frx  +  cy, 

t  «  fc  +     cx  +  rfy. 

The  diiierential  equati<Hi  of  tbe  curves  of  curvature  projected  on  the  plane  of  cy  is 

and  substituting  therein  the  foregoing  values  of  p,  q,  r,  a,  t,  but  attending  only  to 
the  terms  of  the  lowest  order  in  {x,  y),  and  using  moreover  in  the  sequel  p  in  the 

place  of        the  equation  be&iint^ 

(4«+  •^yXjJ'  - 1)+ [(a  -  c)«  +  (6  -  <i)y]  j»  -  0 ; 

which  may  be  taken  as  the  differential  equation  of  the  curves  of  curvature  at  autl 
in  the  neighbourhood  of  the  umbilicus.  The  equation  is  satisfied  identically  by  the 
values  x  =  0,  y  — 0,  which  correspond  to  the  umbilicus;  and  to  find  p,  we  have  to 
diiBsrentiate  the  equatkn,  and  then  anbetitnte  theae  valuea  of  m  and  y;  we  thus  obtain 

(ft  +  cp)(i»»- 1)  +  [(a  - c)+ (4  -  d)plp  =  0, 

or,  what  is  the  same  thing, 

j>  (a  +  2ip  +  cp>)  -  (6  +  2c^  +  cip»)  a  0, 
n  cubic  equation  for  the  determination  of  jk 


Digitized  by  Google 


120 


[330 


I  rmnark  that  we  may  withoat  kaa  of  generality  write  d^Ot  but  to  nmplify 
the  invvBtigatioa,  I  tuppose  in  the  fint  inttanoe  that  we  have  also  5a>0;  this  cotnos 
to  assuming  that  one  of  the  three  planes  nj*  +  f^bi^tf  +  3ca-y»  +  rfy*  =  0  Inaeete  the  angle 
formed  by  the  other  two  planes.    Th«  diffprcntinl  (>quation  consequently  is 

cy  ( /)» - 1)  +  (a  -  c)  x/> «  0 ; 

or,  putting  for  shortness 


it  is 

yip'-  1)+       2mxp  =  0, 

which  is  the  ditierential  equation  previouHly  conaidero<l  Hence,  writing  now  h  in  the 
place  of  z,  the  equation  of  the  curve  of  curvature  in  the  neighbourhood  of  the 
umbilieiw  is 

*-(iiw+VD)(«i*«  +  ^  +  VD)«»-»,  -P  +  QVD. 

where  □sm%^-t>^;  or.  what  is  the  same  thing,  the  equation  is 

*«-2PA  +  P'-(/G  =.0; 

and  the  equation  (in  the  neighbourhood  of  the  unibilicu»)  of  the  curve  through  the 
umbilifiUB  is 

i»"  -  W  —     (y» + (3m  - 1)  ^}*-»  -  0 ; 

so  that  the  umbilicus  is  a  trifid  node.   In  the  case  however  of  an  ellipsoid  or  other 

quadric  surface,  w>'  hnvo  v>.  —  \,  so  that  the  equation  of  the  curve  of  curvature  in  the 
neighbourhood  of  the  umbilicus  is 

or,  what  \a  the  same  thing, 

and  for  the  curve  through  the  umbilicus,  in  the  neighbourhood  of  the  umbilicus,  the 
equation  u  y'^O,  so  that  there  is  only  a  single  direotion  of  the  curve  of  curvature. 
The  differential  equation  gives,  however,  at  llw  Umhiiicus  p(ll*  +  l)  =  0;  the  value 
p  =  0  is  that  which  corresponds  to  the  curve  of  curvature;  the  other  two  values 
p  =  ±i  correspond  to  the  curve  (pair  of  lines)  3^  +  =^0,  which  is  the  envelope  of 
the  curves  «f  curvature,  or,  more  aocursiely,  the  envelope  of  the  proiections  of  the 
curves  of  curvature  on  the  tai^;«nt  plane  at  the  umhilicua, 

BUuM«aA.  Odober  17,  1863. 

IV. 

The  ditTf rentiiil  t>>| nation  for  the  rtm-(^  of  curvature  in  the  ne^ghhouihood  of  sn 
umbilicus  was  obtained  in  a  form  Hueh 

(te+cy)(p»- l)+2(/«+^)l»-0; 
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and  it  was  only  because  this  equation  did  not  appear  to  be  readily  iat^;iable,  that  I 
eomndend,  iutead  of     die  pvdealar  form 

But  the  general  equation  can  be  integrated;  and  the  result  presents  itself  in  a 
aimplft  form.  For,  totwoinf  to  tiie  differential  equation 


and  anaming 
«r 

wo  1mt« 

and  we  maj  write 


Aaeuming  also 


bx  +  cy  —2v 
p  —  w  —  0. 


tf  —  tus,  or  «»"^, 
w 

tlie  idation  between  tt  end  v  is 

b+at  —2v 


or.  aa  tbia  may  be  written, 

6  +  c«  ' 

b  +  CK  * 

where  for  convenienoe  the  ladioel  has  been  (afcen  with  a  negative  eign.  We  have 
oivef 

6  (y'  -  1)  ->■  2/» 
*"'*e{««-l)  +  ^' 

The  equation  j>  —  v  =  0,  sulwtiluting  for  y  ila  value  xuc,  then  beoomeH 


or,  aa  tbia  may  be  written, 

c.  V.  16 


rfx  rfu  - 
m  u—v 
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•or,  what  is  the  sMne  thing, 

dx    dv  —  du     do  ^ 

«        f  — «  V'-^tt 

But  . 

c  (t;^ -1)"+ 2^  "c(t!»- + 

where 

7- »  [c  (•^- 1)+^] 1)  +  2> 
-(6+«)(if»-l)+2</+^.)*i 

«nd  the  cBfferenitial  eqmtioii  takes  thus  the  form 

<h)    cfe-^rftt    [c(t^-l)  +  2jn;](fp^ 

4ihI  henoc^  uriting 

7-(*+<*)(if-l)+2(/+^)*-«(»-«)(i'-«(»-t). 

and 

40  that 

 c(ai'-l)  +  2gg   

c (a» -  1)  +  25fa+  2  }/+(t+^)o  +  oa^j  ' 

with  the  like  values  for  B  and  C — ^values  which  are  such  that  A+B'^C^h—^ 

integral  equation  is 

const.  -  «  (tf  -  tt)  (»  -  a)--*  (»  —  0)-'  (v  -  <y)-*, 

But 

-_-</+i7»)->^. 
•         »+ea  » 

if  Jbr  •bartoett  U^{b+imf+(/+ffviy,  and  thence 

^    2(/+/7M)'  +  (fc  +  CK)'-l-2(/-h(7«)\/g" 

and 

^  (6  + cm)* 
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Subetitutiog  these  values,  and  observing  that  the  exponent  of  b  +  cu  \» 
the  intcjgml  eqmtum  w 

const  —  X  {/+  gu  +  v'  U)-^  x 

</+S« (/+^«+^(*+<»)+ »)+ 
Wt  obMrnng  tint  the  exponent  1  of  «  is 

■  _  1  +  (I (1  -  Jl) +(1- o, 
end  putting  for  ahortnets  □  -(/«  +  ^)*  +  (^  +  ojr)*,  the  integral  eqmtim  Bnally  is 

const.  =  {fx  +  gy  +  ^^)"'  x 
(/SB+jy+a(4df+«y)+  VD)^  (/» +^ + (&t  +  (?y)+  VD)'-*  +7(60?+ i?y)+VD)«-^, 

where  the  qnantttiee  «,  ft  %         0  ere  |^fen  hy 

(*+«e)(V-l)+l(/+^)-c(»-«)(e-i8)>-TX 

c(p*-l)4-2srg         it       J  C 

Gonsider  tiie  eurre 

nUeh  eorresponds  to  the  valae  sO  of  the  constant.   If,  for  instance, 

/«+i^y  +  a  (iw  +  (y)  +  VQ"-©, 

this  equation  gives 

(Jm  +  cy)  \Q)x  +  cy){<e- l)  +  2(/a;  +  ^)«]  -0; 

or  aiy 

(l«  4- ^)  («P  - 1)  4- 2  (A « ->  0. 

But  we  heve 

(*  +«»)(a«-l)  +  2(/ +^)«-0, 
•Old  the  equation  therefore  k 

(6»+V)(/+#«)-<A+»)(*+«)-0l 

that  is 

(c/-6^)(y-<w)-0; 

or  simply  y  — su?  =  0;  that  is,  the  directions  of  the  oUTVe  at  the  origin,  or  point  x  =  0, 
y-0,  are  given  by  the  equatioDS  y— oc^O,  y  — /3«  — 0,  tw^O.  ThiH  is  ri^t,  since 
ftoBi  tiie  4ilfecential  eqnatioo  we  obtain  at  the  origin 

(6  +  q))(l»»-X)+2(/+yi»)i»,  -c(j)-a)(j,-i8)(j>-7).  -0. 

16—2 
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V. 

XIm  jMrtksahr  caie  of  die  equation 

ia  obtained  from  the  genenl  equation  by  miting  tbttmn  o  — 1,  p~0, /«m;  «• 
have  tberefote 

t)  (»» +  ant  -  1)  -  (i>  -  a)  (II  - /8)  (»  -  7), 

or  my 


«Bd  tbenoe 


112ni  w  A  5. 

+  r  r  -: — r  — +  .  .        ■  +■ 


«(«>  +  2in-l)  8m-l«  Sm-l  «>H-8m-l  «  v-FiVSm-l  «.jV3ii>~l' 
giving 


2w-l'  2m-l* 
The  integnU  eqaatioa  thns  is 

im  m-l 

when  □i-iNiV'l-^;  or,  obeerving  that 

( +  { •J2m  -  1  y  +  VQ)  (WW  -  i  ^Aini  -  1  y  +  VQ) 
=  (ma:+  VD^  +  y' 
=  2m(iiM«»+y»+«  VD), 
the  integral  equation  ia 

I  _  w-l 

court,  s  (im; + l/C3)«— » («M^+ VQ)^-», 
or^wfaat  is  the  aame  thing, 

const. « (ms  +  Vd)  <i»m^  +    + iir  Va)F»-», 
the  reaalt  given  in  tiie  fornix  part  of  the  present  paper. 

VL 

I  annex  the  Ibliowiag  a  posteriori  verificntitm  of  the  solution 
const.  =  (hix  +  VU ;  i^mx'  +t/*  +  x  VS)"-* 
of  the  particular  equation 
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Pattiiig  for  shorliiMn  _ 

A  =»«;  + VD, 

B  "iftie»  +  y*  +  «  vd, 

ulitre  it  w31  1m  rauMtttbered  tluit 
ibeD  we  httve 

2mJB- J*  +  (2m-l)y*. 
Tlw  inteigml  equation  may  be  written 

nod  we  bnve 


if 


But  we  have 


tad 


IT   A',     ,.ir  B 
IT  VO  -  (Smc + 23p)  vT5    □  +  «  (w?»  +  yp) 


1  2to 
end  the  value  of  O  thns  is 

"  A[ii»+(Lt-l)yl  iA*  +  {2m-l)  f\  +  (2,»»  -  2m) [4'  +        (x  +  2>^)JJ, 

wbere  tbe  exprewon  in  (  }  ia 

-t-JP  ^«+(2ii»-        (9m*-  2iii)il  («+  iVQ)). 
Heie  tbe  ooeflleient  of  jjp  is  »(2m*<-m)(^*+^);  in  ftct  we  bave  identically 

^a  +  y»-2^  VP  =0, 

and  thenoe 

(2m*  ^  9m + 1)       9^- 2  (2m  - 1)  <«»  - 1)  .d      -  0. 

that  IB 
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(ftri>-«->  1>  A*+(aM^-  Sm  +  1)  y  -  (2m'  -  2m)  A{x  +  2Va)  =  0, 
and  iheirafera 

A*+(^-l)i/*  +  i^nfi-  Sm)A  (•+»✓□)-  (2m»-  m)  (A^  +  y»). 

Henc«  the  teriu  in  [  |  is 

or,  what  is  the  same  thing,  it  is  ss  (4i»' —  2m)  il  VO  (4  +  yp).  Hence,  restoring  for 
A*+i%n-l)^  ito  value  2mtB.  we  find 

«r 

But  writing  Ui,  Ut  to  denote  the  values  corresponding  to  +  n  □,  —  vG  respectively,  we 


sDid  thenee 


But  ire  bave 

and  moreover 
where 


and  we  thenoe  find 


AAt  =  T/rx-  —  Q  =  —  y* 

=(ma^  +  y')*-D=-y'ly'  +  (2>» -!)*»]; 


4^ 

=  (2m  -  \f  AA^  i,B,B,r-*  y  {y    - 1>  +  ^^p] 

=  -  (2w  -  If        ly  +  (2m  - 1)  af"]*""^  {y  (/>*  -  1)  +  2m«p). 
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Hence,  the  derived  equation  be  lug 

C  PCD  +  QD7  -  4F'ai  =  0, 
the  Iwt  preoediog  equation  becomes 

Q*  Dy"-*  {»• + (am  -  {jr(   - 1) + anwgjj  -  a 

Here,  beddet  tiie  fiMtor  coneepoiMBmg  to  the  nodal  oarre,  end  the  factor  □ 
wrresponding  to  the  cuspidal  curve,  vrc  have  the  factors  y*^*  and  {i;*+{ai»— 1)*?}*^J 
and,  rejecting  all  these,  the  differential  equation  in  its  reduced  form  is 

y(p»-l)  +  2nu5p=0; 

and  the  required  verifieatioD  is  effected.   The  occurrence  of 

QyM-t  {yt  +  (2m  - 1)  J^)"^ 

as  a  fiurtor  in  the  complete  derived  equatun  tronld  give  lisa  to  some  ftuiher  mveslar 
gataoius  but  I  vill  not  now  enter  on  tlieim. 

I  remark  however  that  if  m  =  l,  viz.  if  the  integial  eqnation  Iw  coiMt»«'l*  Vd^<fy*, 
«r  say  +     or,  what  is  (he  same  thing, 

then  olMervi^g  that  ]|*+(2ni— l)s^  is  here  «4^+y*  idiidi  is        so  that 

□     +  (2h»  -  P .  1, 

die  ifilbmntial  eqintion  in  its  eomplete  fonn  is 

80  that  we  have  here  the  factor  y  which  divides  out.  The  last-mentioned  result  is 
most  xeadilgr  obtained  cBncdy  from  the  equation 

which  is  the  derived  equation  ooneflponding  to  the  integral  equation  x  —  +  Q'^Q, 
UTe  in  fiwt  have  P^tt,  Q=  1,  a^^+i^,  and  the  denvtd  equation  thus  is 

(«+J!p)'-(«»+j^)  =  0, 

that  is,  y(f^-l-%w-3r)-0. 

I  menUon  also,  in  cuiuexiou  with  the  foregoing  invcHtigatioa,  the  integral  equation 

s-«+V2««-jr,  or  ^-2MK-^  +  tf^0, 
fisr  wlueh  the  derived  equation  in  its  oomptete  fiwm  is 

or,  iriiait  is  the  saane  thin|^  3^->4Mg!p  +  2«f 0,  and  for  whidi  therefore  there  is 
no  foetor  to  divide  out. 
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Vtt 

The  oonicR  «onibeal  with  a  givoD  oomc  form  a  Bjwtem  nmilar  in  its  propertiM  to 

that  of  the  curves  of  curvature  of  a  quadric  surface;  and  the  theuiy  of  the  last- 
mentioned  spttitn  may  be  Studied  by  means  of  the  system  of  coofocal  oomea.  Consider 
then  the  equation 

whidi.  if  «  be  an  arbitnoy  parameter,  bekm|pi  to  the  oonioB  oonfboal  with  the  ellipse 

-  +  ^  =  1.  Tieatii^  s  as  a  ooovdinate,  the  equation  represents  a  sorfiwe  of  the  thiid 

eider,  which  is  sueh  that  its  section  by  any  plane  parallel  to  the  plane  of  ey  &  a 
conic;  and  the  confocal  conies  are  the  projectianB  on  the  plane  of  wjf,  by  lines  pexallel 
to  the  axis  of  «,  of  the  sedioDS  of  the  surftee. 

The  sections  by  the  planes  of  «c,  are  tlra  parabolas  tfi^s  +  ef  and  ^^s+V 
nupetitivtiy.    When  z  >  —  b',  the  ordinates  in  each  parabola  are  real,  and  these  ordinates 

pivc  the  ppTTiiaxps  nf  the  olliptic  portion.  \\^en  r  >  —  a'  <  —  b',  then  onlv  the  pnrabola 
sectiuu  in  the  plane  of  zx  has  a  real  ordinate,  and  the  »eotious  are  hyperbolic ;  and 
when  *<—<fit  ^  section  is  altogether  imaginaiy.  The  sectum  in  the  plaaee  «>— 
is  the  pair  nf  coincident  linos  y'  — 0,  »  =  — i^,  and  the  section  in  the  plane  -  =  —  n'  i-j 
the  pair  of  coincident  lines  « =  —  a^  =  0 ;  or,  in  other  words,  the  plane  2  4-^  —  0 
touches  tiw  sturflne  along  the  Ene  3^  =  0,  and  the  pkme  «+«^aO  toudieB  the  swrftoe 
along  the  line  ff«0:  this  at  onoe  appeen  from  the  integral  form 

(r  +  a»)    +  6')  -  «^(«  +     -  y*    +  a')  =  ft 

The  points  (z  =  -  h*.  y  ^0.  j-  =  +  \'n*  —  6')  and  {z  =  —  a^,  x  =  0,  y  «■  ±  Vfr"  —  o')  are  conical 
points;  the  last  two  are  however  imaginaiy  points  on  the  surface.    To  tind  the  nature 
of  the  SttvfiMse  about  one  of  the  firsE^mentioned  two  points,  say  the  point 
ysO,  «>V^-^  taking  this  point  fbr  the  cr^pn  sad  writing  therefbre  '^tf-l^+s,  f 
and  in  the  place  of  m,  y,  $  reqpectively,  the  equation  beoomee 

that  is 

J*- 2fir  Vi^^  -  (<K*  -  in)  9«  -       +     »  0 ; 

90  that  there  is  a  tangent  cone  the  etiuatiuu  whereof  is 

j«  -  X«x  V^A*  -  (o»  -  6»)  j«  -  0. 

or,  aa  it  may  be  written, 

(«  -  «r  Vo«^)»-  («•  -  6»)  («*  +  y»)  =  0. 
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The  equation  is  that  o(  a  eone  of  the  Rrrond  order,  mrptinj;^  the  plane  of  tx  in  the 
lines  z  =  0,  ««2xv'o^fr'  (and  theretore  such  that  its  sections  parallel  to  the  plane  of 
wjf  are  pttabobsX  ind  meeting  the  plane  of  ys  in  the  lines  *"»±y  Va*— 4*  (tlie 
origin  being  nt  tihe  vertex  of  the  eone  <»  oonioal  point  of  the  snrfiuieX 

Betnning  to  the  origuul  origin,  and  to  the  equation  of  the  nttftce  written  in  the 

tank 

calling  ihh  for  a  nioment  ^+ 2^^- CsO,  the  differential  equation  is  C'*-4£^(7'-i- 4Cj^'sO; 

or,  substitutrng,  this  is 

(b'z  +  ahjpf  -  (a*  +  6»  - «» -  y»> (a + iip)  {ifx  +  a*yp)  +  {a*¥  -  It's?  -  ay) (a  +  ypf  =  0 ; 
or,  reducing,  this  is 

(«« -  6*)     («y  ( -  1 )  -  (a« - 1^  -  «•  +  y)  pi  =  0, 

or  aay 

mj  \tii  (  p*  —  1  >  —  (rj*  -  //  -     -f  y»)pj  =  0, 

where  the  factor  arises  irom  the  level  linca  («  +  6'"0,  y»0)  and  ^x  +  a'^O,  x^O). 
Throwing  out  this  fretor,  the  equation  becomes 

xy(p^-  l)_(o»-t»-j^  +  y«)  J9  -0, 

which  is  satisfied  identically  by  x  +  b'^O,  y  =  0,  a:*  =  a'  — 6'.    The  first  derived  equation  is 

+  y)  (|*»  -  1)  +  2  («  -  jfp)|i  =  0. 

which  £ar  the  values  in  question  gives 

p(jJ»+l)-0. 

wlirri!  the  factor  p^O  coirt^jHuuls  to  the  section  >/~0  by  the  plane  :  +  h-  =  0:  and 
taking  the  Clinical  point  for  origin,  and  observing  that  the  \xjhu-  oi  the  line  ie  =  0, 
y  B  0  in  regard  to  the  tangent  ooue  is  s  —  x 'i/a*  —  b' =  0,  then  writing  the  equation  of 
the  tangent  oone  in  the  fonn 

the  two  tangent  planes  through  (x  =  0,  y  =  0)  are  given  by  the  equation  «»  +  y»  =  0;  and 
for  the^e  phines  we  have  |i*  +  l-0.  The  factor  jp^  + 1  >  0  detornunes  therefore  tiie 
diieetiona  of  the  envelope  at  the  conical  point. 

VIIL 

In  verification  of  the  equation 

^  =  iA-(x»  +  y«)+i(u-(jE*  +  y») 

for  a  qiiadric  surface  in  the  neighbourhood  of  the  umbilicus,  I  remark  that,  starting 

from  the  equation 

0?    6*  c* 

a  V.  17 
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of  an  eUip8oi4  and  taking  a,  0,  7  as  th^  coordinates  of  the  umbilicus,  and  as  the 
inolinatton  to  tlie  aad»  of  «  of  the  ta,:iguLit  to  tlie  prinelpol  Mcttoa  throogli  tiM 

umbilicus,  then  transforming  to  the  umbilieos  as  orig^  and  the  new  axes  through 
that  |x)iiit,  viz.  the  axea  of  r,  z  being  the  tangent  and  normal  in  the  plane  of  ac, 
and  the  axis  of  y  being  at  right  angles  to  this  (or  in  the  direction  of  6),  the  equation 
boOOUMS 

But  wo  bftTo     

and  thence 

and  suhttitntmg  these  ▼aloes,  the  equatioii  beoomes 

-^5i+Si+F+*^  5*v  ^  

or,  what  Ls  the  same  thing, 

*-y'i(«^+S*)+pV<^-ft*^*^-e^«r+  if\ 

whence  approxinoatelj^ 

and  tiMnoe  to  tiie  third  oider  in 

which  is  of  the  furm  in  question. 

5,  Downing  Terrace,  Cambridge,  November  2,  1863^ 
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331. 

ANALTnCAL  THEOBEM  RELATING  TO  THE  FOUB  OONICS 
INaCRIBED  IN  THE  SAME  CONIC  AND  PASSING  THROUGH 
THE  SAME  THREE  FOIHTa 


[From  the  Philosophical  Magatine,  vol  xxvu.  (1864),  pp.  42.  43.] 

Imagine  the  four  conies  determiiiod,  and,  selecting  at  pleasure  any  three  of  them, 
let  tlidr  chovdi  of  ooDtMt  irith  the  given  oonie  be  taken  for  tlie  axes  of  ooordiBntei, 
or  Unei  mmQ,  jf^O,  s»0;  then,  tddng  for  the  eqcMtioa  of  the  given  oooio 

U^(a.  h.  c,  f.  g,  A$x,  y,  «)*=0, 

the  equations  of  the  selected  three  oonics  must  be  of  the  form  {7  +  =  0,  +  my*  =  0, 
IT + 1*^ » 0,  where  I,  m,  n  are  to  be  determined  in  such  manner  that  these  conies 
may  have  three  common  points;  the  resulting  vitlues  of  I,  m,  n,  and  of  the  cooidiQatee 

of  the  three  common  points,  that  is,  the  three  given  points,  will  of  course  be  functions 
of  the  coefficients  (a,  b,  e,  g,  h) ;  and  the  equation  of  the  fourth  conic  will  be  uf  the 
fnm  U  +  (Mf+iy  +  kzf  -0. 

There  i^  no  difticiilly  in  aurying  otit  tlu'  invflotigntioo:  it  IB  found  that  the  ooordi* 
natee  of  the  given  points  must  be  token  to  be 

nepeetiTetr,  wd  tbati,  writing  as  uraal 

K^^abc-af-bg'- c/i'  +  2fgh, 
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the  equfrtiooA  of  the  four  oonics  an 


=0, 

-0. 

U  +  {K- 

=  0, 

It  ia  in  bet  easjr  to  rmlf  diraetly  tliat  each  of  theae  conies  paaaes  tluoii|^  tlw  tliraa 

given  pointB ;  but  the  equations  may  also  be  extiiUited  in  the  fbnn  proper  for  putting 
this  in  evidence.   Putting  for  shortness 


9' 


the  equations  of  the  Hides  of  the  triangle  formed  by  the  given  points  are  X  =  0,  T=0,  Z  =  0, 
the  foregoing  equations  of  the  four  oonicB  may  tie  expronned  in  the  form 


(-bs/>~ch*  +  2/gh)YZ-^  hf.ZX+  ch^.XY^O, 

af  YZ+i-cl^-q/^-i^  Ujh )  ZX  +  ch\XY^O, 
af^.YZ+  bg^.ZX  +  {-ap-bf  +  2fgh)XY  =  0, 

wfaicli  is  ihe  required  form. 

Cotnbriige,  Nomtbtr  9&,  1863. 
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ANALYTICAL  THEOREM  RELATING  TO  THE  SECTIONS  OF  A 

QUADRIC  SURFACK 

[From  the  PhiloMpkictd  Maganae,  v6L  xxvn.  {ISM},  pfh  i3,  44.] 

The  fuur  sectioua  «  =  0,  y  =  0,  2  =  0,  w  =  0  of  the  quadric  Borfiwe 

ave  eadi  of  itkem  tooiobed  hy  eaeh  of  the  fom  eeetions 

«\^+y  Vli±«vc  ±«;  Vd»0; 

where  it  ia  to  be  notioed  that  the  radicals  V2a,  V26  are  socb  that  their  praduct  is 
s2Va6  if  Va5  be  the  radical  contained  in  tho  ciiuation  of  the  surface.  There  is  of 
conrFic  no  loss  of  generality  in  attributiDg  a  definite  sign  to  tho  radical  Via ;  but 
upon  this  being  done,  the  sign  of  the  radical  is  determined,  whereas  the  signs 
of  Vc  and  V3  ate  aeTCiaUj  artitiary.  We  inay  if  we  pleaae  write  the  equation  of 
may  one  of  tiie  laat^iMiitkiied  Mofeunw  in  the  flam 

it  being  undcTBtood  that  the  radicals  V2a,  V26  have  each  a  detaimiiiate  mga,  but  that 
the  KgM  of  Vc  and  V3  an  eadi  of  them  arfaitiaij. 


To  prttvB  the  theoieni  in  qoestioD,  it  ia  enoii^  to  ahow  (1)  tliat  th*  wwtiftnii  mm  0, 

sW2a  +  y-^2h  +  z^+W^^Qi  <2)  that  the  sections  »-0,  cVST+y V2F+wV3»0, 
toacb  each  other. 
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1.   The   sections   x  —  0,  a;V2a  +  y  v     +  *  Vc  +  «»  V<i  =  0   of   the    quadric  surface 

ai^  +  ^  +  6«y  Var>oi*-<fH^sO  irill  toneli  mh.  otiur  i(  eomliining  together  the 
aiuaitiaiiB 

tluM  giv»  a  twoibld  value  ^Mir  of  «iu*l  ytluea)  fiv  lihe  mfeioB  y  ;  f  :  «r.  We  Jo 
fikct  have 

=  -by'- ^cz'  -  2yz  \'2bc, 

and  the  x^t-hand  aitfe  being  a  perfeet  «qiiara»  ^  ooodition  of  oontaek  ie  ntiafied 
8.  In  like  maimer  we  haw  the  qntem 

«  =  0,   «  V2o  +  y      +  W  V'd  =  0,   a«»  +  6y»  +  &ry  Va6  -  (iiff*  =  0, 

which  gives 

-    CM*  +  65^  +  6xy  VH!i-(x  Via +  yV26)», 
=  —  a«*  —  fcy"  4  2jry  va?, 
=  -(xVa  -yVfc)"; 

and  here  alsot  tiie  nght-band  aide  being  a  perfect  aquare,  the  condition  of  oo&taot  i» 
satisfied. 

Oeunbri^  NomtnAtir  88,  1868. 
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333. 

NOTE  ON  THE  NODAL  CURVE  OF  THE  DEVELOPABLE  DERIVED 
FfiOM  THE  QUABTIC  EQUATION  {a,        d,  e\t,  If^O, 

CEVom  tbe  PhOomifiucal  Magtmns,  vol  zxm  (1864^  pp^  487—440.] 

CoNSLDERINO  the  coc-thcieuU  {a,  h,  c,  d,  e)  a»  linear  functions  of  the  coordinatea 
jf,  g,  Mt,  tinan  the  equAtkm 

Diaet  (a,  b,  e,  d,  t^i,  l)*-0. 

or»  M  it  nmj  be  written^ 

(M  -  4M + -  27  (OM  4- 26(Mi  >  cmI*  -  «V  -  4«y  -  0 

represents,  as  is  known,  a  dr^-olopablo  surface  or  "  torsp,"  hnvinp  for  its  edge  of 
regreauon  (or  cuspidal  curve)  the  ^\Uc.  curve  the  equations  whereof  are 

ace  +  2hcd  -ad'  —  hre  —  (f=0; 

and  for  its  nodal  curve,  a  curve  the  equations  whereof  (equivalent  to  two  independent 
td»tim»  between  tbe  eoo»i£iwteB)  are 

a    ■    26   *       6e       "   id   "    e  * 

or,     these  may  elw  be  written. 

(M-Sabc  +2b^  =0, 
a*«  +  Zahd  -  9(u:»  +  66»6  -  0, 
aie  -  3acd  +  ilM         «  0. 

tub -36c« +26(2'  -0, 

r7e»  +  2M«  -  f>c»e  +  6cd^  =  0, 
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which  curve  is  iu  fact  on  excubo-quartic, — viz.  a  quartic  curve  the  partial  iuteiiiectiun 
of  A  qnadric  rarboe  and  a  cuUe  sai&ee,  having  in  common  two  n6n-int«necting  li^t 

lines.  To  show  that  this  is  so,  I  remark  that  the  cf>cflieieiits  a,  I,  c,  d,  e,  >)u;t  linear 
funcldoQs  of  the  four  ooordioatos,  aatisfy  a  hwnv  cqxiaXiou  which  may  be  token  to  be 

tfais  being  so^  tbe  iimt  fimn  sihovs  tliat  tbe  enrre  in  quesfcion  lies  on  the  qnadric 
aoi&oe 

ac-b-  +  ^{ad-bc)-^^  (ae  +  2W  -  3c*)  +  i  (6c  -  erf)  +  ce  -  cP  =  0. 
or,  as  this  equatioD  mnj  abo  be  mitten, 

Substituting  for  e  its  value,  this  equation  is 

-  (a  +  e  +  i  +  rf)  (I  a  +  J  e)  -    +  i  orf  +'na«  +  26ti)  +  i  6e  -  d'  =  0, 
or,  what  is  the  same  thing, 

9(a +«+ & -l-d)  (a+ «)+ 6       1^)- 3(a«I+is>- (w+ St<Q  *  a 
Heucu,  hiially,  the  etiuatiou  of  tin-  <juadric  surfiicf  is 

9a*  +  I7a«  +  9«»  +  6t»  -  2W + (kf  +  9ii6  +  We  +  6<wi  +  66« = 0 ; 
and  tbe  curve  lies  also  on  tbe  cubic  surfooe 

oil*— in»«0. 

It  only  remains  to  show  that  these  sur&ces  have  iu  common  two  right  lines,  and 
to  tfnd  the  equations  of  these  lines. 

The  cubic  surface  is  a  skew  surface  or  "  scroll "  such  that  the  equations  of  any 
generating  line  are  «f  — ^6  =  0,  e  —  $^  =  0,  where  is  an  arbitrary  parameter.  But 
considering  the  two  lines 

(d-0tb  =  O,    e-^,»a  =  0),    (rf-^,t  =  0,   e-^,'a  =  0), 

the  general  equation  of  the  quadrio  suiiace  through  these  two  lines  may  be  written 

+  C  .  {d-0ib)ie-e,*a)  +  id-enb){e-diht) 


Digitized  by  Google 


383]         SBVELOPABLB  FBOK  THB  flQUATIOM  (a,  6,      4»  1)*bO.  137 

or,  expanding  and  reducing, 

A{  d>  -(e,  +e,)bd  +  0,6^  (r"] 

which,  if  d,,      iirc  the  roots  of  the  equaUoa  ^  — -i- 1«0,  and  therefore    +    "  i» 

tf,^,  =  1,  and      +  6^'  =  -  V .  « 

+  C  (2<i«  +  V  a<i  -  i    +  i  ai) 

Fatting  il  =6,  5  =  9,  C  =  |,  D.-i^,  this  is 

9  (  a'  +if  tw  +  fl") 
+  6  (  6*  -  i  6<i  +  rf») 

+       (t6  -  i  a<i+  6e)=0, 

which  15  the  before-mentioned  quadm  »xtfno»\  henoe  the  quadno  Rux&oe  and  the  cahie 
surface  intersect  in  the  two  lines 

(where  ^, ,  f?.  are  the  roots  of  the  (}ua(!ric  equation  —  J  ^,  + 1  =0) ;  and  they  con- 
sequently intersect  also  in  an  excubo-quartic  curve,  which  is  the  theorem  required  to 
be  proved. 

BUustimA,  U9fA  26,  1864. 


a  V.  18 
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334. 

NOTE  ON  THE  THEORY  OF  CUBIC  SURFACES. 

{Fnm  th«  ^Ooufhieai  Magatint,  voL  zxvtL  (1864).  pp.  403—490.] 

Tji£  ««iaatioD 

where  Z+T+R+S^T^Oy  represents  a  cubic  autftee  of  *  special  form,  viz.  each  of 
the  planes  R  =  0,  S  =  0.  T  =  0  w  a  triple  tangent  plane  meeting,'  the  surface  in  three 
lines  vfhuA  pass  through  a  point  {*\\  and,  moreover,  the  three  plan^  AX* -i-  BY*  ^^'d  are 
triple  tangent  planes  interaecLiug  in  a  line:  It  ia  wortli  noticing  that  the  equation  of 
the  auiftce  may  alao  he  written 

where  «+y-f  u  +  r  +  0.  In  fact,  the  coordinates  aatia^ing  the  fiwegdng  linear 
equations  reapectively,  we  have  to  show  that  the  equation 

^.Y'+  fiP+OCJJSZ'=a«»+iy»  +  o(«»  +  e»+w») 
mfty  be  identically  aatiafied.   We  have 

<M*  +  6y»  +  c  («'  +  p*  +  it^) 
=  aa»  +  fry*  +  c  [(w  +  o  +  «?/  —  3  (p  +  u;)  («;  +  u)  (u  +  v)] 
=  oa^  +  fry'-c  (* —  8c(tn-w)(w  +  u)(u +t>), 

I  The  unt^ent  pUne  of  a  sorfkM  intcneeta  the  surface  in  a  cure  bariDR  at  the  point  of  contact  a 
double  point,  nnd  in  like  mann«r  k  tripU  taugont  place  intcr»ecta  vha  surface  in  a  cnnre  with  three  doahl« 
point*,  viz.  tsttob  point  of  contact  is  a  double  point;  th«aw  is  not  in  geoend  any  triple  tangent  plane  soeb 
Ant  tiie  three  point!  of  oonta«t  como  (ogiQiar,  or  (what  is  the  lame  thing)  there  ii  not  in  fnteral  aaj 
tMgent  plaiw  iait<fM«tiiig  tha  uicfioe  in  a  curve  haitog  •*  th*  |ioint  of  eontaot  »  tdpla  point  A  mrfhM 
nuty,  howevar,  lum  tin  Usd  of  lingiiliM-ity  just  ntand  to,  vis.  a  tangent  pluae  iiitaneetiiiK  ih*  raTCM*  ia 
a  curve  having  at  the  point  of  contact  a  triple  point;  each  tangent  plane  mii.v  l»j  tirmLiI  a  '  tritom'  tangent 
plane,  aad  its  point  of  contact  a  '  trituu '  point  :  for  a  eabic  surface  the  inlersiocltua  hy  a  tr.toin  tangent 
plane  i«  of  ooudh-  a  nv^tem  of  tliruc  line*  meeting  in  the  tritom  point.  The  tritom  singularity  it  aibi* 
tmagtoeiX ;  it  is,  1  tUak,  %  Mngolwilar  whidt  aboold  be  eonndeted  iu  the  tbeoiy  «f  neifraoU  nufMH. 
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which  Ib  to  be 

and  we  may  find  X,  T,  R,  S,  T,  linear  functions  of  x,  y,  u,  v,  w,  no  as  to  satisfy  these 
wpnlioiiiii^  ud  ao  tliat  in  Tirlue  of 

«  +  y  +  tt  +  p  +  w— 0, 

we  shall  have  also  X  +  F+  /2  +  .Sf  +      0.   For,  assuming 

il  Z»  +    r '  -  a«»  +     -  «  («  + 
Z  ^  F  -  «  +  y. 

8  -  J  (w  +  «), 

we  have  identically 

AX*  +  flF'  +  6C'ASr  =  <w»  +  V  -  c  u  +y)>  -3c(w  +  w)  (w  +  u)  (u  +  »), 
Z  +  F+^  +  iS  +  r    -«  +  y  +  u  +  »+w} 


and  thus  it  <Hiily  femimB  to  show  that  w»  can  find  X,  F  linear  functions  of  9t  jf, 

such  that 

il  jr»  +  5F' =  a«»  +  6y»  -  c  («  +  yy, 
Z  +   F  =  af  +  y. 
Thia  is  nlwaya  poaaible;  in  fiMSt  if 

ir-<ic>+iy*-e(«-{-y)>. 

thon  takuiig  ^  for  the  caltt«ovttiHtit»  «nd  □  for  the  diacriminant  of  ZT,  we  have 

*  perfect  cuhe.  laj 

i(<I>-VDi7)  =  (»«r+py)'. 

and  we  then  have 

O'-^  f^^+Myy  -  (w +py)*l  -     +  i?r'. 

whieh  ia  aatiiafied  by 

F»«(i»  +/»y), 

if 


18^2 
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The  eqnataoB  Z+  F«e-i-y  then  gtvM 

IK  +  m»  =  1, 

which  give  the  values  of  I  and  m,  and  thence  the  values  of  A  and  and  ooUectuig 
«!]  the  equations,  we  have 

I'— 5^  (-+«-). 

Jl  =      i  (r  +  w), 

5  =      ^  ( w  +  « ). 

trtien 

□  being napeetively  the  eulioGOTariant  and  the  diicrimuuHit  of  U=(uf+lj^—e{x  +  y)% 
fat  the  fimttuUe  «f  the  tnuMfonnation 

X  +  F -t- Jt + iSr + 7  s  «  4- + « <4- « + «fc 

The  equation  ax'  +  6y'  +  c  (u'  +  **  +  «;*)  =0,  where 

ar  +  y  +  tt  +  D  +  tts  0, 

prcf^ents  over  the  othi  r  form  the  advantage  that  it  in  included  as  a  particular  case 
under  the  equation  ax^  +  by*  +  eu^  +  dv*+mi^^Q  (where  x  +  y  +  a  +  v  +  w^O)  emplojed 
by  Dr  Safanon  aa  the  canodeal  form  of  eqnatioQ  for  the  genwal  cubic  aurfooe. 

$,  DoiMMiy  Tnrace,  Cambridg*,  April  29,  1864. 
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TABLES  DES  FORMES  QUADRATIQUES  BINAIRES  POUR  LES 
DETERMINANTS  NEGATIFS  DEPUISZ>=-1  JUSQU'A  Z)=-100, 
POUR  LES  DETERMINAN'm  POSITIFS  No\  CARRES  DEPUIS 
Z>  =  2  JUSQU'A  2)  =  99  ET  POUR  LES  TREIZE  DETERMINANTS 

NEGATIFS  IRREGULIERS  QUI  SE  TBOUVENT  DANS  LE  PfiE- 
MIEB  MILUEIL 


[From  the  Journal  fur  dte  rtine  und  angmuandte  MathenuUUe  (Crelle),  torn.  LX.  (1862), 


Les  tables  siiivantcs  Hont  arranges  de  la  tiuiiUHre  pr^rite  dans  lea  "  Disqumliones 
arithrMticae."  DaDS  le  m^moire  de  Lejeune  Dirichlet  "Recherches  sur  diverses  appli- 
catioDB  de  TaDalysc  k  la  theorie  des  nombreB,*'  torn.  XIX  (1839),  p.  338  de  oo  Journal 
on  trouve  itn  tableau  dans  lequel  les  regies  qui  serveat  k  former  tee  eeimctfefee  de* 
gvnres  sont  r&um^es.  Soil  D  -  P!?  ou  2PS-,  d^signant  le  plits  gmnd  carr(5  quo  D 
coatieot,  et  P  un  nombre  impair }  soient  de  plus  p,  p',  p"...  les  fecteurs  prenuera 
in^tix  de  P  et  r,  /,  Z'...  les  nombres  premiera  impairs  qui  dinsent  S  sum  dinser 


P;  ^criTODs  enfin  pour  abreger  S«(— )  *  ,  e»(— )  "  .  Cela  posd  on  trouve  k  I'eitdcoit 
cit^  le  tableaa  sai^aDt: 


ppu  957—372.] 


w-l 


Premier  cas,  D  -  i'^',  P  s  1  (mod.  4) 


iSfKl  (mod.!)  -, 

*  p  p        '  »*  r 

B2(iiiod4)  p....  -,  j7, 

(Sl=0(mod.4)  — ,  5.     •»  — . 
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[sas 


Deuxi^e  cm,  jD-P-S*,  P  =  3  (nu>d.  4) 


as  1  (mod.  2) 

Mr 

m 
r ' 

m 

8m2  (mod.  4) 

P 

m 
P 

•  •  • 

m 

m 

17  »  ••• 

<9s0  (mod.  4) 

t  « 

P 

m 

m 
r  • 

m 

^  » 

Trom^me  cas,  i>  »  2P^.  P  «  1  (mod  4) 

8ml  (mods) 

*  I'- 

m 
r 

•  •  • 

m 

7' 

m 
pf» 

.8s 0  (mod 2) 

m 

m 
?' 

i» 
r  ' 

J7"i  •••• 

Qnalinfaiie  m«.  J>-SP£^  l>s8  (mod  4) 

S=  1  (mod.  2) 

nt 
P' 

m 
P" 

•  •  « 

m 
r  • 

m 
^ « 

<9s  0  (mod  S) 

m 

m 
P" 

m 

r  ' 

m 

->  >  •••• 
r 

Dm»  oe  tebloAU  b  notation  ^  dans  laquelle  j'ometa  les  poraitiiAMs  niit^ 
ajgiuAe  le  camotbe  d*iin  nomine  queloonque  m  par  rapport  an  nombro  premier  impair 

p,  c.-&-d.  que  m  est  r&idu  uu  uon  r^sidu  de  p  selon  qne  ^  =  + 1  ou  o*  —  1,  do 

mcime  6  eat  le  caract^'O  de  »*  par  rappon  au  notubre  4,  savoir  m  s  1  ou  3  (mod  4) 
■ekm  que  t^  +  l  ou  »  — 1,  eufin  e,  te  wont  l«s  earaetiree  de  m  par  mpporb  aa 
iioinbrc!  8,  savoir  w  =  l  ou  7  (mod.  8)  pour  e  =  +l,  s  .T  on  .'  (mod.  H)  pour  «  =  — 1"> 
7JJ  =  1  OU  3  (mud.  8)  pour  Se  =  +  1,  =  5  ou  7  (mod.  8)  pour  S«  — —  1.  Si  pour  un 
d^nuioaat  donn^  on  veut  former  aa  moyea  de  oe  tableau  lee  caracttoea  dee  gem-es, 
on  ptead  la  l^ne  iioriiontale  qui  ooiment  4  oe  dAtemttiHHit }  i,  tona  lea  camcbkrea 

- ,  ^\  ^ ,  ...  ^  e,  fie  qui  ae  trouvent  dang  ta  Ikne  honmntale,  on  attribue  lea 

p    p         r  r 

tifpm  +  w  —  k  volontd,  aree  eette  KBtiwtion  oependaat  que  )e  a^[ne  compoa^  dea 

tnguea  qui  se  trouvent  dnus  la  premiere  partie  de  la  ligne  dont  il  s'agit  soit  poeitif.  Si 
par  cxemple  le  determinant  doniie  est  /)  =  —  35,  on  a  J5  =  —  35  =  PS",  P  -  -  '?3  =  1  ( ni'xi  4), 
5  =  1  =  1  (mod.  2),  les  nombres  2^>  P'"-  ^<  7>  signes  ijue   lou  doit  cou- 

sid^rer  soat     >  y   De  14  ou  obtieab  le«  caract&res 


m 
5 


m 
7 
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il  y  a  duuc  deux  geures  de  I'ordie  propremeat  primidf.  D&na  le  caB  dont  il  s'agit 
(et  CQ  gdn^ral  pour  Dm  I  (moi,  4))  il  y  ft  mi  ordre  improprement  prinutif  wee  des 
genres  qui  ont  lea  CMMCins  identiqu«B  k  csnx  des  genres  de  Tordre  proprement 
priraitif,  le<?  eamct^reg  se  nfiiiortani  dans  oe  cae  k  I*  moiiai6  d'tttt  nooibro  queloooque 

represent e  par  la  forme. 

Pour  iViciliter  rimpression  dcs  tables  j'ai  iutroduit  denx  nmivclIeH  lettres  a  et  0 
doDt  voici  la  defiuitioa.  Pour  toua  les  determinants  auxquela  se  rapporteut  mes  tables, 
Ci>-i^  poor  le«  d^bammaata  n^gatift  queleonquea  poaitifa  mm-caxT^  depnis  — 100 
juaqu*^  -1-99  ainai  que  pour  les  d^terminanto  n^^atUa  irnlguliers  du  premier  millier,  le 

nombre  des  fuctenrs  premiers  d^ign^  ci-des3ii«  par  les  lottrrs  p,  p',  p"  r,  r',  r" ... 
n'excMf  piV5  deux.    Suit  done  q  le  phis  peiil  do  cos  faL-teui-s  premiers  et  q    le  plus 

grand  loraqu'il  y  en  a  deux,  je  d^igne  par  a  lo  caracti^e  —  et  par     le  caractke 

Dana  la  oolonne  relataTe  k  la  oompomtioa  et  portamt  rinaeription  Cp,  je  lepr^wnte 

corame  k  I'ordinaire  par  I'lmit^  la  forme  princip.ilc,  par  la  lettre  c  uno  forme  qui  produit 
par  la  duplication  la  forme  principalc,  par  les  lettres  d,  e, ...  des  formes  qui  la  produisent 
pttr  la  triplication,  la  quadruplication,  etc.,  de  mani^re  que  Ton  ait  c»"l,  t?**!,  tf*"!, 
^al,  ATbI.  t^al,  j*sl,  etc.  Les  notations  d.  d,  par  ex*  uiple  siiruitieat  deiiz 
formes  diffdrente.^  dont.  chacune  produit  par  la  triplication  la  fnrmf  prineipaK'.  Je  roprtf- 
sente  de  plus  par  c  la  forme  principale  de  I'ordre  irapropremeut  primitif  et  par  <rc,  <rd, ... 
dea  formes  qui  produiaent  ^  par  la  duplication,  la  triplication,  etc  Dana  r^num&ation 
dea  blaaaes,  j'ai  tonjonrs  ^rit  en  premier  lieu  I'ordie  praprement  primitif,  en  le  faiuant 
snivre  apr^  tin  trait  de  sr]jaiatioii  pai-  ronlre  im]>rf>prement  primitif  lorsqu'il  existe. 
Dans  ohacun  des  deux  ordres  les  divers  genres  se  trouvent  s^par^  1(»  uos  des  aiitres 
par  des  tndta  snbordonn^. 

Pour  lea  determinants  positifs  lea  pdriodos  sont  donnas  par  uue  abr^viation  facile 
oomprmdre.  Gbaque  tooM  de  la  p6iade  ajant  aon  dernier  ooeffideitt  ^al  an 

pramicr  de  la  suivante,  oette  valeUT  identique  u'a  ^t^  imprimt^e  qu'uue  fois;  de  plus 
lf>3  cuffficientB  exterieurs  a,  c  des  formes  (a,  6,  c)  ont  (^t*'  distini^u^  des  coefRcients 
b  en  injpriraant  ces  demiers  en  caractferes  plus  petits.  Ainsi  pour  le  determinant  7  la 
pAriode  de  1»  dave  principale  (1,  0,    7)  eat  donn^  par  lea  nomlvee 

1,  J,  -  3,  1,  2.  I,  -  3,  1,  I 

qui  representent  la  serie  des  formes 

(1,  2.  -8),  (-3,  1,  2),  (2.  1,  -8).  (-3,  2,  1> 
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TlUe  I  des  jbinies  quadratiques  UnairM  ajmnt  pour  tUtemiiUHkU  Im  nomlms 


CI  11X15071 

it 

<'!' 

1 

: 

-  1 

1,      0.  1 

+ 

1 

-  20 

1.  0.  JO 

2.  0,  5 

S.     1.  7 

-  1,  7 

+ 
- 

+ 
- 

- 

1 

-  :U 

1.      0.  .'ll 

.'t            ■  * 

4,      1.  S 
1.     0.  32 
4.     8,  9 

- 

— 

- 


1 

+ 

4' 

1 

+ 

] 

a 
a 

ad 
I 

_  2 
-  S 

^4 

1,       H,  J 

+ 

1 

1,  0,~3 

1 

IT  1 

L'.      1,  2 

+ 

tr 

1.  4 

1 

1,  0,  2\ 

2,  1.11 

+ 
— 

-I. 

- 
+ 

1 
1 

C 

-  B 

1,     0,  5 

+ 

- 

+ 

— 

+ 

— 

_ 
— 

1 

■2.     1,  3 

r 
1 

-  6 

r," 

-1- 

o,     2,  o 

:i,     1,  11 
1.  11 

e 

t' 

■2.  u, 

I,     0,  22 

6.  11 

1 ,      0,  "j.'i 

■'^1     1 1 
3,     1,  s 

+ 

1 

1 

<i 

-  7 

1.     0,  7 

~  1 

"1. '  0.  r\ 

• 

1 

r 

■2.      1.  1 

V 

2.   r,  17 

^ 

1,     0.  s 

_ 



— 

— 

1 

+ 

0,11 
6,     S,  7 

-■ 

3,     1,  .{ 

'• 

1,  1- 

tr 

ce, 

-  9 

I,    0,  tt 

• 

-1- 

1 

4,  -  1.  'i 

<r./ 

-  .'U 

1.  '  67 -.n 

1 

2      1  .J 

h 

'• 

4.     1.  ti 

+ 

2.     0.  17 

- 

■♦■ 

I,       U,  lU 

1 

1.     0,  I'l 

+ 

+ 

1 

- 

r 

(1,  s 

- 

- 

r' 

7.-1.  7 

1 

- 1 1 

1  oil 
.-4,      I,  I 
3.-1.  4 

+ 

-f 

1 

'( 

d- 

5,     1,  5 

+ 

Cl 

-  -^'^ 

1.  3."- 
4.  1. 

t,  -  lis* 

■\     0,  7 
■       1,  1- 

4- 
•4- 

1  ~ 

y 

ff 

'f 

u' 

4,     2,  7 

cc, 

■J.'> 

• 

'  I 

- 

- 

- 

- 

i    1.  6 

1,     0,  i-j 
:i,     0,"  4 

— 

^3 

1 

-  •_'« 

1,    0,  26 

;s.  -  1.  '.' 

'1          1        '  1 

<r 

-',     1,  1** 

m 

1,    0,  1:5 

^^ 

+ 

1  . 

J/'_ 

ti.     1 .  r, 

-^U 

2.     1,  7 

S,  -2,  6 

- 

•1 
t 

1 

d 

~;57 

1,    0,  ;{•> 
4,    0,  y 

+ 

I 

»,    0,  i-» 
2,    0.  7 

+ 
+ 

+ 

3,     1.  ■■' 
5,-1,  u 

« 

«» 

-27 

1,     0,  L*7 
4,     1.  7 

1  1 

1 

2  ^ 
-  2,  1* 

IS 

1,      (1.  'M 

+ 

— 

1 

-15 

1,    0,  15 

H.      1).  6 

+ 

1 

e 

1.  1  1 

<j 

■2,     i.  1S> 

c 

2,  i,^ 

+ 

tr 

- 

1.       0.  L'x 

1 

T,  *8 

6.     2.  7 
"t,  —  -.  ' 

+ 

\ 

1.  4 

1 

r 

2'J 

4.  0,  7 

1,     O;  29 

5,  1.  R 
5,-1.  r, 

+ 
-•- 

'4 

+ 

r 

~\~ 

'/ 

I 
t 

+ 

-r 

•f 

T    0,  ii) 
4,    2,  r, 

+  + 

+  ■ 

.!,     1.  l:t 
2.    0,  19 
»,  - 1,  13 

•J 
-r 

1 

-17 

1,     0,  17 

1 

a.      1.  Ht 

■J.    1.  ir. 

2."'  1. 

1,      0,  .'Ut 
.1,     0.  !:{ 

3,     1.  ~6 
»,  -1,  6 

+ 

f' 

1,  in 

+ 

+ 

+ 

h 

1.     0,  :iO 

■J,    0.  in 

+ 

+ 

1 

e 

1,  > 

1,  1> 

+ 

1 

2,     U,  U 

:i,     0."  H> 

~2,  r.^u 

IT 

a«* 

-19 

1.     0,  19 
1.  1, 

1,    1.  r» 

4,  -  1,"10 
4,    1,  10 

2,    1.  10 

'1 
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QUmm 

a 

s 

Cp 

D 

1 

i 

|Sr 

Cp 

1 

a 

( 
1 

1 

< 

1 

Cp 

-40 

1,     0,  40 
4,     2,  11 

+ 

1 

+ 

1 

c 

,  -  fjO 

1,     0,  50 
6.     2,  0 

+ 

+ 

+ 

1 

'J' 

ft 

1  -59 

1.    0,  r>y 
3,    1,  20 

7,     2,  9 

+ 

1 

J 

/ 

»,    0,  8 

-  41 

7.     3,  7 

-L 

1 

+ 
+ 

— 

re, 

3,     1.  17 

2,  0,  2'! 

3.  1,  17 

-t- 

^ 

'J 

.'/■^ 

4.     1,  \h 

■     -  1.  12 
1, 

4,  -  1,  15 

' ,  -  2,  9 

-  I,  JO 

+ 
-t- 

1       0  41 
5,     2,  9 

t- 

a.   1,  21 
e, -2.  9 

+ 
+ 
_  1 

+ 
+ 

1"' 

1.  o,"r)i 

■»,      1,  13 
4,      1.  13 

+ 

+ 

1  + 
+ 
'  4 

1 

'.r 
'/ 

+- 

.1,      1,  14 
6.-1.  7 
6,     1,  7 
3,  -1.  14 

1 

+ 

+ 

i' 
? 

ft.      2.  1  1 

3,     0,  17 
-  2,  1 1 

+ 

1 
1 

>> 
;/' 

,7' 
a 

.«       If  oU 

6,     1.  iO 
6.  -  1.  10 

4. 
+ 
+ 

— 

1 

-43 

1,     0,  42 

1 

2,     1,  2rt 

3,  0,^20 

2,     6,  21 

+ 

c 

tl,      .'5.  10 

1 

+ 

+ 

— 

4- 

r 

3,     0,  14 

t"i 

c. 

^)2 

\~  0,  r,2 
4.     0.  13 

4,  671')' 

fi.     0,  7 

'),  0^12 

ce, 

1,     0,  43 
4.      1.  11 
4,-1,  11 

T 
-1- 

+ 

1  ' 

7      2  M 
7,  -  s 

e» 

-  (11 

1,     0,  01 
'.,  -  2,  13 
2.  1:1 

+ 

+ 
+ 

1 

<J 

^3 

1,     0,  .^3 
-  1,  f 
<•,      1 .  9 

r 

+ 

1 

tf^ 
g* 

-r 

+ 

<r 

7,     3,  10 
7.  -3,  10 

-44 

1,     0,  44 

H 

1 

-  1,  9 
•%      1,  !> 

+ 
+ 

3.      1,  1^ 

2,  1,  27 

3,  1.  IS 

9 

<f 

-62 

1.     0.  62 

7.     1,  9 
7.  -  1,  9 

+ 

: 

r* 

3,  1,  1") 

4.  0,  11 
8,  -1,  1ft 

•1- 

;/ 
'f 

■/ 
I 

-(■ 

ir 

V  _ 

-  .")4 

I.     0,  M 
7,     3.  i> 
7.  -3.  It 

+ 

u 

-»- 
+ 

+ 

^'^ 

y 

'J 

'/ 

•i.     271 1 
2,     0,  31 

/*  nil 

6,-2,  11 

1 

— 

— 

— 

'J 

■ 

1 

1,     0,  4.^ 

+ 

6,    0,  9 

■\     1,  11 
2,     0,  27 
•\  -  I,  11 

"l,  ~0,  (;:! 
7,     0.  9 

7,     2,"  7 

- 

+ 

1 
1 

+ 

-  ').') 

1,   0,  5a 

5,    0,  11 

j- 
f 

"[ 
'■■ 

^  :t, 
^  -3,  9 

—  #0 

2,     0,  2:1 

^  -',10 
5,  -  2,  10 

7.     1,  s 
7.    -  1.  s 

2,      1.  32 
s,  i. 

+ 

(- 

+ 
+ 

ft*} 

2,  r,"2> 

t.  1,11 
I,     1,  1  ( 

- 

+ 

rr 

<r»" 
•7' 

4,  -  I,  m; 
t,    [,  h; 

_ 

ae 
are' 

1,     0,  47 
3,    I,  ir, 
7,    3,  8 

7,  -  3.  s 

1~ 
./" 

/"- 
/ 

~C1 

1.    0,  *u 
r-,    I,  13 
1,     2,  17 

.'),      1 ,  1 ."! 

+  ■ 

+ 

1 
«» 

3.  -  1.  l«i 

i 

1,    0,  .">i; 
t, 

■">,    2,  1 2 
.'),  12 

1.     2.  !■"> 

1- 

+ 

+ 

+ 

+ 
+ 

+ 

1^ 

+ 



2,      1,  24 
6,     1,  s 
4,     1,  12 
4.  -1.  12 

CIO 

i- 

-r 

1 

_l 

»/• 

"f 
"J 

r' 

'■ 

! 

-  G'' 

1.  0,  «r> 
9,  4. 

\    1.  22 

-  1.  22 
5,     0,  13 

2,  1.  33 

-  1 , " II 

+ 

+ 

+ 

J. 

4- 
+ 

1 

« 

« 

1,  0, 

■i 

'  1 

1,  I'.' 

ct 

3,     0,  IT) 

I,  I'-t 

7,     !,  7 

1 

•'>7 

1, 

+ 

1 

<i,    I,  11 

+ 

4 ,      -,1 .» 

+ 

+ 

+ 
+ 

1 

■>.      11.  1'.' 
1.  ■-'■■> 
3.  1  1 

+ 

-4» 

1.     0.  41> 
3.     1.  2S 

1 

i 

1,  10 
0,  ~  1,  10 

1,  '1.  "'  ^^ 

2.  IJ.  2'i 

1 

1 

1 

1 

1 

1 

1 

1 

1 
1 

» 

C  V. 


19 
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a 

St 
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336. 

NOTE  SUB  L'iUMINATION. 

[Fnm  tlie  JcnmU  fkt  di$  rthu  vnd  angewandte  MiMmatUs  (CkdleX  ton.  lx.  (IsaiX 

Iip.  873—374] 

SoiENT  U  =  {a,  ...^x,  y)"',  K  =  (6,  ...Ja;,  y)"  de»  t'uuctioui)  houiogeues  quclconques 
d«s  M  et  II  reqMetivaiiMMik.  D&iotaiu  fwr  («;  jr)^  la  mite  entliie  on  flonleineiit 

aiie  portie  do  la  mite  do  termoB  t^9f'^»  ^  ^  pronaat  tf^m^a,  (onnoDi  la 
d^temunaat 

{(«.  y)^  U.  (*.  y)*-"  K). 

Cette  notation  signifie  qu'en  snpposant   los  sntiLes  («,  y)*""*  f7,  («,  F  compos^ 

respectAvement  de  j>  et  de  g  termes  et  qu'eu  poaaat  j>  +  j»«  on  forme  le  d^tenninant 

dans  le(]aol  too  difliSientea  lignes  (dMnmm  oompooie  de  •  tMmas)  soat  oe  4^  dovienaoit 
(«,  y)*-^U,  (x,  uT*y*  lonqu'on  y  subatitue  (c^,  j^),  (a^,  SfOi*»(«b>  y*)  succeaaiTenient 
au  lieu  de  («,  y). 

I«  d^temdiMDt  quo  jo  vima  dtfnir  eofc  divuiUo  par  le  ddtenmnaat 
notatioii  qui  oat  Apuvalaate  4: 

:  I 

•  I 
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et  dutt  laquetle  {x,  yY*  dfooto  la  suite  entiifav  dn  tenBoa  t^y^  Nous 
obtenoM  tinai  mie  ^nation 

^^'''^^K^^y^f^"^'''         ...>»(«k.  y»>^*'  ...(*..  y./-^V 

c-IhL  que  le  quotient  est  du  d^^  p  par  mpptst  auz  ooeflBdente  ia,  ...),  do 
degi-^  9  par  nppart  aux  coefBciente  (&,...),  et  du  d«;gT^  par  mppoit  I 

chaque  syst^e  d»  variables  (o^,  ViX  y«X    Or  ea  CQjipOMUit  I7'i«0«  Ft«4^  on 

obtieut 

0  =  (a,...>f(i....)»(x„  y,)^*', 

Equation  qui  subsistc  quelles  que  soient  les  valcui-s  do.s  variables  (d^,  ... 
oela  doone  une  suite  de     — «  +  2)*~'  ^uationti  chacuue  de  la  forme 

0-(a, ...)» (fit ...)«(«., 

En  ooond^rant  un  s^-st^me  quelconque  de  d  — «  +  S  de  ces  ^uatiuii^,  pour  en  ({linmier 
tous  ]c5i  trrmp!!  de  (s^^  y^)*^*!  on  obtiendm  ou  fdq<tation  ideatiqoe  0~0,  on  «ne 

equation  de  la  forme 

^-(a,  ...)!''•-**"  (6,  -0 

oh  F  sera  un  ddtemdnant  de  I'oidK  tf~«+2,  eliaque  terme  4ft«at  de  la  haoa 
(a.  ...)!•  (t,...)?. 

Ola  poitf  il  est  evident  que  F  eontiendm  eemine  fiKSteur  la  fimolien 

□  «(a,...)'H6....r 

qui  est  te  i^ultant  dee  deiu  ^uatunia  {TsO*  FsO.   £n  pnrtioulier,  on  Mun  lea  denz 

cas  que  voici: 

r.  Soit  0«m+n<-l.  et  suppoKms  que  {«,  yf^  U»  («,  y)r^  r»  ddnotent  lea  auites 

entijtree 

«»-'  U,  af-'t/U,  .„  y»-»  tT;  a-—'  V.  af^yV,  ...  y"-*  F, 
noua  aniona  j)a*n,      «>  cvm+n,  $-B  +  2m  1,  et  de  14 

done  F^O.    On  voit  ttaa  peine  que  Ton  obtient  de  oette  mani^re  le  r^ltant 

80UH  la  forme  d'ttn  determinant  de  I'ordre  m  +  u,  le  m^me  que  I'on  obtient  en 
^Uminant  lea  tennea  de  («^  yjr^»-i  entre  lee  ^oationB  («;  y)^  CTo  0,  (c,  F^O. 

8".  En  suiqpoaatit  m^n,  on  peut  pmidre  0>ir,  ce  qui  donne  pour  {a,  fff-^  U  le 
aeni  terme  U.  lUduiaona  auari  (tt,  fff"*  V  an  aeul  terme  iCy**  *  *F  (a  ddngnant  un 
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nombre  cntier  arbitraire  entre  0  et  m  —  n),  c.-k-d.  au  tenne  x"^'  V  ou  y*"""  V  daas 
le  oua  des  deux  valeurs  extremes  de  a.    On  a  ainsi  p  =  l,  j  » 1,  s  =  2,  et  dda 

i''=(a,...)"(6,...)». 

Done  c.-Ji-d.  que   Ton   obticnt  le  resultant  □  affect^  d'un  fiacteur 

(a,  ...)"^"  qui  ne  contienfc  que  les  coetiicieute  de  U,  et  qui  est  de  I'ordre  vi—n  par 
rapport  k  cea  ooefficients.  L'expi-ession  de  ce  &cteur  peut  Stre  trouv^e  assez  facile- 
mentw  Dans  le  om  da  teme  iP^F,  o.4hL  poor  «— m-a,  le  fteteur  aem  ife^^ 
(k  d^dgnant  le  dernier  coefficient  de  la  Hiilte  (a,  ...)),  «t  dMU  la  CM  da  terme 
ym~»  y  (.  ponr  a  —  0,  le  fuctcnr  sera  a"^".  Mais  en  siipposatit  m  =  n  on  a  tout 
simplement  d,  c-a-d.  que  I'uu  ubticnt  le  rt^Miiltant  mm  tacteur  Stranger.  C'est 
aoua  oekte  denutea  ftirme  qae  j'oi  prdacnt^  la  miStliode  abr^g^Se  de  Bmvt  daaa  k 
tome  LHi.  p,  866  (1857)  de  oe  Joonial,  [290]. 

Londres,  17'*-*  JMcentbre,  1861. 
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NOTE  SUB  LA  B^LIT^  DES  BAOINES  DWE  EQUATION 

QUADRATIQUE. 


[Fmn  the  Jounti  /Br  dk  ivim  md  tmgtmmitt 

ppt  867—868.] 


ik  (GMleX  torn.  uu.  (1863). 


A  ruopos  dii  mc^nioire  que  \-\ent  de  pnblior  M.  Heaae  (Tuir  ce  Journal  t.  LX., 
p.  305)  je  remarque  que  si  I'une  ou  I'autre  des  deux  formeci 

(a.  b.  c./,  g,  h\      («-,  b',  if,  A  jT,  h'i  y 

est  une  forme  ddfiuie  (forme  qui  conserve  toujours  Ic  mdme  ague  poor  des  valeuTB 
rMka  quelconquee  dee  v«ri*bleBX  I'^oatioii  Boivaute  en  X: 

a-W,  h-Xk',  g-t^.  « 
A-U'.  b-}Jtf,  /-\f,  y 

9-^\  f-y*  * 
«.  y.  « 

Mm  me  deux  raoinw  vMka.  Bn  AaiTant 
B  —  m  ~f^t  ■  •  • 

de  mani^re  que  {A,  B,  C,  F,  G,  >*  di^note  la  forme  Mjjoitite  (ou  r^proque)  de 
(a,  b,  Ctf,  g,  A$  )*.  cette  ^uatiuu  prend  la  forme 

{A,  y,  r)'-X(J,.  ...$«,  y,  *)'  +  V(^'.  -i*.  y. 

et  lea  racines  ^tant  rdelles,  on  doit  avoir 
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Or  pour  demoatrer  directement  oette  proposition,  il  o'cst  pas  co  me  semble  possible 
d'ttcpriuMf  Q  cowiTue  vm  wwmbo  do  omdij  on  ft  boooiw  do  ooBwkWwir  wo  ftniw 

plus  gt^uemle,  savoir  une  sonimc  do  oarres  multiplU'-s  chaciin  par  un  coefficient  life&ml 
positiC    Par  exetnple,  en  no  t'aisant  attention  qn'&u  coetHcieut  de  «*,  on  doit  avoir 

a—  * {bc-/*Hb'e-/'*)+{bD'  +  b'c  -  +. 
Four  en  biie  b  di6nonibMtioo»  on  pout  eiqiriiDer      ooufl  la  ftnno 

00  qai  dauan 

6ca-(4o-/«)  (U^b'oy  +  {hief-&f)  +  c(6/'«6y)J». 

Sn  otibt.  on  y  oubotitoMit  In  Noonde  OKprowion  do  □»»  on  *  I'idontit^ 

4te(ir-y/)(c/'-<y)--/*(fc*'-yc)"  +  [5(c/'-<!y)+c(6/ 

et  l'expret»iuQ  pour  6cQ»  est  uinsi  demontr^  Mais  en  supposant  que  (a,  6,  c/tgtk){„y 
amt  one  fimno  drffinio,  on  n  ie dono  anni  ios+.ofe  M3»-(lo-/0  f*«-t- » 
done  eniiQ  □«  =  +.  II  nemit  aaoes  IntAosHUkt  do  tMnver  one  dAgMMutentiion  poniile 
pour  I'expreSBioa  g^n^rale  de  □. 

Lmtw,  23^  Octofrre  1862. 


c  y,  21 
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338. 

NOUV£LL£S  RECHEKCHES  SUR  L  ELIMINATION  ET  LX 

XHEOKIE  DES  COUBBE& 

[Ftom  the  Jovmai  fir  Hit  rmn»  wad  anrrewamlte  MatiumatUt  (GreU«),  torn.  LXiit  <1S04> 

pp^  34—39.] 

Dans  le  probl^tnc  dc  reliuiiiatioii,  on  chei-che  la  lelatioa  qui  doit  exister  entre 

le«  oCK'fficif'ntH  <ruiH>  foiiction  on  Hy'^t^rlU'  dc  foiictious  pntir  «^nr  i]!irlf]iir'  drconstanoe 
particuli&re  (ou  singularity)  puisse  avoir  lieu ;  par  exempk-,  pjui  que  deux  equations 
poiaBent  avoir  une  raetne  comurane,  ou  (oonuue  appHcfttion  g^metrique)  pour  qu'uiM 
oourbe  pui^  avoir  un  point  double.  En  prenant  les  coefficients  comme  donnes,  tant 
la  rclatifin  chcrchije  que  la  singularity  qu'elle  implicjue  iiDiit  tju'urie  existence  kypotM- 
ti([ue.  Mais  uu  peut  transibrmer  la  question  en  supposaiit  que  les  coetiicients  d'une  ou 
de  pluflieuia  dec  fimotioni  wient  do  k  forma  a^Xat't'/M",  b^Xtf+fA",...  oik  a', 
a",  h"  -  nf  des  cocfticienta  donnes,  mals  X,  /i  dea  quaotitos  urbitraires.  On  peut 
alors  di^pcifier  en  aorte  que  la  siugnlortt^  dont  il  s'agit  existe  actuellement,  en  deter- 
mioant,  au  moyen  de  ta  relation  donn^e  par  I'dlimination,  la  valcur  du  rapport  ^  : 
Ces  iaiMtitutionB  a  =  Xa'  +  /ia",  h^TJlf iih" , ...  changcnt  la  fonction  X]  laquelle  ae 
rapportent  lea  coefficients  a,  b,...  cn  U  =  \U'+ixU",  ou  U',  U"  sout  dos  fonctions 
semblablefl  k  U,  mais  avec  les  coetticients  a',  b',...  ou  a",  b",...  au  lieu  de  a,  b,...: 
en  ae  servant  d'ane  eqireflaon  niit^,  ou  pent  que  h  Amctkn  CT  est  en  involution 
avoB  V,  U";  et  d<>  nwrne  en  gkmi6bn»  que  1»  coiurbe  17*0  est  en  involution  tvee 
les  courbes  IT  ^0,  U"  -  0 ;  m  r^tv,  pour  lea  oouities,  cela  Tout  dire  que  les  trou 
courbes  se  couppnt  dans  k'>.  tuemeis  poiuta 

On  con$oit  comment  cette  maoitsre  d'envisager  le  probl^me  peut  couduire  ^  uue 
interprftation  gten^ferique  de  r^ltnta  qm  n'avuent  auparavant  qu'une  significatiaA 
analytiquc.    Consid^rons  par  exemple  1*  proposition  suivaate,  "le  djacriminant  d'une 

fonction  quadratiqtic  h  trois  variables  est  du  degre'  3  par  rappoi-t  aux  ooefficients,"  ou 
ce  qui  est  la  mime  chose,  "lu  fonction  qui  egal^  k  z6ro  expnme  que  la  couique 
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V^O  ait  un  poiut  double  (se  r^iiise  it  une  paire  de  droites)  est  du  degr^  3  par 
impporl  tMX  ooeffidmits,''  e'e«t  \k  une  propontion  purement  analytique.  iomb  ri  «omnie 

cMemiB  on  met  Xa'  +  /M",  Xb'  +  fib", ...  au  lieu  de  a,  b,...  on  a  le  th^rfeme  g^m^- 
trique  que  voici:  "Dans  le  systijme  de  coniques  Xf/+^/7"  =  0  en  involution  nvcc  les 
CMUiiques  duan^  V  =  0,  U"  —  0,  il  y  a  3  coniques  a  poiut  double  (c'est-a-<iixv,  trois 
psbes  de  draitoa).*  En  oonddtfnmt  le  cas  ptos  g^n^vl  d\ine  fcnetion  k  trois  variaUee 
et  d'ordre  quelconque,  la  question  analytique  "quel  o?t  le  degi*^  fin  discriminant  de  la 
fonction  U"  pent  dtre  remplac^  par  la  question  j|;^oia4trique  "dans  le  syst^me  dee 
CQwbee  XIT  +  m^'^O  en  involution  ttvee  les  deux  eonrbes  donnto  V  =  0,  U"—0,  quel 
est  le  uombfe  des  courbet^  k  point  double "  <>u,  cc  qui  eet  la  mSine  chose,  "  quel  est 
le  nombre  des  points  dont  chacun  est  le  point  double  d'n-i"  fnir1)e  du  systiMne."  En 
coasid^raat  la  quetiliou  iiuus  ct^tte  domit;re  forme,  non  seuleoteut  un  retrouve  la  valeur 
oottttue  8(tt-I)^  du  degr^  du  diwsriininaat  de  k  fonction  U='{A,..,'$x,  y,  nais 
on  tiouve  auaai  le  th^M^me  plus  giAi^ial: 

La  fonction  U  =  {A.,,..\x,  y,  etant  telle  que  la  courbe  6'=0  ait  un  nombre  a 
de  points  doublet  et  un  nomlxe  de  points  de  lebfouswrnent.  son  diseriminMit  qp^oial 
eet  du  degi^  S(ii-l/-7a-lliSl 

Sous  la  d^iguation  de  "  diacriminant  qpedal"  j'euteuds  la  fonction  laquelie  ^gal^ 
h  tin  donne  la  eondition  pour  que  la  oourbe  U^O  ait  un  point  double  de  plus.  II 

convicTit  de  remarqucr  par  rapport  h  cettf  expression  quo  Ip  dispriminrint  de  la  fonction 
g^n^rale  du  ordre,  en  y  subetituaut,  au  lieu  des  valeurs  g^n^rales,  les  coefficients 
de  la  fometton  U  dont  il  sVigit,  ue  doune  nuUement  le  disociminant  qweial  de  (T  mais 
ae  iMuit  ideutiquement  k  z4ro;  ee  diseriininant  special  est  done  tout  autie  ohoae  que 
le  discriminnnt  de  la  fDnelicii  g^n^rale.  En  parlant  tout  simplement  do  Vorflre  du 
discriminant  special,  j'ai  voulu  d&iguer  I'ordre  auquel  cette  expression  s'^^ve  par  rapport 
k  des  eoeffieients  abeolument  aiUtraiies  ou  ^^ments  a,  b,...  teaquels  sent  ecaisdi  entnr 
lin^rement  dans  la  fonction  U.  II  est  done  n^essaire  de  d^montrer  d'abord  la  pro- 
position auxiliaire  que  I'^uation  d'une  courbe  qui  a  d^jk  un  nombre  donnt-  dc  points 
doubles  et  de  rebruussement  pent  s'exprimcr  sous  la  forme  signal^,  c'est-a-dire 
Knddrement  par  lai^iort  ii  dee  ooeffieieats  absolnment  arbttiatves  ou  AAnento  a»  h,,.. , 
pfopositton  qui  pent  6tre  dAnontr^  aans  di1Keult& 

ConsidAons  en  effet  I'^uation  g^n^nle  U^iAf^.'Six,  y,  syesQ  ob  les  ooefBeknita 
A, ...  sent  tons  arbitraires ;  dans  le  cas  d'un  point  douUe  suppoaow  que  les  ooordonn^ 

de  ce  point,  dans  le  cas  d'xm  point  de  rebroussement  supposons  que  les  coonlonnecs 
de  cc  point  et  la  direction  de  lu  tangente  soieut  donneos :  cela  etablit  pour  chaque 
point  double  trois  conditions,  et  poor  ohaque  point  de  rebrousaeniMit  quatre  conditions, 
qui  conlienneiit  d'tinc  manitre  quelnonrjue  les  parainetres  appartonants  au  point  double 
ou  de  rebroussoment,  mais  qui  sont  lin^aires  par  rapport  aux  coefficients  A,..,:  ces 
ooeffidente  peuvent  done  s'exprimer  liudairomeut  au  moyen  d'un  nombre  convenable  de 
ooefficientB  abaotument  arbitrairea  on  Omenta  a,  b, et  c'est  de  oea  ^dmenta  t^... 
qn'il  s'agit  et  nullement  des  param6tres  mentionn^s  ci-dessua  qui  entient  dans  les 
cxpressioas  par  leaqucUes  A,...  sout  doun^  en  termes  de  a, .... 
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Cette  propoeition  anxlHairc  peut  encore  so  d^ontrer  de  la  m&ni&re  que  voici. 
Gbnoevow  que       0  repwhante  une  oouiIm  paitioiShre  qmleooqiiA  du  mftme  oniie  qae 

U  =  0  et  tello  que  pour  chaqur  point  double  (!p  la  courbe  1^=0  elle  ait  un  point 
«IoubIe  an  rndme  pointy  et  que  pour  chaque  point  de  rebrounBeinent  de  la  oourbe  11=0, 
elie  ait  un  point  de  relnottlBement  ao  memc  point  ct  avec  la  mSme  tangente.  Solent 

qui  flatufimt  anx  intaBflB  ottodibons. 

Ccla  pone,  on  pent  f^ndemraeut  ^rire  11=^  aP -[-hQ  +  cR  +  ...  ,  cVs't-iVdin>  que  rAptttMtl 
oontiendm  iin^airenient  lea  coefficients  absolunient  arbitraires  ou  tilemeuta  u,  b  

Je  reviens  au  thAireine  dont  je  auis  parti;  soit  d'abord  U={a,...\x,  y,  s)"  =  0 
une  courbe  sans  points  doubles  uu  de  robrousaement,  de  sorte  qu'il  s'agisse  du  dincri- 
miiMtat  oRfinaiM   Sn  ^crivant  pour  plus  de  aimpUdt^  V,  W  m  lieu  de  IT,  IT,  on  • 

k  connid^rer  la  courbe  \V+fiW  =  Q  en  involution  avec  le«  deux  (  i  m  ;  F— 0,  ir  =  0. 
Le  dogn'  (lu  discriminant  de  U  e«t  dgal  au  nombre  des  points  liont  tharnn  est  \c 
point  double  d'une  courbe  particuli^re  du  sjretfeme  \V"+/*1F  =  0.  Or  pour  truuver  oes* 
points  on  n'n  qu'i^  fonner  las  ^uatuns 

tjui  exprimeut  que  la  oourbe  XK+^lf-iO  a  un  point  double,  et  delimiuer  eutrc  ces 
^nations  les  ind^teiminte  X.  ^   Cek  doune  le  systime 


qui  oonpKod  lee  deux  Aiuations 

(1)  j»0,  (2)    I   "   •     '  =0 

auxquelleii  uu  t>atu»fait  par  8,K  =  0,  d«IK  =  U,  et  une  ti-oisieme  equation  a  laquelle  on 
ne  satisfidt  pas  par  ce  dernier  syittene.  Or  les  oourbes  (1)  et  (2)  se  ooupent  en 
4(ii  — 1)*  point*,  mais  parnii  ceux-ci  on  n  lee  («  — 1)"  points  d'intersection  des  courbes 
d,V-Q.  ?jr  =  0.  ot  .  ti  iVartant  ces  points  on  obtient  4 (n - 1)' -(«-!)•  =  n  f>i  -  1)» 
pour  le  nombre  de«  puiiit«,  ou  ce  qui  est  ia  m^me  chose  pour  le  degrd  du  duicii- 
Bunant  de  U. 

Je  suppose  h.  present  que  la  covibe  U^H  uft  un  pout  douUe;  les  oottibes 
0,  IV  =  0  out  chacunc  un  poiut  double      ce  ttdne  pomt^  et  en  pranent  oe  point 
potur  origine  dee  ooovdonn^>M  x,  y  les  d«ix  oourbes  serant 

V  =i^(a,  6,  c\m.  y)»+et6eO, 
W^if^ia\  V,  y)»+etc.-0, 

w  dinotsnt  per  les  et&  les  tonnes  des  embes  plus  par  ntpport  4  «^  y,  ou  moina 
41ev^  per  rapport  Jt  «. 
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Cela  donne  poor  k  oourbe  (1) 


la  courbe  (1)  a  dono  Ik  Torigme  un  point  triple,  lea  taagientes  ^tant  donnto  par  ki 

y  =  0,    (fu;  +  6y)  (6'x  +  o'jf)  -  (o'«  +  6'y )  (fer  +  cy )  -  0, 

et  (le  mSme  la  oourbe  (2)  a  k  I'origbe  un  point  irifie,  lee  taqgmtes  ^taat  donn^ 

par  les  ^uations 

«  «•  0,  (a*  +  by)  (b'm  +  c'y)  -  (o'«  +  ^y)  (Jw + cy) = 0 ; 

il  y  a  done  au  ptnnt  triple  deux  branches  de  la  courbe  (1)  dont  chacune  toucbe  uue 
de  deux  bronchee  de  la  oourbe  (2);  oe  qui  donue  k  roiigine  44-4+8*11  pointe 

d'interscetion.  Da  plus  51  Lst  evident  que  lea  deux  oourbes  9, 1^=0,  d.W  =  0  out  diaeune 
uu  point  double  k  Torigiae,  c'est-jk-dire  elles  s'y  ooupent  en  2+2=^4  points. 

Fkr  eonaiqumit  ks  oourbes  (1)  et  (S)  ee  ooupent  en  4(ii-l)^  pobte,  aftvoir 
11  points  k  forigine,  4  (n- 1^-11  points  mtrepsrt, 
lee  oourbes  dgV^O,  itgWssO  se  eoupent  en  (»—  ly  pcnnte,  sBTdr 

4  poiaU  a  I'ongine,      (»  —  !)'  — 4  points  autrepart^ 
«t  ie  syeteme  dee  3  (»  —  1)*  points  eontient 

7  pointB  i  I'oijgine,  3(tt  — 1)^—7  points  atttveput. 

En  hesitant  les  ptnnts  k  Torigine  on  a  done  8(fi— 1)^-7  points;  pour  uue  oouiIm  k 

point  double  le  degr^  du  discriminant  special  est  done  =3(»  — !)•— 7.  Si  1ft  oourbe 
17  =  0  a  un  point  de  rebrouwement,  les  oourbes  V  =  0,  W  =  0  auront  au  radme  point 
un  point  de  rebroussement  avec  la  meme  tangcntc,  ot  en  preuaut  ce  point  pour  origine 
dee  oooidonnte  et  la  dioite  «»0  poor  I'^iualiion  de  la  tai^iente,  lee  deux  oourbes 
seraot 

V=2"-^.a^  +  z'*-*.(a.  13,  y,  h^x,  yy  + etc^O, 
a'«» +  »»-»,(«',  j^,  i,  tS\m,  y)»  +  etc  =  0. 

Cela  donne  pour  la  courbe  (1) 

a,  IK,  a,  IK 

=    {«»-*.  20* +  3(0,  /3,  75 J',   J/)-  +  et^.l 

X  ,(      ^  j      <iV  +  (n-3)**-*(«',  §1,  7,  t^x,  y)»+etaj 
-  l*»-«.2o'«+*^'.3(flC,  yf  +  etc.; 
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-  3 (>i  -  2)  [aa- v^"'.  /3'.  7$*.  y/- aV (a,  ;3.  "yi*.  y/]]  +  etc. 
—  z"'-*  [—  n  ((!«'  —  (j'a)  .r*     t  tc.  o^. . . |  +  etc. 
_       .  a;  (—  n  (oa'  —  o'a),  ...Jia,  y/  +  etc. ; 

la  coui^<-  :i  done  k  rorigine  uu  point  qnadntple  ct  la  droite  m^O  y  Mt  tangento  de 
I'uae  du  iHis  branches.   On  a  de  meme  pour  ia  courbe  (S) 

0  -=   d^V,   d,V    =    ji"- .  fl  (i9 ,  7 ,  S       y)»  +  etc.)  x  {{n  -  2)  z"^'  a's^  +  etc.) 

I  '    -  U'-' .  7',  t/>»  +  ftcJ  X  [in  -  2)        a./-^  +  .-tc.) 

=     s^-^ar:a'{^,  7,  6$.r,  ,y)=_a03',  7',  S'J.*,  y/lH- etc 

cette  courbr  u  dt)uc  a  Torigine  un  point  quadruple  et  la  droite  x  =  0  y  e«t  tangento 
commune  do  deux  de  ses  braucbea.  Cel«  d<mm  k  i'ongiue  5  4-4+4+4.  «sl7  poiuta 
d'iDteneotion  des  oourbM  (I)  et  (2).  D'antre  part  on  * 

a,r  =(M-2)«»-',aa?  +  («-3)r-*(a.  fi.  y,         y)»  +  etc  =  0, 
a,F-(ii-2)*^.»V+(»-8)*^(«'.  iT,  V,  8^«,  yy+etft-0, 
et  «&  combinant  oet  deux  ^netione 

(tut  -  a'«;        y)^ + el&  « a 

De  oea  deux  ^uatlons  la  premiiiv  appartient  k  nne  eourbe  qui  »  un  point  de  lebroueae- 
ment  k  I'origine  des  rooidonn^cs  et  la  m;condc  k  uue  couibe  qui  y  a  uu  point  triple. 
Pour  los  deux  oouibes  c^KsO»  d,WssO  eel*  donue  8+S«6  iMinta  d'mteiaeefcioii  4 

lorigine. 

Lea  ooorbea  (1)  et  (2)  ae  eoupeot  dene  en  4(k-'  ly  poinH  aavoir 

17  potttta  i  Porigitt^  4(ii-iy-17  pumta  autrepart, 

lee  courbe  3,V"=0,  8,Tr  =  0  sc  coupent  en     - 1)*  points,  savoir 

6  points  a  lorigine,   (n-1/—   G  points  autrepart 

et  le  ajnit^e  des  B{n—iy  points  contient 

11  pointa  k  rorigine,  8(n-l)P-ll  poiata  autnpart 

En  doartant  les  pointa  &  I'origine,  on  obtient  ^(n-I)^— 11  pointa;  pour  one  ooutbe 
avec  un  point  de  retonwaainent^  le  degid  du  diacrinuaaot  ap&aal  eat  dene  otS(ii-1)f-11. 

Ck>mme  idaultat  final  de  oette  reciieiehe  j'obtiena  que  k  r^dnetioii  du  dngti  eat  de 
7  unit^  pour  «n  point  double  «t  de  11  nnitdi  pour  an  point  da  nbronaaanent ;  et 
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de  Utt  que  pour  an  nombre  a  de  points  doiiUes  et  de  pointa  de  MibrouflMment,  1ft 
rMoctioD  est  de  7a +11/9  unitde;  le  degt^  du  diseriminant  apodal  am  done  dans  ce 
<m  S(ii— l/'<-7a«>ll^,  ce  qnll  a'^rtawit  de  d^ontrer. 

Dana  toat  ee  qni  pvfcUe.  j'ai  aoppoad  qne  le  ajntkne  mat  tel  que  Pdiniination 

cnntluiso  h  nnc  seiile  relation  entre  les  coeflRciontt ;  si  an  contrairp  I'f^iminatinn  rondiiit  ik 
deux  relatioDs,  il  £wt  Retire  au  lieu  de  a,6,...  les  valeuns  \a' +/4a"  +  iia"',  Xi'+/i6"+v6"',." 
«t  da  OBiADa  poar  un  plin  grand  nombre  de  relation!.  En  aut^Meant  par  exemple  que 
la  OOurba  JT^O  duft  avoir  un  point  de  rebroussement,  ee  qui  inipli(jno  deux  relations 
entrr  Ics  pnofficients,  !a  question  k  resoudre  serait  celle-ci,  "  qiu'l  est  le  nombre  des 
points  qui  sont  cbacuu  un  point  de  rebrouaaelneDt  d'une  courbc  particuli^re  du  syst^e 
XV+nW'^pXBtO";  je  rterve  k  ana  autre  oecaaioa  ta  oonaiddmtwm  da  ee  pioblbne. 

Lmim,        Mtd  186& 
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ON  SKEW  SURFACES,  OTHERWISE  SCROLLS. 


[From  the  Fhilotophical  Transactions  of  the  Royal  Society  of  Loudon,  voL  CLUL  (for 
th«  y«ar  1868)  ppk  453—483.  BoceM  Fetraaij  8r-Be«d  Maidi  5,  1863.] 

It  may  be  coDvenient  to  mention  at  the  outset  that,  in  the  paper  "  On  tlw 
Thoor)'  of  Skew  .Stirfact\s "('),  I  pointed  out  that  upon  any  skew  surface  of  the  order  n 
there  is  a  singular  (ur  uodal)  curve  meeting  each  generating  line  in  (n  —  2)  points, 
■nd  that  tlw  das  of  the  dneiiinKribed  cone  (or,  whit  ia  the  miie  thing,  the  dw 
of  the  surface)  is  eijiial  to  the  onler  «  of  the  surface.  Tn  the  paper  "On  a  C!as< 
of  Ruled  Surfaces  "(*)>  ^  Salmon  considered  the  surface  generated  by  a  line  which 
meets  three  enrvee  of  the  oideta  m,  n,  p  respectively :  such  surface  is  there  shown  te 
be  of  the  order  =  2mnp ;  and  it  ia  notioed  tiiat  there  are  upon  it  a  certain  n amber 
of  double  ri'^ht  lines  (nodal  generators);  to  determine  the  numlx'r  of  these,  it  Mfas 
ueceaaaiy  to  cuotuder  the  skew  surface  generated  by  a  line  meeting  a  given  right  line 
and  a  given  curve  of  the  order  m  twice;  aiMl  the  order  of  each  nurfitee  is  found  to 
be  3^m(»(  — where  h  is  the  number  of  apparent  double  points  of  the  curve: 
The  theory  is  somowhat  further  developed  in  Dr  Salmon's  memoir  "On  the  Degree 
of  a  Bur&oe  reciprocal  to  a  given  one"('),  where  certain  minor  limits  are  given  for  the 
ordeis  of  the  nodal  curvee  on  the  draw  sor&oe  generated  by  a  line  meeting  a  given 
right  line  and  two  curves  of  the  orders  m  and  n  respectively,  and  on  that  generated 
by  a  line  meeting  a  given  right  line  and  a  cur%-e  of  the  orrlcr  m  thrice.  And  in 
the  saxas  memoir  the  author  considers  Uic  skew  surface  generated  by  a  line  the 
equatiaas  whereof  are  (a, . . $1,  1)^«0,  (of, . . 1)^ oO.  where  a, . .  o', . .  are  any  linear 
functions  of  the  coordinates,  and  t  is  an  arbitrarj'  parameter.  And  the  same  theories 
are  reproduced  in  the  "Treatise  on  the  Analytic  Geometry  of  Three  Dimensions "(*). 

)  OwKMitt       JMIto  Math.  Joan.  voL  vn.  pfu  171— IW  (ISBl^  [Vm^ 
*  jrWrf.  toL  Tm.  pp.  4S,  46  (1853). 

>  Trnm.  IJoya!  IrUli  A,ad.  vol.  xxtn.  fg,  Mt— 4«  (md  IMQ. 
«  Dablin,  186.1.   [Ed.  4,  1882.J 
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I  will  ;ilso,  though  it  is  less  closely  coujiectwl  with  the  subjts't  of  the  ])iTwnt  incinoir, 
refer  to  a  paper  by  M.  Chasles,  "  Deacriptiou  des  combes  a  double  oourbure  de  toua 
ha  oxdNB  SOT  lea  snifiuM  i^Um  da  ttoisi^me  et  du  quatariibme  ordn^O 

The  promit  memoir  (in  the  onmpoaition  of  wliidi  I  have  b«Mi  aestotod  by  a 
oorrespoodmice  with  Dr  Sahnon)  oontaias  n  further  development  of  the  theory  of  the 

skew  surfaces  generated  by  a  line  which  meets  a  given  curve  or  curves:  viz.  I  eon- 
dder,  1st,  the  surface  geuerated  by  a  line  which  ineet«  each  of  three  giveu  curves  of 
the  oidera  m,  n,  p  respectavely ;  ftad,  the  surfeee  genemted  by  a  line  which  meeta  a 
given  curve  of  the  order  m  twice,  and  a  given  curve  of  the  order  it  once;  3rd,  the 
sur&ce  which  meets  a  given  curve  of  the  order  vi  three  times;  or,  as  it  is  verj- 
convenient  to  express  it,  I  consider  the  skew  sur&cea,  or  say  the  "Scrolls,"  S(vi,  n,  p), 
S(m\  a),  S(in*).  The  chief  remits  are  embodied  in  the  Table  given  after  thii*  intro- 
duction, nt  the  commencement  of  the  inenioii.  It  is  ir,  be  noticed  that  I  attend 
throughout  to  the  general  tbeor}',  not  considering  otherwise  than  incidentally  the  effect 
of  any  singularity  in  the  eyitem  of  the  given  enrves,  or  in  the  ^ven  curves  sepamtely: 
the  memoir  contallW  however  aome  remarka  as  to  what  ai-e  the  singularities  material 
to  a  complete  theory;  and,  in  particular  m  regtirds  the  surface  <S (»»•),  I  am  thus  led 
to  mention  au  entirely  new  kind  of  singularity  of  a  cui-ve  in  space — viz.  such  a  curve 
baa  in  general  a  determinate  number  of  "lines  through  four  points"  (lines  which 
meet  the  curve  in  four  points);  it  may  happen  that,  of  the  lines  thiough  three  points 
which  can  >«'  ilrawn  through  any  point  whatever  of  the  curve,  a  certain  number  will 
unite  logetlici  aud  form  a  line  tlirough  four  (or  more)  points,  the  number  of  the  lines 
throiigh  four  points  (or  through  •  greater  number  of  points)  so  beooming  infinite:. 

ilTotofibM  and  TeUe  of  Rsnlta,  Artiotes  1  to  10.  '  . 

1.  In  the  present  memoir  a  letter  such  as  m  denotes  the  ordcf  of  u  curve  in 
np»ce.  It  IS  for  the  most  part  assiiined  that  the  curve  has  no  actual  double  points 
or  stationary  points,  aud  ihe  oori-espoudiug  leller  M  denotes  the  class  uf  the  curve 
taken  negatively  and  divided  by  2 ;  that  if  ik  be  the  number  of  apparent  doable 
poiut-^,  then  M  =  ~  \[ia]"  ~r  h  :  here  and  cl«>where  [»"]">  ''t'l'-'t'-^  factorials,  viz. 
[mf  =  w  (m  —  1),  =  m  {m  —  i )  {m  -  2),  &c.  It  is  to  be  noticed  that  for  the  system 
of  two  curves  m,  m',  if  h,  h'  represent  the  number  of  apparent  double  printa  of  the 
two  curves  respectively,  then  for  the  system  the  number  of  apparent  double  pOUHlS  b 
=  m»»'  +  A4-/i',  and  the  correHpon<liiij,'  value  of  M  is  therefore  —  J[i»+«ilf +  lll'IH;*+A+A', 
which  is  =  -  i  [m^  +  /*  -  ^  [«*']'  +  A',  which  is  =M  -\-  M'. 

2.  The  use  of  the  combinations  {m,  n,  p,  q),  (>»",  n,  p),  &c.  hardly  requires  ex- 
planation ;  it  may  however  be  noticed  that  G  {m,  n,  p,  q)  denoting  the  lines  which 
meet  the  curves  m,  n,  p,  q  (that  is,  curves  of  these  orden)  eaoh  of  them  onoe, 

Oim'',  n,  p)  will  denote  the  line^^  which  meet  the  curve  m  twiee  and  the  curves  a 

and  p  uoch  uf  them  once ;  aud  so  in  all  similar  cases. 

3.  The  lettci-s  G.  iV/),  XO,  NR,  XT  (rem!  Generators,  Scroll,  Nodal  Director, 
No(ial  Generator,  Nodal   Hestdue,  and  Nodal   Total)  are  iu   the   nature  of  functional 

*  GnyCif  JImAh^  I.  un,  (tflUt  f  Son.),  pp.  001  MP. 

o.  22 
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tiymboltf,  uMcd  (according  to  the  context)  U)  denote  geometrical  forms,  or  ebe  the  ordere 
uf  these  foi-nos.  Thus  G(m,  n,  p,  q)  dunotee  either  the  lines  meeting  the  curves 
M,  n,  p,  q  eadi  of  them  oDoe,  or  ebe  it  deootei  the  order  «f  each  aiysteim  of  lines, 

that  i«,  the  number  of  lines.  And  so  S(in,  n,  p)  denotes  the  Skew  Surface  or  Scrull 
geuerated  by  a  line  which  meets  the  curves  hi,  ii,  p  each  once,  or  else  it  denotes  the 
Older  of  Buch  snrfiKse. 

4.    0  (m,  II,  p,  q)  :  the  signification  in  «  xpl;utnid  abova 

o.  S{m,  n,  p):  the  iiignihaUioii  ban  just  been  explanK>d:  but  us  the  liurtiaces 
Him,  n,  p),  8(nif,  n),  fif(«fO  m  ia  fittt  the  autgeet  of  the  praeeot  m^oir,  I  give  the 
explanation  in  full  for  each  oif  them.  vis.  8(m,  n,  p)  is  the  siu-faoe  geueiuted  by  a 
line  which  me^ts  the  curves  i».  ti,  j>  each  once;  S(m*,  w)  is  the  surface  genrrated  by 
a  line  which  rueets  the  curve  m  twice  and  the  curve  n  once;  S(ih.*)  the  surlace 
generated  by  the  line  which  meeta  the  eurve  i»  thriee.  Aa  already  mentioned,  theie 
rarfiwes  and  thdr  orders  are  reprasented  by  the  saua  symbok  napeetively. 

H.   XD(in,  n,  p).  The  directrix  cnrvea  m,  n,  p  of  the  aeroU  8(m,        are  nodal 

{multiple)  curvcH  on  the  surface,  viz.  in  is  an  np-tii|)le  curve,  and  w  for  n  and  p. 
Reckoning  each  cur\'e  according  to  its  multiplicity,  viz.  the  curve  m  being  i^ckoued 
^[f^]*  tiiDea,  or  ae  of  the  ecder  m.^lnpft  and  so  fer  the  ourviee  «  mmI  p.  the 
aggnigate,  or  sum  of  the  ordera,  givea  the  Nodal  Director  2fD(m,  n,  pX 

7.  XG  ivi,  a,  p).  The  scroll  S(m,  n,  p)  has  the  nodal  generating  lines  G{vi>\  n,  p), 
G{m,  ii\  p),  G{m.  n,  j)').  Eiu  h  -  t  thest;  is  a  meie  double  line^  to  be  reckoned  osice 
only,  and  we  liave  thu.s  the  .NimIuI  (Jcncrator 

SG{in,  n,  p)^G{m*,  /*,  p)  +  G{m,  n\  p)+G{ni,  n,  pi*). 

But  to  take  another  example,  the  aoroU  S{m*,  n)  has  the  nodal  goucratiug  lines 
^(m*,  »),  each  of  which  is  a  triple  line  to  be  reckoned  HSf,  that  is.  three  timea, 

and  also  the  nfMlal  getiomting  lines  0  {m',  h^),  .  noh  of  them  a  mere  double  line 
to  be  reckoned  once  only;  whence  here  NG(tii',  u)-:iG{m'',  n)+G{m\  »•).  And  m 
for  the  aeroll  8{mF),  tbia  baa  the  nodal  geneiHting  lines  G(m*),  eadi  of  them  a 
qtiadrople  line  to  be  reckoned  |  [4]*,  that  is,  alx  timea;  or  we  have  JfO(fi^«60(m^)k 

H.  ITRim,  n.  pX  The  scroll  S(m,  w,  p>  baa  beeides  tlw  dinotrix  corves  m.  n,  p 

<>i  NimIhI  Director,  and  the  nodal  generaf irijij  lines  or  Nodal  Gfenerator,  a  remaining 
nodal  curve  or  Nodal  Residue,  the  locus  of  the  intersectioas  uf  two  non -coincident 
j^eneratiug  linefl  meeting  in  a  ix)int  not  situate  on  any  one  of  the  directiix  curves. 
This  Nodal  Residue,  as  well  for  the  scroll  B{m,  n,  p)  as  for  the  scrolls  S{m\  »)  and 
jS(m')  i-espectively,  is  a  mere  double  curve  t<i  ha  it'ckinied  once  only:  and  such  curve 
ur  its  oi-der  is  denoted  by  NR,  viz.  for  the  scroll  S  (m,  n,  p),  the  Nodal  Residue  is 
NR{m,  H.  p). 

9.  NT{m,  n,  p).  He  Modal  Director,  Nodal  Generator,  and  Nodal  Residue  of  the 
scroll  S{nt,  n,  p)  form  together  the  Nodal  Total  NT{in,  n,  p),  that  is,  we  have 

JfTim,  H,  p)^lfDim,  »,  p)+2fO(m,  n,  p)+jrR(m,  n,  p); 

mid  timilarfy  for  the  scrolls  8(nif,  n)  and  i9  («»■). 
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10.    I  remark  that  the  formiilsB  are  best  exhibited  iu  au  order  diffeieiit  from 
that  in  which  they  are  in  the  sequel  obtained,  viz.  I  collect  them  in  the  following 

Tkble. 

Oim,  «,  p,  q)^2mnpq, 
<?(«»««,ji)  -iy([m]»+Ja 

(?(«•  1^)      -4  [mf  [ny+  M,  \ [n]« ^S.  t[m]«+ Jf/T, 
Q («»,  «)       =  n(i [mj«  +  Jf  (m 2)). 

iSF  (fn*  «,  j»)  —  Smnp, 

JVD(m»  iH  J>)  « i mNp(iR» +iinp 'l-iip  —  S), 

ilTG (nv  It,  ji)  ^ miip(«i«  +  n      —  8)+irn|»+ JVWi|»+i*jRn, 

Jiri2(n>,  i»,  p)  —  ^  »B«p  (4n»»2D  -  (mn  +  uip + Hp)  —  2  (i»  +  «  +  p)  +  5). 

C)Jir7<fli,  II,  p)  -|fi^-£f4- JfDp-l-JVmp  +  PmR. 

B  2»»iip  (mnp  —  1 )  +  Ifnp  +  JVWip  +  Ann ; 
indnded  in  wludi  we  b»v« 

<Sr(I.  1,  m)  -2m, 

A'D(1,  1.  m)  =H  " 

JS"r?(l.  1.  w)  -[!»]* + 

1.  m)  =0, 

and 

m,  n)  -Stmt, 

iiri)<l,     ft)  -^mi>(ii«i>+iii+«»-8X 

270(1,  m,  n)  =»iti(mH*it»2)+Jf»4-iirm, 

iirjea.  m,n)  =H»»P[«]'. 

Jfr(l,  in,  n)   =  J -  S+  Jfn 

>  2  [mnp  +  ifn  +  JVm. 

H«ieoTer 

i»)   «»  <  [mp  +  JfX 
lW)(mMt)   -It  UCm]'  +  [«]»+Jlf(i[i«J'-i)+JIP.i)  +  [nKH«r+i[m]*). 
«)   .tt  (  [«)'+Jf,8(«-2))  +  [ii]»(*[jn]»  +  iJf)  +  >(K«f+*). 

)  In  tbe  iir«t  ol  the  two  expreuioii^  for  tiT  (m,  h,  p\,  S  stands  for  S{m,  n,  p);  and  no  iu  tUf  Kj-fI  u( 
Iba  two  MDHHBiiiM  for  NT(/ifi,  h),  te.,  S  Mudi  Ibr  ;9(ir*,  «),  *». 

22-— 2 
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NR  (m»,  n)    «  n  (|  [mf  +  J/  (i  [«.]« -  2m + 8)) 

+  [«f  ( *WP  + 1  r«P  +  [»f  +    ([«]•-  i) + J** .  *)» 
^^{m',  «)     =    J  5»  -  /?+  itir<m  - 1)  +  J!r(i  [m]«+ JQ, 

+ Wa  [»]• + « [mT+ W+ Jf .  W + iP.        (i  [«»]»+ JO; 

iucliulffl  in  which  lmvi> 
»«•)=     [m|^  +  .l/, 

N0{1,  !»•)  -    («]« +  Jf .  8 (m ~  2X 
JlTBa  m')-S  [ii»]*  +  Jf(J[mf-2m  +  8X 

-  i  l«]*+2[m]»+if([m]«+m-J)+JM>.i; 

and  finally 

S(m')=  I  [mj'  +  (m-2)jf, 

(k-  )  =  ;  [»*]'  +  i  ['"l"  +  { ["*]'  +    (i  [»»]'+  4  [»»])  +    -  i"*. 
xV6'       =  i  ["i?  +      +     rH"i?  -  12w  +  33)  +  Jl/- .  3, 
iVfi        -=     [to]'  +  g  [n* p  -  i  [»«}'  +  -hn 

+  .1/ (i  [m]'  ~  ,« [»»]•  -  5  [»«]» +  H,«  -  20)  +     (4  [mp  -  2»»>, 
iVrc*"')  =  i  S>  -  ,s  +      f  .1/  (i  [m]-  -  Ji»  +  11)  +  Ai\ 

+  .V  (\  [m]*  +  ^  [w  ] '  +  i  [  nr]  -  \ ,n  ^  1  ;i>  +  if^i  ["»]»-  fm  +  3). 
The  formuJffi  are  invcatigRted  in  the  following  order.  itfJ),  6.  iTO,     ilTfi,  and  ST^ 

I 

/r/>  fariMdm,  Artidea  11  to  la 

11.  ND(^m,  n,  p). — Tiikiug  aay  poiut  ou  the  curve  f»,  thb  ia  the  vei-tex  of  two 
«one8  paaaing  tbnraj^  the  eurvea  n,p  reapeetively ;  the  conea  ava  of  the  (nden  a,  p 

respectively,  and  they  interaect  therefoie  in  np  linaa,  wbkll  are  liie  generating  \iaes 
through  the  point  mi  the  ciir\'e  m  •  heiicr  this  cnrve  is  au  nj)-tuple  line  OD  tb« 
scroll  S(m,  n,  p),  ami  \vo  have  lhu»  ihc  uim  m .  \  [i<ji]'  ut  XD.  Hence 

JVJ>  (m.  It,  j»)  a  m .  ^  [np]'  +  « .  4  liup}' + ju .  i  [nmf, 
«  Jmiip  (ma + «^  -i-flj»— 3). 
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12.  ND(ta*,  n). — Taking  first  a  point  on  the  curve  m,  this  is  the  vertex  of  a 
cone  of  the  order  m  —  1  through  the  curve  m,  and  of  a  cone  of  the  order  n  through 
the  curve  »;  the  two  ooiMS  tnteraeei  in  (m— l)n  lines,  whidi  are  the  genmitmg 

liiie<!  thrdii^'h  tho  ]Kiiiit  on  the  curve  m;  that  is,  the  rurve  wi  is  a  ( —  1)  n-tuple 
line  on  the  scroll  3(111%  »);  and  we  have  thus  the  term  m.^[(fu-l)nf  of  ND. 
Tddng  next  a  point  on  the  curve  n,  this  is  the  vertex  of  a  cone  of  the  order  m 
through  the  l  ai  vf  m:  such  cone  has  (fc «) J [«»]*  + ilxibli-  liucs,  which  air  the  gene- 
mtiug  lines  thruugh  the  pnini  nii  the  curve  ii;  heuce  this  curve  is  a  [w]- 4- .V)tupl«' 
line  on  the  miriaoe,  and  we  have  thus  the  term  n,^[^^[mf  +  My  in  ND.   And  therefore 

jyj)(m»  »)«m.4[(i»-l)i.]»+ii.i[i[«f+Jf>, 

-     »  (i  («]*+[«]•+ Jlf(i  + Jtf* .  J)  +[np(*  W+*  [mT). 

13.  iVi>  — Taking  a  point  on  the  curve  m,  this  in  the  vertex  of  a  cone  ot 
the  order  m— 1  through  the  curve  m;  auoh  oone  ham  {k—m+2  =  )^[my-m  +  2  +  M 
double  lines,  or  the  ourve  m  is  a  (i[m]*-iti<l'2-|' JOtupls  line  on  the  scroll  /9(m}^). 
Henoe  we  have 

l^reiMiutory  remarks  m  reyurd  to  Ute  G  Jurmuio),  the  hypertruuiic  ainyularttiea  of  a 

CNTW  in  apaee.  Articles  14  to  22. 

14.  It  is  to  be  remarked  that  the  ji^eneratin^,'  line  of  any  one  of  the  scrolls 
iy{in,  n,  p),  S{m*,  a),  S{m*)  sati^iiies  three  conditions;  and  that  it  cannot  in  anywise 
hnppen  thnt  one  of  these  eoodtdons  is  impGed  in  the  other  two.  Thus,  for  instance, 
as  regards  the  scroll  S{m,  n,  p),  if  the  curves  m,  n  are  given,  and  we  take  the  entire 
series  of  lines  meeting  each  of  these  curves,  these  lines  form  a  double  series  of  lines, 
all  of  them  passing  of  course  through  the  curves  m,  n,  but  not  all  of  them  passing 
throng  any  other  carve  whatever:  that  is,  there  is  no  curve  p  such  that  every  line 
passing  through  the  ounces  m  and  ?!  pos^ies  also  throng  the  coTTe  jn  And  the  like 
as  regards  the  scrolls  iS(m',  n)  and  S{m*). 

!5  P>nt  (in  contrast  to  this)  if  the  three  conditions  are  satisfied,  it  may  very 
well  happen  that  a  fourth  cuuditioo  is  satisfied  ^mo  /ado.  To  see  how  ihi.s  is, 
imagine  a  curve  if  on  the  scroti  8{m,  »,  p),  or,  to  meet  an  olgsction  whkh  might  be 
njsed»  any  a  curve  q  the  complete  intersection  of  the  scrdl  S(m,  n»  p)  hy  a  plane  or 
any  other  surface.  Every  line  whatever  whirh  tne«'tf»  the  curves  m,  n,  /?  is  a  generating 
line  of  the  scroll  »S{in,  n,  p),  and  as  such  will  meet  the  curve  q;  that  ia,  in  the  case 
in  question,  G(in,  it,  p,  q),  the  lines  which  meet  the  curves  in,  n,  p,  q,  are  tiie  entire 
series  of  generating  lines  of  the  scroll  iSi(ni,  n,  p),  and  they  are  thus  infinite  in 
number;  so  that  in  such  case  the  qaestion  does  not  arise  of  finding  the  number  of 
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the  lines  Q  n,  q).  The  like  remarks  apply  to  the  lines  (i  (mS  «,  />).  G  (/«*,  n'), 
6  (m^  a),  and  6  (;»') ;  but  I  will  develope  them  aBmam\»lb  more  particularly  m  regard* 
the  limt 

16.  Qiran  a  eurre  in,  tliea  (ae  in  fiuA  nuntiomd  in  the  investijjntion  for  lfD{wFii 
tliioogh  ongr  jm«i(  whaCnwr  of  the  ourve  there  «an  he  dmwn 

<&-m  +  i-)[m]*4-m-S  +  ir 

lines  meeting  the  curve  in  two  other  pcnnte,  or  say  [m]'  +  n»~2+Jf  lines  through  three 
pointBt    But  in  general  00  006  of  these  lines  meets  the  ourve  in  a  fourth  point ;  that 

is,  we  cannot  through  cvprj*  point  of  thi'  curve  nt  draw  Ji  line  throu£jh  four  points; 

there  are,  however,  on  the  curve  m  a  certain  number  (=4<7(m*))  of  points  through 
which  can  he  drawn  a  line  throuj|;h  four  points,  or  line  G  {m'). 

17.  But  the  curve  m  may  be  uuch  that  through  every  point  of  the  curve  tlM;re 
pneaee  a  line  through  four  points.  In  foot,  aamime  any  skew  sarfooe  or  soioll  whatever, 
and  upon  this  sur&ce  a  curve  meeting  each  generating  line  iu  four  point:;  (e.g.  the 
intersection  of  the  scroll  by  a  quartic  surface).  Taking  tht  curve  in  question  fi>r  the 
curvu  m,  then  it  is  clear  that  through  every  point  of  this  curve  there  pa88es  u  hue 
(the  generating  line  ef  the  assumed  ser^)  whioh  is  a  line  through  four  points,  or 
line  G>(M^ 

18.  It  is  to  be  noticed,  moreover,  that  it  \st  take  on  the  curve  m  any  p<»iut 
whatever,  (hen  of  the  [m]*  + »» —  2  +  J/  lines  through  thi-ee  jwiinrH  which  f<iii  bt-  drawn 
through  this  point,  three  will  unite  together  iu  the  generating  line  of  the  assumed 
scroll  (for  if  0  be  the  point  on  the  curve  m,  and  1,  8,  3  the  other  points  in  which 
the  generating  line  of  the  assumed  s<^ioll  meets  the  curve  m,  then  such  generating 
line  unites  the  three  lines  012,  013,  023,  each  of  them  a  line  through  three  point.'^)  : 
and  there  will  be  besides  ^  [?«}*  +  m  —  5  +  Jf  mere  lines  through  three  points  The 
line  through  four  pmnts  geneiates  the  assumed  scroll  tsken  (i(Sp")  3  timsik  or 
considered  as  three  ci^'nctdeut  scrolls;  the  remaining  lines  generate  a  scroll  (vi'), 
which  is  such  that  the  curve  m  is  oo  this  scroll  a  (^[mj^-i-m  — Um;  the 
assumed  scroll  three  times  and  the  soraU  S'Cm^  malm  up  the  eotbe  Mroll  S{in*) 
derived  from  the  carve  m,  or  say  £I(iirF)>3  (sssamed  scroll) 

19.  The  esse  just  considered  »  that  of  a  curve  m  such  that  throogh  every  point 

of  it  there  [xusses  a  line  through  four  points  couuting  as  (^[3J°  =  )  3  lines  through 
three  points,  and  that  all  the  other  lines  thi-ough  three  points  are  mere  lines  through 
three  pointa    But  it  is  dear  that  we  may  iu  like  manner  have  a  liue  through  p 
pmnts  counting  as  ^[p—l"]^  lines  through  three  points;  and  mom  genemlly  if  j», 
are  numben  ail  differsnt  and  not  <8,  and  if 

i[i»]»-w+2+Jf-«.t[j»-ll»+j8.Jb-l]«+..., 

then  we  may  have  a  curve  m  such  that  through  every  point  of  it  there  pass  a  lines 

eiich  thnnigli  p  points  and  counting  a**  — 1]*  lines,  ;9  liue^  ent-h  throtigh  7  pnint* 
and  counting  as  ^[t]'— IP  lines,  Sic.,..:  the  case  |>«:3  gives  of  course  a  lines  each 
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through  three  pomts  aud  ouuuting  as  a  single  line.    It  in  to  be  added  that,  in  the 

caae  juat  referred  to^  tli«  a  lines  irill  generate  a  scidl  ff  (m^  taken  |  [pf  timee^  the 

0  lines  will  generate  a  icioll  ff'iiKf)  taken  ^[qf  timee,  whidi  waoUe  together 
make  up  the  scroll  ^(m*),  or  say 

.9  ( m")  =  i  [py .  fir  ( «i» )  -f  }.  [qY .  S"  ( »»t»)  +  &c. ; 

it  may  however  happeu  that^  e.g.  of  the  a  lines,  any  set  or  sets  or  even  each  Line  will 
geoerrte  a  fitiBct  scidl  or  ■orotb^-'thal  ia,  that  the  lerall  8'(iu*)  will  xtaoif  break  up 
into  aerolb  of  inferior  ordei& 

20l  a  good  illuetration  is  affixded  by  takti^  fiwr  tba  eurve  m  a  curve  on  the 

hyperboloid  or  (juadric  scroll';  such  Lur\c3  divide  thoinsclves  into  species;  viz.  we  hav« 
say  the  {p.  q)  curve  on  the  byperbuloid,  a  curve  of  the  order  p+q  moetiog  each 
generating  line  of  the  one  kind  in  p  points,  aod  eadi  generating  Itoe  of  the  other 
kind  in  q  pointa;  here 

(fc-ttlif+Htf.  ^  .•.)Jf— «. 

AfiBuming  for  th*  ux  iaeut  thai,  p,  q  are  eiich  of  them  not  less  than  3,  it  iti  clear 
that  rhc  Hnps  throu^^h  thj-eo  points  which  can  be  drawi  thmugh  any  point  ()f  tht; 
curve  are  the  generating  line  of  the  one  kind  counting  as  it/>— ij*  liu^-s  thi-ough 
three  pointe,  and  the  generating  line  of  the  other  kind  counting  as  Htf  ~  ^J^  ^^^^ 
through  three  pmnts,  ao  that 

1  [ili]»4  m  -  2  +  Jf  -  4  [p  -  1]*+ i  [g  -  If. 

The  complete  scroll  S{m*)  is  made  up  of  the  hyperboloid  considered  as  generated  by 
the  generating  lines  of  the  "one  kind  taken  ^  [j)]'  times,  and  the  hyperboloid  con- 
ddM«d  as  generated  by  the  generating  lines  of  the  other  kind  taken  ^  [gp  times  (ao 
that  there  is  in  this  cmc  the  speciality  that  the  suifrcee  S^inf),  i9"(m*)  are  in  fiust 
the  same  sashea).   And  hence  we  have 

8  (in')  =  (2  ( A  [pj  +  i  [qf  )  =)  i  [/>f  +  i  [v?- 
21.  I  notice  als<<  the  case  of  a  system  of  m  lines.  Taking  here  a  point  on  one 
uf  the  lines,  the  (A  -  m  +  2  — )  -  m  +  2  lines  through  thret;  pointa  which  can  be 
drawn  through  this  point  are  the  ^[m  — 1]*  linee  which  can  be  drawn  meeting 
n  piur  of  the  other  (;»  —  !)  lines,  and  besides  this  the  line  itself  counting  aa  one  line 
through  three  points  (J  [m  —  +  1  =  ^  [m]'  —  in  +  2) ;  the  line  itself,  thus  counting  as  a 
single  line  through  three  points,  is  not  to  be  reckoned  as  a  line  through  four  or 
more  points  drawn  through  the  point  in  question,  that  is,  the  system  is  not  to  be 
p'pirdtd  ;i  cunc  thiDugh  <>v(>ry  point  of  whirh  tht-r.'  pa.^si>  a  line  through  fotrr 
points:  each  of  the  lines  is  nevertheless  to  be  counted  as  a  .single  line  through  four 
points,  and  (unoe  there  are  beudes  two  lines  which  may  be  drawn  meeting  each  fimr 
of  the  i»  lines)  the  total  number  of  lines  through  fear  points  is  « +m, 

82.  In  the  following  investigatiotus  for  G{m,  n,  p,  ij),  &c.,  the  ibregoiiig  .nptMiki 
esses  are  excluded  from  consideration;  it  may  however  be  right  to  notice  how  it  ts 

■  It  i»  hardly  n«eeu*ry  to  nnsA  ttat  (fimUty  Mas  dumgwiM)  ang  quMt  wnOm  whatoNr  to  a 
Ivparboloid  or  qaadrie  ■eroll. 
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that  the  formula*  obtained  aru  inapplicable  to  these  special  ui^jusj  tor  iuslauce,  an 
will  immediately  be  aeen,  tlw  mmW  of  the  tinee  ^(m,  n.  q)  is  obtained  as  the 
number  of  inteneelaoDS  of  the  Mirfncc  S{m,  n,  p)  by  the  curve  9,  =2mnpxq^2mnpq't 
but  if  the  ounre  g  lie  on  the  mir&ce  iS^(m,  n,  p)»  thai  0{m,  n,  p,  9)  is  no  longer 

=  2iHnpq. 

ne  G  ybmttte.  Artides  SS  to  34. 

23,  G  (t»,  n,  p,  j). — Considering  the  aoroll  8(m,  n,  p)  generated  by  a  line  which 
meets  wA.  of  the  amrea  m,  n,  p,  this  meeta  the  cttrve  q  in  q8(t»,  p)  points 
through  each  of  whidi  there  pasMa  a  line  0{m,  %     9);  that  i8»  we  have 

(?(«,  ft,  p,  q)^qS{m,  i», 
But  from  this  equation  we  have 

8(m,  n,p)m=G{l,  m,  n,  p)=pS{l,  m,  n); 
I  hence  ulsn 

S{i,  m,  u)=G{l,  1,  m,  u}  —  uii(l,  1,  «), 

and 

8(1.  I.  m)-6f(l,  1,  1.  1.  1);  8{h  1,  1,  1.  l)-2, 

Hinoo  2  is  the  number  of  lines  whidi  cau  he  drawn  meeting  each  of'  Ibur  given  right 
lines.  Hence  ultimately 

Q(m,  n,  p,  q)^nmpqOil,  I,  i,  l)^2ampq. 

24.  CUmf,  n,  p). — ^In  a  predady  similar  manner  we  find 

Q(nfi,  n,  p)^i^O{h  1,  m^)-np5(l.  «»), 

iui<l  it  is  the  same  question  to  find  G{1,  1,  m*)  and  to  find  8{1,  n^).  I  investigate 
G(l,  1,  m')  by  considering  the  particular  case  where  the  curve  m  is  a  plane  cun'e 
having  n  double  points.  The  plane  of  the  curve  meets  the  two  lines  1,  1  in  two 
points,  and  the  line  tiirough  these  two  pmots  meets  eadi  of  the  Unee  1,  1,  and  meets 
the  curve  in  to  points;  combining  the  last-meutioned  in  [Mints  two  and  two  together, 
the  line  in  question  is  to  be  considered  as  ^  [to]*  coincident  lines,  each  of  them 
meeting  the  linos  1,  1,  and  also  meeting  the  cur\'c  to  twice  But  we  may  also 
through  any  double  pmnt  of  the  curve  dmw  a  line  meeting  Mdi  of  the  lines  1,  1; 
such  lint',  inasmuch  .as  it  pa.'sses  through  a  ilxiblo  point,  meets  the  curve  twice;  and 
we  have  h  such  lines.  This  givtjs  for  the  case  in  question  G{1,  1,  »»')  =  A  +  J  [m]' ; 
or,  iotrodudng  in  the  place  of  k  the  quantity  if  {-  li  ~  ^  [w]'),  m  that  A«i[TO]'  +  i/, 
we  have 

G(\,  1,  TO»)»£»»)»+if; 

and,  to  the  double  points  of  tin-  plane  curve,  there  conxjspond  in  thv  general  ca^e 
the  apparent  double  points  of  the  curve  tn.  Admitting  the  correctness  of  the  ix»ull 
just  obtained,  we  then  have 

<?(m«,  «,  p)=nj»  ([«•]•+ J/). 
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25.  n*), — I  investigate  th«  value  by  a  process  idnular  to  that  employed  for 

6(1,  1,        Suppow  that  the  eurves  m  and  n  are  pUae  curves  having  reBpectivdy 

h  and  k  double  points;  then  the  line  of  intersection  of  the  two  planes  mcet8  the 
curve  m  in  m  points  and  the  curve  «  in  n  points ;  or,  combining  in  ever)'  manner 
the  »t  points  two  and  two  together,  and  ihe  n  puiuUs  iwu  and  two  together,  the  line 
in  questien  is  to  1)e  eonnctend  as  itm^.^Cn]*  ooineideDt  ]m«a,  each  meeting  the 
curve  ))i  twice  and  the  curve  n  twice.  There  are  besides  the  hk  lines  joining  each 
double  point  of  the  curve  m  with  each  double  point  of  the  curve  li.  This  givei* 
in  all  i  [»»]*[«»]*  +  Wf  lines ;  or,  writing  A  =  i  [mf+M,  A-  =  ^  [?»]'  +  N,  the  number  i» 

which  IB  the  value  of  G(m*,  n')  given  by  the  investigation. 
Se.  <7(i»*»  n).— We  have 

and  it  ii  in  fact  the  same  question  to  find  G{1,  vi*)  and  to  find  S{m*).  I  assume 
for  the  Y^rfsent  that  the  value  [of  iS(iR*),  aee  post  Art  98]  ia  s^[i»]*+ir  (m-2);  and 

we  then  have 

0  (m*.  n)  =  n  ( J  [m]'  +  M(m-2)). 

27.  Bfforr  going  further,  I  observe  that  there  are  certain  functional  coiiflitinns 
which  must  be  satistied  by  the  G  formulae.  Thus  if  the  curve  m  be  replaced  by  the 
sfrtem  4^  tke  two  eitrves  m,  m',  instead  of  Jf  tre  have  M+M.  Let  denote 
any  one  of  the  ftmetions  0(m,  n,  p,  q),  Q(m,  «*,  p),  0(nK  vf),  we  must  have 

0(m+m')  a<7(m)-l-G(m'). 

Similarly,  if  0{nfi)  denote  cither  of  the  fimclione  tt»  p),  Q{ni?,       we  muit 

have 

G(m  +  m')»  =  (?(m»)  +  (?(m,  m')  +  G  {m'*) ; 
and  80  if  G  {nC)  stand  for  G(  ni\  n),  then 

G  (f»  +  my  =  G  (ih")  +  Q  (wi»,  m')+0  (m,  m  ')  +  G  {m'*) ; 

aiid  iiiiaily 

0(m  +  m'y  =  G(vi*)  +  G(m\  m')  +  G(m';  m'')  +  G(m,  «'')  +  (?(»«'*)• 

28.  The  first  three  equations  may  be  at  once  verified  by  means  of  the  above 
given  values  of  the  6  fonctiooB.    But  eonveraely,  at  least  on  the  assumptiott  that 

6  (m),  G  (m*),  &<r.,  in  so  6r  as  they  respectively  depend  on  the  curve  m,  are  functions 
of  m  and  M  only,  wc  mny,  by  the  whition  of  the  functional  equations,  obtain  the 
values  of  the  G  functions.    It  is  to  bt^  ob.sorved  that  the  first  equation  i^»  of  the  form 

4>  (m  +  7n')  =  <pim)  +  <t>  (m'). 

the  general  solution  whereof  is 

a  V.  23 
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the  second  ^uation,  supposing  that  G{in,  m')  is  known — the  third  equation,  utpposing 
that  G<iN\  m*)  and  0(m»  «•'*)  are  known  and  the  finirth  eqaatioii,  aapiMeiaf  tint 
0(m^,  wf)t  Gimf,  m'^  4?(m,  »^  are  known,  an  xeapeetivety  of  the  fimn 

^(m+flO~^+^'-i-'^u^  ("*» 
and  henoe  if  a  partimlar  aolvtion  be  given,  the  genecat  aolutioii  ia 

^  (m)  =  Particttlar  Solution  4-  «tm  4-  0M. 

The  valuer  of  the  countanta  must  in  each  case  be  determined  by  special  con8iderAtion& 

29.  The  vjiluo  of  G{fn,  n,  p,  q)  was  ubtnlued  strictly;  that  of  (ni',  n,  p)  wan 
reduced  to  depend  on  Q  (1,  1,  m?),  and  that  of  0  {m*,  n)  on  G  (1,  m*).  I  apply  therefore 
the  fiinefeional  eqaalima  to  the  ocmfirmatkn  of  1^  vahm  of  0(1,  I,  m*),  0(m*.  n*), 
and  6(1,  w!%  and  to  the  detenninatioo  of  the  value  of  0  (mf^ 

30.  First,  il  G{m^)  denote  G(l,  1,  m*),  thou  G  {m,  m  )  denotes  6(1,  1,  m,  »»'). 
which  vt^lmmfi  henoe 

&(m+my-e(n^-0  (mf^  »  2mm'. 

which  is  ttatisfied  by  G(m*)  =  [mf.    This  gives 

Q  (I,  1,  m»)  =  [m]»  +  cmi  +  fiM, 

but  if  the  curve  m  be  a  wRteni  of  m  linos  (m  =  m,  M  =  0),  then  (7(1,  1,  m*)  =  [m]'; 
und  again,  if  the  curve  m  be  a  conic  (m  =  2,  Ma  — 1),  then  6(1,  1,  m*)^l.  Thi» 
gives  aaiO,  /9«il,  and  therefiwe 

0(1.  1.  m»)=fm]»  + Jf. 

m.    Next,  if  0(m*)  denote  0(m\  >r),  then  (?  (m,  m')  denotes  G(m,m\n*},  which  is 

=  mnt' ([h]- +  A^.    The  functional  f  ijuatioii  is 

G  {m  +  m')-  -  G  (m')  -  G  {in,'*)  -  mm'  (£ii]'  +  JV), 

which  is  satiBfied  by  G  (m')  -  ^  [m]'  ([ft]*  +  iV).    Hence  we  have 

0 (m\  «•)=  I  t«»p (£«]•+  ilT)  +  «»  +  /iJf, 

where  %  an  fbndionB  of  a,  N;  and  ohwrving  that  fl'(m*,  must  be  synniBtrioal 
in  leigBid  to  the  curves  m  and  a,  it  ia  aasjr  to  see  that  we  may  write 

where  a,  /3,  /  r  .1> olute  conatants.  To  detennine  them,  if  the  eorve  m  be  a  pair 
of  Unes  (m-2,  jlf-0>,  then 

<?(m^,  ti^^a(l,  1.  a')- W+i^; 
and  if  each  of  the  onrvee  m,  n  be  a  conic  <m*«2.  Jfs— 1,  a-^SI^  HTb-I)^  then 
G(nfi,  n»)«I. 
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These  cases  give  a«)8  =  0,  7  =  1,  and  thewfore 

32.    Again,  G{m')  standing  for  m"),  then  G(m'.  »«')  and  G{m,  m"^)  will  stnnd 

for  G  (1,  m*,  m)  and  (I.  m,  in'*),  the  values  whereof  are  m'dmf  +  M)  askd  m  +  M'> 
respectively.   We  have  thus 

0  (m  +  to')» -  G  (in')  -  G  (m'*)  =  m'  ([mf  +  SU)+m  ([m  J*  +  M'h 

*  solution  ol  which  is  Q{vif)a^lmf+mM»  Hence  we  have 

G(l.  t^m^lmY+mM't'tm+fiM, 

Suf^icaB  fiist  that  the  eurve  m  is  a  systom  uf  lines  (msmm,  Jf«OX  then  0(1,  iKf)^^[mf; 

and  next  that  the  curve  m  is  a  culiic  in  space  or  skew  cubic  (m  = !?,  J/ =  —  2),  then 
m')sO,  sinoe  a  line  can  meet  the  curve  in  two  points  only.   We  thus  find  a  =  0, 
nikd  thsnoe 

SS.  Hence,  substituting  for  G(m\  m).  0{m\  »»'»),  6{m,  m'*)  their  valueR 

"»'(^  ["»]*  +        -  2)), i  W [Hi?  +  if .  i  [m']'^  +  JT .  i  [mf  +  MM',  and  m(i j.m7  +  if'  (m  -  2)) 

rw.|>ectively,  we  find 

G  (m  +  m'/  -  G  (m*)  -  G  (m*)  =        ni'    [m]'  +  M(m-  2)) 

+  i       [w?  +  i^  •  i  ["»?  +  i''  •  i  W  + 
+    m  (J[  {m'f  +  M'(m'-2)), 

and  thenoe,  ubtainmg  tirst  a  particular  m>hitinii,  the  ^eiivral  solution  is 

Gim*)  -    l"»]*+i^  (i      -  2m)  +  if .  i  +  am  4  /JJf. 

34.  To  determine  thn  constants,  suppose  first  that  the  curve  m  is  a  (♦yst^'m  of 
lines  {iiL  =  mf  M  —  Q),  we  must  have  G  (ui'j^-^lm]*  +  m,  and  thenoe  aa>Oi.  Next,  if 
thft  cum  in  be  ft  eonie  If^^l),  we  most  have  <?(itt^)>-0:  and  thb  j^vos 

and  eoDseqnently 

^      «  A  [m]* + m + if  (i  [m]* '  2m + V) -i- ^  • 

TAe  jN'^r  fonnida;  Article  35. 
85.   The  NG  formulae  are  now  at  unoe  obtained,  viz.  wo  have 

NO  (m,  w,  J))  =  G  {m\  n,  p)  +  G  (m,  n\  p)  +  G(m,  n,  fF). 
NG  im\  «)     -  3(7  (m\  n)     +  G  (m\  ft'), 
NO  (w»)        =  60  (>H'>, 
which  give  the  values  in  the  Table. 

23—2 
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T%$  SformOa,  paKaedar  eoM*.  Artieles  36  to  40. 

'M.  The  8  ibrroolie  have  in  fioct  been  obtained  in  the  investigation  of  the  Q 
tomvAm'.  we  have 

Bdm,  «,  p)«9HMip, 

n)    =n([m]'  +  AO. 
5(m»)        =  J  [m]'+J/(jft-2). 

;J7.  Tn  rnnfiniuition  of  the  formula  5(1,  m')  =  [w]' +  Jf,  it  is  to  be  remarked  that 
if  we  take  bhruugh  the  line  1  an  ai'bitnuy  plane,  this  ineou  the  curve  m  in  m 
poiiit^  aad  joiniog  then  two  and  two  together  we  have  4  ["0'  I'^flBi  <B*6h  of  tbem 
meeUqg  ibe  carve  m  twice  and  also  meeting  the  line  1 ;  that  is,  the  lines  in 
question   are   jrenemting    lines   of  the   scroll  m*).    The   line    1    is,  an  already 

mentioned,  an  (/i  = )  [mj*  +  if)tuple  line  on  the  acroU ;  the  section  by  the  arbitrary 
plane  is  therefinre  the  line  1  taken  {\  [m]*  +  Jf )  timfls,  together  with  the  before-meotioned 
lines;  that  is,  the  order  f  'he  surface  is  [in]*  4- 3/,  as  it  should  be.  This  i>* 
in  fni  f  the  mode  in  which  the  order  of  the  acroU  8{\»  m?)  wu  originaUy  obtained 
by  Dr  Salmon. 

38.  As  regards  the  funnula  S (m*)  =  \  [viY  +  M (m  —  2),  suppose  that  the  curve  m 
is  a  {p,  q)  curve  on  the  hyperboloid.  we  have  as  before  m^^p  +  q,  M^^—pq,  and  the 
formula  beoomee 

S(««^-i[j'+j]'-j»g(l»+?-n 

which  18 

viz.  as  aUeady  remarked,  the  sur&ce  is  in  this  case  the  hyperboloid  taken  Hpf+klqf 

times. 

3i>.  It  i>  to  be:  noticed  also  that  if  the  carve  m  be  *  4|ystem  of  lines  <ii»Bm»  Jf  sO), 
then  the  fonnula  gives 

.S'(m=)  =  am]'. 

which  is  right,  since  in  this  case  the  scroll  i»  luiide  up  of  the  ^  [nif  hyperboloids 
graerated  eadi  of  them  by  a  line  which  meets  three  out  of  the  m  linesL 

In  the  case  of  a  curve  ni,  which  is  such  that  the  cooitlinatcs  of  any  point  of 
the  carve  are  pvoportiQoal  to  rational  and  integral  functions  of  the  order  m  of  an 
arbitmiy  parameter  0,  or  say  the  ease  of  a  tMitcKrral  curve  of  the  order  m»  we  have 

(h'^m-iy  and  .\)M»^{ni^l% 

and  the  formula  gives 

for  a  direct  investigation  of  which  see  poet,  Anwex  No.  1. 
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40.  In  the  cuae  of  a  curve  m,  which  ia  the  complete  intcrscctioQ  of  two  aurfiMWB 
yf  the  orders  p  and  7  i-eapectively,  or  say  a  oompleto  (p  x  ff)  iutersectiou,  we  have 

(^-ij>8(j>-l)(«-l)  and  .•.)^--ij»g(|>+«-2)j 

and  we  tind 

«(««0-iW(W-2)(2i)g-»/>-a8+4X 

if  ai^pq,  ^=p  vq.  The  mode  of  obtaining  thii  ranilt  by  a  (ficect  investigafeioD  was 
pointed  ont  to  me  bjr  Dr  Selmoiii  Me  jmm^  Annex  Na  2. 


Parfteu&ir  eoaev  ofUtt  formvia  far  0<m*),  Articles  41  1^  42. 


41.  In  the  case  of  a  {p,  q)  curve  ou  the  hyperboloid,  putting  as  before  m=^  +  9, 
M^^pq^  we  Hod 


whieb  n 


0{m')'^[p  +  qf+p  +  q~p<i{h[pi-q]'-2{j)  +  q)  +  ^)  +  ipf'q>, 


vanitbing  if  p,  q  are  neither  of  them  greater  than  3:  tiiil  is  88  it  should  be,  since 
there  is  then  no  line  which  meets  the  curve  four  timea  The  curves  for  which  the 
conditioD  ia  tiattHfied  are  (1,  1)  the  conic,  (I,  2)  the  cubic,  (2,  2)  the  (^uadrujuadric, 
<1,  S)  the  exoubo-qnartio,  (2,  9)  the  exoubo-qiimtio  (viz.  the  quintie  eurve.  wfaiob  is  the 
|Mrtial  intersection  of  a  quadric  surface  and  a  cubic  surface  having  a  line  in  common), 
and  f'?,  3)  the  ipiadri-cubic,  or  complete  intersection  of  a  qnndrir  suiface  and  a  cnbio 
Hur&ce.  if  eillier  p  ot  q  exceeds  3,  we  have  the  case  of  a  ciuve  through  every 
point  whereof  there  ean  be  drawn  »  Une  or  lines  through  inir  or  more  pointt,  and 
the  finmuh  is  tnapplicsble. 

42.  In  the  caee  of  a  complete  (iix^)  inteteeolaon,  we  have  as  before  m^^pq. 
Jii——^pq(p-¥q  —  2),  and  the  formula  for  G(inf)  beoomee 

<3'("*0*A/3  (  -66«+144 
a  formula  the  direct  verification  wberet^  b  due  to  Dr  Salmon ;  see  post.  Annex  Ma  8. 


Th$  /ormuia  for  NR  (1.  m,  n)  and  JVit<l.       Artides  43  to  46. 

43.  iVii(l,  m,  a),  -iiiiuugh  the  iiiie  1  lake  any  plaue  uieetiug  the  curve  m  111  in 
points  and  the  curve  n  in  a  points;  then  if  ett,  nij  be  aoy  two  of  the  nt  pnnta^  and 
N,,  fi,  any  two  of  the  a  points,  the  lines  in,it,  and  m^n,  are  getterating  lines  of  the 
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aodl         m,  «X  •ncl         Iiims  mtaneek  in  a  pdnt  wbidk  bdoiqff*  to  the  Nodal 

Residue  NJi',  and  in  like  manner  the  lines  7)iint  and  m,iii  aie  genenttiig  fiaw  of  the 
aondl,  and  tliey  intenect  oia  a  point  of  NRi  we  have  thus 

points  on  jYJZ,  that  ia,  the  arbitraiy  ptaae  through  the  line  1  euta  ITR  in  l[m]*[tt]* 

points.    But  the  plane  nlso  cute        in  oortain  point*  Iji^g  on  the  line  1,  and  if 

the  number  of  these  bo  (a),  then 

44.  The  poiata  (a)  are  inchid>-d  among  the  cuspidal  points  on  the  line  1. 
Taking  for  a  moment  x  —  0,  y-O  for  the  eijuations  of  the  line  1  (which,  as  we  have 
seen,  is  a  ntn-tuple  line  on  the  scroll),  the  equation  of  the  scroll  i^  of  the  form 
(A,  ...$x,  yy^esO,  where  A,  ...  are  Amotions  of  the  coovdtnatee  of  the  degree  inn. 
The  entire  number  of  cuspidal  points  on  the  line  1  b  thus  wS[iiiii]*;  but  thete 
include  different  kinds  of  cuspidal  points^  TUk  we  have 

2  [maf  -  Sa -t- 2a + 2a' 4  J{, 

if  (a)  be  the  number  of  pdnts  in  which  the  line  1  meets  IFR, 

»  a  n  •  »  w  Siwf,  »X 

m  -B         »i  (»  It  »        Toise(a»,  a), 

where  by  ToiSO  (iNi  n)  I  denote  the  devcl  'pable  Burfiioe  or  "Torse"  generated  by  a 
line  which  noeets  eada  of  the  ourves  m  and  n.  The  order  of  the  Tocse  in  question  is 

S~{n  ([m]*-  Vt) +i»<inf-  2it)  •)  -  2  (lOf -t-  miT). 

see  jMt^  Annex  No.  4.  And  (hen  ohserving  that  we  have 

a  -<S'(»i«,  n)  =  n  ([»»]'  + J/), 
a*  =  S  (to,  h")  -  m  {[ny  +  N), 

these  values  give 

Sa-I- SoT + J2   S»  [in]*   2s»  [tt]*. 

and  we  have 

a  =  J  ( 2        -  2a  -  2a'  -  R). 
=  [in n\-  —  n  [wi]*  —  m  [lij', 

and  thenoe 

NR(1,  fit,  »)-! [«]•[»?• 

46.  NR(1,  «**). — Through  the  line  1  take  any  arfaitraiy  plane  meeting  the  curve 

m  in  m  points;  if  m,,  m..  nij,  m,  be  any  four  of  these,  then  the  lines  m,  m.,  and  m, 
are  generating  lines  of  the  scroll  <^\1,  m*X  and  their  interaection  is  a  point  of  the 
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uodal  reffldue  NM  ;  but  iii  like  maimer  the  liueH  7/1,  m,  and  ttt,wi|  are  generating  lines 
of  the  scroll  and  tbdr  intenaetioit  is  a  point  of  NR;  mi  m>  the  linos  m,mi  tad 

m,m,  are  generating  lines  of  the  scroll,  and  their  intersection  is  a  point  uf  JVi?.  Wr 
have  thus  (3  x  ^  [m]^  =)  J  [m]'  points  of  NR  on  the  arbitrary  plane  through  the  line  1. 
Bat  there  are  besides  the  points  of  NR  which  Ue  on  the  line  1 ;  imd  if  the  number 
of  thoae  be  (a),  then 

46.  The  points  (a)  are  included  among  the  cuspidal  points  of  the  scroll  lying  on 
Uka  line  1.  Supposing  for  a  moment  that  x  —  0,  ^  =  0.are  the  equations  of  the  line  1, 
then  this  Hue  being  a  [vtf  +  if)tuple  line  on  the  scroll,  the  equtlkn  of  the  tevoll 
is  of  the  form  (A,  ..."^x,  y)il")^-»  =  0,  where  A,...  are  functions  of  the  BOOrdinatee  of 
the  d^grae  ^  [m}* :  the  number  of  cuspidal  points  on  the  line  1  is  thus 

(2 .  i  [m?<i  [»y- 1  +  Jf )-)  [m]«(i  [«]•-!+  Jf). 

But  thsee  indude  cos^dal  points  of  sevand  ItbdiB,  vis.  we  have 

[my  (i  [m]'  -  1  +  Jtf )  =  2a  +  3/9  +  ir, 

if  (a)  be  the  number  of  points  in  which  the  line  1  meets  NH, 
n  $  11  »  If  »  8(m*), 

„  -R*  „  „  '      „  „         Torse  im-). 

where  Torse  denotes  the  developable  surface  or  Torse  generated  by  a  line  which 
meets  the  curve  m  twice.   The  order  of       Torse  in  question  is 

poftt  Annex  Na  6);  and  then  since  j8 » £f (mt^) « ^Lm}*-)- if  (m- 2),  we  find 
2a  »  [mr(K«»r- 1 +J0-8U  [«•]•+ Jf(m  -  8>) +iar(«- 8X 

and  theuoe 

iVii  (1 ,  m'-)  ^  i  [m]*  +  i        -f  .V(^  [m]»  -  \m\ 
But  I  have  not  succeeded  in  tindiug  by  a  like  direct  inve^itigation  the  values  of 

NR{m,  n,  p),  liR{m\  n),  IfR{it^), 

PhnmOa/or  NT(1,  m,  n),  NT{1,  m^),  Artjoles  47  and  48w 

47.  We  have 

2iT{l,  m,  n)=    NG(l,vi,n)=        mn(m  +  n-i)  +  mN)iM 
+  iVZ)(l,  TO,  «)      +  J  mn  {mn  +  »»  +  n  — 3) 
+  NR  (1,  m,n)     +  j  [i»J» 
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wbich  is 

=  2  [OTn]«  +  i»A'  +  «Jf, 

where  £fs£f(l,  «,  ft)> 


48.  And  moreover 

NT{1,  m*)  =    NJ)(l,  w»)  =      i  [m]'  +  [mf  +  J/     [m]'  -  i)  +  if« .  J 
+       ( 1 ,  TO»)  +  Lwp  +  3f  (3m  -  6) 

+  ilTH  (1,  m*)      +  I  [wi]*         +  If  (i       -  2iH  +  3). 

which  w 

if  S«S(l.m«)«[m]i  + If. 


3%0  NT  and  NR  fo/rwdm.  Articles  40  to  88. 

49.  I  proceed  to  find  NT{ih,  n,  p),  &c  by  a  functional  investigation,  such  an  wa» 
employed  for  Anding  6(1,  1,  ni*),  &c.  Writing  <S(m)  to  denote  either  of  the  scroUs 
S{m,  V,  p),  S{in,  n'),  and  mippusing  tiiat  in  place  of  bhe  curve  m  we  have  the 
agypt;gate  of  the  two  curvoR  m,  m';  then  the  aaroU  8(i»+m')  bieake  up  into  tb* 
scmlh  Sm,  Sm,  and  the  inteRioctioD  of  these  is  part  of  the  nodal  total  XTim+myy 
that  is,  we  have 

NT ( m  +  ni')  =  NT(tn)  +  NT{m')  +  ^' (m) .  S ( m') ; 
and  in  like  manner,  if  8{in?)  atanda  for  8{m',  n),  then 

jrp(«+«'y-jyr(in^)+jirr(i«>  i»')+iirr(«^)+c,(tf(i»«).  «(aH  »'). 

where  0,  denotea  the  sum  of  the  oomUnationa  two  and  two  together;  and  m>  also 

+  Ca{8{n^),  S{m*,  Hi').  ^iM,  m'%  S(m'»)). 

5CL  Instead  of  aaeuming 
it  is  the  same  thing*  And  it  ia  rather  more  oonvenient,  to  aantme 

via,  JVT  (m) i  (^(m))'-  8{m)+^  (mX  Ae^  Then  observing  that 

S  (m + m')  =  .Sf  (m)  +  S  (m'),  &c.. 
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the  foregoing  equations  for  NT  give 

^  (m  +  m')  =    (m  >  +  ^  (wi'), 

^im  +  my  =  4>  (to»)  +  <f>  (m,  m')  +  ^  (m''). 

and  if  in  the  .second  equation  ^(ni,  m')  and  in  the  thiixl  equation  ^(m*,  m')  and 
^(m,  Mt*^)  are  regarded  as  kaowo,  these  are  all  of  them  of  the  form 

/(f»+i(»')-/(m)-/(m')-I'^uiet  («,  nO? 

m  ihat^  a  IMiticuhr  aolatum  being  obtMned,  ike  geneml  aotution  is  /(m)^  PartiQalar 

Solution  +(1111  + 0M,  at  I>>a.st  on  the  a^umption  that  /(«).  in  M  fitf  ai  it  depcmds 
on  the  curve  m,  ia  a  fiuu:tion  of  m  and  M  only. 

51.  First,  if  ^(m)  stands  for  ^(iH,  n,  p),  we  obtain  (f){)n,  n,  p)^tm  +  fiM,  or 
observing  that  ^(m,    j))  musi  be  agrmtnetrioal  in  ngini  to  the  carves  m,  4>j  and  J^ 

we  may  write 

^  (tn,     p)-  <Hiiiip-|-^(Jiri^  H-  JVmp  -I-  Ptnn) +7  (jnJirP  +  nMP + pMN)  +  S  MNF, 
and  then 

NT{m,  H,  p)-^{S'-8+4> (to,  n,  p), 

s2infy}(nti^  — l)  +  ^(in»  n,  j>). 

But  for  p=l  this  should  reduce  itself  to  the  known  value  of  NT{1,  m,  n);  this  givea 
«ssO,  /9»1.  Y'O;  we  in  bei  have^  as  will  be  shown,  poit,  Art,  56»  £«0;  and  bence 

52.  Next,  if  ^(mO  stand  for  ^(m*.  n).  then  ^(m,  ttand*  for  ^(m,  m'.  n). 
wbidi  ia  Mjrinm'+nimJr+in'jlO.  wd  the  eqnatioD  ia 

^  (m  +»»')»-«/>  (m*)  -  ^  (ni'')  =  JVmm'  +  n  (mV  +  «CjW>. 
A  particular  solution  is  «^{m*)~^[m]*If +  nmN,  and  we  have  therefore 

or  obaerring  that  ^  (m*,  it)  conudered  as  a  fitnetioa  of  »,  satisfies  tbe  equation 

and  IB  thenfine  a  linear  function  of  n  and  If,  we  may  write 
we  then  have 

NTim*.  n)  »ii8*^iGr+^(m*»  »), 
C  24 
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whffire 

And  then  pntting  n  =  1,  and  comparing  with  the  known  value  of  iirT(l,  nt*),  we  find 
flt.O,  /9->-|.  It  will  be  diown,  pott,  Art  55,  ttiat  7— 0,  S^O;  and  we  have  tlierelbw 

♦  (*»'•  n)  =  «if  (m  -  ^)  +  jV    [r»j=  +  i/), 

and  thencfi 

-  n    [m]*  +  2  [»»]'  +  M  ([m]«  +  m  -  J)  +  Jl>. 
+  [«]'  (i  ["»)*  +  2  [m]^  +       +     [mf  +  i^. i) 
+  iV(^  [»«]»  + il/X 

58,   Next  fiv  ^{mf),  aafaatitatiDg  fbr  ^(m*,  m')  and  ^(m,  m*^  their  valuer  we  bara 
♦     +  -»W(m  -|>+ ir  (*[«»]• +Jf) 

wUdi  u  Btiiified  by 

♦(iitO-af(i[m]»-{«)+jn. 

•ad  tbe  genenl  value  tbm  is 

and  we  bave 
where 

flf-  i(  (W)  -i  [*»]» +i/  (m  -  2). 

54.  Taking  for  the  curve   m  the  -(p.  9)  curve  on  the  hyperboloid  (m=p  +  q, 
i/  =  — |>g),  5(m')  becomes  the  hv^wrboloid  taken  k  timM,  if  ^"  =  i  [/'?  +  d  ['/T  i  ^'^^^ 
S(ff^)s2Jt,  and  J^r(m')»4f.i[A:p  +  ^(7n»);  ^(>n")  must  vanish  it  p  and  g  are  each 
not  greater  than  8»  tbii  impliea  «aaS,  /9«11,  finr  with  these  values  tiie  fonnuhk  gnm 

♦  ("**)  =  -i(2ti'-l]'+J'[2-lf> 

55.  I  assume  ihe  conreotaeas  of  the  value 

if>  (»»*)  =  '6in  +  if  (i  [wi]*  -  5>»  +  11)  +  if* 

ao  obtained,  as  boing  in  fact  verified  by  means  of  the  six  scvora!  cnnes  (1,  1),  (1.  2), 
(1,  3),  (2,  2),  (2,  3),  (3,  3);  and  I  remark  that  if  the  forgoing  value  of  ^(tn,  »,  p)  had 
been  increued  by  fiti^NP,  then  it  would  have  been  neoessaiy  to  increase  the  value 
of  n)  by  ^aM*N,  ami  that  of  4>{>n'')  by  oJII*;  and  moreover  that  if  the  foregoing 

value  of  ^(m*,  n)  had  been  increawd  by  fviN -k-hMN,  then  it  would  have  been 
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necessary-  to  inci^ease  the  value  of  ^(m^)  by  Tmif  +  &M*i  this  is  MStly  seen  by  writing 

dowu  the  valuea 

^(m>,  m')->yiitJr  +  SJrjr+3xJfW. 

the  sum  of  whieh  is 

the  cornqMndiiig  torm  of  ^{wf)t  henos  the  vftltie  of  ^(mO  being  ooinect  without  the 
foregoing  adrlition,  we  must  hsTO  ynO,  B—Q,  saO;  whidi  Confirms  the  foregoing 
values  of  ^  (m,  n,  p),  ^  {m\  n). 

66u  The  eqnetion 
gitee 

NT  («*•)  =  i  .<7»  - +  37»  +  M  a  [m]*  - 1  nt  + 11)  +  if*, 
+  if  +  i        +  1  ||B  + 13) 

+  Jf»(4['"]*-i»'  +  3)- 

57.  We  have 

iirA(m*  tt) »   irZ'(m*.  «)- M>(i»*  n) -m(n^,  n), 
-    »  (|[m3»+Jf(4[«)«-2»+8)) 
+  W  (4  [«]*+  IW+  [«f +if         *)+  JP.i). 

68.  And  moreover 

iffi(iR*)    -  i\T(m')-jrD(i»»)-ir(7(mO. 

=    ^  [m]*  +  ?  [»;]'  -  i  [m]'  +  3»m 
+ if   [fi»]«  -  ^  (mf  -  f  [m]' + 8m  -  20) + if*  <|  [m]*  -  2m): 

end  the  investjgetion  of  the  secies  of  results  given  in  the  Tsble  is  thus  flonduded. 

/ffttraeefjons  of  a  generating  line  with  th$  Ifodai  Takd,  Articles  59  to  69. 

59.  Wc  may  for  the  scrolls  ^(1,  m,  n)  and  <S'(1,  in")  verify  the  theorem  that  each 
generating  line  meets  the  Nodal  Total  in  a  number  of  points  ^8—2, 

In  fiuHr  for  the  seioU  S{1,  m,  n),  the  direetrix  curves  are  respectively  multiple 
curves  of  the  ordera  mii>  n»  m,  and  a  generating  line  meets  each  of  these  in  a  sin^e 

24—2 


biyiiizuo  by  GoOglc 


188 


ON  8KJSW  BCBFACBB,  OTUKUWIBE  8GBOLLB. 


[889 


point)  counting  for  the  three  curves  respectively  as  mn  —  1,  a  —  1,  and  m  —  1  points 
respectively.  MoNOver  tbe  ooiMtraetion  (ante,  Art  48)  Ibr  the  Nodal  Reaidoe 
JfM(l,  fn,  n)  shows  that  a  generating  line  ineeta  thia  eurve  in  (m— l)(n-I)  points; 
and  since  the  curve  is  merely  n  double  curve,  these  count  each  as  a  single  i^oint : 
and  the  generating  line  does  not  meet  the  Nodal  Generator  NG(1,  in,  n).  The 
number  of  interaeetioiDa  therefore  ia 

mn- l+(m- l)  +  (n-l)+ (»ft- i)(rt- 1), 

whioh  la 

»2iiu»-2.  ^8-2. 

60.  Similarly  fur  (he  .scroti  S{1,  m*);  the  directrix  carves  are  multiple  curves, 
V12.  the  line  1  is  a  (J  [m]' +  .1/)tiipIo  curve,  and  the  cnrve  m  n  (w  — l)tuple  curre; 
the  generating  line  meeta  the  former  in  a  single  point,  counting  as  ^  [m]*  +  M -I 
pcnntc^  and  the  latter  in  two  pointa,  eaeh  eoimtinf  aa  (m  — 8)  pointa.  The  eonatruetkm 
(ante,  Art.  45)  for  the  Nndnl  Residue  yR(l,  shown  that  thf  gciifniting  line  ineeta 
this  curve  in  — 2]*  pomts;  and  since  the  curve  is  merely  a  «iouble  curve,  these 
count  each  as  a  single  point  Finally,  the  generating  line  does  not  meet  the  Nodal 
Qenerator  lf0(l,  m*).  The  namber  of  intenMCtiona  thus  ia 

i  [m]'-l  +  if +  2  (m-  2)  + 1  [m-2]', 

whidi  ia 

-£*»]*- 2  +  ;/,  =ii-2. 

In  the  remaiTiing  cases  we  may  use  the  theorem  to  find  tht'  iiumbor  of  points  iu 
which  the  generating  line  meets  the  Nvxial  Kcsiduo.  Using  II  as  the  symbol  for  the 
points  in  (jucstiuii  (n(ni,  h,  p)  for  the  scroll  S(m,  n,  p),  &c.),  we  find 

61.  For  the  acroU         n»  p), 

(imi-l)-f  (iii»->l)4- (M|»-l)'Hn(m,  «,  2 «SMMtp- 2, 

which  gives 

II(fll,  n,  py^imnp  —  mn—  mp  —  np-k-l. 
Thia  indodea  the  bflAit«-nMnti<ned  case 

n  ( 1.  m,  «)  t=  (ill  - 1)  («  -  1), 
and  the  more  particular  one 

n(l,  1,  »»)=0. 

62.  For  the  acroli  iS(iR*,  fi\ 

l[m]*-l-}- if +2((at~l)«-l)<hn(ai«  a)»5-2»a([m]'+ Jf)- 8, 
which  givea 

^(m^  n)    =ii([mf-2m  +  2  +  if)-i[j»]»  +  l-if. 
Ihia  indttdea  the  beforo'meotiained  parttonhur  caae 
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63.    And  lastly  for  the  acroll 

3         - 1» + 1  +  if)  +  n  (m»)  -  iS  -  2  -  i      +  (m  -  2>  Jtf  -  2, 

which  gives 

n       =  A       -  t  [»t]'  +  3»«  -  5  +    (m  -  5). 
The  forcing  ezpreasioos  fat  U  might  with  propriety  have  bem  inserted  ia  the  Tabie. 


Annex  No.  1. — Investigation  of  tlie  Jormula  for  S{ta*)  in  the  case  of  Uie  xtmGuraaX 

eurw  (referred  to,  Art.  89). 

Consider  the  uuicursal  m-thic  curve  the  equations  whereof  are  x  :  y  :  z  -.w^A  :  Ji:C:D, 
where  A,  B,  C,  D  arc  rational  and  integral  functions  of  a  parameter  6;  and  let  it  be 
required  to  find  the  equation  of  a  plane  meeting  the  curve  in  such  manner  that 
three  of  the  points  of  intersection  are  m  UntA.  Taking  for  the  equation  of  the  plane 

we  iind  between  (f,  9,  ^,  m)  an  equation  of  a  certain  degree  in  17,  ^,  to),  which  is 
the  equation  in  plane-coordinates  of  the  scroll  S(m*),  the  degree  of  the  equation  is 
therefore  equal  to  the  class  of  the  scroll ;  but  as  the  class  of  a  Hrroll  is  equal  to 
its  onli  T,  the  degree  of  the  e<]uation  is  equal  to  the  order  of  the  scroll,  or  say  =S(m*). 

Proceeding  with  the  investigation,  if  ^  be  determined  by  the  equation 

then  the  rooita  0|,  ...^n  of  this  equation  belong  to  the  points  of  inteiseetion 
of  the  plane  and  curve;  and  the  eonesponding  coordinates  of  these  points  are 

Suppose  thnt  the  points  1,  2,  3  are  in  liueil,  and  let  X,  /x,  v,  p  be  the  coordinates 
of  an  orbitraiy  point,  then  the  four  points  are  in  piano,  that  is,  we  have 

.0; 


nnd  if  we  form  the  equation 


P 

B„ 

A 

At, 

B,. 

A 

^, 

M  . 

V  , 

p 

/A, 

o„ 

A 

A 

0, 
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where  n  deaotes  the  product  ot  the  tenus  belouging  to  all  the  triads  of  the  m  roots, 
the  fonilt  will  be  symmetrioal  in  regard!  to  all  tbe  roota ;  and  nptadng  the  qrnmebwa] 
fiinctioDs  of  the  roots  b)-  their  values  in  teimui  of  the  eoeffidenti,  we  have  the  required 
relation  between  (I,  9,  ^  a>>. 

n  contains  ^  [m]*  torras,  whereof  |  [m^  1]*  oantain  the  m-thie  ftmetiona  (^1,  i^,  Ci,  A) 
of  the  root  $ii  that  ie,  the  fonn  of  n  is 

(K  /I,  V,  IJK»'(*„  1)IWP,.; 

or,  when  the  lynimetrioal  fUneliooB  are  expreaaed  in  terma  of  the  ooeflicienta,  the  limn  k 

Now  the  above-mentioned  determinant  is  divisible  by  (^1  —  —  ^»>(^j— ^»),  or  11  is 
divisible  by  11  -  6^)  -  0.)  (d,  -  d,) ;  and  ainoe  this  product  contains  (3  x  ^  [m]*  =)  \  {mf 
linear  fiustora.  and  the  product  ^{9^  tf,*"*'*)  of  the  aquared  diflEaranaaa  of  the  loots 
cootauM  (2  X I      «)  [m]*  linear  &etoq,  ao  that  we  haTe 

where 

Kifiu  tf„..tf«)-Diact.-(|i  9.  & 

and  cousequently 

80  that,  omitting  this  factor,  the  remuiuDg  bctor  of  11  is  of  the  fbim 

hut  the  determinant  vaniahea  if 
or  any  if 

(V.  i».  0,  D),  ^-ft,      or  0,i 

it  followa  that  the  prodnet  II  contains  the  factor 

or  omitting  thia  factor,  and  obsurvint;  that 

the  remaining  fiwtor  ia  of  the  form 

(I-,  r. 

or  we  have  finally 

which  is  the  required  expression. 
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I  give  the  following  iavestigatioa  of  the  expression  i  ['» —  Ip  for  the  number  of 
*|)pM«it  douUe  points,  Inu^ne  tbvough  tbe  pmut  (««0,  jr"0,  «-0)  »  line  cuttiqg 
the  cunre  in  the  two  ptniito  ooneqianding  to  the  valuw  $it  &t  of  tlift  peimiueler.  We 
have 

ili    Si  Ci 

whudi  equations  determine  6^  and  $^ 

Writing  the  equations  under  Lhe  form 

and  treating  ^,  and  ff,  as  roonJinatea,  each  of  the-ie  equations  belongs  to  a  curve  of 
the  order  2{m  —  l),  having  a  (m-l)thic  point  at  intinitj  on  each  of  tbe  axes.  The 
number  of  inteneotions  thus  is 

«4{m-l)«-{m-l)=-<»i-l)-.  =  2(w-  1)'. 

But  among  these  ate  included  points  not  belonging  to  the  original  system,  viz.  the 
points  for  which  (.^i  =  0,  ^,^0)  other  than  those  for  which  ^1  =  0^;  the  points  so 
indttded  ere  in  nwnher  omF— m;  and  enutttng  them,  the  number  is 

(2  (t»  - 1)»  -  m  (»  - 1))  =  [m  -  ly, 

which  is  the  number  of  points?  0i  lying  in  Uned  with  the  origin  and  another  point 
^ti  the  number  of  apparent  double  points  is  the  half  of  this,  or  A  =  ^[m— 1]*.  And 
thenoe 

-tf -(-*[*»]•+*-) -(w-l). 

I  investiguite  also  the  number  of  lines  dnosj^  two  points  wiudi  meet  two 
«rhitesi7  lines;  thie  it  in  fltet  ^8(1,  nf),  wiiidi  for  tlM  curve  in  questioo  is 

=  (4  [m]'-(m-l)=)(m-l)». 

Let  the  equations  of  the  two  lines  be  (««0,  y— 0)  and  («>0,  w^O);  then  the  con- 
ditions  to  be  satisfied  are 

or  writing  these  under  the  lonn 

and  traatbg  6^,  6^  aa  ooonfiiiates,  the  number  of  interseeljoos  of  thess  two  curves  is 

=  %{m,-\y,  the  same  aa  for  tho  rwo  curves  lest  above  considered.  And  the  number 
of  the  line*  in  question  is  one  half  of  tbia»  or  >^{m—  Vf, 
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Lemma  empluyed  in  the  foHowing  Annexes  2  and  3.    FormtUce  for  tiie  order  and 
we^ht  of  etrlafyi  $jflttm$  of  eqiuiiioiu. 


Let  a.'  denote  a  function  of  the  degree  a  in  the  order  variables  {x,  y, .  .),  and 
of  the  degi-ce  a'  iu  the  weiyht  variables  {x',  y',..)»  tuwi  so  in  other  cases;  and  con- 
fimk  the  eqactum 


trhere  the  nMtrix  u  a  aqaen ;  thai 

Order  sSe 
We^taS^+SA'. 

Oomider  next  the  syBtem 


-0, 


wheie  the  uwtrix  i»  a  equaie  +1.  tint  is,  the  numher  of  oolunme  eseeeds  hy  1  the 
nuinher  of  linee;  then 

Older  *-2^1}-Sa)8+2ft(2A+2«X 
Weight-  (Sil  +l»)(JiA*+tte)-lAA'  +  Im^. 

And  again,  the  system 


«...    (a  +  A),-^a;    («  +  B).^g,    (a  +  C).,c-.  ... 


0. 


where  the  matrix  is  a  sq^uare  +  2,  that  is,  the  number  of  columns  exceeds  by  2  the 
number  of  lines ;  then 

Order   =  -S.ABC-^taBf^S.aitAB-lafi)  ~ \i,:^<xy  -  lajB)  (lA  +  Sa), 

Weight  =  [^AB  -  2a/3  +  2a  (2^  +  ^a)\  {%A' + Sa'>  -  <2^  +  2a)  (2ilil'-2aa')+2^U'+2a«a'. 
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The  last  formula,  for  the  weight  ot  the  square  +2  sytitem,  was  communicated  to  me 
by  Dr  S«ltnoii,  tike  oihen  are  all  in  effect  given  in  the  Appendix.  "On  the  Order  of 

Systems  of  Equations,"  to  his  Treatise  on  the  Analytic  Geometry  of  Three  Dimi  nsioua; 
nnil  in  the  iiiveHtipition  in  the  following  Annexe?  2  and  'S,  the  route  which  I  have 
foUuwed  wa8  completely  traced  out  for  me  by  him,  so  that  I  have  only  supplied  the 
detnb  of  the  work. 


Aimez  Nol  i.^Iim8Hgaiiet>i  of  the  formuta  for  8(ti^,  wtot  Ui«  etrm  m  it  tk»  pq 

complete  intersect  inn,  viz.  when  it  is  Ute  intgntetion  vf  two  narfiicea  tike  arden 
p  and  q  reflectively  (referred  to,  Art.  40). 

Let  IT— 0,  0  be  the  eqnatioiw  of  the  two  surfiusee  of  the  orders  p  and  q 
reqpeetively.  Take  (x,  y,  z,  w)  the  coordinates  of  a  point  on  the  curve,  so  that  for 
these  coordinates  we  have  U=0,  V=0;  and  in  the  equations  of  the  two  curves 
respectivelyj  write  for  the  coordinates  x  +  px',  y  +  py",  r  +  pz',  w  +  pw' ;  then  putting  for 

the  resulting  equations  may  be  represented  by 

(A u,  A'cr,  .„  Ainpjii,  p)r* -  0, 

(AF.  AT,  ..Atr$l,p)r-»-0. 

where  it  ia  to  be  noticed  that  besides  the  expressed  literal  ooefficieDts  there  are 
nnineiical  eoeffidente  (not  aa  the  notation  uually  denotes,  the  Mnomual  ooeffioienta, 

Supposing  that  (x,  ^,  fd)  are  the  eturent  coordinates  of  a  point  on  the  line 
drawn  through  the  p^nnt  (r,  ?/.  to  meet  the  curve  in  two  other  points,  the 

equations  in  p  must  have  two  common  roots,  imd  this  gives  a  system  equivalent  to 
two  equations,  or  say  a  plexus  of  two  equations.  If  fivm  the  plexus  and  tiie  two 
aquations  U  =  0,  K  =  0  we  eliminate  (x,  y,  z,  w),  we  obtJiin  an  equation  iSr  =  0  in 
(a^,  //',  z',  w'),  which  is  in  fact  the  equation  of  the  .scroll  S(m'),  taken  (as  in  easily 
seen  to  be  the  ca^e)  thrice  j  that  is,  <S(?»*)  =  |  I)egre>i  of  iS'.  But  observing  that  the 
ooovdinates  (x,  y',  z',  w  )  enter  into  the  plexus  only  and  not  into  the  fitnctions  U.  V, 
and  treating  {x',  y,  z',  v/)  as  weight  variables,  Degree  of  Weight  of  Sjntem 
{U^Q,  0,  Plexus) a Deg.  CTxDeg.  Fx  Weight  of  Plexus,  vjigx  Weight  of  Plexus; 
or,  writing  pq  =  fi, 

<S(m>)-i^x  Weight  of  Plexus, 
a  V.  25 
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The  plexoB  in  queetiou  is  the  aquare  + 1  Byatem, 

AU,  £i?U, . .  -0. 
AU,.. 


AF,  AT,..  i 
AF,.. 


p  +  q—3  coluQUS,  (jf  —  2)  +  (/)  -  2 )  =  (/>  +  5  —  4)  liueu ;  or  reprinting  the  terms  accord- 
ing to  tlMir  Older  lad  weight,  tbst  »,  degne  in  (<r,  y,  t,  w)  aad       j^,  /,  vf) 

respectively  (the  order  ;ind  weight  of  the  evanescent  terms  being  fixed  90  m  (hkt 
they  may  form  a  regular  aeriee  with  the  other  terras),  the  system  i» 

p  +  q-H  column*. 


(/)-!),,    (p-2),.  ...  1-0, 


<S-l)i.  (q-i\» 
9*    .  (ff-lX. 


80  that 


«  .  ^ , ..  "J*  — 

1, 

p,,..p+^-4i,  q-l,  q, 

...  p<f9-4, 

a' .  ^' ,  - . " 

1, 

0.  ,.    -q+4h       1,  0, 

vl.  5,..-  - 

1,- 

2. 

^ t  •  •  * 

l. 

2. 

Of,  as  nguds  the  fint  two  lbe«^ 
We  then  find 

2a*    -    2(9-2)-H9-2)(«/-l)  +  2o>-2)-40>-2)(p-l). 

Soaf    -  2(/)-2)(?-2)-(;j-+).i(7-2)('y-l)-H«/-2)(?-V)(2?-3) 
+  2 (7  -  2)  (p -  2)  -  (9 -  4) .       -  2)(;>  - 1) -4(j>- 2)(il- l)(2p - 3). 
Silil' »  -  i  (j9  +  5  -  4)  0>  +  y  -  3)  (2p  +  2j  -  7). 
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wUdk  putting  th«rMii  P9**fit  tP^^ 

SflT  =  I  tt -10. 

24  +2a  -  /S-2a+  4. 
1A'    +<a'     =  -  4, 

and  ocoBequsiitly 

5(m»)  =  |^  X  weight 

=  i/iOS-2)(2^-3a  +  4>, 

wliieh  »  qgbt. 


Annex  lio.  3. — Itaxst^aiion  of  G  {m*}  in  tlae  case  wltere  the  curve  m  is  a  comply 

iniermiion  (referred  to,  Art  4S). 

Suppose,  as  before,  that  U  —  0,  V=0  aru  the  <iqua.tioD8  of  the  two  surfaces  of 
the  oflden  p  and  9  respectively ;  takbg  also  (x,  y,  z,  w)  as  tike  oowdinatea  of  a  point 
on  the  curve,  aiid  substituting  in  the  equations  x  +  px',  y  +  p^,  i  +  p/t  W+ffU^  in  plaoe 
of  the  coordiDatea,  then  if  AB«/e^+y^+«%+iu6U>  we  have  as  before 

(AIT,  A'lr. . .  AfC$l,  =  0, 
(AF.  A«7. . .  A«Fil,  p)^'«0, 

wliere  the  ntunerkal  eoeffieiente  \,       ,  ^     fte.  are  to  be  understood  as  hefiire. 

Suppose  now  tluit  (\r,  y,  r,  ?/')  aro  the  coordiuates  of  a  point  on  the  curve,  through 
which  point  there  passes  a  line  through  three  other  points,  or  line  6(m');  and  that 
(j^,  y,  z',  t(0  are  the  eamnt  coordinates  of  a  point  on  audi  line;  the  two  equations 
in  p  mmt  have  thiee  equal  roots;  or  we  mnat  have  a  system  equivalent  to  thrci; 
c<iuatiou6,  or  fay  n  plexus  of  three  equations.  The  coordinates  (x',  y*,  z',  u/).  althou}j;li 
four  in  number,  are  in  fact  eliminable  ii-otn  this  plexus;  or  what  is  the  same  thmg, 
eambuuog  with  the  [dezua  the  equation 

25—2 
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of  an  arbitrary  plane,  and  then  eliminating  (x',  y',      w  ),  the  result  is  of  the  form 

where  □  is  •  ftmotion  ni  {m,     b,  w)  only;  and  conwdering       y,     «)  m  weight 

variablcB,  =  Onl*  r  of  Plexus.  But  degree  in  (x,  y,  *,  w)  of  (ox  +  /9y +  7r  +  5u;)*  □  is 
•  Weight  of  Plexus,  and  therefore  Degree  of  □  is  -  Weight  of  Plexus -tf,  -(Weight 
—  Order)  of  Plexus. 

The  equations  U  =  0,  V=0,  0=0  then  give  the  coordiiuttee  (x,  y,  z,  w)  of  the 
points  throtigh  which  may  be  drawn  a  line  G(m');  viz.  they  give  (m  it  is  OMJ  to 
see)  these  points  four  tiine^  over.    And  wc  therefore  have 

(3(m^)«i Older  of  (U=0.  V^O,  Q-O) 
-}Deg.  U.  Deg.  V.  Deg.D 
»lfix  (Weight  -  Order)  of  Plexus. 

The  Plexus  is  here  the  square  +2  Bystem 

AU,  A'i/, ...  -0. 
.  AU. 

» 

AF,  AT, 


oolunins»  (q—S)+(p-B)^p+q-9  lines).    Or  representing  the  temu  by 

their  order  and  weight  (tho  weight  variables  being  in  the  present  ease  (x,  y,  s,  a). 
and  the  order  variablc«  (j:',  }/\  t,  tv')),  and  attributing  as  before  an  order  and  weight 
to  the  evaaeocent  terms,  the  system  is 


-0. 
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80  that  we  have 

a,i9,..=      1,0.   -1...  -<»-6),     1,0.  ^l,...(j|.5X 
A\Btt.^     If  2,..* 

A%sr,„m  -1, -jt,„.  -ip+q  -5), 

«r,  as  regards  the  fiist  two  lines, 

a,  fi,..  -      2-0,  2- 4>  1 

.  y  d=l  to  «-3»  A-1  to»-3. 

We  then  find 

&     »  2(g-8)-.4(g-3){j-3)+2<p-S)-4(p-8)(p-2), 
S**    =  (l»-i)(g-3)+l(i-3)(j-2)+(j-2)(p-S)+i(ji-8)(i»-2), 
-  4(«-8)-4.i(g-3)(g-2)+i(g-3)(«-t)(2j-«) 
+4(p-3)-4.i(p-3)(j»-2)+i(l»-»)(l»-«)(%'-8). 

8(g-3)-12.|(j-3)(5f-2)+6.*<?-3)(y-2)(2g-5)-i(^-3)«(?-2)« 
+8(p-8)-12.|(p-3)(p-2)  +  6.i(p-3)(p-2)(2;,-5)-H/>-3)'(i»-2)», 
Sow'    =    2(p-2)(<7-3)-(p-4).}(?-3)(7 -2)-H9-3)(?-2)(2^-5) 
+  2(f/-2)(;;-3)-(<7-4).J(p-3)(jo-2)-J(p-8)(p-2)(2p-5X 
2aV  =   4(p-2X7-:})-4(p-3).i(7-3)(ry~2)  +  (jj-U)4(?-3)(y-2)(2^-5>+i(r/-3/(^-2f, 

+  4(2-2Xi>-3)-4(g-3).J(i>-3Xp-2)+(a-6).i(|»-3Xj»-2X2/»-5)+i(j'-8Ai>-2A 
2.4    -  i(j>  +  J-5)(p  +  5-4). 

SA*  — -iOi+g- «)(!>+ g- 4) (2p+2g-9X 
2A»  — SAM'«i<p+?-5)»0i  +  5f-4)», 

wUbli,  putting  therem  j»,+g— «^  Pi'^fi*  from  the  tedneed  cKpreflaniM  obtaming  the 
vahiea  of  lafip  Aa,  give 

2a    -J9 +|«-18, 

2<V37  =  ^  U)  +  Z?"  (-  i  a'  +  ■^'^  a  -     )  +  /3  a  «*  -  S  of  -f  '-^^^^    -  ^  p  a  +  i^.,^ ' ) 
_  ^  a«  +  II  a*  -  ijyi  a*  +  if^i  a?  -  £{|f2  a' + 107  la  - 1660, 
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2oa'    =/9  (-io)- Ja'  +  $«»--ii*a  +  58, 

iaflar  =/9«(-J)  +  /S(-.|««+9a— i|i)+i«»-|rf+Hifl^-U9a+l98, 

%A*   m^JAA'  «  I       I  c^^-H^a  -80, 

}  «»-  {  (rn  ^  a'-9Oa  +  10O, 
S^JS  =  i  a*  -     a»  -r  -12-  a-  -      a  +  G5, 

we  then  find 

Silil'-tarf  -i8  (-ia)  +  9«-«8, 

-  o«  +     «» -  162a»  +  JL%u  a  - 1210, 
4-  2«?a'  =    (-  i) + /9  (- 1  a«  +  9a  -  Afi)  -  29a  +  98 ; 

and  then  also 

la(lA  +  Xa)  -/9»  +;9(-i«'+S«-96)+  4af-36a+144, 

-  (Sii-f2a)(2^il'-S«H0  1«    H/9<      -13b+8S)  +7fa-SM, 

and 

2A>il'+2flM'  -(«( «iq)ni)/9*(     -^)+/9(-fa*+  9a-J^>       -iXki-¥  96; 

wliCDee,  adding  the  last  three  eixpraauoDS,  we  find 

Weight  = /8«  tt) + ^  (- i «+ J)+ /3    a"  +  5  «  -  W  - 11 «+ 18; 

and  for  the-  cniiT  we  have 

(2a)»  -  Xa^  -  i8»  (i)  +  i8  (- i  «•  +  4a  -  V) + 4  «•  -  ft  * + ^  -  W « + 1*8 ; 
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and  then 
lABC  +la0y  =  (ut  supra) 

-  «♦.+ i)p  et»  - 162  a?  +  o  -  1210, 
+  2«*  -  36a»  +  2976?  -  1215a  +  2268, 
-a*  f^ot'-  13oa?  +  -L^«-1064; 

whenoe,  adding  these  three  expreasions, 

Onter»/9'a)+/3«(-J«+i)+^(irf-i«+^)-6; 
•ad  hy  me$aa  of  llie  tangamg  ezpfurion  for  th«  vdght,      tiwn  have 

Weight-Oid«r«»j8»(i)+/3»(-  ft    )+/9(irf  +  8«-y)-llft+a4; 
And  titcnlbre 

^  (m«)  -  i/9  X  (Weight  -  Older}, 

-      {^+i9i(-eft)+i9(8at>+ 18«  -  26)- 66tt+ 144}, 

wMeh  is  light. 

Annex  Na  i^—Onttr     Tbne  («» i»)  (refenred  to,  Ait  44). 

Wft  h*vft  to  fbkd  the  Offd«r  of  the  developable  or  Torse  generated  lay  a  line 
meotaog  two  enrvee  of  the  orders  m,  »  rt^pectively ;  viz.  representing  by  fi,  v  the 
classes  of  the  two  curves  respectively,  it  is  to  be  shown  that  the  expresaioii  fox  the 
Order  is 

Tone  (m,  n)— nmr+n,^ 

I  remark,  in  the  first  place,  that,  given  two  sorfeoes  of  the  ciders  p  and  7  respectively, 
the  eoive  of  intersBation  ie  of  the  order  pq  and  class  pq^p^^q—t),  or  as  this  may 

be  written,  class  =qp{p —  ^  ptiq  —  V).  Reciprocally  for  two  surfaces  of  the  classes 
p  and  q  respectively,  the  Tor»e  enveloped  by  their  conunon  tangent  planes  is  of  the 
chMM  pq  and  oider  qp{p-l)-\-p<i(q-^).  Now,  in  the  same  way  that  a  sorftce  of  the 
Older  p  may  degenerate  into  a  Torse  of  the  order  p,  so  a  sur&oe  of  the  class  p 
may  degenerate  into  a  curve  of  the  class  p ;  and  tlie  al:vss  of  a  cnn-n  bring  p,  then 
(dittreguding  singularities)  its  order  is  — I'Ci'  — 1)-  Hence  replacing  p  and  p{p—\)  by 
and  m  reqwcti^vdy,  and  in  like  manner  q  and  q{q-\)  by  v  and  «t  respectively, 
we  have  mv+n/t  aa  the  cider  4^  the  Torse  generated  by  (he  tangent  planes  of  the 
curves  of  the  ocdeia  m  and  n  respectively;  where  by  tangent  plane  of  a  curve  is  to 
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be  tuideretowi  a  plane  passing  through  a  tangent  line  of  tb«  curve.  The  intenectioD 
of  two  ooDBecative  tangent  planea  u  a  tine  maeting  the  two  correa,  wliieh  line  w 
the  geoenrti^g  liine  of  the  Tonee,  and  audi  Tone  k  therafim  the  Tone  (in*  n)  in 
queation. 

The  foregoing  investigation  is  not  very  satisfactory,  but  I  confirm  it  by  considering 
the  ca8C  of  two  plauc-  curves,  orders  m  aud  n,  and  classes  fi  and  *>,  respectively.  The 
tangenta  of  the  two  curvea  can,  it  i«  dear,  onlf  meet  on  the  line  d  inteneetum  of 
the  ])Iarif^  of  the  curves;  and  the  constniction  of  the  Torue  Ls  in  fact  as  foUowa: 
from  any  point  of  the  line  of  interaection  draw  a  taogcut  to  m  and  a  tangent  to  n, 
then  the  line  joining  the  pointa  of  oontaot  of  these  tangenta  is  a  generating  line  of 
the  Tone.  The  order  of  the  Torse  is  equal  to  the  number  of  generating  lines  which 
mrrt  nn  jirbittnry  line;  and  taking  fir  the  arbitrary  lino  tht-  linii  of  intt-rst'Ctioii  of 
the  two  planes,  it  is  easy  to  see  that  the  only  generating  lines  which  meet  the  line 
of  intenedaon  aie  thoae  for  whidi  one  of  the  pointa  of  contnet  liea  on  the  tine  of 
intersection ;  that  is,  they  ore  the  generating  lines  deriyed  fiom  the  points  in  which 
the  line  of  intersection  meets  one  or  other  >>f  tho  two  curves;  they  are  therefore  in 
(aci  the  tangents  drawn  to  the  curve  n  fi-om  the  points  in  which  the  line  of  inter- 
aeetion  meeta  the  carve  m,  toigether  with  the  tangeots  dmwn  to  the  cmre  m  from  the 
pointa  in  whidi  the  line  ol  interseetion  meets  the  curve  n.  Now  the  line  meets  the 
•^urve  n  in  n  point*,  and  from  each  of  these  there  are  ^  tangents  to  the  curve  m; 
and  it  meets  the  curve  m  in  vi  points,  and  from  eauh  of  these  there  are  v  tangents 
to  the  enrve  n;  h«iee  the  entire  namher  of  the  tangenta  in  queation  is  biv»+mv* 
whidi  oonfinoM  tiie  theorem. 

Annex  No.  5. — Order  cf  Toist'  {m-}  (referred  to.  Art.  46). 

We  have  here  to  find  the  order  of  the  developable  or  Torso  generated  by  a  liue 
meeting  a  curve  of  the  «der  m  twioe^  via.,  the  ehiaa  of  the  curve  heu^g  /i,  it  ia  to 
he  shown  that  we  have 

ToF'-i!  (;;/-)  =  (  in  —  ',i  )  fi. 

I  deduce  the  expression  from  the  formula  given  p.  424  of  Dr  Salmon's  'Geometry  of 
Three  Oimenaiona;'  via.  putting  in  his  formula         and  ^  fiir  his  r,  we  have 

Order  ~  iK(/t — i)  -  )  a  a  MIC— (4ia  4- |«X 
where  (aee  pi.  S34  et  aa;.) 

|s  ■>(»  -  m)  s  6A— m, 

and  thence 

fa  — 4m,  or  4m  +  |«M3^ 

so  that  we  have 

Order  =  (m  -  3)  m- 

A  more  complete  discussion  of  the  Torses  (m,  n)  and  (m*)  is  obviously  desirable;  but 
as  th^  are  only  incidentally  connected  with  the  subject  of  the  present  memoir^  I  have 
contented        !f  with  obtaining  the  required  results  in  the  way  which  most  readily 

presented  itself. 
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A  SECOND  IfEMOnt  ON  SKEW  SUBFACES,  OTHERWISE 

SGBOLL& 

[From  the  Philoaophicai  Trattmctiona  of  Uie  Royal  Society  of  London,  vol  cuv.  (for  the 
TMT  1864),  pp.  559— 57<t.  Beoemd  April  29^BfliMl  Hay  96,  1861] 

The  principal  object  of  the  present  memoir  is  to  establish  the  different  kinds  of 
skew  surfaces  ot  the  fourth  order,  or  Quartic  Scrolls ;  but,  as  preliminary  thereto,  there 
«!•  «NDe  geaera]  remanhm  ooniiceled  with  tlioie  in  my  inmcr  mematt  "On  Bkm 
Surfaces,  othorwis*'  Scrolls "('),  and  I  also  reproduce  the  theory  (which  may  be  considered 
as  a  known  one)  of  cubic  seruIlH ;  there  are  also  some  concluding  remarks  which  relate 
to  the  general  theory.  Ab  re<;ards  quwtile  scrolb,  1  remnk  that  H  Chades,  In  m  fMt* 
note  to  his  paper,  "  Description  dcs  courbcs  dc  tOQS  hs  OVdiM  dtu^cs  but  la  swCmmb 
regk'es  du  troisi^me  et  du  qualri^me  ordre?'V^)  states,  "los  stirfnces  re'gMes  du  quatri^me 
urdre  ....  admettent  quatorze  csp^cea."  This  does  not  agree  with  my  results,  since  I  lind 
only  tight  speciea  of  qoartie  seralls;  the  devvlopable  saifiwe  or  "tone"  is  perhaps 
included  as  a  "surface  r^l^e;"  but  as  there  is  only  one  epedin  of  qugftie  tone, 
the  deficieuc}-  is  not  to  be  thus  accountcfl  for.  My  enumeration  appears  to  me  com- 
plete, but  it  18  possible  that  there  are  subforms  which  M.  Clhasles  has  reckoned  as  distinct 
•pedes. 

On  the  Dejm&ntcy  nf  a  Bcnil,  Article  Nos.  1  to  5. 

1.  A  scroll  considered  as  arising  from  any  geometrical  constniction,  for  instance 
one  of  the  scrolls  6' (in,  «,  p),  iS(m',  n),  ii{ni?)  considered  in  my  former  memoir,  or  say 
in  general  the  aBroll  By  leaybireek  up  into  two  or  more  inferior  eerolls  iS*,  iS"...;  Imi 

a.?  long  M  J*?',  >Si", . .  are  proper  senilis  (not  toi-ses,  and  «  furtiori  not  cones  or  planes), 
no  one  of  these  can  be  con.sidere<l,  apart  from  the  others,  a.s  t  he  rcKult  of  the  geometrical 

>  Pmatt^fkUal  TrtametSam,  *6L  oun.  (1898).  m.  iSA-m,  £888], 
*  Oflvtw  Jbniiii,  %.  un,  (USl),  im  p.  m 

c.  T.  36 
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construction,  and  we  can  only  say  that  the  ecroll  S  given  by  the  construction  is  the 
aggregate  cif  the  aerolb  fft  8",..]  and  the  like  vheo  we  have  the  acrolls  8*,  8",..., 
each  repeated  any  number  of  times,  or  say  when  S  =  S''S"'...    Suppose  however  that 

the  scrolls  f^,  . .  are  any  one  or  more  of  them  u  torse  or  torses — or,  to  make  at 
once  the  most  general  supposiliuu,  say  tliat  we  have  IS  — IS',  where  ^  iu  a  torse,  or 
aggregate  of  tones  (i'^X'*!,'*...),  and  JS'  is  a  proper  seroll  or  aggregate  of  proper 

scrolls ;  then,  although  it  is  not  obligatory  to  do  so,  we  rnay  without  impropriety  throw 
aside  the  torse-factor  ^,  and  consider  the  original  scroll  S  as  degenerating  into  the 
scroll  S',  and  as  suffering  a  reduction  in  order  accordingly. 

2.  As  an  illustration,  consider  the  scroll  6'(m,  n,  p)  generated  by  a  line  which 
meets  three  directrix  curves  of  the  orders  m,  n,  p  respectively ;  and  assume  that  the 
eurvee  m,  n,  p  are  each  of  them  aituate  on  the  same  ecvoU  Z,  the  eorre  m  meettng 
Cftch  generating  line  of  S  in  a  points,  the  curve  n  each  generating  line  in  0  pointy 
and  the  curve  p  each  generating  line  in  f  points.  Each  generating  line  of  2  is 
timee  a  generating  line  of  8,  and  we  have  8=1^^8',  where  8*  maj  he  a  proper 
acvoU ;  it  is  however  to  be  noticed  that  if  the  oorvea  m,  %  p  any  two  of  them 
intersect,  8'  will  itself  break  up  and  contain  cone-factors,  will  presently  appear.  And 
if  2,  instead  of  being  a  proper  scroll,  be  a  torse,  then  we  may  consider  S  as  d^eae- 
nting  into  8*,  the  redoetioo  in  order  being  of  coofm  =  afiy  x  order  of  2. 

3.  But  this  is  not  the  only  way  in  which  the  scroll  S  (m,  n,  p)  may  degenerate ; 
&r  aappoee  that  two  of  the  direotriz  enrves,  say  n  and  p,  inteneet,  then  the  linee 
from  the  point  of  intersection  to  the  curve  m  form  a  cone  of  the  order  m  which  wQl 
present  itself  as  a  factor  of  S;  and  gcnornlly  if  the  c«r^'e!5  ?!  and  p  intersect  in  a 
pmnta,  the  curves  p  and  m  in  points,  and  the  curves  m  and  n  in  7  points,  then 
we  have  «t  oonea  eaoh  <tf  the  order  m,  0  oonee  eaoh  t)i  the  order  n,  and  y  oones 
each  of  the  order  p,  or  say  S  —  CS',  where  C  is  the  aggregate  of  the  oone-laoton; 
and  the  scroli  S  degenerates  into  S',  the  reduction  in  order  being  =  am -f /8n -j- 77).  It 
is  hardly  necessary  to  remark  that  if  a  point  of  intersection  of  two  of  the  curves  is 
A  muttiple  point  on  rither  or  each  of  the  corvee,  it  is,  in  redroning  the  nmnher  of 
intersections  of  the  two  corves,  to  be  taken  acconat  of  according  to  it*  multipiidty  tn 
the  oidinaiy  manner. 

4.  There  is  jet  linolher  ease  to  be  considered  :  suppose  tliat  the  c-urves  n  and  p 
lie  on  a  cone,  and  that  the  curve  m  p&^scs  through  the  vertex  of  this  cone;  this 
<»ne,  repeated  a  certain  number  of  times,  is  part  of  the  locus,  or  we  have  S  —  CS', 
ao  that  the  eccoU  S  degeoeratee  into  8",  the  (eduction  in  order  being  -dx  order  of 
cone.  If,  to  fix  the  ideas,  the  curves  n  and  p  are  respectively  the  complete  inter- 
sections of  the  cone  by  two  sur&cea  of  the  orders  g,  h  mpeotively  (this  im^es 
n-gk,  p  =  hk,  if  Ar  be  the  order  of  the  cone),  which  sarboea  do  not  paaa  ^jroog^  the 
vertex  of  the  eone,  and  if,  moreover,  tlie  vertex  of  the  cone  be  an  o-tuple  point  on 
the  eiurve  m,  then  $^a^  and  the  reduction  in  order  ia  — i^Aib. 

o.  The  foregoing  cames  of  reduction,  or  aome  of  them,  may  eziat  simultaneously; 
it  would  require  a  further  examination  to  aee  whether  the  aggiegate  reduction  ia  in 
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all  CMM  ibe  sum  of  the  sepaimte  redneHona.  Bnt  the  aggregate  radaetion  onoe  asow* 
teined,  then  vritiiig  8(m,  n,  p)  tat  the  tnder  «f  the  reduced  emll,  we  ahall  Uve 

8(m,  %  |i)>2niiy— Beduetko. 

In  pMrtieular,  in  the  caae  above  referred  to^  vhere  the  eorvee  »  and  p,  p  and  m, 
m  and  n  meet     a,  fi,  y  pomta  nepectively,  but  then  ie  no  other  eanae  of  reduction, 

whidi  ie  ft  fermnk  wbkh  irill  be  made  uae  oC 

The  bwgiaag  mTestigationa  ftppiy,  imtMj*  nmftmcK*,  to  the  eorolla         »).  8(fn?) 
but  I  do  not  at  preeent  enter  into  the  development  of  them  in  regard  to  these 

AmeBi  v&h  im  duwlria  Ivm,  Aitide  Nos.  8  to  11. 

6.  Goneider  now  a  scroll  having  two  directrix  lin^ :  it  may  be  aaBuined  that  these 
fb>  not  intersect;  for  if  they  did,  then  any  generating  line,  qwi  line  meetil^f  the  two 
directrix  linos,  would  either  lie  in  the  pkuie  of  the  two  lines,  or  else  would  pa.«s 
through  their  point  of  intersection ;  that  is,  the  scroll  would  break  up  into  the  plane 
of  the  two  lines,  oonndeced  as  the  locus  of  the  tangents  of  a  plane  mure,  and  into 
*  cone  having  for  Its  VSTtn  the  point  of  intersection  of  the  two  lines.  Each  gene- 
rating line  meets  any  plane  section  of  tho  sciull  in  the  point  where  such  generating 
line  meets  the  plane  of  the  section;  the  plane  section  conatitutee  a  third  directrix; 
or  the  aeroUs  in  qnestuHi  are  all  induded  in  the  form  8(1,  I,  m\  where  m  is  a  plane 
curve.  The  order  of  the  scroll  8(1,  I,  nt)  is  in  general  =2m;  hat  it  the  one  line 
meets  the  cnne  a  times,  that  is,  in  an  ct-fnple  point  of  the  curve,  and  the  other 
line  meets  the  cuive  ^  times,  that  in,  m  a  /j-tuple  point  of  the  curve,  then  by  the 
geneml  fimula  {aide.  No.  6)  the  order  of  the  sendl  is  b2s»'«— /S;  and  in  partieukr 
if  m'i-0mm,  then  the  order  is  -m. 

7.  We  may  wiAont  Um  gtnandity  attend  only  to  the  last-mentioned  case.  To 
show  how  this  is,  suppose  for  a  moment  that  the  two  lines  do  not  either  of  thorn 
meet  the  curve;  the  scroll  is  then  of  the  order  2m.  Call  the  point  in  which  each 
line  meets  the  plane  of  the  eurre  the  foot  of  this  Hne.  then  the  line  joining  the 
two  feet  meets  the  curve  in  m  points;  and  it  is  in  respect  of  each  of  these  points 
a  generating  line  of  the  scroll ;  that  is,  it  is  an  m-tuple  generating  line  :  the  section 
of  the  scroll  by  the  plane  of  the  curve  m  is  in  iact  this  line  counting  m  times,  and 
the  curve  m;  4n+m»Sm»  the  order  of  the  scroll  And  in  like  manner  the  section 
by  any  plane  through  the  ?;i-tuple  line  is  this  line  counting  »»  times,  and  a  curve  of 
the  order  m  not  meeting  either  of  the  directrix  lines.  But  the  section  by  any  othor 
plane  is  a  cur\'e  of  the  order  2m  meeting  each  of  the  directrix  lines  in  a  point  which 
ifl  an  s«>tnp]e  point  of  the  section  (each  direefariz  line  is  m  feet  an  nii-ttqile  fine  of 
the  scroll) ;  and  by  considering,  in  place  of  the  particular  section  m,  this  general  section, 
we  have  the  scroll  of  the  order  2m  in  tiie  form  £1(1,  1,  2m),  where  the  two  directrix 
Ihiss  eacli  meet  the  seetion  m  timee;  so  that  the  order  is  4m— m— maiSm. 

26—2 
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8.  And  so  is  general,  m  being  a  plane  curve,  wIieD  the  eeroll  iS'(l,  1,  m)  u  of 
an  (ader  tuperiotr  to       My  ^m+k,  thu  only  means  that  tbc  section  chosen  for  the 

ilin^ctrix  curve  m  is  not  the  complete  scotioii  hy  the  jilimt-  of  such  curvo,  but  that 
the  line  joining  the  feet  of  the  two  directrix  lines  ia  a  A>tuple  generating  line  of  the 
tnrott,  and  tint  the  oompleto  Beetion  is  made  up  of  this  line  ooottting  k  tiinea  and 
of  the  curve  m.  So  that  taking,  not  the  s^^cUan  tlmugh  the  multiple  generating  line, 
but  the  general  section,  for  the  piano  dircctiix  curve,  the  only  case  to  be  considered 
ig  that  in  which  the  section  is  a  proper  curve  of  an  order  equal  to  that  of  the 
acroU ;  or,  wlwt  ia  the  same  thing,  we  have  ooly  to  eonaider  the  scroUs  8  (1,  1,  m) 
for  which  (he  order  ia  depressed  from  2m  to  m  in  conse^juenoe  uf  the  directrix  lines 
meeting  the  plane  section  a  times  and  times,  that  is,  in  an  a-taple  point  and  a 
^•tuple  point  respectively,  where  a  +  fi^m. 

9.  It  is  clear  that  in  the  caw  in  question  the  ilirectrix  lines  are  an  a-tuple  line 
«nd  a  ^-tuple  tine  respcctivtily.  The  generation  is  as  follows:  Scroll  S{1,  1,  m)  of  the 
order  m;  tiie  ourve  m  being  a  plane  oiirve  of  the  order  m  having  an  «->tuple  point 
and  a  /S-taple  point,  where  a  +  /3  =  m :  the  directrix  lines,  say  1  and  1',  peas  through 
these  points  respcjetivdy,  and  they  do  not  intersect  each  other.  The  generating  lines 
pass  through  the  directrix  lines  1  and  1'  and  the  ourve  m,  and  we  have  thence  the 
serdll  £^(1,  1,  in).  Taking  at  ptesauze  any  point  en  the  cnrre  m,  we  can  throogb  this 
point  dmw  a  single  line  meeting  each  of  the  directrix  lines  I,  1' ;  that  is,  the  curve 
TO  is  a  simple  curve  on  the  scroll.  Taking  at  pleasure  a  point  on  the  directrix  line  1, 
and  making  this  the  vertex  of  a  cone  standing  on  tbc  curve  m,  this  cone  has  an 
••taple  Itee  (the  line  1)  aad  a  /8-taple  line  (the  line  jotaing  the  vertei  with  the  foot 
of  the  line  1*);  the  line  1'  moct'^  this  cone  in  the  foot  of  the  line  1',  counting  yS 
times,  and  besides  in  m  —  /8,  a  points ;  the  lines  joining  the  vertex  with  the  last- 
mentioned  pohite  nspeetiTely  (or,  what  m  the  same  thing,  the  lines,  other  than  tine 
jB^tupIe  liMt  in  which  the  plane  through  the  vertex  and  the  line  1'  meets  the  cone) 
are  the  «  generating  lines  through  the  assnmeil  point  on  the  line  1;  ;vnd  the  line 
1  is  thus  an  a-tuple  Uno  of  the  aerolL  And  in  like  manner,  through  an  assumed 
point  of  the  dhteotrix  line  1',  we  ooofltmot  fi  geneiatii^  lines  of  the  sondl;  and  the 
line  r  ia  a  /8-tople  line  of  the  serolL 

10.  The  scroll  iS(l,  1,  m)  now  in  question  has  not  in  general  any  multiple  gene- 
rating Hne;  in  fiMt  a  multiple  generating  line  would  imply  a  oomepondiag  multiple 

point  on  the  section  m;  and  this  section,  assumed  to  bo  a  curve  having  an  a-tuple 
point  and  a  )3-tuple  point,  has  not  in  general  any  other  multiple  point.  But  it  nuij/ 
ham  otiwr  multiple  points;  and  if  there  is;  for  example,  a  7-tuple  point,  then  the 
line  tnm  this  point  whidi  meets  the  two  directrix  Huoh  counts  7  times,  or  it  is  a 
7-tuple  gencratinp  line ;  and  so  for  all  the  multiple  points  of  m  otht  r  than  the 
a-tuple  point  and  the  /3-tuple  point  which  correspond  to  the  directrix  liiw^  respectively. 
It  is  to  he  notieed  that  the  multiplicity  7  of  any  such  multiple  generating  fiioe  is  at 
UMMt  equal  to  the  smallest  of  the  two  numbers  a  and  fi;  far  suppose  7>a,  then, 
since  a  +  /9  =  m,  we  should  have  y  +  ^>m,  and  the  line  joining  the  7-tuple  point  and 
the  /3-tuple  point  would  meet  the  curve  la  in  7  +  ^  points,  which  is  absurd.   In  the 


Digitizcu  by  Coo 


340]        A  8B0O9D  MBMOIE  ON  8KXW  BUSFAOIBS,  0TBBBWI8V  SCROLUB.  205 


case  of  aoveral  multiple  lutes,  there  are  other  conditions  of  inequ&Uty  preventing  self- 
■contradietory  resnltsC). 

11.  The  general  section  is  a  curve  of  the  order  m,  having  an  «^tuple  p<nnt  and 
A  /9-tuple  point  oomspondiDg  to  the  directrix  lines  respectively,  and  »  <y-tuple  point, 
&c  ...  corresponding  to  the  other  multiple  points  (if  any).  A  section  through  the 
directrix  line  1  is  in  general  made  up  of  this  line,  coun<ang  a  times,  and  of  ff  gene- 
rating lines  posHing  through  one  and  the  same  point  of  the  dirqcirix  line  I';  if  (Jie 
section  pass  also  through  a  >y>-tli|de  generating  line,  then,  of  the  ^8  generating  lines  in 
questioi),  y  (which,  a.s  has  been  seen,  is  :>»  $)  unite  together  in  the  7-tupli-  gc;nerating 
line;  and  so  for  the  sections  through  the  directrix  line  1'.  The  general  section  through 
-a  y-tuple  generating  line  is  thu  liiM  eoimtmg  y  timeB,  and  a  curve  of  the  order 
m  — 7,  which  has  an  (a— 7)  tuple  point  at  its  intersection  with  the  directrix  line  1, 
and  a  (/9  — 7)tuph^  point  ;it  its  intersection  with  the  directrix  line  1';  it  has  a  8>taple 
point,  &c. ..  at  its  intersections  with  the  other  multiple  generating  lines,  if  any. 


Scrolls  tvith  a  twofold  directria:  lim,  Aiticle  Nos.  12  to  16. 

12.  But  there  is  a  ca«e  included  indeed  as  ri  limiting  one  in  the  foregointr  q'eneral 
case,  but  which  must  he  specially  considered ;  viz.  the  two  directrix  lines  1  ana  1  uiay 
coincide,  giving  riee  to  a  tirofold  directrix  Ime.  To  show  hotr  this  ta»  I  rslnm  ior  the 
moment  to  thi;  r^-H'  of  the  scroll  S(\,  1,  m)  with  two  distinct  directrix  lines  1  and  T, 
jmd,  to  hx  the  ideas,  I  suppose  that  the  directrix  lines  do  not  either  of  them  meet 
the  curve  m,  so  that  the  otder  of  the  scroll  is  =  2m.  Through  the  line  1  imagine  the 
series  of  planes  A,  B,  C, ...  meeting  the  line  1'  in  the  points  a',  h',  c' ..;  the  generating 
lilies  through  the  point  a'  arc  the  lines  in  the  plane  A  to  the  points  in  which  this 
plane  meets  the  curve  m;  the  generating  lines  through  the  point  6'  are  the  lines  in 
the  plane  B  to  the  pmnts  where  this  plane  meets  the  curve  m;  and  so  for  the 
generatiqg  lines  through  the  points  c',  cf  ..  r  I  it  is  clear  that  the  points  a',  h',  c', .. 
correspond  homographieally  with  the  planes  A,  B,  C, . .  .  This  gives  immediately  the 
<»>n8truction  for  the  case  where  the  two  directrix  linos  come  to  coincide.  In  tact,  on 
the  twofold  directrix  line  lal'  take  the  series  of  points  a,  h,  e..,  and  through  the 
same  line,  corresponding  homographically  to  theee  points,  the  series  of  planes  A,  B,  C,..; 
the  generating  lines  through  the  point  n  are  tho  lines  throiTgh  this  point,  in  the 
plane  A,  to  the  puiuts  in  which  thia  plane  meetM  the  curve  m;  and  so  for  the  entire 
series  of  ftunts  h,  e,..  of  the  fine  l^l';  the  resulting  soroU,  whidi  I  will  deognate 
M  the  scroll  S(\,  1,  m),  remains  of  the  order  =  2m.  If  there  is  given  a  point  of  the 
curve  m,  then  the  plane  through  this  point  and  the  dirwtrix  line  is  the  plane  A ; 
and  the  point  a  is  then  also  given  by  the  homographic  correspondence  of  the  series 
of  planes  and  pdnts,  and  the  geneiating  Hne  through  the  given  point  on  the  curve 
m  is  the  line  jainhiig  this  point  with  the  point  a. 

^  SappoM,  for  axftmpl*  (sm  n«zt  paragnph  of  the  text),  that  there  were  *  Y-tople  generating  line  and  m 
4-nipls  SHMnttBg  Um  tying  te  pkmo  with  Um  Um  1;  thaw  Uma  oosatiBg      (y+t)  Uaw,  matt  1w  iaeliuM 

jBut  he  tiMsiasMs  finaa  ffinwiilMilfcMi  of  llw  onrra  «i  umipMtiM^  «t  ths  MndL 
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13.  We  may  aay  that,  in  regard  to  any  point  a  of  the  line  1,  the  corresponding 
ptaiie  il  »  tibe  plane  4^  appraadi  of  tbe  emnddent  Una  V;  and  tbat  in  vBgaid  to  tlie 
iame  point  a  and  to  any  plane  through  it,  tbe  tlMO  on  that  plane  of  the  plane  of 

approach  is  the  line  of  apprwch  of  1' ;  that  is,  we  may  consider  that  the  coincident 
directrix  Une  1'  meuta  the  plane  through  a  in  a  consecutive  point  on  the  line  of 
approaoh.  In  paiticalBr  if  the  point  a  bo  the  foot  of  the  direelm  line  1  (that  is,  the 
point  where  this  line  meets  the  plane  of  the  curve  in),  and  the  plane  through  a  b._- 
the  plane  of  the  curve  m,  then  the  intersection  of  tbe  last-mentioned  plane  by  the 
plane  A  whioh  corresponds  to  tbe  point  a  is  the  line  of  approach,  and  the  foot  of 
tiie  ooinddent  ifiraetrix  line  1'  ia  the  ooneeoutive  pmnt  to  a  akog  the  line  of  apiwoaeh. 
The  expression  "  the  line  of  ajiproach,"  used  absolutely,  has  always  the  biguifieatiou 
just  explained,  viz.  it  is  the  intersection  of  tbe  plane  of  the  curve  m  by  the  plane 
corresponding  to  tbe  foot  of  the  directrix  line. 

14.  Siippise  now  that  the  line  1  meets  the  cnrve  m,  or,  more  generally,  moet« 
it  a  times,  that  is,  in  an  a-tuple  point;  it  might  at  hi-sl  sight  appear  that  the 
eoincident  line  1'  ehodd  also  be  eooridered  as  meeting  the  cnne  «  timee,  and  that 
the  resulting  scroll  should  be  of  the  order  2m  —  a  -  tx  =  2;?i  —  2a,  Eitt  this  is  not  the 
case;  so  long  as  the  direction  of  tbe  line  of  approach  is  arbitrary,  the  line  1'  must  be 
considered  aa  a  fine  indefinitely  near  to  the  lino  1,  but  nevertheless  as  a  line  not 
meeting  the  cnne  at  all;  and  the  order  of  tbe  scroll  is  thus  >Sei— a:  If,  however, 
the  line  of  approach  is  the  tangent  to  a  branch  through  the  a-taple  point — that  is,  if 
tbe  plane  coireapondiug  to  the  o-taple  point  meet  the  plane  of  the  curve  in  such 
tangent,  then  tiie  coincident  line  1'  k  to  be  eonaideied  aa  meeting  the  eurve  «  in 
a  oonaoentiTe  point  on  such  braneh,  and  the  order  of  the  leroU  is  aSm— a— 1.  And 
so  if  at  the  multiple  point  there  are  0  branches  luiviug  a  common  tangent,  then  the 
coincident  line  1'  is  to  be  considered  as  meeting  tbe  curve  m  in  a  consecutive  point 
akog  each  of  soeh  branohei^  or  say  in  a  eonsaoutiTe  y9-tnple  point  el<mg  the  bian^ 
and  tbe  order  of  the  scroll  sioka  to  Ssi  — tt'-'/SSi  Tlie  point  spoken  of  as  the  o-tople 
point  is,  it  should  be  obscncrl,  more  than  an  a-tiiple  point  with  a  tangent; 
it  is  really  a  point  of  union  of  an  a-tuple  point  and  a  /j-tuple  point,  or  say  a  united 
a(+i8)tni^e  point,  equivalent  to 

4a(a-l)^.J/9(/3-l) 

double  points  or  nodes;  and  tbe  case  is  precisely  analogous  to  that  of  the  M:roil 
3(1,  1,  m).  where  the  two  directrix  lines  pass  through  an  o-tuple  point  and  a  /9-tuple 
pcint  of  the  curve  m  respectively.  It  may  be  added  that  if  at  the  multiple  point  in 
question,  besides  the  B  branches  having  a  common  tangent,  there  are  y  branches  having 
a  common  tangent,  then  tbe  point  is,  so  to  speak,  a  united  a(-h/8,  +7)  tuple  point 
equivahmt  to  ia(a-l)+i/909— l)+iY(v- 1)  double  points  or  nodes;  bat  the  order 
of  the  seroll  ia  still  ^im-a-fi, 

15.  Jn  the  same  way  as  the  seroUs  8(1,  1,  nt)  are  all  induded  in  the  ease  where 
the  order  «t  the  scroll,  instead  of  being  -  Sm»  is  « m,  so  that  tha  scrolls  8{irU  m)  are 
all  induded  in  die  case  where  die  order  of  the  scroll,  instead  of  bdng  -  fm,  is  mm. 


biyitizeo  by  GoOglc 


340]      A  8Hxun>  mHOZB  on  bksw  sukpagbb*  othbrwibb  scrollb. 


207 


Ihal  IB,  we  limy  suppoae  that  the  curve  nt  httH  a  uuited  a  (4-/3)  tuple  poiut  (a  +  jS^m), 
and  may  take  the  directrix  line  to  pas  throvgh  tiiis  Tpmab,  and  the  tine  of  appiKMidi 

to  be  thu  common  taugent  of  thc>  ^  braiichos ;  ;ind  thiw  being  so,  the  order  of  the 
scroll  will  be  2m  —  a  —  ff,  =  m.  It  inav  be  added  that  if  the  curve  m  has,  bpfidcs  the 
a(+/3)tuple  point,  a  7-tuple  point,  then  the  scroll  will  have  a  7-tuple  geucrating  line, 
and  80  for  the  other  multiple  pobti  of  the  curve  m. 

16.  We  ini^»  in  the  nme  way  ai  fbr  the  lonill  £f(l,  1.  coonder  the  difliarent 
aeetions  of  the  scroll  S{\,  1,  m)  of  the  order  m.  The  general  .section  is  a  curve  of  die 
order  m,  hnving  an  a(+y9)ttiple  point  at  the  intersection  with  the  directrix  line,  and 
a  <y-tuple  point,  iic.  corresponding  to  the  multiple  generating  lines,  if  any.  A  Hectiun 
thnragh  the  directrix  line  is  in  genernl  made  up  of  this  Une  oountinf  a  timei^  and 
of  generating  lines  through  the  point  wliich  corresjx)riils  to  the  plane  of  the  section  ; 
if  the  section  pass  also  through  a  7-tuple  generating  line  (7 1^  yS.  in  the  same  way 
ns  for  the  scroll  5(1,  1,  m)),  then,  of  the  generating  lines,  7  unite  together  in  the 
4y-taple  generating  line.  The  geneial.  ceetion  through  a  v-tuple  generating  Ime  hreakB 
up  into  this  line  counting  7  ti-?  .'  ,  and  a  curve  of  the  order  m  — 7.  which  has  on 
the  directri.x  line  an  <z  -  7(+ ,6  —  7)  tuple  point  and  a  £-tuple  point,  &c,  at  its  inter- 
sections with  the  other  multiple  generating  lines,  if  any. 

Equation  of  the  Scroll  »S'(1,  1,  m)  of  the  order  m,  Article  Nos.  17  and  18. 

17.  Taking  for  the  equations  of  the  directrix  lines  (2«0.  ^  =  0)  and  («  =  0,  w  =  0), 
and  supposing  that  these  arc  respectiTely  an  a-tuple  line  and  a  /8-tuplo  line  on  the 
iicroU  a+j8  — m,  it  ia  obvious  that  the  equation  of  the  flcioll  is 

(•$^jf)-(*.«y-0. 

In  bet  starting  with  this  equation,  if  we  coonder  the  section  hj  a  phne  through  the 
line  (9-0,  ys«0),  say  the  pLane  then  the  eqnaticD  ^ves 

that      the  seortion  is  nnde  up  of  the  Ime  (0—0^  y~0)  reekoDed  a  tames,  and  of 

other  lines  in  the  plane  y  =  X.r;  and  the  like  for  the  section  by  any  plane  through 
the  line  i*  =  0,  v/  =  0),  say  the  plane  z  =  vw.  Hence  the  asHumed  equation  represents 
a  somn  of  the  order  «,  having  the  two  Unes  for  an  a-tuple  line  and  a  /9-tuple  line 
leapectiTely,  and  eonveieely  sudt  soroU  has  an  equation  of  the  asmimed  fbrm. 

(km  «f  a  «HHpfe  gtmtraUnff  Um 

18.  The  multiple  generating  line  meets  each  of  the  lines  (x  =  0,  y=  0)  and  (z=0,  w=0); 
and  we  may  take  for  the  equations  of  the  multiple  generating  line  xi-ij  =  0,  z+w^ft. 
This  being  so,  the  foregoing  equation  of  the  scroll  may  be  expressied  in  the  form 
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whara  U,  V,  W,...  are  fmotioiw  of  the  form  (•'^x,         Hence  (7>-a  or        if  the 
fbnetions  U,  V,  W,...  c  m tain  icapeetivoly  the  boton  (c+y)!^,  (#+y)r4»  (« 
aqnatioiii  mik  be  of  tho  fonn 

«+»)»-0 

(the  coeflicieiits  being  functions  of  ar,  y,  g  and  »  +  or,  what  is  the  s&tnc  thing,  «,  y,z,  ip, 
of  the  order  a-j-fi  —  y),  and  the  scroll  will  therefore  have  the  line  x  +  y^O,  s+w^O  a» 
a  Y-tepfo  genemting  Ibek 


fguation  ^  (A«  ScroU  8i  1,  I,  m)  of  tlt«  vrdtr  m,  Article  No&  18  to  i4. 

19.  We  may  take  x  =  0,  y»0  for  the  equations  of  the  twofold  directrix  line, 
<  =  0  for  the  equation  of  the  plane  of  the  ciirvp  m  (an  arbitrary  plane  section  of  the 
scroll).  Then  {ot  +  fi-m),  if  the  curve  m  have  al  the  point  (a;=0,  y  =  0>,  or  foot  of 
the  diieetruc  line,  an  «(+/9)t«|de  point,  and  if  moreover  «e  have      0  fiir  the  equatioo 

of  the  common  tangent  of  the  branches  (%nz.  if  the  plane  y  =  0,  imitead  of  being 
an  arbitrary  plane  through  the  directrix  line,  be  the  plane  through  this  line  and  the 
oomtoon  taiigent  of  the  ^  branches),  the  equation  of  the  curve  m  will  be  of  the  form 

where  the  summation  extends  to  all  integer  values  of      from  0  to  /9,  both  inclusive. 

20.  Taking  y  =  Xx  for  the  equation  of  any  plane  through  the  directrix  line,  then 
the  corresponding  point  on  the  directrix   line  will   bo  the  intersection  of  this  line 

{x  —  O,  y  =  0)  by  the  plane  j  =  6w,  where  6  =  ^^"^^  '■>  'he  foot  of  the  directrix  line  is 
given  by  the  value  0aO,  or  X^— |,  and  the  equation  of  the  line  of  approedi  is 

therefore  lf~~\^^        abouM  coineule  iritii  the  Ibe  yO,  which  is  the  commoo 

tangent  of  the  /8  brandies;  that  is,  tre  mvet  have  (-0;  I  letafai,  however,  for  the 
moment  tiie  genenl  valne  of  A, 

21.  The  cquutions  of  a  genenting  line  will  be 

y  ~  \j\    z  =  0ir  —  p.r  ; 

and  then  taking  X,  Y,  {Z  -  0)  and  W  for  the  coordinates  of  the  point  of  intersection, 
with  the  curve  m,  we  have 

F-XX,  iim$W-pX, 

and  tbenoe 

er,  what  is  the  aanw  thtn^ 

Xe-f  (Ay/  »  0 ; 


Digitized  by  Google 


840]       A  mooiSD  macoiB  on  skew  bubtacbs,  othsbwub  scbolu.  209 


which  equation,  aubatitutiug  thereiu  for  $  its  value  in  terms  of  X,  gives  the  parameter 
p  whieb  «iten  info  the  eqaatiDos  of  the  gememting  line;  or»  what  u  the  nine  thing, 
the  equation  of  the  Mroll  is  obtained  hy  eliminating  X,  0,  p  from  the  equation  juat 
mentioned  and  the  equa&ns 

22.  These  laat  three  equations  give 

«'     "cy+rfa?"  ^       X  X  * 

and  subetitutiog  theee  valiMa,  we  6nd  he  the  equation  of  the  acroU 

which  ia  of  the  order  a  +  ^,  s2m— a;  so  that  the  a(-h/8)tnp]e  ]>oint,  in  the  caae 

actually  under  consideration,  produces  only  a  reduction  =a.  If  however  the  line  of 
approach  coincides  with  the  tangent  of  the  ^  branches,  then  6  »  0 ;  the  factor  y*  dividee 
out,  and  the  equation  h 

2  (ayw  —eye  -  dxzf  (•'^x,  y)«+*-*'  =  0, 

which  is  of  the  order  a  +  /3,  =m,  so  that  here  the  reduction  caused  by  the  a(+/3;tuple 
point  18  ^a+fi.  We  may  without  1cm  of  graenlity  eubetititte  «m  for  ey+dx,  and 
then,  putting  also  a « 1,  we  find  tihat  when  the  equation  of  the  curve  m  ia  ae  before 

but  the  phtae  thrwii^  the  directrix  line  (x  =  0,  y  =  0),  and  the  point  on  this  line,  are 
tespeetivdy  given  by  the  equationa  m^Xjf,  c^Xw,  the  equation  of  the  acroll  is 

23.  The  result  may  be  verihed  by  considering  the  sectioa  by  any  plane  y  =  'Kx 
through  the  direetrix  tine.  Substituting  for  y  thu  value,  we  find 

wMdi  b  of  the  fmrm 

so  that  the  aection  is  made  up  of  the  directrix  line  («<=0,  y-d)  reckoned  a  time*  end 
of  $  lines  in  the  pbme  y— Ac»0,  the  inteneetiona  of  the  plane  y-AcaO  by  ptanea 
audi  ae  t^Xm-^px. 

Case  of  a  f-tupLe  yenerating  Una. 

24.  The  equation  of  the  scroll  may  be  written 

iV,  V,  W,         yw  -  «y  -  0. 
a  V.  27 
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vhero  {T,  7,  IF, ...  are  ftmetioos  of     y  of  the  forna 

aaeuming  that  these  coDtaio  respectively  the  factors 

(y— (y  — iea)'"',  (y .... 

wkws  Y  >  |m,  then  the  eqomtian  taJim  the  ibmi 

(IT,  V*,  F'...$y  -  md) + «<«w  - syj/r  » 0, 

where  the  ooeffieieDta  U*t  V,  W, ...  aie  fanctkoe  of  «,  y.  2.  10  ef  the  orders  m-y, 
m— 7— 1,  m— <y— S»...;  or,  what  i»  the  «aine  tibing,  the  eqnatkm  ta 

( £7",  7",  W",  ,.ly-KX,KW- z)y  -  0, 

where  U",  V",  W,...  are  functions  of  «,  y,  w  of  the  order  m-7.  The  scroll  has 
tfana  the  Y-tuple  generating  Ime 

y— iM«0,  jcw— a^O. 


Cubic  SScroUs,  Article  Nos.  25  to 

25.  In  the  ease  of  a  cubic  scroll  there  is  nocrssari!y  a  nodal (')  line  ;  in  fact  for 
the  m-thic  scroll  there  is  a  nodal  curve  which  is  of  the  order  m  —  2  at  least*  and  of 
the  cider  \{m-\){m-i)  at  most,  and  which  fbr  m-3  li  tiierefcfe  a  right  liiie.  And 
DMreover  we  see  at  onoe  that  every  cubic  surfiwe  having  a  nodal  line  is  a  scroll ;  in 
fact  any  plane  whatever  through  the  nodal  litie  meets  the  surface  iu  this  line  counting 
aa  2  line8{,  and  in  a  curve  of  the  order  1,  that  is,  a  line;  there  are  oonaequeotly  on 
the  eoifiMse  aa  mfinitj  of  Imei^  or  the  nir&oe  is  a  aerolL  We  have  therefore  to  eaamiiie 
the  caUe  swrfiwiea  wUoh  have  e  nodal  line. 

20.  Let  the  equationa  of  the  nodal  line  he  csO,  y  =  0;  then  the  equation  of  the 
aai&oe  ia 

whore  U,  V,  Q  arc  functions  of  (x,  y)  of  the  orders  2,  2,  8  reqiectiTely.  Snj^Mxe  first 
that  U,  V  have  no  common  factor,  then  we  may  write 

Q  =  (« + iSy)  (; + (T«r + «y )  r  I 

and  substituting  this  value,  and  changMiy  the  valnea  of  t  and  w,  the  equatioin  of  the 

surface  is  of  the  Ibrm 

&«+Ft(r-0, 

<»-,  what  ia  the  sane  thing, 

y)*('.  w)  =  0; 

>  The  vtiA  Mm  «l  a  eolbb  semll  Is  tt  mam  a  draMs  Hat,  and  in  m^wA  |o  diaie  sexlli  <bs  tpiliheto 
'nodsl'  nd  *4otiUe'  imr  fea  oasd  indJHtmndjr. 
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80  that,  beadei  the  nodal  diieetiix  line  (v— 0,  y »  0),  the  wroU  \m  the  aimpte  directrix 

line  (e  =  0,  w»0):  it  is  clear  that  the  section  by  any  plane  whatever  is  a  cubic  curve 
having  a  node  at  the  foot  of  the  nodal  dirtctrix  lino  (j- =  0,  y  =  0),  and  pa<»ing  through 
the  foot  of  the  simple  directrix  line  « 0,  w » 0)  j  that  ia,  it  is  a  cubic  scroll  uf  the 
kind  £f(1,  1,  8);  vaA  since  for  m«S  the  only  pnrtitkni  m^u+fi  ie  in»2+lt  there 
is  only  one  kind  of  cubic  scroll  5(1,  1,  Z),  end  we  may  aay  tmptieUer  that  the  aeroll 
ia  question  is  the  cubic  scroll  iS(l,  1,  3). 

27.  If  however  the  functions  U,  V  have  a  pommon  &ctor,  say  +  then 
mU+wV  will  contain  this  saiue  factor,  and  the  remaining  factor  will  be  of  the  form 

or,  changing  the  values  of  z  and  w,  the  remaining  &ctor  vdl\  be  of  the  fomi  yw  —  xz, 
and  the  eqoatioa  of  the  scroll  thus  is 

where  it  is  dear  that  the  section  by  any  plane  whaterer  is  a  cubic  enrve  having  a 

node  at  the  foot  of  the  directrix  line  x  =  Q,  y  =  0.  The  scroll  is  thus  a  cubic  scroll 
of  the  form  1,  3),  viz.  It  is  the  wroll  of  the  kind  where  the  section  is  a  cubic 

curve  with  a  2(+l)  tuple  point  (ordinary  double  point,  or  node),  the  liue  of  approach 
bebg  one  of  the  two  laugeuts  at  the  node;  and  since  ibr  ai'S  the  only  partition 
is  m^S+lt  there  is  only  one  kind  of  enbb  scroll  8{\t  1»  Z),  and  we  may 
say  gimpliciter  that  the  scroll  in  question  i-s  the  cubic  scroll  S(l,  1,  Z).  The  conclusion 
therefore  i.s  that  for  cubic  scrolls  we  have  only  the  two  kinds,  iS(l,  1,  3)  and  S(l,  1,  3). 
The  foregoing  equations  of  these  scrolls  admit  however  of  aimpUficatiou ;  and  I  will 
Anther  consider  the  two  kinds  vaapectiTely.. 

The  Cubie  8erM  S(l,  1,  8)l 

26.    Starting  fruiu  the  equation 

(•^ic,  y/(«,  w)  =  0, 

or,  writing  it  at  fiill  length, 
we  may  find  $u  4  so  that 

(a,  6.  cfim,  yJ»+*(«',  yr-Owf+fty)*, 

^1  and  6.,  being  unequal,  since  fay  hypothesis  (a^  b,  C$9,  jff  and  (a*,  ifSfe,  y]F  have  no 
common  factor.   This  gives 

{a,  b,  cT^x,  Iff  =  a{p,x  +  q,y}-  +  ^  (p^x  +  q^yY, 

(a',  h',  o'^at,  yy^y (ih*  +  g,y/  +  B  (p.*  +  j.y)« ; 

or  the  equation  becomes 

{at  +  yw){ptx  +        +  ifiz  +  ^)       +  Jiy/'  =  0 ; 

27—2 
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or  changing  the  value«  of  (ar,  y)  and  of  {z,  w),  the  equaliuu  is 

which  may  be  considered  as  the  canonical  form  of  the  equation.  It  may  be  notioed 
that  the  Hessian  of  the  form  is  a^. 

29.    We  may  of  coune  establiab  the  theory  of  the  surface  finom  the  equation 
+  yhu  =  0 ;  the  equatifln  u  aatufied  hy  «^\y,  w  =  —       which  are  the  equations 
of  a  line  meeting  the  line  («»0,  y»0)  (1)  and  the  line  (t  =  0,  w^O)  {V).  Ihe 
generating  lino  montf?  also  any  plane  section  of  the  ntirfaro ;   in  fact,  if  thft  e^OatioD 
of  the  plane  of  the  stictiou  be  ax  +  fiy +  yz+Sw  =  0,  then  we  have  at  ouce 

*  :  y  :  *  :  u>  =SX»-7X  :  SX»-y  :  «X+/S  :  -aV-/SX,« 

for  the  oooiduMites  of  th«  point  of  intenectioa 

8QL  The  form  of  the  equation  nhows  that  then'  ;irf  on  the  line  1  two  pointi^ 
viz.  the  point*  <x  =  0,  y  =  0,  «  =  0)  and  («  =  0,  y  =  0,  «»  =  0),  through  (  ach  of  which  then? 
paeseH  a  pair  of  coincident  generating  lines:  calling  these  A  aud  B,  then,  if  the 
coincident  tines  thtomgh  A  meet  the  line  1'  in  0,  and  the  ouneident  Knee  thrao^ 

B  meet  the  line  T  in  D,  it  is  easy  to  s<c  that  :r  =  0,  y  =  0,  r-=0,  and  m^O  will 
denote  the  equations  of  the  ptaue»  BAC,  BAD,  BCD,  and  ACD  respectively. 

31.  We  obtain  also  the  following  construction :  take  a  cttbic  nin-n  having  a  noJo, 
and  from  any  point  K  on  the  curve  draw  tu  the  curve  the  tangents  Kp,  Kq\  through 
the  poSnte  of  oonteeb  diaw  at  pleasure  the  tinee  pAO  and  tiBD ;  through  the  node  draw 
a  line  inet^ting  these  two  lines  in  the  points  A,  B  respectively,  thin  will  be  the  line  1 ; 
and  thi*ough  the  point  K  a  line  meeting  the  samp  two  lines  in  the  points  C  and  D 
respectively,  this  will  be  the  line  1';  and,  the  equations  «bO,  y«0,  z  =  0,  w  =  0 
denotmg  as  above,  the  eqtution  <tf  the  sorftoe  will  be  sj^-l-j^vO. 

The  points  A  and  B  are  cuspidal  points  on  the  nodal  line ;  any  sselioa  of  the 
seroU  by  a  plane  through  one  of  these  pinnts  is  a  cubic  carve  having  at  the  point 
in  question  a  cusp. 

32.  It  is  to  be  noticid  however  that  the  cuspidal  points  are  not  of  necemity 
real ;  if  for  x,  y  we  write  x  +  ty,  «  — ly,  and  in  like  manner  x+mv,  x  — no  far     w,  then 

the  equation  takes  the  form 

(«'-y»)«-2«ytP»0. 
which  is  a  cubic  scroll  5(1,  1,  3)  with  the  cuspidal  points  ims^ftnary. 

In  the  last-montioned  case  the  nodal  line  is  tliruughuut  it8  whole  length  crunodal; 
in  the  ease  lint  oonndered.  where  the  eqnatton  is  a*<-)-y*iireO,  the  nodal  line  is  for  that 
part  of  its  length  for  which  z,  vj  Imvt?  opposit*;  signs,  cninodal ;  and  for  the  rcroaiuder 
of  its  length,  or  where  z,  w  have  the  same  sign,  acnodal.  There  are  two  different 
forms,  according  as  the  line  is  for  the  portion  intermediate  between  the  cuspidal  puints 
crunodal  and  for  the  eztrsmedtate  portions  acnodal,  mr  as  it  is  for  the  intennadisle 
portion  acnodal  and  for  the  exlaamediate  portions  crunodal. 
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Cvbic  SeroU  S(,  1.  1.  3). 
S8.  Starting  fion  tbe  «qii»tioi» 

then  putting  w— /a  for  w  and  Xf  fiw  «,  thit  may  be  written 

or,  wbat  is  (he  eune  thing, 

X  (yw  -  3-?)  +  ( •  Jz,  y)*  =  0 ; 
and  then,  if  (a,  0,  y,  S^x,  yf,  thui  may  be  written 

x\y{w\-fix+yy)-x  («-«uv)}  +  V  "  ^ ; 
or  changing  the  values  of  10  and     we  have 

for  the  eqnatioa  of  the  mroll  Si  iTT.  8)  OX 

34.  The  Hesgian  of  the  form  is  «*,  and  it  thus  appears  that .  the  plane  ^  ■■  0  is 
a  determinate  plane  through  the  dotible  line.  Bnt  yasQ  is  not  a  determinate  plane; 
in  fact,  if  for  y  we  write  y  +  Xx,  the  equation  is 

-  3?z  Jrxwiy-^  Xx)  +(y  +  Xa;)'  =  0, 

that  is 

-  a:*    -  Xw  -  3\',y  -  \\r)  +     { w  +  '.i\.r)  +  ;/  =  0, 
which,  changing  z  and  w,  is  still  of  the  form  ;c (yto  —  xs)  +  1/ =  0. 

The  planes  *  =  0,  w  =  0  will  alter  with  the  plane  y  =  0,  but  they  are  not  detennined 
even  when  the  plane  y  =  0  is  determined ;  in  &ct  we  may,  without  altering  the  equation, 
chuge  w,  3  into  w40jf,  raqiedxvely. 

$S.  Li  the  eqnation  x(jfwtas)+3^^0t  writing  y»Ad^  we  find  fiir  the  equatioiis 
of  a  generating  line.  y  =  \*»  fiiM+Va.  Considering  the  section  ligr  the  plane 
««+)9y+7*+fiw=0,  we  have 

x  :  y  :  z  :  w  =  -y\-B  :  -7X»-5X  :  -5X»  +  /3X»+«X  :  y\*  +  ^+a 

for  the  oooidinatea  of  the  point  where  the  generating  line  meets  the  section. 

The  generating  line  meets  the  nodal  line  at  the  interaction  of  the  nodal  line  by 
the  plane  «°>Xw;  that  is,  the  points  z  =  \ti!  on  the  nodal  line  correspond  to  the  planes 
ysX«  tiiroQgh  the  nodal  tine.  In  particalar  the  point  w^O  on  the  nodal  line  cone- 
sponds  to  the  plane  x  =  0  through  the  nodal  line :  the  point  yz  +  Bw  =  0  on  the  nodal 
line  (that  is,  the  point  where  this  line  is  met  by  the  plane  (ix  + 0y  +  yz +  Sw  =  i)) 
corresponds  to  the  plane  yx  +  &y  =  0  through  the  nodal  line;  the  intersections  of  the 
pbne  «v-t-i9|r't-<y«  +  fiivsO  hy  this  pikme  TW+SyaO,  and  by  the  plane  c^O,  are  the 
tangents  of  the  aedaoa  at  the  node> 

'  It  is  MmeeiHit  aioie  atin«tii«et  to  dianit  flw  tisii  of  a,  anil  taks  xdiw-t-wJ-i-ySsO  w  tmaktl 

fonn. 
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Qaartic  SeroUa,  Article  Noa.  S6  to  60. 

Sft.  We  may  ooosidor,  first,  the  quartic  scrolls  S{\,  1,  4)l  The  sectioa  is  a  qaartic 
curve  having  an  o-tuple  point  and  a  /8-tuple  point,  where  a  +  ^  =  4;  that  is,  we  h;ive 
a>2,  ^8  =  2,  a  quartic  with  two  nodes  (double  points),  or  eUe  a  — 3,  yS^l,  a  quartic 
with  a  triple  point.  Bui  the  caae  —  fi  =  2  gives  riaa  to  tiro  qieoiea:  Tiz.,  in  general 
the  quartic  has  only  the  two  double  points,  and  we  have  then  a  acroll  with  two  nodal 
(2-tuple)  directrix  lines,  and  without  any  nodal  generator;  the  Rection  may  howevpT 
have  a  third  double  point,  and  the  scroll  has  tbeu  a  nodal  (double)  generator.  Fur 
the  eaae  tf^S,  0^1,  the  wetion  admita  of  no  fbrther  aingularily,  and  we  have  a 
quartic  asroll  with  »  triple  diieetriz  line  and  *  aingle  diieetriz  line. 

37.  Iffext  for  the  quartic  aeroll  8(  lJU  4X  The  eecticoi  ia  here  a  quartic  curre  with 
an  a(-|-^)tuple  point,  where  a  +  /9  =  4;  that  is,  a»t,  0  =  or  else  a  =  3,  0  =  1.  Id 
the  former  case  the  Re<rtion  hm  a  2  (+2)  tuple  point,  that  is,  a  double  point  where 
the  two  branches  have  a  common  tangent— otherwise,  two  coiucideut  double  points:  s&y 
the  curve  has  a  dnettode;  the  line  of  appiroadi  is  the  tangent  at  the  taenode.  We 
have  here  a  scroll  with  a  twofold  double  line ;  there  are  however  two  cases :  viz.,  in 
general  the  section  has,  besideK  the  taenode,  no  other  double  point  ;  that  if?,  the  scroll 
has  no  nodal  generator :  the  »ectiou  may  however  have  a  third  duuble  point,  and  the 
scroll  haa  then  a  nodal  (douUe)  generator.  In  the  case  as 8,  0—1  the  section  has 
a  triple  point,  and  the  line  i>f  approacli  is  the  tangimt  at  one  of  the  branches  at  the 
triple  point;  the  scroll  has  a  twofold,  say  a  3 (+1) tuple  directrix  line:  as  the  section 
admits  of  Qo  further  singularity,  this  is  the  only  case.  The  foregoing  enumeration 
jjjives  three  qteoiea  of  quartic  serolla  8(1,  I,  4),  and  three  apecieB  of  quartic  acndls 
i9(fri>  4X  together  six  qMciest  vii.  tiiese  are  as  follows : 

Qmrtio  ScroU,  Fint  £^Me»w.  S  (1„  1,,  4).       two  doubU  dimtrm  Hiut, 
and  mthout  a  nodal  gmeratcr, 

S&  Taking  (£==0,  y>0)  and  (s-0,  tf»0)  for  the  equations  of  the  two  dirsctruc 
Unas  respeotively,  the  equation  of  the  scroll  is 

Quartie  SeroU,  Seoemd  8pecie$,  S^O-u  U.  4)b  wM  taw  doiiNe  dinctirui  {mev 

and  wUk  a  dovbU  geiwrotcr. 

39.  This  is  in  fret  a  specialised  form  of  the  first  species,  the  difilBrenoe  being  that 
'time  is  a  nodal  (double)  generator.  Supposing  as  before  that  the  equations  of  the 
directrix  lines  are  (x  =  0,  yO)  and  (z  =  0,  t<;  =  0)  respectively;  let  the  e^quations  of  the 
nodal  generator  be  {a;  +  y  =  0,  2  +  w  =  0);  then,  observing  that  for  the  first  species  the 
equatimi  may  be  written  {•Tjift,  $+wy^i>t  it  is  dear  that  if  the  tenns  in  jP  and 
x(s+w)  ai»  divisihle  hy  (v+jfY  and  rei^tivelyj  the  anrfoce  wiU  have  as  a  new 
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double  line  the  line  {x+y  =  0,  z-\-w  =  0),  which  will  be  a  double  generator;  aud  wo 
thus  amve  ait  tba  aqnatioii  of  the  aeooiid  spedee  of  qnartb  wrollfl^  vvt.  this  is 

( + y/.  (« + y)  («.  }f)>  («»  y)"]!*.  «  +  «')'-  a 

Qiiartic  Scrofj,  Ifttni  Species,  SO,,  1,  4),        a  triple  directrix  Um 
and  a  single  directrix  line. 

40.  Taking  (*  =  0,  ^  =  0)  for  the  (vjimtions  of  the  triple  directrix  Une^  and 
(«»0,  vt^O)  for  the  equations  of  the  single  directrix  line,  the  equation  ia 

(•5*.  w)-o. 

qmnrtk  Serott,  FimrA  Speeiei,  SiUTU,  4\  mth  a  tew/>»  (8 (+2) tuple)  direetrim  Um, 

ami  yriAotd  a  nodal  geiunUor. 

41.  Taking  (m=*0,  y  =  0)  for  the  equations  of  the  directrix  line,  r  «  0  for  that 
of  a  plane  section  of  the  scroll,  y  =  0  for  the  (([uution  of  u  plant;  ihntugh  the  tangent 
at  the  tacnode  of  the  section,  and  supposing  (see  ante,  Na  22)  that  the  plane  through 
the  ^Mctnx  Una  and  tlM  eormpondipg  point  on  tbia  Him  an  respectively  given  by 
the  eqoatioin      Xy  and  the  MfDation  of  the  acndl  ia 

(yia-M)»  +  (yw -«)(«,  jff+im,  y)*-0. 

Quartic  Scroll,  FijVi  Species,  <S'(1„  J„  4),  wUk  a  twofold  (2  (+2)  tuple)  generating  line, 

tmd  wiA  a  dauMe  generaiar. 

42.  Let  the  equations  of  the  double  generator  be  «+g^0,  g  +  W'^0 ',  then  the 
line  in  queslaon  mint  be  a  douUe  line  tm  the  aarihoe  represented  by  the  hat- 
mentioned  equation,  and  this  will  be  the  case  if  only  the  second  and  third  terms 
contain  the  factoia  {«-hy)  and  («;  +  y)^  respectively.  The  equation  for  the  fifth  apeciea 

coniwquently  is 

(jfio-x2y  +  2(jfw-zz){x  +  g){x,  *j)  +  {x  +  if)* {x,  y)'  =  0. 

Qttartic  Scroll,  Sijclk  impedes,  S{1,,  1,  4),  mth  a  two/old  {:i  (>  1 )  tuple)  generating  line. 

43.  Taking  (j;  =  0,  y  =  0)  for  the  equations  of  the  directrix  iine,  g  =  0  for  the 
equation  of  a  plane  section,  and  assuming  that  the  plane  y  =  0  passes  through  the 
taoigent  which  ia  the  line  of  approeeh,  and  that  the  plane  through  the  direetrii  line 
and  the  eorre.'^ponding  point  on  this  line  are  respectively  given  by  the  equationa  x^Xy 
and  f  »Xw,  the  equation  of  the  scroll  is 

(yw  -  xe)  (»,  yf + (*,  yf  »  0. 
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I  nfltM&  on  tiw  preaent  ooMrion  from  a  mm  putioular  dhmmiiffli  of  the  foregoing 
rix  qtediM  of  qnarUo  nenXk.  I  ottablisb  two  other  epeoifli.  as  fbUowe: 

Quartic  Scroll,  Seventli  Species,  5(1,  2,  2),  toith  nodal  directrix  litte,  cmd  nodal  diredrir 
conic  which  meet,  and  with  a  §imple  dtrtetrix  conic  which  meets  the  nodai  conic  •» 

two  JMWlft 

44.  We  see,  d  priori,  that  the  MdroU  generated  as  above  will  be  of  the  order  4. 
that  is,  a  qvartio  aendL  In  bet  aang  the  formttl*  (mtit,  Vo.  5), 

Older  ^finmp—«m^0n''yp, 

we  hare  here 

Xixliil  conic,  m  =  2,  a  =  0, 
Simple  conic,  w  =  2,  /9=1, 
Line         ■   ,      =  1,  7=2. 

and  hence 

Order  =8-2-2,  -  4. 

45.  Take  (x  =  0,  y  =  0)  for  the  equations  of  the  directrix  line,  <  =  0  for  the-  equation 
of  the  plane  of  the  simple  conic,  w  =  0  for  that  of  the  plane  of  the  nodal  conic;  since 
tiie  oomiiioe  inteneet  in  two  pointa,  th^  lie  od  a  quadrie  Mtrboe,  aaj  the  ■or&oe  U^tii 

ths  equations  of  the  simple  conic  thus  arc  t  =  0,  V  ~0  ;  those  of  the  nodal  conic  are 
w  =  0,  U  =  0.  The  directrix  line  ar  =  0,  y  =  0  meets  the  nodal  conic;  that  is,  U  must 
vanish  identically  for  x  =  0,  jf  =  0,  w  =  0;  and  this  will  b<:i  the  case  if  only  the  term 
in  4^  is  wanting;  that  ia,  we  mnat  have 

tr -(a,  b,  0,  d,/,  g,  h,  I,  m,  nja;,  y,  z,  wy. 
But  wc  may  in  the  first  instance  omit  the  condition  in  question,  and  write 

U-(a,  b,  c,  d,  /,  g,  h,  I,  m.  nj*,  jf,  »,  wfi 
thia  would  lead  to  a  aextic  inetead  of  a  quartic  ecroU. 

46.  The  equatioua  <tf  a  generating  line  (dnoe  it  meets  the  directrix  line  xsQ,  ]r*0) 
may  he  taken  to  be 

the  oondition  m  older  to  the  inteisection  of  the  genemting  line  with  the  nodal  eonie 
ia  at  oooe  fimnd  to  he 

<w»  +  2Aa  +  6  +  2(9  (/+ lora)  +  c/S* "  0, 
and  that  for  its  intersection  with  tht'  .simple  conic 

aa»  +  2Aa  +  6  +  2(9(m  +  fa)  +  df»  =  0; 
and  writing  the  equatioua  of  the  generating  line  in  the  iiMrm 
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the  elimination  of  a,  /8,  B  from  these  four  equations  gives  the  required  equation  of 
ih«  aecoU.  Writing  for  a  moment 

* 

Jf-  fa  +  m  , 

we  find 

+2F^  +e-o, 

(By*  +  2Myw  +  dv^)         (By*  +  Mwz)  ^8  +  Bj^  -  0 ; 

or,  imarodttcuig  at  tliu  place  the  condidon  0*0.  the  fint  equation  gives  VtauaAy,  and 
we  thenoe  oUein 

e  (ey*  -f  iMyw +«hi^)  +  W  (Bys + Mwg) + 4ii^<* »  0, 

or,  what  is  the  some  thing; 

(%  +  SF«)*  +  SJtfw  (ey  +  SA) -I- edw*  -  0 ; 
whenoe*  obeerring  that  we  have 

the  equation  of  the  scroll  is 

(fluc*  +  2Aa7  +  by*  +  2^/;./  -i  2/y«)* 
+  2  (ttE*  +  2Aj:y  +  6v'    Sf/--.*  -i-  2/yt)  (te  +  »»y>  w 
+    (air'  +  2^  +  by')  du-  =  0. 

We  see  from  the  equation  that  the  surffM^e  coutaios  the  line  («*=0,  yaO)  as  a 
doaUe  line,  the  conic 

aa  a  double  enrre,  abo  the  eonie 

f>0.  aa^'^Hucy  +  by*+iXuw+2myw  +  da^^0 

aa  a  simple  curve  on  the  aur&ce,  the  complete  intersection  by  the  plane  s«0  being 
in  bet  the  laat-nentioned  conk,  and  the  pair  of  linse 

Qmrtie  Scroll,  Eighth  Species,         a"),  with  a  directrix  line,  anrf  a  directrix  skma 
cMe  met  Iimm  Ay  eadi  petiBreamff  Une. 

•47.  We  see,  «  priori,  that  the  scroll  is  of  the  order  4,  that  i»,  a  quartic  scroll ; 
in  ftct  for  the  quartic  scroll  i9(l»  ai^)  the  order  is  Jf  (fint  memoir,  4S7 

[ante  p.  172]),  and  we  have  here  m-S,  ifBA-Hm?"!-^— ^  ^ 

=e-2.  =4. 

<X  V,  28 
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48.  The  eqiiatiionB  of  the  euMe  curve  may  be  taken  to  be 

!  «.  y.  *  ,|  =  0. 
i  y.  wi 

or,  whftt  u  the  iMiie  tbing, 

flji-y^O,   uw-yi  =  0,   yw  — *»  =  0; 
thoM  of  the  directrix  line  may  be  represented  by 

ax  +  0i/  +  yz  +  Sw  =  i)  , 

or,  iHiat  u  tbe  aame  tbing;  if 

4i^-a'i8-e.  •yt^-7'S*«A, 

(aad  therefore  tdeatically  a/  +  bg  +  <Ji "  0),  the  Kne  b  defined  by  means  of  ite  "fix 
ooordinatee*'  (a,  b,  e./.  ^.  ky 

49.  The  equatiotui  of  tbe  cubic  curve  are  satisfied  by  writing  therein 

ff  :  y  :  «  :       1  :  I  :  1^  :  IF, 

and  theNfbrB  tbe  ooocdinalee  of  any  two  points  on  tbe  curve  may  be  represented  1^ 

(1,  0,  $*,  6*)  and  (1,  ^,  <P\  ;  hr  nco,  if  x,  y,  w  are  tbe  coordinates  of  a  point  in 
tbe  line  Joining  the  last  mentioned  two  points,  liave 

which  equations,  treating  th>  it  in  I,  m  as  indeterminate  paianieteni»  give  tbe  eqnations 
of  the  line  in  question.   And  putting  moreover 

jj-yw-si*,  g-y*-«w,  r-««-y», 

we  have  identically 

p  :  q  :  r  ~  e<^  :  -{0  +  ^)  :  1. 

50.  In  order  tbat  tbe  line  in  question  may  meet  tbe  directrix  line,  we  must  bave 

lift  +0B+yt*-i'h0^+m{a  -t-jd^+Y^+l^^'O, 

tbot  is.  eliminating  t  and  m,  we  most  have 

o'  +  fiB  +  y'0'  +         a'  +  /3  <(>  -f  7  <^  +  0  ' 
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or,  developing, 

-  a'ff)  {<f>-e)+       -  e^y)     -$*)  +  {a&'  -  a'B)     -  0') 
+  Wy'  - 0'y) {$4,*  -e^)  +  ifih' -  ^S)  {e<f>*  -0^)  +  (yB'  -  y'h){fi^* -  0  i 

the  several  tenos  in  {0,      each  divided  by  ^—0,  give  raqpecdvely 

which  we  equal  to 

(♦■,  -qr,      q'-pr     ,  pr,      -pq     .  p»); 
hence  rcplaciug  ulso  a^  —  a'^,  kc.  by  their  values  c,  &c.,  we  find 

(c.  -  b,  f,  a,  g.  A)(r»,  -qr,  ^-pr,  pr,  -j>j,  p")  «0. 
<»-,  what  is  the  same  thing, 

{h, /,  c,  b.  a-/,  -g'^,  q. 

where  the  coe£5cieuts  (a,  h,  c,  f,  g,  h)  satis^'  the  relation  af+bg  +  ch^Q\  p,  q,  r  stand 
MBpeetiv«ly  for  yw  —  z',  yz  —  tew,  «ir— 3ft 

Writing  for  i^-eatttr  convenience 

(A.  /  c  b,  a-/,  -^)-(a.  b.  c,  2f;  %,  2h), 
w,  what  »  the  same  tht^g, 

(«.  ^,       9>  A)       -(b  +  Sg,  a".    h,  -2I1.  a), 

then  we  have 

a/ +  iwjr  +  cA  =  ac  +  b»  +  2bg  -  4fh  —  0 ; 
and  hence  finally  we  have  for  the  eijuatiou  of  the  scroll  H{1,  3"), 

(a,  b,  c  f.  g,  h$yw-*«,  «-y»>»  =  0, 

where  the  coeffidenta  aatiafy  the  lelation 

ac+h*<h8bg-4fli-0L 
The  eqnatuMS  of  the  directrix  cubic  an  of  oouiw 

3W— <*— 0,  y<— «w>0,  ««— j^=0; 
aud  the  directrix  line  is  given  by  its  six  coordinates* 

(b  +  2g,  2f.  c.  b.  -2b,  a). 

On  As  peNarol  ThMfy  of  iScroffs^  Artide  Nob.  51  to  68, 

51.  I  annex  in  conclusion  the  following  (Mnsidt-ratioiiii  ou  the  general  thcoiy  of 
acrolla.  Consider  a  semll  of  the  «th  order;  the  intersection  bgr  an  arbttiai7  plane,  say 
the  plane  tssO,  is  a  curve  of  the  «th  order  (•][«',  y,  «)^~0;  any  point  («,  y,  s,  0) 

28—2 
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whore  {z,  y,  t)  satialj  the  foregoing  e^uatiou,  k  the  foot  of  a  generating  liixn ;  aud  we 
may  bam^  this  gmenting  liiM  detennined  ligr  meuw  (tf  tlie  oooidhuilies  (jf,  F,  ^,  V), 
given  functions  of  (x,  y,  z)  of  a  ]Knnt  OH  the  line.  This  beug  Mb  the  "  tix  OOOldilMitM,* 
say  {p,  q^r,  9,  it  u),  of  the  line  are 

X,  Y,  £,  W. 
m,  jr,  «»  0  I 

«r»  ^tiag  far  gnKtw  eoiiv«iiieiu»  ~«  in  the  place  of  W,  the  six  eonrdniftteB  of  the 

line  are  p.  q,  r,  vx,  v>j,  vs,  where  p,  q,  r  are  functions  of  (o^  y,  coniMdied  by  thfl 
relation  /u  +  vi/  +  '"-^  —  0  j  i-**  'il-'^"  a  function  of  (a;,  s), 

52.  Consifler  the  intersection  of  the  surface  by  an  arbitrary  line,  the  six  coordi- 
natee  vheroof  an  {A,  B,  C,  F,  G,  H)  ;  then  for  the  geneimtn^  linea  which  meat  thia 
line  we  have 

V  {Ax  +  By  +  Cz)  +  Fp  +  Gq  +  Hr  =  0, 

and  this  equation,  together  with  the  (  'luation  (•O-^",  y,  ")"  =  0,  determines  {x,  y,  z),  the 
coordinates  of  the  foot  of  a  generating  line  which  meets  the  arbitrary  line  {A,  B,  C,  F,  G,  H). 
Since  the  «rder  of  the  acMll  ia  '^n,  the  number  of  auch  geneimting  linea  ahould  be 
-n,  that  ia„  there  ahonld  be  i»  Mlevant  Inteneetiona  of  the  two  correa, 

but  if  (p,  q,  ' ,  I  /  ,  try,  vt)  are  each  of  the  Older  kt  the  number  of  actual  intetaectiooa 
TB  ^kn,  which  is  too  many  by  {k  —  l)n, 

58.  Suppoae  that  the  corvee 

J»=0,  ya*0,  r-0,  iw=0,  iiy-Oi  w-0, 

or  say  the  curves 

pasO,  9«>0,  r»0,  e-0 

have  in  common  9  intersections,  and  let  these  be  points  of  the  multiplicities  a,,  a,,  a,, ...  oi 
on  the  curve  (•  '^x,  y,  zf  =  0  (viz.  aoooiding  aa  the  curve  doea  not  pam  through  any 
one  of  the  inter^toctioas  in  question,  or  passes  once,  t^ii  e,  &o.  through  such  intrmctirn, 
we  have  for  that  iuteraeotion  Ai^O,  1,  2,  as  the  case  may  be,  and  m  for  the 
Other  intersections)  ;  then  the  kn  points  of  intersection  include  the  Si  +  a, —  +  a«,  or 
81^  the  lo.  intersections ;  but  these^  being  independent  of  the  Hue  {A,  Bt  C,  F,  Q,  S) 
under  consirlcration,  are  irrelevnTit  points,  and  the  number  of  relevant  points  of  inter- 
section is  kn  —  'SA;  that  is,  if  wc  have  Sa»(i  — l)n,  then  the  scroll  in  question,  viz. 
the  aoroU  generated  by  •  line  which  meeta  the  plane  »=0  in  the  curve  (•j^x,  y,  £)"«0, 
and  which  has  for  ita  aiz  coordinates  {p,  q,  r,  we,  ifjf,  v*),  will  be  a  scroll  of  the  ath 
order. 
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341. 


ON  THE  SEXTACTIC  POINTS  OF  A  PLANE  CUKVE. 


[EVom  the  Philosophical  Transactiona  of  the  Royal  Society  of  London,  vol  CLV.  (for  the 
year  1865),  pp.  545<-d7&  BeoeiT«d  November  5.— Read  December  22»  1864l] 

It  k,  in  my  memoir  "Oa  bbe  Conic  of  Five-pointic  Contact  at  any  point  of  a 
Pkne  Cttrve,**  FkH  Tnmt.  vol  cxux.  (1859X  PP"  371—400,  [261],  renuuked  thnt  w 
in  a  fjlane  curve  there  are  certain  singular  pointy  vis.  tbe  points  of  infleixioil.  when 

three  consecutive  points  lie  in  a  line,  so  there  are  singular  points  where  six  conneciitiTe 
points  of  the  curve  lie  in  a  conic;  and  such  a  singular  point  is  there  termed  a 
"seztacUe  point.*'  The  memoir  in  queation  (here  dted  m  "former  memoir")  contains 
the  theory  of  the  sextactic  )X)ints  nf  a  cubic  curve;  but  it  is  only  recently  that 
T  hav)?  sTicceeded  in  establinhing  the  theory  for  a  curve  of  the  order  m.  The  result 
ai-rived  at  is  that  the  number  of  sextactic  points  is  =m(12i»  — 27),  the  points  in 
qnaation  being  the  inteneotkma  of  the  euire  m  with  a  enrre  of  the  order  18m— 27, 
the  eqaatiom  off  wbidk  is 

(12m»-64»  +  57)J7  Jac.  (i7,  H,  ilj,) 
+  (m-2)(l2m-27)//  Jac.  {U,  H,  il^) 
+  40(«t-2)»  iaa.  (JJ,  H,^ 

where  ?7=0  is  the  equation  of  the  given  curve  of  the  order  m,  H  is  the  Hessian 
or  (letcraiiuaut  formed  with  the  second  differential  coefficients  (a,  6,  c,  f,  g,  k)  of  Ut 
and,  (9,  8,  6.  %,  ®,  •&)  being  the  invense  eoeflSdenta  {%^he- /',  &c.),  then 

%  %    ^id^,  d^,  dsUf  i 


biyiiizuo  by  GoOglc 


222  ON  THS  SBXTACnC  POIKTB  OF  A  PLAXB  CCBTB.  [341 

and  Jac  denotes  the  Jacobiiin  ur  functional  determinant,  viz. 

Jm.  {U,  ^,  ^f)"!  d,u.  d,u.  d,u 

I  dgH,   dfH,  dfH 

and  Jac.  (U,  U,  fl)  would  of  fv)nrsp  denoto  the  likf  dirivative  of  {U,  H,  £1);  the 
subscripts  (j,,  f)  of  n  duQote  restrictioD^i  m  regard  to  the  differentiatioa  of  this 
fuuctioD,  viz.  treating  n  as  a  fanetion  of  U  and  H, 

n  =  (a.  «.  CJ.  g.  ®.  ^itt',  b\  c'.f,  2/;  2g',  2//) 

if  (a'l  6'j  C".  /'i  g',  &')  are  the  second  differential  ooefficientH  of  if,  then  wc  have 

viz.  in  djl]i  we  consider  at  mtmpb  from  differentiation  (a'.  6',  c',  /',  A')  which 
depend  upon  H,  and  in  d^flf-  wo  consider  as  exempt  from  differentiaiion  (S,  8,  (1.  %,  Qi,  ^> 
which  depend  upon  U.    We  have  similarly 

dyQaidyfis-fS^r*  And  d^-d«aj|-hd,a«; 

•ad  in  like  mMmer 

Jac  {U,  U,  n;«Jaa  {U,  H,  Hi)  +  Joe.  (i7,  H,  flp), 
whioh  explaina  the  ngnifieation  of  tiM  notatHMu  Ja&  (U,  S,  Slg),  Jac;  {U,  If,  Q^y 

The  condition  for  a  sextactic  poinb  is  in  the  fir§t  imtanoe  obtained  in  a  form 

involving  tbt-  arbitrary  c'X'fficioTita  (X,  fx,  »»);  viz.  wo  have  an  equation  of  the  order  '> 
iu  (X,  fi,  v)  and  of  the  order  12m  — 22  in  the  coordinates  (sc,  y,  i).  But  writing 
^mXx  +  fi>/  +  PZ,  by  wiecewive  tnaMfiwinatbnB  we  throw  out  the  fiMstom  \ 
thus  arriving  at  a  result  independent  of  (X,  fi,  v);  viz.  this  is  the  before-mentioned 
<>quation  of  the  ordrr  1 2m  —  27.  The  difficulty  of  the  invcstigatiOTi  connists  in  obtaining 
the  transformations  by  means  of  which  the  equation  in  its  original  form  is  thus 
divested  of  these  inelevant  bcton. 

Articles  Nos.  1  to  6. — Investigation  of  the  ContUlim  for  a  Sextactic  Point. 

1.  Following  the  course  of  investigation  in  my  former  memoir,  I  take  (A",  Y,  Z) 
M  conent  cooidmates,  and  I  write 

T=(.$A'.  r.  ^r  =  o 

for  the  equation  of  the  given  curve;  {x,  y,  z)  are  the  coordiuatai  of  a  particolar 
point  on  the  givai  curve,  vi&  the  sextactic  point ;  and  U,  »■  y,  z)r,  is  what  T 
becomes  when  (;r,  y,  z)  are  written  in  place  of  (X,  Y,  Z):  we  have  thus  IT ^0  as  a 
condition  aatisded  by  the  ooordinates  of  the  point  in  question. 
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2.  Writing  for  shortness 

«nd  taking  n^aX+AF+fiX^O  for  tlie  equBtiou  of  ftn  arbitnry  ]in«,  the  oquation 

is  that  of  a  conic  having  an  ordinary  ^two-pointic)  contact  with  the  curve  at  the 
ixnnt  («,  y,  t)\  and  the  ooefBciMito  of  11  •»  in  ttie  fomer  memoir  detenriined  ao 
thmi  Hm  contaet  may  be  *  five-pdntie  one;  the  value  obtained  far  n  ii 

wbec© 

3.  This  result  was  obtained  by  ooasidering  the  coordinates  of  a  poiat  of  the 
curve  aa  functions  of  a  single  arbiti-ury  ]>aramctcr,  and  taking 

for  the  rooi-dinatps  of  a  point  consecutive  to  (x,  y,  m)\  for  the  jtreaent  purpose  we 
must  go  a  step  further,  aud  writt-  for  the  coordinates 

4   Hence  if 

we  have,  in  addition  to  the  equutiuus 

17  =  0. 

01* +29,)  IT  »0. 

(V  +  33A+9i)l7«0. 

of  my  fofmer  memoir,  the  new  equation 

(ai»  +  lQld3t  +  lOaA  +  ISdA'  +       + +  3.)    =  0, 
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and  in  addition  to  the  equations,  (P  =  ax  +  btf  +  cm), 

-  (m  -  2  )  c',»  U+F.  0, 

-  i  [(w-i)a,^  +  3(m-2)?A]D>P4(?.»+:ja.a,)ir+a,p.jaj«i7-o, 

giving  in  the  fint  inctanoe 

P-2(m-2X 


■ad  leading  ultimatel^r  to  the  befoxe-mentioned  value  of  II,  we  have  the  new  equatim 
+        A  <3»*+  eA«^+  48^4* 

5.    This  may  be  written  in  the  form 

-    2  [(to  - 1)  (3,» + loa.-a,  +      +  i38,a,») + («» -  2)  (sa^* + loa^)]  u 

or  putU^g  for  P  its  value,  •K2(in-  >X      equation  beeomea 

+  58,P(8/+  Cell's,  +  4a  A  +  33,'  )cr 

+  ioe,p.a,«ir=o; 

or  aa  thia  may  also  be  written, 

+  j»|P .  dtU-¥  lOSbP.  8bir+ 109,?  .3.27-  0. 
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6.  But  the  eqaatioD 

which  is  an  idaBtitf  in  regud  to  (X.  T,  E\,  givw 

and  aulwtitutiiig  them  values,  the  foregotog  equatum  beoomee 

or  fiuttiiig  linr  A  Hs  value,  ~  +       And  mnlliplyiDg  by  |£P  thii  ii 

9//'    + ioa,«a, + 10^,%  +  i5a,a,')  tf 

which  is,  in  its  original  or  uureduced  fonu.  the  conditiou  for  a  sextactic  point. 

"*  Article  Nt)S.-7  and  8. — Natatiori.'i  and  Remarks. 

7.  Wntiug,  ui  my  former  memoir,  A,  B,  C  foe  the  first  differential  oocfiiciont« 
of  U,  we  have  Bv  —  CfL,  C\  —  Av,  A/t  —  BK  for  the  values  of  dx,  dy,  dz,  and  instead 
of  the  tyuAnA  D  med  in  toy  femier  nemoir,  I  use  indifliafenity  the  original  qrmbol  d^, 
or  write  instead  thereof  d,  to  denote  the  leealting  value 

and  I  remark  here  that  for  aay  fuaction  whatever  Tl,  we  have 

0ft-    A,     B,    C    =Jac.  (CT,  a,  ft), 

where  ^^Xu+ft^  +  vM.    I  write,  or  in  the  former  memoir, 

«  -(a, »,  ff.  g, »yj 

a  V.  29 
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and  also 

V  .(fl,  9,  (s.  a  9.       pt^»  a,*  u 

which  new  qnnbol  V  aerv«a  to  «acpfeM  the  ftinetions  n,  oeenrring  an  tlie  Amner 
memoir;  viz.  we  have  IIs2V4>,  □  — SVff,  m  that  the  •;;fmbob  IIj  □  era  not  lay 
longer  required. 

S,  T  remark  that  the  symbols  d,  V  are  each  of  them  ii  linear  function  of 
(c*,,  &y,  d«)^  with  ooeffioieota  whidi  are  functions  of  the  variables  {as,  y,  s),  and  this 
being  8o,  tiiat  fiir  anj  fiinetioa  II  whetever,  we  have 

a<vn)-(a.v)n  +  8vn, 

viz.  in  c»(Vn)  we  operate  with  S7  ou  11,  thereby  obtaining  VIl,  and  then  with  d  on 
VII;  in  (d.V)  n  we  opemte  with  d  upon  VinaofiuraeVisa  Amotion  of 
(«,  y,  s),  thus  obtaining  a  new  operating  symbol  d.V,  a  linear  function  of  (cl,,  d,), 
and  then  operate  with  3.V  upon  TT ;  and  lantly,  in  cVll,  we  simply  multiply 
together  d  and  V,  thus  obtaining  a  new  operating  symbol  dV  of  the  form  (dg,  dg.dtY, 
and  then  openiite  therewith  <»  11;  it  ia  olear  thafe^  aa  regarde  the  laat-mentioned 
mode  of  combioatten,  the  qrmhob  8  and  V  are  conveitihle,  or  dVa^VS,  that  n, 

n  -  van. 

It  is  to  b(i  ohse^rvpd  throiighrmt  the  memoir  that  the  point  (.)  is  used  (as  ab<jvt: 
m  r.V)  when  an  operation  is  performed  upon  a  symbol  of  operation  as  operand;  the 
mere  apposition  of  two  or  more  symbob  of  operation  (as  above  b  9V)  denotes  that 
the  aymbols  of  operation  are  simply  multiplied  together;  and  when  dV  is  followed  by 
a  letter  n  denoting  not  a  <-:ymbol  of  operation,  but  a  mere  function  of  the  eoordinatcs, 
that  is  in  an  expression  such  as  dVTl,  the  resulting  operation  dV  is  performed 
upon  n  as  operand;  if  instead  of  the  angle  tetter  TT  we  have  a  compound  symbol 
Much  as  HU  or  FV^,  so  that  the  expression  is  dllU,  rZ/VS),  ^'7HU  or  dV HV^^ 
then  it  is  to  be  understood  that  it  is  merely  the  immediately  following  function  H 
which  is  operated  upon  by  d  or  dV ;  in  the  few  instances  where  any  ambiguity 
might  arise  a  qpeeial  eipknation  is  given. 


Article  Nos.  9  to  11. — First  trausformation. 

9.  We  have,  assuming  always  U—0,  the  following  formula  (see  jpost,  Article 
Noa  31  to  3S): 

(S,'  +  10,'a,+  153,3,')  u 

-   7-^\L  1<*^»'  -  «»m  +  81)  W + (X7i»«  -  56ia + 51) 
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"  (153l5iK-«i»*+l8»-l8)JIW+(-lT«l^+6O»-55)F«0*) 

10.  And  by  mooos  of  thew  tlie  ooniditioD  beeomM 
0-   ^^^f^((153ii^-594in-l-  549)ifd«+(-102in'+396m+866)<t>dir} 


(m-l)« 


being,  as  already  lenoarked,  of  the  degree  5  in  the  arbitnry  coefficients  (X,  ft,  v),  and 
of  the  order  12m— SS  in  the  oooidmates  {m,  y,  »). 

11.  But  thfowuig  (Hit  the  ftctor  and  obaemng  that  in  tlie  fint  line  tile 
quadrie  funotiona  «f  e»  are  eaoh  a  numerical  mnltifle  of  (!lm*-198ii»-f-18S,  the 

becomes 


0*         (51m"-  IflSm  +  183)  (SBd<P-2^H) 

+  a  l(-  [Hhu  +  1  t;s)     (r\ V  )  //  ^  ( ^  90m + 162) i» V H  +  {mm - 240) aifViT] 
+  y  {9E^  -  ^EOdM + 40*di/}. 

Article  Noe.  12  and  l3.SeGond  trantformatiotL 

12,   We  effiact  thia  fay  meaiu  of  the  fimnuU 

(m-2)(S£d»-M0J7)— ^  Jaa  {U,      S).  (J)0 

for  nhstitating  thia  value  of  (9M99^—M9H)  the  equation  beoamea  divinbte  by 
and  dividing  out  aeooidingty,  the  eon^tion  becomes 

Sll»«-198m  +  18n  ,rr  .h  w^ 

-m  —  2 

+  (-96m  +  ir.s)  //»(3.v)ir+(-  90TO  +  i62)ir«vfr+(i20i»-240)irairvir 
+ ^  (dif^o  -  4oirna£r + 40^£r ) = o. 


fJ)  iMM  enl  4««hM  MAn  to  Hm  JImoUui  fftannDik,  iM  fut,  AxMtt  Met.  M  nd  as. 

29—2 
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l&   We  hftve  {ttee  post.  Article  Nos.  30  lo  40) 

and  inteodudqg  abo  d.       n  pkne  «f  dVlT  by  meaii*  of  tlie  fonnulft 

the  cooditioD  beoom«i 

+    (-9(>>n+162)/«)(V/n  +120(»»-2)J?a^VJ5r 
+  a  (9if«Ml  -  UBOdM  +  ^OH'dif )  =  0. 

or,  IB  tlik  mqr  be  writtaB, 

(4Bm*  ~  180m  + 171)  S*0.V )  H 
-t- (- 90m + 162)  (m  -  S)       V  if)  + 120  (m  -  S)F  fldJSrv  fr 
+  (m  -  2)%  (OJSPeft  -  UHmff + 40VdJ7)-  0. 


Article  Nos.  14  to  n,— Third  trMs/onnation. 

14  We  have  the  following  formuln, 

^  Jac  (U,  VH,  H) -(5m- U)dH^H-¥  {9m- 6)  m ("7 H)  =0.  (J) 
^  Jac.  {U,  V,  H)n-{im-  *)dIfV  H  +  {:hn-ii)  H  (a.V)if  =  0.  (J) 

in  the  latter  of  which,  treating  V  as  a  function  ol  the  coordinates,  we  fin<t  form  the 
symbol  Jac.  {U,  V,  H),  and  then  operating  therewith  on  H,  we  have  Jac.  {D,  V,  H}H: 
these  give 

^^^^^>=3T«^^)^^^^-80^2)'''«=- 

end  lahBtittttuig  tboM  Telaee^  the  reniltiDg  ooeflSciMt  of  SBBVS  is 

<43m*-180m'hl71)j 

+(-fl0m+l62)^^^ 
-hlSOCm-i)*, 

wUch  is  sO. 
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15.  Hence  the  coiulitiuu  will  contain  the  factor  ^,  and  throwing  out  this,  and 
also  the  constant  factor    — -a>  it  becomes 

<-15m*+00i»-57)J7  Ja&  (U,  V  .  H)B 
•(-(80m-  54)(m-S)   ff  Jia  (U,  VB,  H) 

le.  We  have 

at,  ( V  /f)  -  (<>,.v )  H + a,vir. 

viz.  in  (3x.V)£f,  treating  V  as  a  function  of  (x,  y,  z)  we  operate  upon  it  with  dx 
to  obtain  the  new  <?yrnb(il  r^.V,  and  with  this  we  operate  on  H ;  in  c>,V  we  »dmply 
multiply  together  the  symbols  and  V ,  giving  a  now  symbol  of  the  form  {d^,  djd^,  d^,) 
whieh  then  operates  on  H.  W«  have  the  like  values  oS  d^(^H)  and  8^(VJ7);  and 
thence  also 

Jac.  {U,  ^H.  ff)-Jac  {U,  V.  IJ)JI+Jac  {U,  ViT,  H), 

via.  in  the  determinant  Jac.  (U,  V.  ^  the  second  lim-  rorrespondinp  to  V  is  ^^.V, 
?5„.V.  (V  ho\n§;  the  operand):  and  the  Jacobi;iii   thus  nbtained   is  a  symbol 

which  operates  on  H  giving  Jac  {U,  V,H)H;  and  in  the  determinant  Jac.  {U,  V  H,  H) 
the  BOGond  line  is  d^Vff.  dgVH,  d,V£r  (V  bd»g  nix^P^y  multiplied  hy  aw>  81^.  %  reapeo- 
tively). 

17.   Sahatitutini^,  the  eoadilaon  beoomes 

( _  1  ■-,„,"-  +  ()07/i  -  .57 )  H  Jac.  iU,  V ,  // )  // 
+  ( -Mha  -  54)  (m  -  2)  {//  Jiic.  (  L',  V ,  //)  if  +  Jac.  ( U,  V //.  Jf)} 
+  ( »i  -  2)»  [Dif'en  -  HHDBH  +  40^ifl  =  0. 

UI-,  what  is  the  same  thing, 

(ljm=-54w»  +  5l)7y  Jar.  ( t' ,  V    ,  H) if 
+  mm  -54)(m-2)H  Jac.  I  ^   V  //,  //) 
+  (m  -  2)'  [dma  -  ibtiildJJ  +  -tO^dif  j «  0. 

Articia  Noe.  18  to  27.-^ottrtfc  u-ans/ormatim,  and  final  form  9f  the  eondiHon  far  a 

Stsetadie  Point. 

1&  I  mite 

(5)»-12)n^//-(:?/a-6)i/Sn  =  a  Jac.  (U,  SI,  H)  (J) 

na//+         //an=  3(iii?X 

and,  infcroduGmg  for  oooveiueiicc  the  new  symbol  W, 
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so  that 

6m-l%  -(8m -6),  ^Jaa  (17.  O.  iST)  -0. 

1 .       1  .  d.njsr 

-5.  1  .  F 

or,  what  is  tbe  maoa  fihing. 

(8m-18)  F+6dJw.  (U,  H,  A)+(]0m-18)8(IU7)*0. 

we  htkw 

19.  We  have  alao 

(8m"18)^Vaff-(8in-6)£9V-%jM.  ((T.      i/)»0,  (J) 

tliit  is 
and  tluiMie 

+  4;„vi-9  [-  M  Ja&  (IT.  a  fl)+40  J«s.  (ff,  %  fl)}. 

20.  The  ooudition  thus  becomes 

(16T»*-54m  +  5I)(4m-9)tf  Jac.  (J7,  V    ,  If) 
■      +6(5w -9>(m-2)    (*m-y)/f  Jac.  (f7.  Vi/.  /f) 
+  3  (?n  -  2)  I-  3 (5m  -  9)  (m -  2)  Hd(nH)  +  20  (m  -  2)» 
+   (»«  -  2 )' ^  I  -  27//  Jaa  {U,  il,  ti)  +  40  Jac  (t/,  4^,  i5f)j  =  0. 
which  for  shurt  iu-sH  I  ri>pre«eut  by 

S//Il  +  (m-2)»a{-27ifJac.  (Z7,  SI.  if) +  40 Jac  (17,  %  iy)i-0, 
8o  that  wc  have 

n-      (5m^- 18m  +  17)(+m-9)Jac.(J7,  V  ,i/)/f 
+  2(5m-9)(ni-2)(4f«-y)  Jae  (D',  V^,  fl) 

21.  Write 

^i-(ll'.      C'.  g*.  B.  Of. 

where  (4.  0)  are  ee  before  the  diflfefential  ooeflteieata  of  IT,  and  «  i^,  e',  /'.  ^,  k') 
being  the  second  differential  coefficients  of  ff,  (S'»  SB^,       S**  CT,        are  the  inveiw 

Goefficiente,  viz.,  2l'  =  6'c'-/»  &c.   We  have 

-(m-l)*dYi-(3f»-6)(a]i»-7)d(AZO-(3m>7/d'I'  (m0  |NMf»  Noe.  41  to  46)b 
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that  is 

(3m-  6)d(fti/)  =  (3m  -  7)8^  -  ^— ^'  3%, 

and  thence 

n»      (5m«-18»t  +  17)(*»»-9)  Jac.  (17,  V   ,  H)H 
+  2(5to-9)  (m-2)(4m-9)Jac(I/.  V H,  E) 

22.  Now 

>i'-(2i,        8.  @,  ^jii',  ^,  (7/,  >ir.-(a',         8',  @'.  -^l^.  B.  cy, 

and  writing  for  ahoitnoM 

(ve  nigli(«  in  a  notation  above  eo^lained,  write  £9^=^99^,  F9=^S9^,  and  in  Uln 
X^i'^i^j^,  J^-^d^ifiX  then  we  have 


We  have  moraoror 


JNos.  47  to  5(1. 
jwrt^  Noft  51  to  68. 


that  is 


Jac  (IT,  V  .  H)S~  -S9j 
88.  The  joet-mentioned  iSairmulft  give 

n  =  -   (5m'- 18m  + l7)(+m -y  >i;*j[' 

-  8  (6m  -  8)(m- 8)(4«.-9)^=^  JV, 

+    (m  -  2)  (5     -  1  Hm  +  17)  {SV  +  ) 

n  =  _  (8m-7)<6«*-18i»+17)  S9 
+  8(  iR-8)(5m--18m-(>17)  W 

(5m-9)(m-ljH//.-2) 

2(w-l)(iw-2)(8m-8)(5«>-8)  ^„ 
8m- 7 
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or,  an  this  may  also  be  written, 

(3w-7)n=-(5»;i»-18TO+17)(-2(m-l)(  m~2}F^,  -^{^m-7rE^^l 
-(6w-9)(fM-2)  {    (m~l)(nm-8)F'V,-^-r^-7)(:]iii-H)J<^-{  m-iyE^il 
+(25m»-l03w+106)(m-2){  -(m-l)i^,+  (3m-7)i^  |. 

tk,  But  feooUeetiqg  that 

n-(a, ».  c.  ft  9.  ^$3!,,  a,, 

-(H.  »,  «,  R  0.  ^Ja',     e\  2f',  V,  a^Oi 

and  putting 

we  have,  jnm^  Noe.  41  to  46, 

-2(m-l)(m-2)  +(ai»-7y JV, -(811.-6) (8)»- 7) 

<«  - 1)  (3»«  -  8)^^i',  +(8» - 7)  (3m  -  8)  F^I'  -  (  «  - 1)»  J*,  -<*» - 6>(am  - TjSFO, 

and  the  fiMNigonig  eqialioB  beeomee 

(8m-7)n--(6««-18«+17)  <Sm-e)  (dfl»-7)JZSQ 
-(6m-  9)(«-a)(3ii.-6)  (8m-7)J7Jn 
+(  m  -  2)(26m»-lOSm-lO6)(8»-7)O0^. 

25.   But  we  huvc 

'h  Jot.  (II       0,7)  -  (3m  -  6)  HEQ  +  ('2m  -  4)  ilBH  ^  0,  (J) 

Jac.  ( U.  H,  flt)  -  (3m  -  6)         +  (3m  -  6)  lldM  =  0,  (J) 
that  i»  ^ 
8  (»  -  8) BSn  «  8  (m  -  2)  QBM+^  Jao.  (P,  iT,  OiJ^ 

8(m- 8) Sm  .(3m  - 8) oaff Jac  (O;  H,  n»), 
and  we  thus  obtain 

n  — (  5a»»-  18m  +  17)  i2  {m  -  2)  rU)H  +  ^  Jac.  (f7,  j?.  Og)] 
- (  5«  -  9)  (m  -  2)  {(3m  -  H )  ildU  +^J^{U,  H,  Qg)} 
+  (25m«  -  108m  + 106)  (m  -  ilda, 
wbei-e  the  coefficient  of  (m  -  2)  ildH  is 

-(10m»-36m  +  34) 

-  (5m  -  9)  (3m  -  8) 

+  (25tn'- 10dm +  106), 
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which  is  aO.  Henoe 

n  =  -  (5m'  -  18m  +  17)  ^  Ja^.  (  U,  H,  ««) 
-  (5i«  -  U>  {m  -  2)  ^  Jac  {U,  H,  £1^). 
2flL    Substituting  this  iu  the  equation 

a^n + (M- ay  {-27ir  jac  {u,  a.  if) + 4o  Jws.  (tr.    ioi -o, 

the  remit  amtains  the  fiurtor  ft»  wid,  thwwiag  this  out,,  the  eouditijOia  is 

3ff{-(5m'-18m4-17)Jae.(&;  S,  Ojr)-<5m-9>(m~S)  Jm.  ({T.  E,  Oft)} 
(m -  2)^  (27ir  JacL  (O;      fl)  -  40  Jaxi  (IT.  H,  Y}} »  0. 

Wt  w  this  inaj  abo  be  written, 

-(15?«»-54irt  +  51)// Jac.  (tr,  ZT,  flj)  -  3  (om  -  9) -  2; // Jac  ( T,  H,  D.^) 
+  27  (m -  2)»         (fl^  Jac.  {U,  H,  ns)+  H  Jac.  ( £/',  H,  fig)) 

-  40  («»  -  2 )  Jac.  (U,  H.'it  )  =  0. 

27.  Hence  (be  condition  finally  is 

(18m«  -  Mm + 57)  £r  Jac.  {U,  JET,  n^^)  <l>  («  -  2)  (12m  -  27)  if  Jac  (17;  H,  0$) 

-40(in-2)*Ja«.(ir,  H.  "9)^0, 

or,  aa  this  maj  alao  be  written, 

-3(in-l)irJae.({7,  H.  n^)  +  (m-2)(12m-27)fl  Jac.  (IT.  £r,  il) 

-40(i«-2)F  Jae.({r,  ff,  ^)  =  0, 

viz.  the  scxtactic  points  ai-e  the  iutersectioos  of  the  curve  i»  with  the  curve  represented 
this  equation;  and  observing  that  U,  H,  RH  and      are  of  the  orders  m,  8m— 6, 
8m  — 18  respeeti^y,  the  order  of  the  corra  is  as  above  mentioned  =  12m  -  27. 

Article  Noft  28  to  80.— JiyittMrfMrn  to  a  QMc 

28.  I  have  in  my  fanner  memoir.  No.  80»  shown  tiiat  for  a  eubie  curve 

n(«,      6,  %  \.  8,)«jy--2S.  U^O; 

this  ittiplies  Jac.  {U,  H,  Llj^i),  anil  hence  it'  uue  ot  the  two  Jacobians,  Jac.  {U,  H,  fir), 
Jac  {U,  M,  fig)  vanidi,  the  other  will  also  vanish.   Now,  nwng  tlie  canonical  form 

we  have 

ii-(si,..5tt'.  ••) 

t^iyz-fi?,  ix-ff,  xtf-lV,    l^yz-Lr'  ,    l^tx-lf  ,  l*xy-l:*) 

(    -3ftr,      -3Pjf,  (l  +  2i»)«,  (l  +  2i»)y. 

c  V.  30 
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the  dsrelopnieiit  of  wfiidi  in  &efe  gives  the  Iwt-mentiioiied  remit.  But  applying  thk 
fonmilft  to  the  edeaktion  of  Jae,  (U,  H,  then  diaregwding  nnncrieal  fiMton*  we 
heve 

Wlff -(y»-*V,...i»y* -!«•,.,. 5.- 3i»,  0.  0,  (l  +  2i»).  0,  0) 
— 8P  (yf-W) 

•od  in  like  manner  Syfl^x^tr.  dJl^^SigU,  and  therefim 

J«&  (V;  H»  09)-iS  Jac  (27,  ^,  t7)-0, 

whence  alao 

Jac  (ir,  ir,  n»)-0; 

and  lite  Gonditiou  for  a  ^xtactic  puiut  assumes  the  more  simple  form, 

Jae.  iU,  if.  >ir)-a 

29.  Dow  (fbmer  Bsemoir,  Nix  8S)  we  have 

^=(91.  »,  6.  g.  @,  ^$a.ir,  djiy 

+  (-  9^*)  (3^  +  !/'  +  t")' 

+  (-2^-5^-202')  («*+^+J*)iry« 

or  oheerving  that  and       and  therefore  the  laet  three  lines  of  the  expraiBOn 

of  ^  are  fiinctions  of  U (=  x' +  y' +  +  6lxi/z)  and  H  ~  l^ix*  +  f  +  z')  +  (l  +V^wjfi), 
and  oomeqaently  give  liiie  to  the  term  «0  in  Jao.  ((7,  JV,       we  may  write 

^ = (1 + 8«y<^<» «y> 

30.  We  have  then,  diaregarding  a  eonstant  fiMstor, 

If*       .  M        >  «y 


biyilizuo  by  GoOglc 


341]  OK  THE  SRXTACnc  POIHIS  OF  A  VLAXE  OUBTF. 

ao  tliat  the  aextactic  points  are  the  intersections  of  the  curve 

17  a  «* + 3^  H- «*  4- 6iicy«  »  0. 

with  the  ouire 

Axtide  Nob.  SI  to  SS.~iVeo/     idtHlitm  far  tht  fint  htai^iniiuaim. 

31.    Calculation  of  (5,'  +  1O9,'0,  +  lOe.'S,  + 159,3.')  U. 
Writing  d  in  piuce  of  D,  we  have  (former  memoir,  Na  20) 

l»»-l)*v  wt  — 1  m-1  / 

But 

!     former  memoir, 
(in -If  {m-lf  (m-1)  j 

and  theiiGe 

(a/ + ea,^.)  I7  =     ^'  ,^  (  18»m'  -  66m  +  ao)  h<p 

whence  operating  on  each  side  with  di,        we  have 

6ak^+ Urn  ^^^^^j^{i8w-e«i»+60)(i5B*+«JD 


We  iMure  bnidM  (aee  Appendix,  Nos.  (iO  to  74), 


30—2 
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32.  Calculation  of 
We  have 


{m—lf 


d,H  =  dH. 


for  which  values  see  Appendix,  No.  58.   And  hence  the  expression  sought  for  is 

+  %U  {{-  dm  +  6)  Uc^  -       +  ^  (d.  V  )  ir)| , 

which  ia 

+  (m-l)dJ78*ir 


end  thenoB  i 

end  adifiiiig  this  to  the  foregobg  exprenioo  for  9i*4-103i%+69i'9b'f'lMOI^< 

we  have 

(iH?  l7  ^^^^^^  -  M« + 81)JI» +(17itf-36m+SI)4«2?) 
+  K- 14« + M)  0 .  V  )  IT +(- 10» + 18)  dV .  J] 
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But  we  have,  former  memoir,  Nos.  til  and  25, 

■o  that  the  foregoing  expresnon  becomes 

_(a>i>~6)(aw-7)       ^  ft»  - 14  — ^  iMj? 

m— 1  m  — 1  m->l 

8ff«dir  -  (6m- 12)  B^] 

or  finally 

+  („^^ij;       -  2) iTO ,  V) ir + (8W  -  IS) BJfV fl) 

33.    Calculatiuu  of  CtUdfU. 
This  is 


(m-iy 


Artide  Noa.  84  and     — Tk$  Joecbian  Formnla, 

34.  In  general^  if  P,  Q>  ''^  ^  fanetiona  of  the  degreea  p,  q,  9  leqieotively, 
we  have  identiGally 

!  pP.    qQ.    rR.  =0, 
d,P,   t\Q.   d,R,   dji  ; 
3^,   ("vQ,  t\S  ■ 

ajj.  i 

or,  what,  is  the  i<anic  thing, 
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Hence  in  parlaeulAr  it  Pssff,  and  aasuminfr  U<»0,  w«  have 

^qQJoiC.iR,  S.  C)  + ,IiJac,(ii,  U,  Q)-sSJac,{U,  Q,  iJ)  =  0. 
If  moreover  and  therefore  q^l,  we  have 

Jaa  (Jl>  5.  £7)  +  rR  Jac.  (5,  CT,  Jao.<i7;  ^,  JJ)-0; 

or,  as  thb  nny  alw  he  written, 

-  a  Jac.iU,  E,  S)  +  rR  Jac.  (t/,      S)-*S  Jac  (IT,  a,  iJ)  -  0 ; 

that  i» 

Jac;  (IT.  R,  3)+rSB8^i8BB'0. 


Particular  cases  are 


(Sin- 

4)  ^B- 

•(3m- 

9)B99 

«^  Jae.(Cr.  4>  ,  ^  a 

it9,  No.  12, 

(6m- 

11)  VBBB- 

-(3m- 

eyBd{VB) 

«»Jae.  (ir.  Vff,  H), 

n  14. 

(Sm- 

4)V  tdB- 

(8m- 

-*Jae.(l7;  V  ,  J50. 

»  w 

(6m- 

12)  nsa- 

(8m- 

-aJao.(tr.  n  ,  ^o. 

18, 

(8w- 

18)  ^B- 

(8m- 

«^  Jac.  (U,        ,  ID, 

19, 

(2m- 

(3m  - 

6)/fJ?n 

=  ^  Jac.  (L'.  n„  ,  //), 

25. 

(3m- 

8)  nsH- 

("^"i  — 

(i)HFn 

=  ^  Jar,  (r,  Op  .  //l 

**  n 

where  it  is  to  be  observwl  that  in  the  thini  of  these  furiuula)  1  have,  in  accordance 
with  the  notatiun  before  employed,  written  d .  V  to  deuote  the  result  of  the  operation 
d  perlbnned  on  V  as  operand.  I  have  also  written  V  ;  dJf  to  show  that  the  operation 
V  is  not  to  he  parfwmcd  on  the  following  9J7  as  an  operand,  bnt  that  it  remains 
as  an  unperformed  opemtion.  As  regards  the  laat  two  equations,  it  i»  to  be  renmi  kdl 
that  the  demonstration  in  the  last  preceding  number  depeuds  merely  on  the  homo- 
geneity of  the  functions,  and  the  orders  of  ^ese  ftuietione:  in  the  fenner  <tf  the  two 
fonnuUe,  the  differentiation  of  H  is  |x;rforraed  upon  H  in  regard  to  the  coordinates 
(j-,  y,  z)  in  so  fiir  only  as  they  enter  through  U,  and  fi  if  therefore  to  be  reganied 
as  u  function  of  the  order  2w  — 4;  in  the  latter  uf  the  two  foriuulit^  the  ditfeivutiation 
is  to  be  peribmed  in  regard  to  the  oooidinates  in  so  6r  oaij  as  they  enter  thwv^gh 
H,  and  fl  i.s  therefun^  to  be  regatded  as  a  function  of  the  order  8m— &  The  two 
formule  might  al^o  be  written 

(2m-*  4)aair-(3m-6)iran9«a  Jac.(i7;  fin,  b^ 

(8m-  8)na£r-(8m-6)lfdfl9«!)  Jwx(r,  flft  if): 
and  it  may  be  noticed  that,  adding  these  together,  we  obtain  the  foregoing  formula, 
{5tH  -  12) adH-(im- 6) ma  -a  Jac.  (IT,  n,  H). 
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ArtidA  Ko&  86  to  4a— iVo^  «/ «jiia<«m  0,V)S^3m.  {U^  S,  ^\ 
umi  in  tt«  atoomd  Iroi^/bmiaft'oit. 

86.  W«  bftve 

AIM 

a  »  (Ar-        +<GX  -  JiX)d, 


«o«ffiei«Dt  of  X' 

«ad  to  for  the  other  terms;  wboifie  aim  in  (9.  V)S  the  ooeffideiitB  of  X*.  Ac  are 

37.    Again,  in  Jac.  (  U,  H,        whoiv  (t>  =  (  ?l,  3,  (5,      ®.  M.  "/i  the  coefficients 

of  X',  &c.  are  Jac  {^U,  U,  21),  Arc;  uud  hcuco  the  assumed  equatioa 

0.7)if»Jac.(tr,  if, 

in  xegwd  to  the  term  in  X*,  is 

(Pip.H-p^+p«0«)^-jiicL  (u;  jr.  fix 


and  we  have 


d^jffi  d^fft 


a 


a  (sui?.  P+a^.  Q+dtH*.  Jt)ai 

M  that  the  equation  is 

paaj7+ p.^a^'i-  p^ajsr, 

or,  ai  this  may  be  written. 


biyiiizeo  by  GoOglc 


240  OS  THE  BBXTACnC  FOIOTB  OF  A  PLANS  CV&VB.  [841 

38.  The  coefScicDt  of  is 

=     A?/n  +  B?Sy  -  C  (?,8l  +  3y^), 
which,  in  virtue  of  the  identity,  poat,  No.  iO,       +         dt&  »  0. 

* 

10 

and  in  like  manner  the  coefficient  of  d,H  is 
to  tliBt  the  eqii*tion  ie 

39.  But  we  have 

9a  +%  sir, 

»  +«/  >«0, 

+  ^  +©c  -  0, 

or  mnltiplyiiig  by  *,  y>  *  and  adding, 

(iR-l)(9U  +       +0(7)  -tflT; 

wtiMee  atao 
that  is 

(m  -  l)(AdJK  +  iia^  -H  C^)  -aS^; 

and  in  like  manner 

(m  - 1)  (A9A  +  BdJ^  +  C9,  ®)  -  wbJB, 

whence  the  equation  in  qiieition.    The  terms  in  X*  are  thus  shown  to  be  equal,  and 

it  might  in  a  similar  mnnncr  be  shown  that  the  terms  in  fUf  are  sqoal;  the  otbtf 
tenoA  will  then  be  equal,  and  we  have  therefore 

(d.  v)if=jac(i/;  jsr,  ♦> 

40.  The  identity 

-0 

aasumed  in  the  ooune  of  tiie  foregoing  proof  vt  easily  proved.  We  have  in  CMt 

vheie  the  coeflldettts  of     c,  /,  ^,  A  separately  ▼Knwh :  we  have  of  ooaise  the  ttyatem 

di,^     +a,5B  =0, 

a.®  +8/5  «o. 


Digitizcu  by  Google 


341] 


ON  TBI  SSZTACnC  FOINIS  OF  A  PLANS  CUXtVB. 


241 


Artiole  Nob.  41  to  46.— JVw/  of  idenHtiet  for  the  Jbwr&  irmajbrmation. 

41.  Oonader  the  oociffioieiitB  (a,  b,  e,  f,  g,  h)  wad  1h»  invene  wt  0,  <Ki  %  ®» 4). 
and  the  coefficients  (a',  V,  ^,  A'),  and  the  invene  (f*  8',  C,  0,  ^')*  then 
W9  have  tdentioaUy 

(«.        jf,  t^CX, .  .$a. . .)-(«'. .  .$a»  +  Ay . 
-     .       y,  «)■<«..  .}[a',  ..)-<«,.  .5a'« + AV  +s^M, .  .y. 
wheie  (0',  and  (S, .  .^o'. . .)  stand  for 

(«'.  9,  €r.  ^'Ja,  b,  0,  tf,  iff.  a) 

and 

(a,  ».  «.  8,  0.  ^jo-.  6'.  0'.  V. 

feqieotively. 

42.  Taking  (a,  6,  c,  /,  ^,  A),  the  second  differential  coefficieats  of  a  function  U 
of  the  order  m,  and  in  like  manner  (a',  I',  c',  /',  ^,  A'),  the  aeoond  difliuential  COeflkieikte 
of  a  function  U'  of  the  onlcr  m ,  wc  have 

mim  -\)U  .  (81'. . .  J8,.  8„       {f  -  (w  -  1)»  («'. .  .$3,17 .  3,17 ,  d^U  y 

-«'(»'- 1)  IT .  (a , .     a^,  d,y  u  -{m'-  ly  (a, . . j^.u',  a^er,  attr)* ; 

and  in  partienlar  if  IT  he  the  Heanan  of  Z7»  then  m^«8ii»'-6b 
48.  Henoe  ^ting 

n  =  (a , .  .ja,,  r^.  t^*)'  'i'  -  (21 , .  .i?,^^, s,//)', 
ill = (a'. .  .$3..  3,.  s,)*  u,  % = (a', .  Jid^u,  d^u,  d,uy. 

we  have 

at  (i»  - 1)      -  («»- 1)>    -  (dm  -  6)  (3m  -  7)£0  '  (9m- rjF'F ; 
or  if  ir«0.  then 

-(«-i)'*i«(*»-«)<a"»-T)jrn-(am-7)««'; 

wbeaoe  alao 

-  (m  - 1>*     -  (8m  -  6)(Sm  >  7)  (iJBO  4- DdiT)  -  (8m  -  7)^a^. 
whidi  ia  the  fonnuhK  onto  Nob  SI. 

44.  Recurring  to  the  original  loi-muia,  biuce  this  is  an  actual  identity,  we  maj 
operate  on  it  tvith  the  (fifferential  aymhol  9  on  the  three  aaanmpitiona: 

1.  («,  6,  c, /,  /7,  A),  (31-  33  .  6t,       03,  ^)  are  alone  variable. 

2.  (a.  b',  c.  f,  g,  K),  («',       (S',  g',  @',       are  alone  variable. 

3.  <«»  y»     are  alone  variable. 

c.  V.  31 
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We  thns  obtain 

(da, .        y,  ty  (W, .  .Jo, . .)  - 


[341 


+  (a,..$x.  y.  *)«(8l',..$aa...) 
—  8  (SI', .  ,$(M!  +  Ay  +  <7« , .  .JaiBa  +  y96  +  *3c, . .) 
(a,..$«.  y,  *)»Or...$a,..) 


-     (aa'...$«,  y.  xy(Sl,..$a'...) 
+  (a'...5a:.  y,  *)'(Sl,..-5aa'..) 
-2(%..^a'.v+f,'ij+j'z,..'^3£a'-^ydh'  +zdi/',..), 
"   2(o',         «/,  ='^dx,  dy,  ..Ja*, ..) 

-  2  (a,  .$o'x  +  h'y  +     .  .$o^+*'3y+5f'3«, .  .> 

45.  If  in  these  equfttfanui  reipeotiTely  we  sappose  as  be&ra  that  (a,  6,  c,  /,  g,  h) 

Mtt  the  second  differential  coeffinnantB  of  a  function  U  of  the  order  m,  and  (a',  6',  c',/',  g',  K) 
the  second  differential  (^otsffidcnts  of  a  function  U'  of  the  orrjor  in  ;  ;ind  that  {A,  B,  C), 
(A',  B,  (J)  are  the  tirst  differential  ooeffideata  of  theae  functions  respectively,  then 
•ftar  aoBie  eaB7  ledudiionB  we  have 


2(0,. .Ja;.  y,  tlcx.  dy.  a*) (M'. . .$a. . .) 
— 2  (V,  .Jo*  +  Ay + .]^a3«  +  j^y  -{-gdz, .) 


(m  -!)(>»-  2) ai; («'. .  .$a, . .) 
-2(ni-l)(m-2)(?l',..$il,fi,C$a^,aiJ,aC) 

i«(w-i)ir(aA',..$o',..) 

-(w-i)'(aii',  ..5^  js.  Gf 


-  «n'(m'-i)  [r(aa,..$tt'. ..) 

-(m'-l/(a2l...5^'.  F.  cj, 

*  (»'-l)(m'-2)ai7'(SI...$a'...) 
+  m'(m'-l)tr(2l,..$aa'. ..) 

-  2(«'-i)(m'-2)(a...$^'.fi',  cr][a.i'.aF,a(7) 


2  (« -1)  air  («'... ja...) 

eqnatiaiia  wtiich  may  be  verified  by  remarking  that  thdr  ram  b 

m  {m  -  1)  {dU{'2l',  .  .J a,  . .)  +     [(81',  .  .$aa,  . .)  +  (dW,  .  .$o, . .)]] 
-(m-iyidn',..1A,  B,  C)» +  («',.. B.  G^dA,  35,  aC)}  =  «»'(/«'- 1)  &C., 

via,  this  is  the  derivative  with  d  of  the  equation 

;/i(m-l)U'(a',  ..Jo,.. )-(»»-!)* (^'...■$^.  R.  C^  =  «i  (Hi'-l)  &c. 

46.  Taking  now  =  if.  aad  therefore  in'  =  3;n-6i  putting  also  {7=0,  827-0. 
and  writing  as  before 

jv,  =.(  a'.      J,  cjdii,  ajj,  30), 
jsn  -(aa...$a'...>. 
a ,  ■  '$9(1'*  t^x 
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then  the  three  equatiuos  are 

-  2  (m  - 1)  (»» -  2)  F^i  -      (am  -  6)  (fiju  -  7)  fTEa  -  (3i»  -  7)»  E^, 
-{m-iyEV  -  (8itt-7)(3m-8)aa/r 

<f  (8m  -  6)  (8m  -  7)  ITjPa- 2  (3i»>  7)  (8m 
-2(«-l)J»Ft  -  2(Sm-7)flaff-8(8m-7)J^. 

whenoe,  addiiig.  we  have 

-  (m-  ly  {E^,  +  2*^1^,)  =  -  (3ii»  -  TfiSV  +  2F^) 

•|-(8m  -  6)  (8m  -  7>  [OBB +B{Ea  +  FQ)l 

(tlMt  is 

-(m-l)>aV|  — <Sm-7)*a<r'|'(8m-6)(am-7)a.OJ2; 

wliieh  w  rightX 

And  by  linearly  combining  the  three  equfttioiui»  we  deduce 

(8m- a)(8m -  7) HSa  =  -  2  (m  - 1) (  m- 2)  H-(am - 

(3m-7)na//'  =-    (m-1)  /^,  +  (3m-7)  F9, 

<8m-6>(8m-7)ifiU-  (m-l)(3m-8)iYa-t'(8m-7)(3m-8)l>&'-(m-l)*^,, 

whidk  KM  the  Ibtmuln,  <mft,  Na  2ik 


Artiole  Noa.  47  to  60.— PnN^/*  of  an  idmtUjf  tiMct  tn  the  fourth  trant/ormaHon,  viz., 


V  way 


Jae.  (U,      ^fl)-  (W.  ..JA,  JJ.  ClpA,  8J».  aC). 


47.    \Vc  hiue 

or,  attending  to  tlie  effect  of  the  bw  M  denoting  the  esenptiom  of  the  (8, . .)  from 
diffisrantiatiiMi, 

Jea(ir,ir.  VJ50-   («,  ^»  ©JX, /I.  !•)  Jee.  (tr»  if,  a^iO 
+(«,  %,  «5X.        Jac  (!7,  JT,  3^ 

81—2 
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48.  Now 

•od  the  l>Bt-inenti«Md  Jacolimn  k 

+y  Jac.  (Zr»       d«fl>+«  Jm;  (ZT.  djff,  SU^X 

«4mi«  the  Meond  line  is 

»-yJa&  (D;        3^)+*  Jac.  (IT,  ?,JT,  a^iiX 

V  miting  (^'.  ^,  C")  for  tlM  firat  diffsMntul  eoeffiotante  ftmi  (a',  c',  /',  g',  K)  for 
tbe  aeoond  diAnn^  eoefflicwnta  of     this  ib 


(7 

il. 

5. 

a 

a'. 

A'. 

J. 

/. 

c' 

I'. 

/ 

The  flnt  line  ia 

A,  B,  C 
A'.  ^ 

J  (JTjf'  -  CTkO + if  (Car  -  dV) + C  ( J'ik'  -  ). 
or  redndi^g  hj  the  fitrmiiba, 

(Sm-7)(A'.  Jr,  C)^idx-\-h'y-\-(fs.  h'is  +  b'y+fz,  g'x+f't, +  <fg). 

this  is 

«  gj;^  t-A  (-  «'y +^'#)+^(--8'y+»'*)+<7(-  cry +r*)} 

Hence  we  have 

Jac.  iU,  H.  3.i/>-3^e  (l  +  (®'.  S'.  ^'Jil.  5.     +  g'J/l,  5.  C)} 

and  in  like  manner 
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49.   We  thence  have 


245 


or  mnltipljiDg  tlie  two  ddes  by 


J. 


».  6.  / 


the  right'luffid  aide  is 


8m-- 7 


BK   »       Bit  ,  Hv 
X    ,        Y    .  Z 
(i»-l)A,  (fH-l)B, 


wfaaeh  ia 


m—l 


8»-7 


-4,  5,  (7,1 


if  for  a  moment 


Z  =  (9r,  ..?.4,  5,  (7$o.  A,  g), 
F  =  («'... if.  Cjyi,  6,/), 

50.  Haoce  oibaerviog  that  theBo  equatiotM  may  be  written 
and  that  we  have 

il,  C. 

we  obtBin  tat  M  Jac.  (27,  if,  V,  iO  the  value 
or  tittowiDg  oat  tile  fitetor  A",  we  have  the  nqtiired  reeult. 
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Artide  Not.  51  to  53. — Proof  of  identity  rued  in  the  fourth  trantjormation,  viz. 

51.  We  have 
and  thence 

and 

with  the  like  vatnea  for  Oy.  V)S  and  (3,.  V)J1'.  And  then 

Jac(y,  if.  V)ff=        A      ,         B     ,  C 

A'     ,         ff    ,  C 

(a..v)i/,  (0,.v)i/.  (e..v)£f, 

in  which  the  coefficient  of  A'*  ia 
or  putting  for  shortness 
the  ooeffioient  is 

52.  We  have 
and  thence 

whieh  is 

=    ft.  [iCd„ -B?:)^-{ -  P?, )  51 ! 
where  eoeffident  of  ^  is 

and  coeffident  of  v  ia 

=  +  (Ad^  +       +  C3,®)  -  ^  J  ..^^ff, 

M  that 

coefficient  A  '^-b^^  —         «  (m^,^  —  )• 
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53.  By  foraaing  in  a  similar  manner  the  coeffioients  of  the  other  terras,  it 
appears  tint 


OK  dnee  tbe  detemuiMUkt  k 


.1'  .  fi*  ,  cr 

dgjif,   djfH,  dfH 
A',   R.   C  ,  =0. 

X  ,     (*■  ,  V 


A',  B,   C  1 
we  have  tlie  feqnired  equation, 

Jae.<l?;  S,  7)H-(3«,  ...JA'.  JT,  (77». 

This  oomptetea  tlie  aaiiea  of  fannulia  used  in  the  tfansfonnatioiia  of  the  ooiMfitton 
for  the  aextaetic  pmnk 

ktvawXt  Noa.  54  to  74 

For  the  8Jikc  of  exhibiting  in  their  proper  oomneiiom  some  of  the  formaba 
employed  in  the  foregoing  first  transformation  of  the  condition  for  a  sextaxtic  point, 
I  have  investigated  them  in  the  present  Appendix,  which  however  is  numbered 
oomtmuoasly  wi^  the  memoir. 

54  The  inirestigatioiia  of  my  former  memoir  and  the  present  memoir  have 
leferenoe  to  the  operatioiM 

S,  =  eiar    +  (^y     +  dz  , 

where  if  (A,  B,  C)  are  the  first  differential  coeffioients  of  a  function  IT— (•3[e»  Jf*  tTTr 

and  X,  ft,  V  are  arbitrary  constants,  thon  we  have 

dx~  Bu  -Cfi,    dy=C\-Av,    dz  =  An  -  B\; 


00  that  putting 


d  =  iBp-  C» 8,,+  (CK - 3„  +  {Afi -Bk)d, 
A.  O 
X,  " 


we  have  9|  =  3.  The  foregoing  expreeisions  of  {dx,  d>j,  dz)  det€rmine  of  course  tlie 
values  of  (d^x,  d'y,  d*z),  {d%  c^,  d^z),  inc.,  and  it  is  throughout  assumed  that  the«e 
vahiea  are  lulMtitttted  in  the  aymbob  9%,  3^,  kiu,  so  that  3^,  »9,  and  8^,  8^.  Ao.  denote 

each  of  them  an  operator  such  as  Xdx+  Ydg  +  Zdt,  where  {X,  Y,  Z)  are  functions  of 
the  coordinates;  such  operator,  in  so  far  as  it  n  function  of  the  coordinators,  may 
therefore  be  madti  an  operand,  and  bo  operated  upon  by  itself  or  any  other  like 
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6A.  aUdQg  (a,  b,  cf,  g,h)tut^  secood  diffecentul  ooeflunents  of  U,  (fr»9,  S;  8, ^> 
for  the  invene  ooeffidentoy  and  H  foi  ibe  Heeaiau,  I  mite  abo 

and  I  notice  that  we  have 

rir-2*,  vjr=-Bi^Ji;  oit-sh; 

the  last  of  which  is  proved,  post  No.  05 ;  the  others  art;  louud  without  any  difiicuity. 
56.   I  fonn  the  Table 
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and  assuming  U^O, 

which  are  for  the  most  pnrt  given  ia  tny  fonn«r  memoir;  tbe  ezpraBioiis  for  ittU» 
dtU,  whioh  lie  not  «c[di4»tly  |^ven,  follow  at  once  from  the  eqnatioDB 

those  for  8^17',  d,*i7,  and  d^U  are  new,  but  when  the  a^peemom  for  8|9t^  and  d,*2r 
are  knowa,  that  for  d^U  i»  at  muie  found  from  the  equation 

57.    Before  going  Jurther,  I  remark  thii'  \vr  hfive  identically 
(o, .  .Jjr,  y,  2  f  <«, .  .$M7  -       va  -\y,\0-  fiaf 

X      .         /»      ,  y 

-(«... ly-T^y. 
(if  f<»  flhortnees  psttr+/Sy+yr»  ^-Xu+tiy  +  tat) 


">S.  If  in  this  ciiuatiiiir  we  take  (o,  6,  c,  /,  5,  )  tn  1«;  thu  sccviud  differential 
coeHicieQte  of  U,  and  write  also  (a,  ^,  y)  =  (?g,  d„,       the  e4UuLiuu  btcomes 

l»(m-  1)  i;r  - (m- !)•  a*-    4» (^i):,  +  y£\  + 

which  is  a  general  equation  fur  tbe  traosformatioa  of  d*(«di')- 

5U.    If  with  the  two  Hides  of  this  equation  we  ojxiate  ou  U,  we  obtam 
tu  {m  -  1)  LTU-im  -lyd'U^    m  (m  -  1 )  <PU 

+  ^au; 


C  V. 


82 
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and  substituting  the  values 

r  17  =  24>.    V  1/  -    -  .  H,   □  17  »  ZU. 

TO  —  i 

we  find  the  befeie>meiittoiied  ezpresaioii  of  dfU, 

60.  Opening  with  the  two  ndes  of  the  same  equation  oa  »  funetaoD  E  et  ^ 
«rder  m',  we  find 

m  (m  - 1)  ITTiT- (m- 1)>      »    m'  (mf  ~  1) 4>J? 

-2  («'- 1)^7 JET 

+  yniT; 

and  in  particular  if  H  is  the  HesHian,  then  writing  m'~3m— 6,  and  putting  U^O^ 
we  find  the  before-mentioned  expression  iat  dFM. 

61.  Bnt  we  may  also  fivm  the  general  identical  cijuation  deduce  the  ezpieiBion 
for  (JiSy.  In  fiwt  takbg  H  a  ftinetion  of  the  degree  m'  and  writing 

we  have 

and  if  JET  he  the  Hessian,  then  writii^  m'-Sm— 6  and  putting  also  tr«0,  we  find 
the  hefore-mentiaaed  exprearion  fijr  (jiBf. 

62.  Fnof  of  equation 

We  have 

s  a .  9  .         (7^)3, + ((7X  -         + (ilM  -  Bk)  d,|. 

which  IB 

= X.  {Cdg  -     + /*  {A  a,  -  (7d.) + p  (ira,  -  -d^,), 

where 

»  X(W7  M<^il  -  oO) + »(afl  -  ), 

with  the  like  values  for     and  C.  Substitodng  the  values 

{m-l)(A,  B,  (f)  =  {aj:  +  hy+gz,  /ur  +  6^+/f,  gx-^fy^cz), 

we  have 

oud  similarly 
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that  b 
and  80 

vhenoe 

or  finally 


+ M      -&y)  3r  -  - 

+  » [(8*  -®y)a,-(®*-(I«)5«J 

+  /i  [a^     93 ,  i$  $a..   .  a.)  -^(^,+ ya^  + 
+  f  (® ,  5 .  ja*.  ay .  a.)  -  ®  (.«a,  +  ya^  +  «a,)] 
=       ...3[\,  /i,  v^d,,  a„  a,)  -  (a.  ^,  ©jx.  /».  y) («a, + yd„ + ; 

(w-ixc'a,  -5'a.)-»v-(«.  ^.       ^.  i^Xaa.+ya^+za,). 

a.— j;^*(«9«+!(0»+*3.)+~ri  V- 
is  leads  to  the  expression  for  S^U;  we  have 


2^ 
(m  - 1/ 


and  openUang  herewith  on  {T,  we  find 


2(m-l)^ 
(m-iy 


32—2 
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or  since 


this  is 


m— 1  ' 

^m-lf^*{m-ly^^' 


H,   We  ha,v&  didgU  =  0,  and  thenoe 
ibftt  is 

or  subetituting  Uie  valuei  of  8i%Cr  and  d^'U,  we  find  the  velae  of  9^,17  as  given  is 
the  Tattle.  And  then  ftom  the  eqtiatiea 

or 

we  find  the  value  of  dtU,  aud  the  proof  of  the  expressioos  in  the  Table  is  tbu8 
coinpletedL 

6').    Proof  of  equation  V.d^O. 
We  have 

and  then 

VB  ~{%  ...$X.  It.  vISth,  h.  /)^H/t, 

or  substituting  these  values,  we  liavc  tho  equation  in  question. 

66.  Proof  <^  the  expression  for  d,. 
We  have 

9i — ^*(«a-  +  y8,  +  «e.)  +  ^v; 

jind  thenoe  <qiemtmg  on  the  two  sides  respectiTely  with  d,,  =d,  we  have 
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67.    Proof  of  expression  for  Pj/f. 
Operatiiig  with  3»  upon  H,  we  have  at  once 

a^JT-  -  -  — <t>dii  +  — ,  (a .  V)  s. 

in  — I  m  —  1  »i  —  1  ' 

The  rfnifiindi  r  ..f  the  present  Appendix  is  preliminary,  or  relating  to  the 
vestigation  ot  the  expression-s  for  and  di%U,  used  ante.  No.  31. 

es.  Ftaof  of  equation  V*d  IT -49^^-179^. 
We  have  identically 

that  is 

and  then  multiplying  by  d,  and  with  the  result  operating  on  Z7,  we  find 


Now 

and  thence 

and  obeemug  that 


□17- (a.  ...$a„  a,,  ajpff 
□ai;=(«,  ...jaa,  a/,,  a«,  2a/.  %,  2a/t); 

if  =  j  a,   /(,   (/  , 
h.   b,  f 

9'  A  « 


and  thence  that 

dH-:  da,    ?h,    7"J   +  !   tt.     h,  g 

*       6,  /  j     th,  db,  df 


+  1    rt,  9 

i  dg,  a/,  ac 


that 


...3^  36.  do,  29/.  2aA, 

□aF=eif. 


254 

Moreover 


anci  thence 


that  iii 
Hence  the  equation 
becomes 
tbat  is 
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rir-  (o, ...    -  A,  ".y  ff. 

+  2/{-/X»  +0V-(-AXir-a/iv) 

ntr-    (a,  -      ...)■  dUt 

-I- Ac 

-    (881.  dS»,  dS.       8®,  d^3[X,  y)* 


[341 


Proof  of  equAtioA        =  ^  (*«^--H3*X 


We  Iwre 


(m-l> 
21i 


and  thence  multipLyiog  by  du  "9,  and  trith  the  tesult  operating  upon  {T,  we  find 

(wt  —If  (»i  —  1 )  ('»  —  I  r 

But  ('  r  =  0,  ;.i)fi  th.  nc  also  V(f')t'')  =  0,  that  is  .d)  U  +  "^dU^O;  moreover  V.d>0, 
and  theietore      .  b)  U  =  0,  wbuuco  also  V56'=0.  Therefore 

(m  —  ' 

or  suUtituting  for  dV^ZT*  its  value  —^H—Hd4>,  we  We  the  required  expressioa  imr 
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70.   Proof  of  equatiou 

We  Ii»Te 

And  thenoe  multiplying  by  di*»d*,  and  operating  on  U, 

a^a'ir-;-?-^  ^9^u+^-.  (a.  v)a=ir. 

To  reduce  (d.^)8*I7,  we  have 
•ad  aonce 

muItifdyiDg  bjr  V8,  and  with  the  reaaU  opeiattng  on  IT,  we  obtain 

wt  —  1  ja  —  1 

or  nnce  ^SIT'O,  this  is 

«»— 1 

Hence 
that  is 

Vja^i7=a(va'tr)-ya»if-  vat/. 

Ml  —  1 

Sufaetitu^  this  value  of  (d.  y)9*{/,  we  find 

in  —  I  n* — 1 

+  i^0(VW)-V8.C) 

the  three  liaee  wbenof  are  to  be  sepeiately  fiuthw  reduced. 
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7L  For  tile  fiisk  line  we  have 

and  hence 

fink  liae  of  di'9,U^  J^i^-yy      "  ^)^+  ^^)- 

72.    For  the  second  line,  have 

V  <3'ir)=  va»i;^+  2(v  .d)du 

^V^U,  aoce  7.9s»0.  and  therefore  (V.a)d2raO; 


that  is 


or  writmg 
this  is 
vheaoe  also 
SimOttly 


or  putting 


(m  — ly  (m-1)* 

= ^1  ( V  i;3*+  iTv  (a<i>))  -    1    (^'^  (a//) + a^vMJsr) ; 

17=0.   VU=-~M.    V^  =  *, 
w  —  1 


and  oheemng  also  that  7(9^).  -  V8f +(V.8)jr  is  equal  to  VaiT.  that  is  to  dViT, 
we  obtain 

uud  then  fiDm  the  above  value  of  d(Vd°(7'>,  we  find 
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or  obflerviog  that  the  tenn  multiplied  by  .  is  --(9.  V)E,  we  find 

tin— I  J" 

second  line  of  a,W  =  ^j^j^(-2if8«t>+w49ir)+^jj^(-a.  V)^). 

73.  For  th(;  third  line,  substituting  for  ^*hU  its  value  ^'^M—Hd^.  we  have 

thiid  line  of  a,«g,tr«-^-^^(<Mi5r_j?a*x 

74.  Hence,  uniting  the  three  lines,  we  hare 

+  ^^1"     ((2»t  -  2)  i/8<D  +  (-  2ot  +  2)  <bdH), 
and,  tedodng;  we  have  the  aboTe-meationed  value  of  dtW^ 


0.  V, 


38 
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ON  THE  CONICS  WHICH  PASS  THROUGH  THREE  GIVEN 
POINTS  AND  TOUCH  A  GIVEN  LINE. 

[From  tbe  QuarLedy  Journal  of  Pwrt  and  AfpfM  Math9imlie$,  voL  ti.  (1864X 

pp.  S4— ao.] 

Consider  the  systou  of  conies  wliii  li  ]>asH  thii>ii;;!i  three  given  points  and  touch 
a  giv«Q  line;  if  aiuuug  these  we  select  the  conies  which  touch  au  a^med  lioo,  it  is 
«w>y  to  abow  Muilytieally  that  dMre  Are  four  radi  conies,  all  real  or  else  alt  itnaginary ; 
vis.  the  three  points  form  a  triailigle,  uud  if  the  two  linea  cut  the  three  mdes  prataoed 
or  cut  the  Bame  two  si(i(»s  and  the  ihiiri  side  pr'nlnL-('d,  theu  the  conicH  are  all  n^nl ; 
but  m  every  other  case  they  arc  all  imaginary.  The  latter  part  of  the  theorem  may 
abo  be  aeen  geometrically;  in  lact,  if  a  triangle  ie  inscribed  in  a  conie,  say  first  is 
aa  dlifM,  or  in  a  parabola,  or  in  one  branch  of  a  hyi>erbola,  then  all  the  tangeuts 
of  the  conic  (and  tin  n  fore  any  two  tangents  what»>ver)  cut  the  thrtT  sides  produced, 
but  if  the  triangle  is  inscribed  in  the  two  branches  of  a  h^'pcrbola  (that  is,  two 
verUoes  on  one  brandi  and  the  remaining  vertex  on  the  other  InandiX  then  all  the 
tangents  of  the  conic  (and  therefore  any  two  tangcntH  whatever)  cat  the  same  two 
sides  and  the  third  side  produced:  and  thus  the  only  real  ronics  nre  thwc  which  cut 
the  three  tdd«s  produced,  or  else  the  same  two  aides  and  the  third  side  pitxiuoed. 
The  analytioal  proof  idbired  to  is  as  follows:  taking  (tf«0,  y"0»  «>0)  for  the 
-equations  of  the  sides  of  the  triangle,  the  equation  of  a  oonie  through  the  three  points  is 


or,  what  is  the  same  thing, 

Sj'yz  +  2g»0l  +  2/«ry  -  0, 

that  is 

(0.  0,  0,/,y,;i$s!,y.  *)«=0. 
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The  iuverae  coefficients  are 

-Sf.  gh.     hf,  fg). 

and  hence  the  oonditioii  in  tnder  that  the  conic  may  touch  the  line  m^fi^-¥iz^Q  is 

or,  whnt  is  1^  Mune  thing. 

Similarly  the  condition  in  order  that  the  conic  may  loiuli  tlx  linu     +  my+n*  s=0  i» 
{if )  +  i/ {nig)  +  <i/ {nh)  =  0.    Hence  if  the  couic  touch  the  two  liuef,  we  have 

:  -/iff)  :  VW-VW-^^CTm)         ;  a/(70-V(«")       :  V(««)-V(/30, 
or,  what  is  the  same  thing, 

which,  since  the  radicals  must  be  so  taken  that  the  product  may  be  =a0ylmn,  gives 
in  all  four  conies:  and  these  will  bo  all  real  if  the  sigus  of  (I,  m,  n)  are  the  same 
with,  or  opponte  to  those  <tf  (a,  fi,  y)  respeetivdy ;  irhioh  proves  the  theorem. 

In  particular  s<iuce  infioity  ia  a  line  meeting  the  three  sides  produced;  if  the 
given  line  meet  the  three  sides  piodnced,  the  qratem  will  contain  four  real  parabolaa; 

b'lt,  if  thf  given  lino  meeti<  two  sides  and  a  side  pmdiicod,  thorp  is  not  nny  rral 
parabola.  In  the  latter  caeo,  m  is  obvious  geometiically,  the  cooics  of  the  system  are 
nil  hyperholoa 

Any  side  of  the  triangle,  and  the  line  joining  the  opposite  VLitox  with  the  jjoint 
of  intersectioa  of  the  side  and  given  line,  form  a  pair  of  lines  passing  through  the 
three  points  and  meetmg  on  the  given  line;  such  pair  of  lines  is  a  conic  of  the 
system ;  and  we  have  thus  three  pairs  of  line^  each  pair  a  conic  of  the  ^tem. 

We  may  by  what  precedes  form  some  idea  of  the  nature  of  the  system  of  conies 

which  pass  through  the  three  given  points  and  touch  the  given  line.  In  fact  writing 
at  the  point  of  ccmtact  the  letters  H,  P,  E,  L  according  as  the  conic  is  a  hyporbiln, 
parabola,  ellipse,  or  pau-  of  liues,  then  if  the  given  line  cut  the  three  sides  pruducMi, 
we  have  as  in  fig.  1. 

Vn.  1. 
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Whereas,  if  the  given  Uqu  cuts  two  siilesi  aud  a  side  produced,  we  have  more 
amply  as  in  fig.  8. 

Fm.  t. 


But  to  gain  a  tnoru  precise  knowltnlge,  it  is  proper  to  coiurider  the  curve  which 
is  the  locus  of  the  centres  of  the  conies  of  the  ayitem* 

F!u<  h  lijcus  which,  as  will  pi-esently  ho  aeeu,  in  a  enrvo  <»f  the  fourth  oi^er,  must, 
it  in  clear,  pass  through  the  ]>i.iHfs  nf  intersection  (Z,,  /,...,  in  figs.  1  and  9  respectively 
and  p,  q,  r  m  'S  pa'sentiy  referrwl  to)  of  the  sides  with  tho  given  line  ;  and  it 
18  not  difficult  to  flhow  geometrically  that  it  toacftet;  at  these  points,  the  aides  of  the 
triangle.  It  may  be  shown  also  that  the  curve  has  three  nodes  (double  points),  vil. 
the  niiddlf  fMiint  of  tach  side  nf  tho  tri.uiglf  h  n  node  of  the  <M!rv<».  Tn  fact  if  upon 
any  side  w  base  we  i'pp'y  an  eijual  aud  opposite  triangle  so  a«  to  form  with  the 
given  triangle  a  parallelognnn,  then  any  conie  through  the  fear  vertices  of  the 
parallelagnuu  will  h;i\  <  fm  its  centre  the  central  point  of  the  pamllelogran] ;  that 
jo,  the  middle  point  of  the  side  in  tjuestion.  But  wo  may  through  the  fmr  vortices 
describe  two  oouics,  each  of  them  touching  the  given  line ;  that  is  the  middle  point 
of  the  side  is  the  centre  of  two  different  conies  of  the  systmn,  and  it  is  therefixe  a 
nocle  upon  the  curve  of  ceuti-ea.  Aud  moreover  the  ikmIo  will  he  a  cninode  or  an 
acnode  (Le,  a  double  point  with  two  real  branches,  or  else  a  conjugate  or  isolated 
point)  according  oh  the  couic^i  are  real  or  imaginar}*:  and  it  is  easy  to  sec  that 
if  the  f^wti  line  does  not  cut  the  paralletograan,  or  if  it  cuts  two  opposite  ades, 
the  conies  will  be  b<ith  real ;  but  if  it  cuts  two  mljiwent  sides  the  conies  will  be  both 
imaginai-y ;  that  is,  in  the  foniier  qouc  we  have  a  cruuode,  aud  in  the  latter  an 
acDode.  Through  each  node  may  be  drawn  two  tangents  to  the  curve;  aud  it  is  a 
known  property  of  curves  of  the  fourth  order  that  the  six  points  of  contact  lie  «n 
a  conic;  one  nf  the  fmipintrs  thii>ii<,'h  the  nod<;  is  however  the  si'li'  whrrpm  thi'  noil-' 
lies,  and  the  points  of  contact  of  the  three  sides  lie  on  a  line.  viz.  the  given  line : 
hence  the  last  mentk»ied  omic  is  composed  of  (he  given  line,  and  another  line;  that 
is,  the  three  pmnts  of  contact  of  the  other  tangents  through  the  three  nodes  lie  on 
this  other  line. 

It  is  proper  to  add  that  the  pomts  at  infinity  of  the  curve  of  centres  are  the 

centres  of  the  four  parabolas;  that  is,  there  will  be  four  infinitti  branches,  if  the 
pnnibolns  iiro  real,  xh.  if  the  givin  line  cuts  the  three  siiles  produced;  but  no  infinite 
brauch  if  the  parabulad  aie  imaginary,  viz.  if  the  given  line  cut  two  sides  and  a  side 
produced. 
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The  triaogle  ood  the  three  triangleii  applied  to  the  three  sidva  toriii  together  a 
triftogle  nmihr  to  tbe  original  triangle  bat  of  double  the  UD«ar  magnitude,  and  the 
team  of  the  carve  of  centres  depends  as  has  been  shown  on  the  poution  of  the  given 
lino  in  if£^rd  to  thi-  triang!i>  and  th<-  floiibl'-  triiingto.  The  cases  to  he  considered 
are  tolerably  numerous,  but  it  is  cmy  fiom  the  foregoing  couMidcratioas,  to  see  in  any 
putioular  caw  what  is  the  form  of  the  curve  of  centres;  for  ftcUity  of  delineation 
I  select  a  form  without  infinite  bmnches,  see  fig.  ti,  in  which  the  given  line  cutM  the 
two  ades  CA,  OB^  and  the  third  «ide  AB  produced;  it  ia  moreover  to  be  obeerved 


An.  3. 

0 


that  as  the  figure  is  drawn  the  given  line  cuts  the  two  sides  CA,  CB  below  their 
middle  points  Q  and  P  i-espectively.  By  what  precedes  it  appeiirs  that  the  middle 
pnata      P  %M  these  two  ddee  GA.  CB  are  each  of  them  crunodea.  but  that  the 

niMlle  fM)int  R  of  the  rrinahiiiii;'  side  AE  i><  an  artjode.  Aiul  this  being  SO  the 
gcQeml  form  of  the  curve  is  at  once  perceived  to  be  that  shown  bv  tig.  '!. 

It  is  very  intcrif*stii»jT  to  trace  the  corresponding  positions  of  the  })<)iiit  of  contact 
ou  the  given  line,  and  of  the  centre  on  the  curves  of  centres.  When  the  point  of 
oQDtact  is  at  00,  the  centre  is  at  /,  as  the  point  of  contact  moves  from  «  to  9,  the 
centre  moves  from  /  to  q,  and  at  q  the  two  coincide  ;  as  the  point  of  contact  moves 
fimm  7  tt)  a  point        the  ti  titn-  moves  from  f/  to  Q  (along  the  branch  as  the 

point  of  contact  moves  Ironi  to  a  point  1\,  the  centre  moves  from  Q  to  P  (along 
the  bi«nch  Q21P);  as  the  point  of  contact  moves  from  P,  to  the  centre  moves 
from  P  to  J)  (along  the  branch  Pi)  and  at  p  the  point  of  contact  and  the  centre 
again  coiticidf ;  as  the  point  of  contact  moves  from  p  to  r,  the  centre  moves  from 
j»  to  r  and  at  r  they  t^ain  coincide;  as  the  point  of  contact  moves  from  r  to  a 
point  P,  the  centre  moves  ftom  r  to  P  (along  the  branch  2P);  aa  Ae  point  of  contact 
iiKivts  from  /',  tu  u  }>oint  Q,,  the  centre  moves  fi-om  P  to  Q  (along  the  bi-nnrh 
P2  IQ)  and  filially  as  the  point  of  contact  moves  from  Q,  to  oo,  the  centre  moves 
from  Q  (along  the  brandi  Q,)  to  /,  thus  completing  the  circuit. 


Digitized  by  Google 


262  ON  THE  OONICS  WHICH  PASS  THROUGH  [342 

The  equation  of  the  curve  of  rentres  was  given  in  the  late  Mr  Hearn's  "  Researches 
on  Curves  of  the  Second  Order,  4ic.  London,  1846,"  viz.  if  a;  =  0,  y  =  0,  « =0  be  the 
equations  ol  Ibe  udes  of  die  triangle  fonned  bjr  the  giveo  points;  the 
equation  of  the  line  infinity,  and  «ae+0y+yg^O  the  equmtbn  of  the  given  line,  then 
the  equation  of  tite  curve  of  centres  is 

V  {«<-*+y + *))  +  V  Wy  («-Jf + «))  +  V  IvtCar+y «=0. 

or  move  geneiaUy  if  c+y+svO  he  the  equation  of  sa  swumed  line^  that  this  equation 

is  that  of  the  locus  of  the  pole  of  the  asHunicrl  line  in  rugau!  to  the  conies  pasi^ing 
through  the  given  points  and  touching  the  given  line,  see  my  paper  "Note  on  a  Family 
of  Curves  of  the  Fourth  Order,"  Cambridge  Mid  Dublin  Mathematical  Journal,  t,  v.  (IboO), 
pp.  148—152,  [85],  whete  I  have  noticed  the  ahove  mentioned  property,  that  the  oonie 
throTigli  the  points  of  contact  of  the  tangctits  through  the  nodej^  break?  up  into  a 
pair  ot  lines.  It  is  X  think  worth  while  to  show  bow  the  equation  is  obtained.  The 
equation  of  a  oonio  through  the  given  points  and  touching  the  given  line  ui 

(0.  0,  0,/.  ff.  h-$^x.  y,  z)»  =  0 

with  the  conditinn  (a/)+ v'(i9»/)  +  v' (7^')  =  0,  aid  this  being  so,  the  coordinates  <rf 
the  pole  in  relation  thereto,  of  the  assumed  line  ^  +  y  +  £  =  0,  are 

:  ( 

We  have  thence 

—  proportional  to  ~(-/+g  +  h)/ 

+  (  f-9  +  h)g 

+  (  /+f7-A)A. 
that  is,  to/*-(g-h)',  which  is  =(/-jr +  *)</+ fir -A), 

and  combining  with  this  the  equation 

a*  pnq[»ortiainal  to  i—f+ff+h)/m, 

ire  obtain 

m  {—  X  + 1/  +  z)  proportional  to  a/, 

that  is 

so  that  from  the  equation  V('yA)«0,  we  have  at  once  the  fivegoing 

equation 

V  {«a?  (- <t  +  y + *))  +  V  (/^  («  -  y + *))  +  V 17*  (« + y  - ')i  *  0. 
The  xationaltsed  form  ts 

<1,  1,  1,  -1,  -  1.  -l5«ar(-«  +  y+*),  i9y(»-y  +  *),  7'(«+y-*))'-0, 
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which  shows  what  has  been  all  along  aaaumed,  that  the  curve  ia  of  the  fourth  order. 
This  equation  may  be  tnuMfivmed  into 

+  y»(  a-.f-  +  /?y  +  7^;-  +  '2^y]jz  -  2yaz.i:  +  la^y) 
+       (a-A-'  +       +  y-£'  +  2^yy£  +  2ycux  —  2a^jf) 

—  2yz  (ax  +      +  72)  (—  or  +  /9y  +  fz) 

—  2£x  {ax  +  ffy  ■>r  jz)  {    ax  —  fiy  +  ys) 

—  2xy  (cLc  +  %  +  7^)  (    XT  +  $y  —  yz)  =  0  : 

if  with  this  equation  we  combine  the  equation  eu;  +  /3|y  +  y«">0,  we  find  at  the  points 
of  intersection  with  the  given  line 

that  is 

xjfM  yoxf  +  ^)  «0, 

«o  that  the  pomte  in  queatioii  aie  the  inteneotions  of  the  given  line  a»+/9y-f 7<b0, 

iwth  the  Knee  «-0, y  =  0»  *-0, -+?  +  -»0.  The  point  «»  +  /3y  +  7z  =  0,  -  +  |+^-0 

a    p    y  a    p  y 

correspundB  to  the  conic  which  touches  the  given  line  at  its  intersection  with  the 
Hummed  tine  x+ff+fO,  the  pole  in  refaction  to  this  flonic  is  obvioudy  a  point  on 
the  given  line.  The  point  in  queiitionr  if  x+jf+*^0  denote  the  line  inlinityj  is  the 
point  /  of  fig.  3. 

It  mny  hp  proprr  to  mrntion  a  far  less  syninictrical  form  of  the  equation  of  the 
conic,  but  which  h:is  the  advantage  of  putting  in  evidence  the  point  of  contact;  viz. 
the  equation  ifi  (^x]»^«  «ied  in  terms  of  the  panuneter  a  denotii^  the  distsnoe  of  the 
point  of  contact  from  a  given  point  in  the  bitse  line,  and  which  ia  thcrcforo  very 
conveniPtit  for  ti-aciug  the  rhaiii^c^i  of  fonn  of  thu  conic.  Assuming  jis  before  that  the 
base  line  cuts  the  sides  produced,  then  (see  hg.  4f)  if  of  the  three  points  1  denote 

¥10.  4. 


that  which  i»  furthest  fioni,  and  2  tliat  which  is  neai-est  to  the  ba*M'  line,  mid  if 
the  base  line  be  taken  as  th*^  axis  <<(  .r,  and  2S  m  the  axis  of  y;  the  equation  of 

the  base  line  ia  ystQ,  and  the  equations  of  the  siUc^j  23,  31,  12  are  «  =  0,  ^  + 

whMtt  a,  ht     V,  a'  — a,  V—h,  a'b—aitf  are  all  poddve,  ao  that,  by  choonng 
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tile  axes  as  above,  tire  avoid  the  cooriclemtikm  of  the  aeveml  cases  coiiTespoiidiii{p  ts 

different  signs  of  tliese  (quantities.  And  this  being  ao^  if  m^a  b  the  COOKfilMte  «f 
the  point  of  contact,  the  equation  of  the  conic  is 

{A,  B,  C,  F,  G,  Mim,  y.  ly^Q, 

where 

f  —  al»  («'-(»)(ir+A), 

G  — 2a»'(a'-a). 

J5r>  {(tf+aaO(^-()-2a((<i&'-a'»)}» 

and  these  give 

AB-B*  —  [««  -a)        +(«-  <0^(6)}«  -<o'-  a)  (a'6  -  oi^]  x 

BC-  F*  — a«<ar-ay(6'-6y, 
OA-0*  ~  0. 

G>f  -      — 8Ur(tf'-  a)(fr'-  6)a(«-  »)(«-  a'X 

isri^  -  j<?  =  -  («'  -  «)  (6'  -  t)«F  {(r a'*)}. 

lIQi         —  2»'(a' - a)(('- i)a* (a - o) (a -a*). 

The  eoudition  that  the  oooie  may  he  a  parahoh  is  AB—S^'^O,  which  givesj,  ss  it 
dionld  do,  four  real  values  of  o: 

2,  Sloue  BuUditigi,  WXJ. 


! 
I 
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ON  THE  CUSP  OF  TH£  SECOND  KIND  OH  NODEOUSP. 

[From  the  Qttariaiy  Journal      Pure  and  ApplM  Matii»matie$,  voL  TL  (1864). 

PP^  74.  75.] 

Tu£  so-called  cusp  of  the  second  kiud  ui  mmphuid  cu8p,  is  not  au  ordiiuu^ 
nngularity  of  plane  curves,  Intt  it  is  a  ringiilarity  of  a  higher  dider.  It  b  however 
p«rUcukrly  considered  in  Plilcker'8  Theorie  der  Analjftuehm  Curven,  18S9;  and  it  is 
there,  not  only  in  the  analytical  duK;u»sion  of  the  »ing\ilaritif>s  of  plane  curves,  htit 
ID  the  author's  theory  of  the  generation  of  a  curve,  considered  as  describett  and 
enveloped  hy  a  point  moTing  along  a  line  which  at  the  same  time  rotates  round  the 
point;  when  the  motion  along  the  line  vanishesi  we  have  a  cusp;  when  the 
motion  round  the  point  vanishes,  we  have  an  inflexion;  when  the  two  motiona  vanish 
together,  we  have  a  cmtp  of  the  second  kind,  which  thus  presenU}  it«elf  as  a  aiogulurity 
uniting  the  ehaiaeten  of  a  cuep  or  etationaiy  point,  and  an  inflexion  or  atationaiy 
tangent:  (T  niuaik  in  ])a.-siiii;  that  in  this  expbnatiou  it  is  not  clear  what  is  the 
independent  variable  wherewith  the  motions  are  compared).  But  there  is  another  point 
of  view  from  which  the  bingularity  in  question  may  be  considered,  viz.,  it  may  be 
re^oded  aa  a  nngnhuitjr  axiabg  fioa  the  nnioa  and  aroalganiation  of  a  ouqi,  and  a 
double  point  or  node;  in  &et,  in  the  figure,  which  rcprcecote  a  curre  having  a  cu«p 


and  also  a  node,  we  have  only  to  imagine  the  node  approaching  nearer  and  nearer  to 

anrl  iil'iniately  cninriding  with  tlif  riisp,  and  it  will  be  nt  onr^  !»ccn  that  the  jvoint 
will  become  a  cusp  of  the  second  kind ;  or  as  it  might  properly,  with  reference  to 

a  T.  84 
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this  genenUioQ  of  it,  be  termed,  a  "  nodcciisp."  It  is  to  be  noticed  that  in  the  point- 
tiieoiy  of  earvee.  there  b  iMtwem  the  casf  and  the  nodecusp  the  mtennediate  nngularity 
of  the  tacDode,  which  arises  hwt  the  ttmon  and  amalgamatioii  of  two  nodes,  and 
poMwaeg  the  chaimeter  of  a  cuflfk. 

I  retttm  to  the  nodecusp;  taking  the  point  in  question  the  origin,  and  the 
tangent  tar  the  axis  of  «v       equation  will  be  a  spedatiaed  Uttm  of  the  equation 

which  belongs  to  the  case  of  a  cusp,  viz.  (see  Flttcker,  p.  165)  the  eandilioiia  satisfied 
by  the  spedal  fenn  are  aa»0,  a'^SI^,  or  the  eqnatiflii  is 

\{y->r\hij^y->r\if{%cx-ir  dy)+  ^  </(•«» V  +  6c'flfy  +  4<rxy»+  ey)  +  &c.  =0. 

which  is  most  easily  verified,  by  observing  that  (this  being  so)  the  expansion  of  y  in 
terms  of  «  will  be  of  the  form 

It  is  now  to  be  shown  how  the  foregoing  conditionis  a  —  0,  a'  ■=  ^h"^,  are  obtained  1^ 
assuming  that  the  curve  has,  bctudcs  the  cusp,  a  node  which  uliimateiy  coincides  with 
the  cnspi.  Let  (a,  j9)  be  the  ooordinates  of  the  node ;  we  most  have 

i/J^  +  H".  ^.  c,  d^a,  i3r  +  ^(a',  b\  c,  d',  c'Ja,  ySV  +  &c.  =  0, 
\{a,h,c\a.^y    +  i  (a',  b',  c',  d'^a,  0y    +&c.  =  0, 
/3  +i(6.  c,  rfja,  ffy     +  i  (6'.  c'.  rf.  e'$a.  +&c.  =  0. 

Assume  fi^me^,  and  then  let  a  vanish;  the  equations  become  in  the  fiist  instance 

^  oi^ + m' + iint -h  ^  a')  a* -K  Ac.  ^  0. 

(m+l*)af+&c;  -0, 
the  second  and  third  equation  give  a->0,  m+^dsO,  and  the  first  eqiw^  then  gives 

^  «t-  +  i  bm  +  ^a'  —  0; 

or  substituting  for  vi  its  value  =  — ^6,  this  is  o'  =  3i*,  or  the  rcqm'rtHl  conditions  are 
a  B  0,  a'  a  Sb*,  lit  tuprd.  The  single  condition  a  s  0  corresponds  to  the  case  of  the 
tacnode. 

S.  8km  BuOdbiifi,  W.C^  S9ptmA«r  17.  1868. 
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ON  CERTAIN  DEVELOPABLE  SUBFACES. 

[From  the  Quarter^f  Jemmal  of  P'.-c       Applied  McUkemaiict,  voL  tl  <1M4), 

pp.  10b— 12G.(')J 

If  ZTb  0  be  tbe  eqwdloo  of  »  developftble  suifcce,  «r  asy  a  develo|Mibie,  then  the 

Hessian  HU  vanishes,  not  identically,  but  only  by  virliu'  of  the  ecpmtion  C  =  0  of  the 
surface i  that  is,  UU  contaioft  U  us  a,  factor,  or  we  may  write  HU=U.PU;  the 
function  PU,  which  for  the  developable  replaces  as  it  were  the  Hessian  HU,  is  termed 
the  Prohessiau ;  and  (since  if  r  be  the  order  of  U  the  order  of  BU  is  4r  —  S)  we 
have  3?'  — 8  for  the  order  of  the  Prnhcs^siun.  If  r  =  4,  th«  order  of  the  Prnheasian  is 
also  4,  and  in  iact,  m  i»  known,  the  Prohcssian  is  iii  thit>  case  =  U.  The  Probessian 
is  considered,  but  not  in  much  detail,  in  Dr  Salmon's  Otemetry  of  2%rM  Dimentiont, 
(1862),  pp.  338  and  426  [Ed.  4  (  i  s^2  ».  p.  408]:  the  theorem  given  in  die  latter  plaoe 
18  almost  all  that  is  known  on  the  subject.  I  call  to  miiui  that  thr  tan^jcnt  plane 
along  a  generating  line  of  the  developable  nieet^i  the  developable  in  this  line  taken 
2  times,  and  in  a  curve  of  the  order  r  8 ;  the  line  touches  the  curve  at  the  point 
of  contact,  or  say  the  ineunt,  on  the  edge  of  regreHsion,  and  besides  meets  it  in 
r  — 4  points.  The  inotint  taken  ^  times,  and  the  r  — 4  points  fonii  a  Hnt-ar  system 
of  the  order  r  — 1,  and  the  Hessian  of  this  system  (considered  as  a  curve  ot  one 
dimension,  or  binary  quantie)  b  a  linear  qratem  of  Sr— 6  pmnts;  viz.  it  is  composed 
of  the  ineunt  taken  4  times,  and  of  2r~10  other  points.  This  being  so,  the  theorem 
is  that  the  j^enerating  line  me«^t«  the  Prohetwian  in  the  ineunt  taken  6  times,  in  the 
r  — 4  poiuLs,  and  in  the  2r  — lO  points  (6  +  r  —  4  + 2r  —  10=  3r -8)  ;  it  is  assumed  that 
r«5  at  least. 

Hie  devetopftbles  whidi  first  present  themselves  are  those  whidi  are  the  envelopes 
of  a  plane 

(a,  6,...j[t,  1)"=0. 

*  Plwtod  to  fhs  SsTil  SocMgr  sad  nad  t7  Nov.,  IMS.  bat  wifhdnwa  by  paiaiMiaD  of  the  Council 
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whtftt  t  18  m  arUtrary  ponmeter,  and  the  coeffideata  (a,  fr,...)  are  linear  funetioitt 
of  the  oooidmateB;  th«  equatton  of  the  developable  ts 

the  discrimiBant  bd.ng  taken  in  i-cgard  to  the  pai-ametcr  L  Such  developable  is  ia 
general  of  the  order  2n-2,  but  if  the  second  ooefficicnt  b  ia  ^0,  or,  more  geneiaUj, 

if  it  is  a  mrrp  ininn'i-ical  ni\ilti|)If  of  a,  then  it  will  (livirlo  out  from  the  equation,  and 
we  have  a  developable  of  the  order  2»  — 3:  the  like  property  of  course  exists  in  regard 
to  the  Inst  but  one.  and  the  hat,  of  the  ooeffidents  of  the  fiinctioiL  We  thus  ohtain 
devdopahlea  of  the  nnUiH  i,  5,  and  6,  sufficiently  simple  to  allow  of  the  actual 
calcnintion  of  their  Prohessians,  and  the  chief  object  of  the  present  Metnoir  is  to 
exhibit  these  ProhessiaDS ;  but  the  Merauu*  cuntaius  same  other  researches  in  relation 
to  the  developahlea  in  question. 


Quartic  DeveU^xMe,  jVof.  1  to  & 

1.  I  oonrider  lint  the  developable  of  the  fourth  order 

Zr- -  eofini  +  4«i^  •(- 4M  -  Siy. 

derived  from  the  cubic  fuurtion  (a.  b,  c,  d^t,  ly,  and  which  is  in  kct  the  general 
qoartio  developable. 

2.  Taking  (a.  6,  c,  d)  m  coordinates  and  omitting  common  numerical  factors,  the 
first  derived  fouetioiis  are 

(Up  -  nbcd  +  20"  , 
-  Hacd  +  6b*d  -  3fec», 

o'd  -  liaic  +  26* , 

(quantities  which,  if  (A',  F,  Z,  W^t,  1)'  dciioto  the  eublcovariaiit  of  (a,  b,  c,  dl^t,  1)*, 
are  equal  to  (—  IF,  3Z,  —  3F,  X)  respectively).   And  the  second  derived  functions  are 

(P  ,  -  Serf  ,  -  SW+ec",  2a<i-36c, 
-9od  ,  }2bd-:i<f,  -  ikid-Gbc,  -3ac+66», 
-36ti  +  6e»,   -  fiad-6bc,      12«c-3t',   -3a6  , 


S.   Representiiigr  these  by 


A.   H  G.  L, 

H,   B,  F,  M, 

O,  F,  c,  y, 

L,  M.  N,  P. 
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And  exiMwdng  tiie  determinaikt  in  the  partially  devdoped  form 

-  (AM -LH)  {FN  -CM) 
■k-{AN  -  LG){FM  -BN) 
^{AP-D  ){BG  -F*  ) 

+  iHP-LU)(F&  -OH) 
md  prooeedtng  to  the  calculatton,  we  find 
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A.V-  LIT 

FIf-  Of 

AN~LG 

FM-BN 

AP-L* 

BC-F* 

=  3x 

=  9x 

-3x 

=  9x 

ae^  +  1 

d'bd  +  1 

abd^  +  1 

rt'rJ  -  1 

«W  -  1 

a'f/»  -  1 

6V  +  2 

aV  +  4 

ac'd   -  4 

aA'rf  +  2 

abed  +  4 

abed  +  12 

icW  —  S 

ni/>c  -  7 

h'rd  3 

rtfcc*  +  1 

ftV  -  s 

nc*   -  4 

ft*  +2 

tc'    +  6 

ft'c    -  4 

W  _  4 

W  -  3 

HN-Olt 

HF-LM 

FG-ca 

GP~LN 

HF^BQ 

»9x 

»9x 

a<^  +  1 

aV<<  +  1 

aM>+  1 

1 

<mP  -I-  I  1 

+  1 

oA't/-  4 

ocV  +  2 

aV  +  2 

6'<P  +  4 

-  2 

oAc^  ^  3 

b^cd  +  1 

oftV  -  3 

ftcW  -  7 

ftie    4-  6 

i<i>  -  4 

«*     +  S 

4  Henoe,  fintming  the  six  parte  and  ooUeefcmg,  we  find 

27  X 


1 

+  1 

12 

+  1 

+  1 

-  16 

1 

*  1 

aVo' 

+ 

8 

-h  4 

-  4 

+  4 

+  8 

H-  3 

+ 

8 

+  S 

4-  3 

■•■  4 

-  4 

4-  4 

a^b'<^d' 

+ 

30 

_  o 

-  10 

*H 

-  10 

^  2 

a'bc'd 

48 

-  12 

+  2 

-  16 

-  10 

-12 

«V 

+ 

16 

+  12 

+  4 

48 

-  12 

-  10 

-  16 

+  2 

-12 

68 

4-21 

+  25 

-  48 

+  24 

+  25 

+  21 

oiV 

24  1 

+  6 

+  13 

-48 

•hl2 

-  6 

+ 

16 

+  4 

4-  12 

<nct* 

24  ! 

-  6 

+  U 

+  12 

-  48 

+  6 

9  j 

-24 

+  9 

•f  48 

-  24 
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where  the  first  column  is  the  Heasiao.    ThLs  in  in  fact  =  L'%  and  hence  the  Proheasjaij  ia 


<r,P 

+-  1 

abed 

-  ti 

euP 

+  4 

1-  4 

-  S 

6.  To  eomplete  the  theory  it  ii  to  cateakto  the  iiiT«ne 

^.  9.  8» 

« .  C,  «. 

8.   3X.  K, 


We  b»ve  Ibr  eMmfde 
wluok  »  fbond  to  be 


9  X 


I 


1 
G 

oc**/"  -  4 
VeP   -  16 

he'd  -  36 
«•      +  12 


J 


whidi,  omitting  the  fiM^tor  9,  is 

«  3  (mi*  -      +  S0^)F  -  4rf*  ((^  -  eoktf  +      + 4M  >  ttVX 

thftt  k  bSIP— 4(Mr;  ftnd  cdealatiiig  m  like  mamier  the  oth^  ooeffiete&te»  the  tf/tHm 
is  found  to  be 

9YX  ~*ahU         ,  Sr*  -iacU         ,  971 -{1011+ 9bc)U,  8Fir+(2M-60')(r. 

'iWX  4-(5ad-%c)U.    ■SWY  +  {2ljd  -t>d')U,    3  Vt'Z  -  icdlT,         ,   8^'  -^U 
6.  Let  (X,  fi»  V,  /i)  be  any  arbitruy  multiplieta,  aiid  write 

(f.  9.3.«)-(  «.         «.  «  JX.  P\ 

9.  9.  at 

%,  n,  ft 
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tbea  if  ^-3(XJ  +  /*F  +  »'Z  +  plf),  we  have 

The  fonetion  (JT,  Y,  Z,  WSt,  Vf  is  the  cuUcovariant  of  (a,  b,  c,  I)*  aud  if  for 
a  mornont  these  functions  are  repreaeDted  by  v,  «  reflectively,  and  if  we  aim  write 

U'^a^dr-im.'^O  (a,  b,  c,  d),  then 

ia+62[»  b  +  eY,  0  +  02,  d  +  0W]jii,  iy^u  +  0», 

aud  thence 

G{a+dX,  b  +  er,  C  +  0Z.  </  +  dlF)-DiMt(«  +  ^v), 

by  a  formula  given  in  my  "  Fifth  Memoir  on  i^uantics,"  PhU.  Tram.,  i.  CXLVIII.  (1853), 
«ee  {K  44S  [156J;  the  fuootion  on  tbe  left>h»nd  dde  thus  cootMns  «s  •  iaotor, 
and  it  at  once  follows  that  the  ftmctioik 

tf(a  +  %  h  +  9,  e+3.  d+m)\ 

viz.,  the  function  obtained  from  U  by  writing  therein  (a+i,  6  +  S).  c  +  3.  <i  +  2iJ>  m 
the  place  of  (a>  b,  e,  d)  reqpeetiirely,  oobtains  27  as  a  fitetor,  and  thei«fore  vanubee  if 

£7=0;   that  is  a+J,  c  +  3,  cZ 2D,  arc  the  eoiidmates  of  a  point  on  the 

surface  {7=0;  they  are  in  fact  the  coordinates  of  a  point  on  the  generating  line 
through  (a,  b,  c,  d) ;  this  is  a  theorem  which  applies  to  my  developable  whatever,  as 
appears  by  the  following  ooosidanitions. 

Rmarlkt  on       OtMnd  Theory  of  DeveUtpahles,  No8,  7  (o  9. 

7.  In  general  for  any  suduce  whatever,  taking  a  point  on  the  surfistce,  the  succt  ssivo 
polars  of  this  point  (the  lart  of  them  being  the  tangent  plane)  all  toneh  at  this  ]>  >iut ; 
and  not  only  so,  but  the  tangents  to  the  two  blanches  of  the  curve  in  which  the 
surface  itself  (or  any  of  its  polars  down  to  the  qtiadric  jxilar)  is  intersected  by  the 
ultimate  polar  or  tangent  plane,  are  respectively  coincident.  Suppoae  that  for  any  point 
on  the  surfikce,  the  quadrie  polar  beoomee  a  oone;  the  vertex  of  this  oone  is  not  the 
point  itself;  hence  the  tangent  plane  ait  the  point  touches  the  cone  along  a  generating 
line;  that  is  the  tangents  to  the  curve  of  intersection  with  the  surface,  or  with  any 
of  its  polars,  coincide  with  the  generating  line  of  the  coue — and  the  curve  of  inter- 
seetioD  of  the  tangent  plane  with  the  surboe,  or  any  of  its  polan>  at  the  point  of 
contact  (instead  of,  as  in  general,  a  node)  has  a  cusp.  In  particular  the  curve  of 
intersection  with  the  wiirtace  hixs  at  the  point  of  contact  a  cusp.  The  condition  that 
the  quadrie  polar  may  be  a  cone  is  HU  —  Q,  aud  when  this  diiferential  equation  is 
satisfied  in  virtue  of  the  equation  IT'sO  (that  is,  when  we  have  {dentioally  HJJ^  U.PU), 
the  surface  is  a  developable.  Now  all  that  is  proved  in  the  first  instance  by  the 
equation  HU=0  is  that  everi/  point  of  the  surface  has  the  above  mentioned  property; 
viz.,  that  the  tangent  plane  at  the  point  cuts  the  surfiacc  io  a  curve  having  a  cu.sp 
at  the  point  in  question. 
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8.  What  really  happeus  in  the  cue  of  a  developable  ia  more  than  tfaia;  vis.  the 

curve  of  inten<ection  i5  made  up  of  the  gcncmtiiig  line  taken  twice,  and  of  a  curve  of  an 
orHor  less  hy  2  thnn  the  ..nli  i-  ..f  -•iif:!'  .  .  T.i-t  i.r.  v,  »,  w)  be  the  coordinates  of  the 
point  on  the  developable,  U=i)  the  equation  ot  the  dcvciopabie,  {A,  B,  C,1\F,  G,II,  L,  M,  S) 
the  aeooud  derived  funotiona  of  U,  {%  9,  C,  %  9.  9>  ^.  91)  the  inverse  ajatem, 
K  the  determinant  formed  with  the  i^coitd  derived  fiinctionK,  »o  that  we  have  K^EU^tk 
The  coordinates  of  the  vertex  of  the  oone  are  given  by  the  equationa 

a  :  j3  :  Y  :  8-91  :  ^  :      :  ^  , 

=      :  «  :  8  : 

=  W  :  ^  (5  ■  , 
=  ^  :  tlK  :  3J  :  ; 

theac  several  sc\.»  of  mtio^  being  e<{tMvu1eiit  to  each  other  in  virtue  of  the  equatioiB 
K  =  Q.    Heuce  (X,      i*.  pf  being  arbitrary  uiultipliers,  if  we  write 

(i'.      3.  SB)  =  (  a.   -0  .   ®.  t-^ 
^.         g.  "3X 

the  coonlmates  of  the  vertex  of  the  cone  will  be  as  i:  :  1^  :  3  ■  *^od  hence  obscning 
that  the  ahaolttte  magnitudes  of  these  qwmtities  are  arbitnuy,  <r+3f  :y-t-9  :  '-l-S 
will  reprenent  the  coordinates  of  any  point  on  the  line  joining  the  point  («,  jf,  g,  w) 
with  the  vertex  of  the  cone,  that  ia,  the  venerating  line  through  the  point  (x,  y,  z,  w); 
which  the  theorem  in  question,  the  coorduuiteii  being  iu  the  present  investigation 
denoted  by  1,^  ,  ^,  z,  w)  instoMl  of  the  {a,  b,  c,  d)  of  the  example. 

9.  Reverting  to  the  developable  IT-a^— ftc^O,  the  results  previoualy  obtained 
riiow  that  the  coordinates  of  the  vertex  of  the  cone  whitli  i-  the  quadric  polar  of  the 
point  (a,  b,  r.  (I)  an  ns  A'  :  Y  :  Z  :  W  (th>'«("  »|Mantitics  denoting  a-  ;ibo\  r  the  coefficients 
of  the  cubieovariant),  and  thence  al*o  that  the  coordinates  of  any  point  on  the  gene- 
rating line  will  be  aa  a+$X  :  6-1-^^  :  c+$Z  :  i+0W,  where  0  ia  arbitrary. 

Special  QtUntie  DevehpMe,  Koa.  10  to  25. 

10.  We  hav» ,  secondly,  the  developable  of  the  fifth  order 

U  =  a»e»  +  6a^c>e  -  iiaffce  +  9(jc*  +  166«e  -  86V  =  0, 

derived  from  the  quartic  function  (a,  26,  3c  0,  —  27e]^t,  I  )*,  or,  what  it*  the  aame  thiag. 
a|i^.86f  ■l-18cf*-~-S7e«0,  where  it  will  be  observed  that,  as  well  in  the  quartic  funetMB 

as  in  the  ei|iijitiriii  of  the  (i  vt  lopable,  tlio  sum  of  tlu>  imrncrical  cooffieients  is  ™  zero; 
it  was  on  lhi»  account  that  the  foregoing  Ibrm  of  the  quartic  function  was  selected 
in  preference  to  the  form  (a,  b,  c.  0,  e^t.  If.  The  last  mentioned  fiwrn  has  for  it« 
diacriminant 

(M  +  3^-  87 (ooe- 6^- eO^,  - «(aV-  18iA«V+fi4(i«fV»+ Sloe'' S7tV- SiiVX 
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and  wriliBg  therein  in  place  of  (a,  b,  c,  e),  the  values  (a,  26,  lie,  —  27e),  the  second 
&Ctor  divided  by  720  gives  the  foregoing  expreenon  for      belonging  to  the  form 

Ui,  2b.  'k.  0,  -  27e^t,  1)'. 

11.  Taking  (a,  b,  c,  e)  as  coordinates,  and  omitting  couimoa  uumerical  factors,  the 
tint  derived  fiinctioiM  «f  CT  are 

3«V  +  I2<tc-e-  lib'ce  +  9c*  , 

I2u^e  -  24'tlj-e  +  :](jatr'  -  2il-c-. 
2rt'e  +  GaV  -  iia^c  +166*  , 
and  the  second  derived  functions  are 
3  (ae-  +  2tfe)    ,  -  246ce 

-  2-ihce  ,  8  (-  3acp  +  1 -  c*), 
6  ( 2a('e  -  2b-e  +  tiif).  24  (-  abe  -  bte')  , 
3  (a  e  +  2a<r  -  ilrc),    «  (-  3a6c  +  46»)  , 

12.  Bepreaenting  these  hy 


6  (2actf  -  2b'e  +  8c-*).    3  (a'e  +  2ac*  -  4ir'c). 


G  {d-e  +  i)a<f  —  4rbx), 
6(o'c-2o6»)  , 


a* 


A ,  H,  G,  L , 
U,  B,  F,  M, 
Q,  F,  C,  N, 
L.  M.  N,  P, 
and  expressing  the  determinant  in  the  |iaiti;illy  rievLli>i>i  d  furni 

P  (A  nc  -  A     -  Bfr-  -  CH'  +  IFGH) 

-  D  (BC  -r')-M'{  VA  -  (r  - 1  -A^UAB-  U*) 

-  2  MX (GH-AF)-  2NL {HF -  BO)  -  2LM {FG -  CH), 

then,  proceeding  to  the  calculation,  we  have 


BC-F* 


-  3 
oVe  28 
aSVe  4-  96 
«e»  -  9 
^  -  46 
8V     -  8 


CA-^G* 
-18  k 


«V  +  I 

flW  +  3 

nb^cr'  +  11 

«cV  -  0 

-  8 

ftV^  -t-  16 

<i»  -  18 


AJl-JP 
=  24x 


rtrV*  —  7 
c»«    -  2 


GH-AF 

 «■ 

n-4«*  +  1 
abcV  -  I 


6cM 


+  4 
-  4 


UF-  BG 
=  48x 

a'-'ce*    +  6 

OC**!  +11 

6V     +  24 
-  26 


FG-CH 
•  144  k 

i  '  

«"irr*  —  I 

rtiV  +  2 

rtArt-  -  4 

A'c^ «  -  2 

*«•  -  3 


»288x 


C.  V. 


-  3 

aW  -  10 

fiW  +  15 
'  oAW  +  72 
,  aM:\!*-  168 

91^9     -f  60 

j  *V  CMl 

•  iw  --200 

I  m  -112 
I  «^       -I-  18 

85 
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jr*.64x 

2iiri^  =  36K 

2itJr»41jx 

.  '  s 

4  ■  ^ 

a*e»     +  1 
a'c'e   +  4 
a'iVa  -  8 
flV    +  4 
oAV  -  16 
&V    +  16 

' « W  +   9 ' 
a6V    -  24 
+16 

aV*    +  1 
a'6»c  -  4 
1^+4 

/          '  s 

fl*6c»  -  3 
a'fc  +  10 
Hfi^    -  8 

aV«    +  1 
o'ft-^s  -  2 
«V    +  2 
«Wc»-  8 
a6\i  -t-  6 

rt'ft«  —  3 
a't^ff  +  4 
rtV«:'  -  G 
a6»«»  +  20 
\f9      -  16 

18.  It  is  iKjw  l  a.sy  to  form  the  seven  component  tenns  of  the  deteniunaai,  and 
thence  the  dt  tointinmit  itself;  each  of  the  compoDent  terms  divides  by  576,  and 
omitting  this  factor,  thu  sum  of  the  seven  terms  divides  by  2;  the  result  is 


+ 

3! 

3 

+ 

9 

1 

aV«* 

+ 

28 

10 

+ 

120 

18 

-  72 

96 

+ 

24 

360 

72 

144 

4-  144 

+  360 

144 

aV«» 

+ 

90 

+ 

15 

+ 

399 

+ 

42 

-  276 

+ 

24 

+ 

72 

+ 

144 

192 

+ 

360 

-  480 

-  720 

+ 

480 

384 

168 

1944 

216 

16S 

-  144 

-i-  1584 

+ 

388 

<lV« 

+ 

108 

+ 

60 

+ 

444 

12 

-  300 

+ 

32 

96 

128 

288 

+  3S! 

•  .'7n 

384 

+ 

568 

200 

+ 

3024 

288 

168 

+  1056 

+  3504 

+ 

480 

1  rt  We 

224 

112 

2616 

432 

48 

-  576 

4- 1762 

+ 

720 

aV 

+ 

27 

+ 

18 

108 

-  72 

oWbV 

+ 

384 

1152 

2496 

-  2304 

-^4098 

2304 

696 

+ 

6336 

2304 

+ 

48 

<(-  1920 

-  3562 

3840 

oW 

+ 

192 

336 

+ 

1296 

+  288 

864 

1  152 

.■1072 

+  1536 

-  2304 

+ 

1536 

+ 

1440 

6912 

+ 

3840 

-  1536 

-«•  2496 

+ 

4992 

408 

+ 

48 

3456 

-  288 

+ 

2880 

+ 

al2 

+ 

1024 

1 

640 

*  S304 

9046 

1536 

+ 

192 

384 

+ 

2304 

2304 

where  tfae  fiist  oolumii  »  the  Heeefn. 
I4w  Tbis  dividei  as  it  diould  do  by 


aud  the  4Uolient,  which  is  the  i'lxihciiisiaii,  i.s  iounti  U>  be 

eu^   ttiM»   +  3 
aV^  +10 

a'b-c'e:  -  24 


ab'rr 


+  3 
-  24 
+  24 
+  32 
-24 
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15.  But  before  discussing  the  Frohessian,  I  will  further  consider  the  developable 
itwi£  R^rding  it  as  derived  from  the  equation  (a,  85,  9e,  0,  -27«j^^  1)**0,  we  have 

ell^  (2iy  [(a«  -  c*)*  +  (-  :iaoc  +  *i^e  -  c*/}  -  0, 

sod  olMerving  that 

-3(iM+4a^-fl^«  c(aa-o^) -4«(ae  n 

it  appears  that  the  equations  of  the  cuspidal  curve  or  edge  of  regression  of  the 
developable  are  <u  —  if=>0,  ae  —  ¥*'0  (w>  that  the  cuspidal  eurve  is  a  curve  of  the 

fourth  order,  the  intersection  of  two  quadric  surfkces,  or  say  a  quadri-quadric  curve). 
This  is  perhaps  better  seen  by  writing  the  equation  of  the  developable  in  the  form 

IT- a  (<»- <f)C  -  8c  (a*- <f)(flc  -  4»)  +  16f  (iw  -  4»y  -  0, 

or  what  is  the  ssme  thing 

where  the  discriuuuaut  uf  the  quadinc  function  is  » u«  —  c^  which  vanishes  for  the 
curve  («a  — <f«"0,  oc  — l^=0)t 

16.  Anothei'  fonn  of  the  e()uation  is 

27  «  a  (cm  +  3c*)*  -  86*  (3ac0  -      -f  c")  =1 0. 
whidi  shows  that  the  conk  M+Se^^O,  b^O,  ts  »  nodal  curve  on  the  devebpahle. 

And,  again,  another  fwm  ia 

Cr = («oc  -  86») + «  (rf* + (teV  -  24aM5 + 16b*)  =  0. 
which  shows  that  the  conic  9ac  —  8i'  =  0,  e  =  0,  is  u  simple  line  on  the  developable. 

17.  In  my  paper  "On  the  Developable  Snrfncps  which  arise  from  Two  Surfaces 
of  the  Second  Order,"  Cantb.  and  l>ub.  MatL  Jour.,  t,  v.  (1850X  pp.  46 — 57,  [84J,  1 
eonsidered  first  the  developable  having  for  its  edge  of  regresuon  the  interseetion  of  two 
quadric  surfaces;  in  the  general  ca^c  thn  developable  is  of  the  order  8;  but  if  the 
two  surfaces  have  an  ordinary  contact  it  is  of  the  order  6 ;  and  if  they  have  a 
eiugidar  contact  (as  there  explained)  it  is  of  the  order  5.  And  in  the  last  mentioned 
case,  if  the  equations  of  the  two  quadric  suriaces  are  takon  to  be  a^  —  2wO, 
3^— 2fl»»0,  them  the  equation  of  the  developable  was  found  to  be 

4iHo*+ ISA^H- 9«de«  -  24m^ -4ajy + Vw«0, 

which  putting  therein  s^a,  «sSe,  w  —  fe,  becomes 

aV  +  GaVe  -  24rab^e  +  9{k'  +  \Qb*e  -  8iV  =  0, 

which  is  the  before  mentioned  developable  i7  =  0;  the  two  equations  ae'—2wz=0,  y^-25.r=0 
become  by  the  same  snbstttution  <i#— <i*>0.  oc  — 0.  We  have  in  fact  abeady  seen 
that  the  developable       0  hsa  this  curve  for  its  edge  of  regreanon. 

85—2 
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Id.  But  Id  the  paper  just  referred  to,  it  is  aiso  f-hovm  that  ooosideriug  the 
developable  which  is  the  envelope  of  the  comioon  tangent  planes  of  two  quadris 
suiftoes;  in  tho  general  case  the  developable  is  of  the  order  8,  but  if  the  two  surfaces 
hnve  an  ordinary  contact  it  i«  of  the  order  6.  and  if  they  have  a  aingular  contact  it 

is  of  the  order  5, 

In  iho  last  m<>ntioned  ca50  the  surfaces  may  without  uf  i^eiierality  be  reduced  to 
conies,  and  their  equations  may  be  taken  to  be  (y*  —  2»~0,  w  =  0)  and  {ar—2sw—0,  Jf^O)Q), 
and  this  bang  lo  the  equation  of  the  developable  is 

32»W  -  32z*j;H</  +  72zxy'w  +  8««*  -  27 -  ix'if*  =  0. 

This  is  really  a  devc>lu|)ablQ  of  the  same  kind  \vith  the  first  mentioned  dev^opaUo  of 
the  order  5;  for  writing  ««12o.  jr»8fr,  »^3a^  w^—9e,  the  equation  beoomea 

-f  6a\$V  -  24afi^ + W + 16W  -  8£V  «  0, 

which  is  the  before  mentioned  developable  U^O.  The  equations  of  the  two  conies 
become  (doc- 8i^->0,  c-O)  and  (m+8^-0»  d-O).  and  the  develofiable  ia  thoa  the 
envelope  of  the  common  tangent  planer  of  these  two  conies.  It  has  been  seen  that 
the  first  conic  is  a  nmple  lin^  but  the  aecond  conic  a  nodal  line,  on  the  developable. 

19.  BecajMtalating,  the  developable  of  the  fifkh  order  (7'»0,  which  is  the  envelope 

of  tin-  plane  (a,  2b,  3c,  0,  —  27e)((,  1Y-0  is  thr-  locus  of  the  tangents  of  the  quadri- 
quadric  curve  (a«  —  =  0,  ac  —  6'  =  0),  and  it  is  also  the  envelope  of  the  common  taogent 
planes  of  the  oonica  (9ao-8&*«U,  e  =  0)  and  (a«+3c^-0,  6aO> 

80.  Returning  now  to  the  Prohowian,  its  equation  may  be  written  in  the  form 
P17«(3(t%,  aee+9l^'$n»-<f,  4ao-4ft*)*-0, 

and  the  disciimioant  of  the  quadric  function  is 

which  is 

-8c  ((aV  +  tibS;)  (ac  -  b')  +  3a6»  (ae  -  c»)|, 

and  recollecting  that  the  equat^uu^$  of  tin;  cuspidal  curve  or  edge  of  regression  of  the 
developable  are  ae  —  c'  =  Q,  ac  —  i^^O,  it  thus  appears  that  the  curve  in  question  is  abo 
a  cuspidal  curve  on  the  Fhtheanan. 

21.    Consider  toi"  a  moment  the  .smiuce 

(Stt'c,  -  ^f^,  ace  +  2d6^e][o«  -  c?,  4ac  -  il/'Y  =  0, 

'  ThcM  lire  in  fact  the  coniu  mode  use  of,  p.  57  in  the  paper  above  referred  to  [and  p.  4%  in  the 
npriat).  bat  Um  fqutuins  an  misUke  given  fu  {x^-'igt^O,  wsO),  {j^~itw=(i,  x=%  tbst  is,  x  ud  y  an 
idtenshanfad. 
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whore  0  h  an  arbitrary  parametei  ;  this  is  a  surface  having  for  a  nodal  curve  the 
cuspidal  curve  of  the  developable ;  but  if  the  discriminant  of  the  quadric  functioa 
vanidie^  that  is  if 

3oV»  {ac  +  2W?)  -  96^c=^  =  0. 

for  (te  —  d^^O,  i/c  — 6^  =  0,  then  the  curv^  in  (laeaition  vriU  be  a  euqiidal  oorvie  <m  the 
burface.    But  the  last  mentioned  equation 

3c  [(a*e  +  SM)  (ac  -  6')  +  ah"  {{ l  +  20}ae-  '.i&x",  J  0, 

which  for  ae-C  =  0,  ac-fr*-0.  becomes  1  +  ^-^  =  0,  that  is  B"!,  which  givM  the 

Prohessian,  or  6  =  —  )^. 

22.    For  the  latt<>r  value  the  »ur&cc  is 

(9«»c,  36^0,  3«ce-26^j[o«-c',  4ac-46»>»»0, 

or,  exfiaiulmg,  the  aur&oe         i)  i» 


+  9 

oFA  -I-  SO 
aWe-  104 

<iV    +  9 

fi¥rf:   +  HS 

aire'    -  24 

t'«     -  36 

*V    -  24 


0, 


the  before  tneutioiked  diacriiniMat  being 

-  c        -  ife)  (oc  -  6») + ofi^  («  -  <?)} ; 

bat  I  have  not  further  vmnasuBA  the  getHiietrieal  aguificatiflii  of  this  snrftee^  or 
inquired  into  its  leUtioo  to  the  Froheasian. 

2S.  The  equation  of  the  nnheniaii.  may  he  written 

PU^iac- y)  {16e  (oo         3o  (oa  -<i>)*}  ^-tfU^  0, 

or  what  is  the  aame  thing 

PU^iac-  6*)  [a  ((t«  +  S«f)       +  (?)  -  32(ti'ce  + 1 6&*e}  +  6»£r  »  0, 

the  latter  of  which  shows  that  the  conic  (a«  +  3c*  =  0,  b^O),  which  is  the  nodal  liae 
of  the  deTelo|iaUe,  ia  a  aimple  line  on  the  FtaheaHiHn. 

24l  (bnaider  the  carve  of  interoection  of  the  developable  and  the  Prohcssiaui 
this  ia  of  the  order  5x7,  3s35.  We  have  ao<-i'  =  0,  U —0^  or  elae 

16a(ac-6»)*  +  So(a«-c»)»-0,  U'-a 

Conaider  for  a  moment  the  second  system,  this  is 

3a  (ae-c'y+  1 6c  («c  -  6*)'  =  0, 

3a  S4o  (tt<  -  c')  (uc  -  b*)  +  4ikf  (ac  -  6»)* «  0, 
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irbich  gire 

(ac-6»)[3c(a«-C«)-4«(oc-«?)j-0,  IT-O. 

and  these  arc  t<iiiivali  nt  to 

(iic~-i-—0,  r  =  0)ainl  j.'k,       —  C-)  — -k  (a'  —/'■)  =  0,   l'  =  0], 

Ko  that  the  entire  intcmKliun  is  made  up  of  (ac-6'  =  0,  t^  =  0)  twice,  aud  of 
{4e(ac-t«)-3c(ac-c')  =  0.  t/^  =  0)  onoe. 

2o.    The  first  part  is  at  once  seen  to  give 

the  cuspidal  curve  (ac  —  l^-f^.  ae—cFsstQ)  4  times,  order  10 

the  line  (a  -  0,  6  =  0)  4    „  „ 

20 

Tb«  second  paii  gives 

(cm  -  c*)  {4c  (ac -     +  ct  (ae  -  c') ]  =  0. 
{4«  (ae  -  6»)  -  3c  («  -  c»)]  -  0. 

this  ooosuts  of  r  the  part  <M-<f->0,  «(<K-i»)-0.  viz. 

(he  ctwpidal  cnrve  (ae—l^^O,  m-cf^O)  oilce,  order  4 
the  line  (C)"0,  ««0)  twice,    „  2 

6 

aud  2  the  part 

a<a«-0*)-O, 

which  contains 

the  cuspidal  curve   (ac— i'  =  0,  a«  — c*  =  tt)     onoe,  order  4, 
and  by  wiiUng  the  two  eqnations  in  the  form 

c(iM+3c*)-4Mff-0. 
a(m+3d*)-4iii»-0, 

it  is  dear  that  it  oontiuna  also 

the  nodal  curve  {at  4-  3c^,  6 » 0)    twice,  order  4 

and  the  line  (c "  0,  « « 0)        onoe,      „  1 

9 

whence  the  complete  interaection  of  the  developable  and  the  Plroheiaian  ii  made  up 
as  follows,  viz. 

the  cuspidal  curve  (ac  —  6»  =  0,  oc  —    =  0)  6  times,  order  24 

the  nodal  curve      (ac+ 3c^  =  0,  6  =  0)        2  times,   „  4 

the  line  (« =  0,  6  =  0)  4  times,    „  4 

the  line  (a  —  0,e'=0)  3  times,  _3 

35 


344]  OH  CERTAIN  PBVELOPABLB  SURFAGBi.  279 

Special  Sextic  JJevelopa^,  Noa.  26  to  35. 

26.  Lastly,  we  have  the  developable 

derived  from  the  quartic  funetiott  (a,  h,  0,  d,  t'jii,  \Y\  the  diacriminaiit  ia  in  fact 
{ae—Abif—1St{-aif-hHft  which  is  equal  to  the  fbregtdng  value  of  01 

27.  Taking  a,  b,  d,  e  m  coordinates,  then  omittiug  couuuoti  uutuerieal  factors,  the 
fint  derived  funetitniB  ara 

aV  -  ^Mf-lZaOf   -  Wdf$, 
and  the  seeond  derived  AinetioiM  (changing,  for  greater  convenience,  the  signs)  are 

2  {—ae'+  Uxlf-  -v  !)(^).  4  {  -liKt-  +  Inht-).  4  f  '^"^e-  +  iSa;/^  -f  Iri/v),  -  'iirtr  +  l^kthde  +  2//rf», 
4  (2adti'  4-  Ij'l-e ),  4  ( ad'e  +  liTi^-t-  +  :]-2(jd'f.  4  ( (f  t-  +  -lai'le  +  -iS//-,/-'),  4  (2u=tie  +  abfi-  f  1  S^^'e), 
+  i'labe  +  1  H«f/-  ^  Irdc ),  4  (n-e-  +  tabde  +  486»(i-,),  4  (27a-<Z=  +  +  32i'rf),  4  (2a'6e  +  ut'ci), 
-  3aV  +  ItiflWe  +  2t'(i*,    4  (2a»tifl  +  oW  +  4  (2a»6«  +  afr'J).     2  (- o'e  +  4a'W  + 

28.  Bepresenttdg  these  by 

-4,    //.  C.  L. 

H.   B.  F,  M. 

G,   F,  C,  M, 

Jf.  J^.  P. 


and  cmplopng  for  the  determinant  th>-  same  partially  developed  fenn  as  in  the  first 
example,  then  proceeding  to  the  calculation,  we  find 


i  AX- 

FN -CM 

LO 

FM-BN- 

AP- 

.If  1 

W-F*  • 

itur-GM  1 

^  t 

X 

=  16  X 

4 

X 

=  10  X 

-  \ 

Hi  X 

 ■  '  -=--s. 

  — ^ 

i  2 

a*b^^    +  2 

+  2 

a*.t(*    +  2 

-  5 

a*«*      -  1 

aW'«  -  3 

-  15  1  aV'e  -  54 

*  54 

■c  64 

-  4. 

a'&(<*  -  1 

4-  36 

<AW-i-  3 

-  15 

»W  -  36 

-  36 

lAftr  27 

oM*  -  3 

-  36 

-  27 

-  2Tr2 

/ri-irr  +  33 

-180 

an>'d'e'+  630 

-  12 

«w«-4r>3 

-  12 

+  9 

a-W» 

+  144 

+  864 

ir'tfc^  -  1 

+  18 

rtAV    -  18 

„l.-,P 

-  IS 

nA"<i*   +  16 

-  36 

«AV    +  27 

AW 

-t-144 

,  a^(*«P  +  16 

_  2 

l^d^e  ^864 

ab\Pe 

-  64 

-  12K 

'  Vd9  -576 

bM-^ 

+  114 

b'Jr^     +  864 

4  320 

&^  -1200 

+499 

-1107 

-243 

H-891 

-(•351 

-999 

-24 
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Ut-LM 

FG-CB 

UF-BQ 

=  4  K 

-16  X 

-4  X 

»16  X 

r  s 

nyiir    +  1 

<ro<     +  J 

✓  '  s 

n  bfr    +  J 

a  an    +  !i 

a'bJ'e'-  lo 

«W  -  36 

rt«f/V   -  36 

a'6rf»e^  +  3 

rtW  +  54 

(x^h\ie  +  3 

rtWe*^  15 

fl'.f.'     .    1 8 

n'V,P,<-  12 

d*bd*e  +  9 

a'tW'    ,  lit 

a},'.  '  I 

oftW  -252 

aV^P*-  12 

afr't^d'-  453 

oMI*  -  3 

otV  ■f8e4 

«8M   +  36 

«M»  -676 

MV  -  18 

m  +  16 

atW  +322 

-  27 

f<&    +  18 

4W  +  16 

-243 

4891 

■f  459 

-1107 

where,  by  way  of  verification,  I  havo  annexed  to  each  column  the  sum  of  the  coefficients. 


2!K  Forming  from  thpsr  tht;  seven  compooeat  tenos  of  the  detenniiiant,  and 
collecting,  the  result  divides  by  5,  and  we  have 


aV  + 

1 

5 

^ktd£  ■«■ 

4 

16 

+ 

16 

44 

+ 

16 

+ 

16 

oW  - 

135 

433 

+ 

432 

99 

288 

288  . 

rt«6W  - 

722 

0(5 

96 

3226 

96 

96 

a'^Kre*  + 

432 

+ 

3312 

1368 

2592 

+ 

2232 

+ 

570  1 

n*trt'  + 

291G 

!  - 

777') 

972 

+ 

20736 

2592  1 

«w  - 

135 

2fJ< 

288 

99 

+ 

432 

432  ' 

a^^'ife  + 

C7S4 

■*. 

3t<76 

7788 

+ 

41744 

7788 

+ 

3876 

«WdV  + 

21492 

1  + 

4788 

+ 

3960 

+ 

27160 

+ 

8100 

63432 

o*M»«  + 

11664 

7776 

27216 

20736 

+ 

72576 

aV.»(/t'  + 

432 

-i- 

576 

+ 

2232 

2592 

1368 

+ 

3312 

aV>^/V*  +• 

352 

+ 

2524 

+ 

36220 

117200 

+ 

41472 

+ 

36220 

+ 

2524 

«VAr^'  - 

2r>n:i2 

133272 

30024 

61920 

+ 

373248 

61984 

227808 

«W  - 

40824 

1944 

+ 

124416 

+ 

5184 

331776 

n*t^fP^  + 

21492 

+ 

63432 

+ 

8100 

+ 

27180 

+ 

3960 

4788 

«='6W  + 

S0944 

6504 

+  177576 

154912 

+ 

41472 

+ 

177576 

+ 

6504 

n'ftVre  + 

11232 

18504 

19008 

+ 

1?6G24 

41544 

+ 

13680 

a»6V"  + 

29 IG 

-U 

2592 

972 

+ 

20736 

7776 

« - 

26352 

227.''0S 

51984 

61920 

+ 

373248 

30024 

133272 

nV/,/*^"  - 

140624 

668472 

872592 

+ 

689024 

+ 

1689984 

872592 

668472 

- 

131328 

1152 

1152 

92160 

6912 

741888 

oiVe* 

11664 

,  + 

72576 

27216 

+ 

20736 

7776 

niWV  + 

11232 

+ 

13680 

41544 

19008 

+ 

186624 

18504 

65088 

ab'tfe  - 

250.S8 

20864 

62336 

+ 

40960 

62330 

20864 

/-'■'f/'-V  • 

40f24 

'  331776 

+ 

124416 

+ 

5184 

1944  ' 

b'cPir  - 

131328 

j  - 

6912 

92160 

1152 

1152 

AW  - 

81920 

- 

409600 

+  492075 

2032152 

866052 

+  350649 

+ 

2985984 

8GG052 

2032452 

where  the  first  oolumn  is  the  Headao. 
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80.   This  divides,  as  it  should  do,  by 


281 


oV 

1 

-  12 

«W 

-  27 

-  G 

-  27 

-  64 

-135 

«Qd  the  other  &ctor,  whieb  u  the  Froheuian.  ii 


1 

+ 

16 

i  aWV 

108 

i  a»6W 

524 

4SS 

108 

656 

1512 

432 

ah*d*tt 

+ 

272 

1512 

1280 

•i-  3646. 


SL  To  niii]dify  thie,  I  fint  odlect  the  nz  tenne 

uod  then  putting  o'rf*  +  6*«*«(a<<*  +  6'^)^  -  ■2<«6-rf'e,  we  have  the  lenns 

+  864 a4W 

which  comlniied  with  the  reinainiiig  temw  give 

4-  la'e' 
+  leotds* 

-  .^OSa'tW 
+ 1520  «WV 

-  2752  ah*d*e 
+ 1280  6'<i»  ; 

C.  86 
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tvhidl  iff  foand  to      dividble  by  (ae-  4MY  :  and  we  thm  obtain  for  Ptf  tbe  form 

P{/  =  -  1 08  (aV  4- 4  ahde  -  U6'rf»)  (arf»  +  t'e/'  +  (a^e^  +  28  afctfc  -  20       (ue-i  bd)'. 

which  pntK  in  ovidcnnc  fhi*  tht;  cnspiMal  line  {ae  —  4hd^0,  «i*  +  6V»0)  of  the 
developable  is  also  a  uuiipidai  line  of  the  ProhessiAQ. 

32.  Writing  tbe  equatioos  of  the  dereloiMUe  and  the  Frohenaii  under  tiM  fimns 

«nd  snbstitttting  in  the  seoond  equation  A*^VtB^,  it  beoomei  B'(£—4Jf)«0,  that 

is  the  iutersectiou  is  made  up  of  ^■"0,  B*  =  0,  which  is  the  cuspidal  curve  Uiken  six 
times  (order  36),  and  of  the  curve  A'-27B'  =  0,  (order  24).   But  aub- 

stitutiug  foi'  L,  M  theii'  values,  the  equation  L  —  43/  —  0  becomes 

that  is 

(oe  •}>  SM)(ae  -  66<2)  =  0, 

so  that  tbe  last  mcntioncHi  carve  is  composed  of  the  iateraectione  of  tbe  developable 
by  the  two  quadiic  surfisMses 

^%  Now  combining  with  the  equation  of  the  developable  the  equation  ae^fSM^O, 
and  obeerving  that  in  conaequenoe  of  tbe  last  mentioned  equation  we  have 

(aa-4M)>-(-6M)^«— 216  M>-+ 108  <d^ 

the  equataon  of  the  developable  gives         to)Pc*0,  or  «e  have  {tidcen  twice)  the  earve 

a«+2W  =  0,  (ui»-6'e=0,  which  is  a  curve  of  the  sixth  order  made  up  of  the  Snea 
—     h-  0),  (d^O,  e  =  0),  ami  of  a  qnartic  curve  (an  excub<j-r|aartic ')  the  nodal  line 
on  the  developable.   If  in  like  nmuiier  with  the  equation  of  the  developable  we  combine 
the  equation  m>-0MbO,  then  from  diia  equation  we  have 

(at;  -  4W)'  =  (2W>^  =  HM^  =  ^alrd-e, 

and  the  equation  of  the  developable  then  givea 

(<Ne*-l-tV)-^aM^-0; 

that  isi 

'  A  qoartis  tmm  itbaeh  ia  tb«  «aimpl«t«  ialatsMtioa  vt  tmo  qiaadric  lui/kUM  ii  twinad  «  qoadri^oadiiB; 
a  i|uitie  turn  of  Um  kiai  wUeh  it  not  aoah  oomplate  iirtifwtiw  tet  an  rnHf  ba  miinilad  if  mum 
of  a  ««Ma  suilMe  is  itmti  u  auabft-qaiitiia 
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TIjk  cuive  ue  —  (iW  =  0,  ad"  +  db^  =  0  is  made  up  of  the  liues  (a  =  0,  6  =  0), 
(ji  —  O,  «aOX  and  of  «a  exoubo-quartic,  and  the  curve  <M»6MsO,  a(j*  +  ^^sO  is 
made  up  of  the  eaaie  two  lines  aad  of  an  excubo-qnartic 


34.  HoDoe  we  aee  that  the  intoneotioa  of  the  develofwhle  and  the  Proheenan 
which  is  of  the  ovder  (6+10— ) 60  is  made  up  as  fiaUows,  via,. 


cuspidal  curve  OS— 4MsO,  mP  +  A^aO, 

token  6  times,  6  x  6-96 

fine  (a-0,  6-0) 

»    4  J, 

1x4.  4 

line  {d~0,  «-0) 

j»    4  (, 

1x4-  4 

nodal  curve  (excubo-quartio)  w+2M»0»  od'- 

V$mO   „     2  ,. 

4x2-  8 

excttbo-quaitb  m— 6b{-iO,  CMi*+6ft^»0 

»        1  M 

4x1-  4 

excubo-quartic  a«  — 6MaaO,  aiP  +  ^^*0 

»        1  » 

4x1-  4 

60 

3d.  It  is  to  be  added  that  a  generatiug  liue  of  the  developable  meets  the  Pro- 
itf  the  ineunt  on  the  cuspidal  edge  taken  6  times,  in  a  point  of  the  nodal 
line  tidten  2  times,  viz.  the  r— 4  points  (r  being  here  —6)  of  the  general  theorem,  in 
m  point  of  the  exeubo-quartb  (M->66d«0,  w^+M^sOj  and  in  a  point  of  the  excuho* 

qnartic  oe— 6M— 0,  ocP+^i^— 0,  (these  being  the  21*— 10  punts  of  the  geneial  theorem);. 

we  have  thua  (6  +  2+2— )  10  points  of  intensction  of  the  geneimting  fine  with  the 
£¥oheesian. 


86—2 
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345. 

ON  THE  INFLEXIONS  OF  THE  CUBICAL  DIVERGENT 

PABABOLAa 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Matitematica,  voi.  vt.  (Ibtj4), 

pp.  199-m] 

The  five  divergent  parabolas,  species  67  to  71,  of  Newton's  Enunteratio  Linearum 
tertii  Ordlni^  (170^),  arc  incliulcd  under  the  gem'ra!  ei|tmtion  ^  =  (u^  +  f^h^  +  +  d : 
there  arc  two  general  t'orniH,  or  torios  without  singularities,  viz.  the  parabola  cum  ovali, 
tap,  67,  and  the  partMa  fmra,  sp^  71 ;  two  foxtna  havtnig  «  double  pointy  vi&  tbe  nodata, 
sp.  G8,  and  the  punctata,  sp.  69,  according  ii>  the  rloublo  jwint  is  one  with  niil 
bronchcH,  or  i»  a  conjugate  or  isolated  point ;  and  finally  the  cuspidala  or  semicubical 
parabola,  sp.  70,  which  has  a  cusp.  In  the  nomenclature  of  my  short  note  "  On  Curves 
of  the  Third  Order,"  BritiA  JLsaoe.  Report  for  (He  Fear  1861,  Ncticee  <fex  p.  2,  the  five 
parabolas  are  the  comjAex,  the  simplex,  the  rntnodnl,  the  ncnadal,  and  the  cusj/idal; 
the  distinction  there  made  of  the  simplex  kind  of  cones  of  the  third  order  into  three* 
Bubepecies,  applies  to  the  nmpl^  pembola,  and  for  this  pmHenkir  eoM  vas,  as  I  have 
dnce  ascertained,  noticed  in  Murdoch's  Newtoui  Genesis  Curvarum  per  Unibras,  8vo. 
Lond.  174G,  pp.  1 — 12G.  It  may  be  rcmnrkni  thai  iu  this  vcr\'  iiit('n''>ting  and  valnablo 
work  the  number  of  species  b  given  a»  78,  viz.  the  author  includes  tbe  four  species 
added  by  Stirling,  and  the  other  two  usually  ooondered  to  have  been  added  by  Cramer 
(one  of  them  the  author  himself  attributes  to  Cramer),  and  that  the  dcmonstratioa  ef 
Newton's  theorem  is  effected  in  the  most  cinii])!!  tc  way  by  showing  in  what  manner 
the  five  cones  are  each  of  them  to  bi;  cut  so  a.s  U)  obtain  the  78  .npccies  of  cubic  curve& 

The  analytical   investigation   of   th>'   points   of  intl'xion   of  the  above-mentioDed 
divergent  parabolas,  that  i^,  tbe  curves  defined  by  the  equation 
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IS  not  without  interest.  The  resah  which  should  be  obtainod  is,  by  the  general  theory 
of  ealnc  curves,  known  to  be  as  follows:  iheie  is  always  an  inflerioo  at  infinity,  in 
tlie  point  where  the  line  infinity  is  met  by  the  line  x  =  0  (or,  what  is  the  same  thing, 
bv  any  ordinate  of  the  curve) ;  but  disregarding  altogotlu  r  this  inflexion  at  infinity, 
then  iu  the  general  case  where  the  curve  is  without  singularity,  the  remaining  eight 
inflexions  (two  of  them  real,  six  imaginaiy)  lie  in  pairs  on  four  ordinates  of  the  curve: 
if  however  the  curve  has  an  acnode,  the  six  imaginary  inflexions  coincide  with  the 
acnodc,  viz.  the  three  ordinates  corresponding  to  these  pass  through  the  ocncMle,  but 
there  ai-e  still  two  real  inflexions;  if  the  curve  has  a  crunode,  four  of  the  imaginary 
inilexions  and  the  two  real  iaflexiana  coindde-with  the  eniixide.  vis.  the  three  eidinatea 
corrosjxiiicling  to  these  pass  through  the  crunode,  and  there  ih  not  any  real  inflexion, 
although  there  arc  still  two  imaginaiy  inflezioos;  finally,  if  the  curve  has  a  cusp,  then 
the  dgfat  inflexioDs  coincide  with  the  ouap,  vis.  the  four  ordinates  corresponding  to 
these  paas  through  the  cusp,  and  there  is  no  inflexion  real  or  imagtnaty. 

Proceeding  now  to  the  analytiail  investigation,  if  in  order  to  form  the  Uessiau  we 
intioduoe  the  new  eoordinate      1,  the  equation  of  the  curve  bccotnea  ' 

-  -  y**  +  ojc*  +  3&B«»  +  3c«a»  + 

and  tlienct  tunuing  the  second  differmtiB!  ooeffietento^  and  ulttmately  replacing  s  by  its 
value,  9>1»  we  Iiave 


0; 


-6(<M+i).  0  .  -6<te+e) 

0.2, 
-e(b3e+ey,   2y,  -6(ceH-d) 

whence,  developing  and  dividing  by  8^  we  find 

•4  ,{ax  +  b)  (cx-  +  rf)  -  {U  +  cf,  +  [iix  +  b)f  =  0, 
or,  what  is  the  same  thing, 

us  the  e4uatiuu  of  the  Hessian  curve,  meeting  the  given  cubic  curve 

in  its  points  of  inflexion.  Multiplying  the  last-moitioned  equation  tgr  h,  and  adding  it 
to  the  equation  of  the  Hessian,  we  obtain 

oAc^ + 3ae^ + 8(Kte + 4M  -  3c^ + osry*  s  0. 
or,  what  is  the  same  thing. 


»y»  -  -  ia^*  -  8ca?  -  ado? + 
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as  the  equation  of  a  enrve  meeting  the  given  cttrve 

f  -  a.r'  +  'M,.i-  +  tk.'-  +  d, 

in  its  poiuUi  of  iiidexion ;  aod  if  for  greater  simplicity  we  assume  a  a  1,  d  —  0  (the 
latter  equation  means  olmoudj  that  the  cnigin  is  taken  at  one  of  the  thiee  inter- 
aecdonB  of  the  curve  with  the  axin  of  x,  say  the  real  one,  if  the  intemctiona  are 
one  teal,  two  itnaginaiyX  then  the  equation  of  the  cnrre  b 

and  the  inflexions  are  given  as  the  intersections  of  the  enrve  with  the  curve 

There  is,  it  is  clear,  an  inflexion  at  the  point  at  infinity  on  the  line  and 
eKninating  if  we  find 

or,  what  is  (he  aane  thing, 

+  4;/,'-'  +  Gr./  -  -  'k-  =  0, 

a  quartic  equation  giving  the  four  onliiiates  through  the  remaining  eight  iuflexiooa. 

If  the  curve  ha"  a  cuspidal  point,  then  the  origin  will  ho  -A  the  cusp,  nnd  wp 
have  6 » 0,  c » 0,  and  the  quartic  equation  becomes  « 0 ;  that  is,  the  four  ordinates 
pass  through  the  enspi 

If  the  curve  have  a  node,  then  taking  the  origin  at  the  node  we  have  c  —  0  : 
the  eqnatkm  of  the  curve  is 

and  the  curve  has  a  crunode  or  an  aonode  aoooiding  as  6  ia  poative  or  negative; 
the  quartic  equation  becomes 

«!»(»+  46)  =  0. 

aud  the  factor  a'siO  gives  three  ordinates  through  the  node;  the  remaining  factor 
m+4h'»ii  gives  the  ordinate  through  the  two  inflexions;  and  snhstitnting  this  value 
of  «  in  the  equation  of  the  euUp,  we  find 

and  the  resulting  values  of  y  (oonsequentljr  also  the  inflexions)  are  hnaginaiy  if  &  be 

positive,  that  is,  for  the  rninadal  form;  but  real  if  b  be  rippative,  that  Ls,  for  the 
acnodal  form.  It  is  to  be  observed  that  the  indefinite  ordinate  ar  +  46  =  0  or  x  —  —ib 
is  real  in  each  of  the  two  eases  t  in  the  emnodal  case,  the  ordinate  lies  outside  the 
ourve,  that  is  beyond  the  loop;  in  the  acnodal  Case  inside  the  curve,  that  Is  on  the 
opposite  side  In  the  iiciiucIl'  in  regard  to  fhp  vertex  ;  and  its-'iiig  'M)  to  dt'imte  tlu-  distjunr'p 
(taken  positively)  of  the  vertex  from  the  tiode.  (that  is,  in  the  crunodal  case  changing 
the  8^  of  hX  the  distance  (taken  positively)  of  the  ordinate  from  the  vertex  is 
-46  -  86,  -^.86,  that  b,  it  is  one-third  of  the  distance  <i(  the  vertex  from  the 
node. 
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Consider  next  the  case  of  a  curve  without  sin^ilaritieM ;  and  first  the  complex  case, 
the  condition  for  which  is  that  the  equation  a?  +  36x  +  3c  =  0  may  have  its  roots  real, 
or  c<J6'.   The  values  of  x  which  give  y  =  0  are 

x  =  0,    a:  =  -^6±  V3(J6'-c); 

and  we  may  without  lo88  of  generality  a«sumc  that  b  and  c  ai-c  each  of  them  positive ; 
the  value  x  =  0  will  then  belong  to  the  vertex  of  the  parabolic  portion,  and  the  two 
negative  values  a:  =  - f  6  ±  V3(^6'^c>  will  belong  to  the  vertices  of  the  oval.  The 
limiting  values  c  =  0  and  c  =  Jfc"  give  the  acnodal  and  the  crunodal  curves  respectively, 
which  have  been  already  con*ii<lered. 

In  the  case  in  queution  c  = +,  c<}6'),  the  equation     + 'Wu,-' +  6cx  —  Sc*  =  0 

has  only  two  real  roots,  one  of  them  positive  and  the  other  negative  ;  and  the  positive 
root  siibstituted  in  the  equation  y  =  Six  +  3c)  gives   »/*  =  +,  and  we  have  thus 

the  two  real  inHcxions:  in  order  to  verify  that  the  negative  root  gives  imaginary 
inflexions,  it  must  be  shown  that  this  negative  root  does  not  lie  between  the  two 
values  ar  =  — |6  ±  v'3(J6' —  c),  or,  what  is  the  same  thing,  that  these  values  substituted 
for  X  in  the  function 

give  results  of  the  same  sign. 

To  verify  this  write  c  =  J6»(I-^)  (where  ^<  1)  and  x  =  \h{i-l);  then  for  the 
limiting  values  of  x,  we  have  '^b    —  \)  —  —  \b  T  ^bS,  or  ^  =  ±6  \  and  moreover 

««  +  4&c»  +  6ca?-3c*  =  fj6'  ',3  (f  -  !)•  +  8(f  -  !)» +  6  (f  -  1)'(1  -     -  (1  -  ^y). 

where  the  term  in  brackets  is 

=      -  4f  -        +  12^f  - -K?*  -  ^, 
and  writing  i=  ±6,  this  becomes 

80  that  the  two  values  are  each  negative,  and  the  theorem  is  thus  proved  It  may  be 
adde<l  that  the  curve 

y  =  a!*  +  ^bx*  +  Bcjc*  -  Jk» 

cuts  the  axis  in  two  real  points,  one  of  them  situate  between  the  oval  and  the  para- 
bolic portion  of  the  cubic  paitibola,  the  other  within  the  parabolic  portion. 

Lastly,  for  the  simplex  case,  the  condition  for  which  is  c>fi';  the  c(|uation 
0  =  iT*  +  4&C*  +  Geo?  —  So"  has,  as  before,  two  real  nwts,  one  positive  and  the  other 
negative;  and  since  the  negative  root  substituted  for  x  in  the  equation  y*=ar'  +  3&x'  +  .3cx 
gives  a  negative  value  of  y-,  it  is  only  the  positive  root  which  gives  an  unlinute 
through  twu  real  inflexions.  The  cuiTe  (/  =  ;/**  +  46jc'  +  Gcx*  —  Sc"  meets  the  axis  in  two 
roal  points,  one  of  them  without,  the  other  within  the  cubic  parabola. 
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1  remark  that  the  equation  +  2bx  +  c  =  0  gives  the  level  points  (i.e.  the  poiatfr 
wh«ce  the  tangent  is  pamllel  fo  the  uh)  of  the  cubic  pambola.  In  the  oomplex  caie, 
wbm  0<f6*,  tlMn  O  fortiori  c<6»  or  the  values  of  «  «re  I  n  i^I.  one  of  "i 
values  gives  positivo,  and  we  have  tlms  the  maxiTnum  ordinatL'  of  the  ov.il ;  the 
other  value  of  x  gives  y  uegative.  Iti  the  uimplex  case,  where  c  >  ^br,  we  may  have 
V.c<¥f  and  the  two  values  of  at  give  each  of  them  poaitive;  the  leaat  value  of 
X  corresponds  to  a  maximum  ordinate,  the  greatest  to  a  minimum  onHimtc  of  the 
cubic  parabola,  and  between  these  we  have  the  onlinate  through  the  two  rual  iaflexiooii. 
the  tangents  at  the  iuflexions  meeting  on  tlie  axis  within  the  parabola.  2".  We  may 
have  c  =  lP,  the  two  values  of  x  here  coincide,  ^ving  thft  onlinate  through  the  two 
real  inflexions,  the  tangent.s  at  tlie  inflexions  being  fn)iizr>ntiil.  And  -V.  We  may  have 
06*,  the  two  valueH  of  w  are  then  imaginary  and  we  have  no  real  level  point 
^eae  ave,  in  fact,  Mmdoch'B  three  Janna,  whidi  he  diatinguiahes  as  tha  amptUtata, 
m»iia,  and  eanqmitformit^ 

2,  iikm  BmUUiiga,  W.C^  June  2,  1860. 
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346. 


KOT£  ON  AN  EXPRESSION  FOR  THE  RESULTANT  OF  TWO 

BINARY  OUBICa 

IVtom  the  Qmrtaijf  Jonmal  qf  Pure  and  Applied  MaUimatich  toL  ti.  (18d4), 

pp.  381] 

Mr  Wahrex,  in  his  paper  "  Iliustratious  of  the  Theory  of  Critical  FuDCtions," 

Qnaderly  Mathemdtknl  Joniwal,  t.  vi.  pp.  231 — 237,  flSC4),  haf  given  for  the  Resultant 
of  two  binary  cubic  hiuctious,  an  expression  which  is  in  ertect  as  tollows;  viz,  considering 
the  eulne 

its  Hessian 

(a.  b,  eSm,  yf,  ad-h^  hd~tf^m,  yY, 
•nd  the  euhioonuiaat 

(A,  S,  C,  Dfx,  y)\  =  f     a*d  -8afto+S6' ,  \ 


^Sacd+eM  ^9bif. 
-  a^+9bod-2fi  , 
end  in  Uke  tnammr  the  cubic 

<a',  6',     d^ix.  yY, 

its  Heeoum 

(a',  b'.  c'lx,  yf, 
and  the  cubicovarinnt 

a=orf'  -36c'  -Wc  -ad. 
ii^ALf-  ^BC  +  '6Ji'C  -  A  D, 

C  V. 


and  writbg 


37 
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then  the  Resultant  is 

that     the  Bewltant  is 

2{a^-a'd-Sbc'  +  9b'cy 
+  27  {ad^  -  a'd  -  3&c'  +  36'c)  x 

{(«}  -  6»)  (^C*  -  d**)  -Uad-  be)  (a'cT  -  yo")  +  (M  -  c»)  (oV  -  6'')1 

+  27  j     {ard  -  ^abc  +26*  ) (-  a'd'"-  +  'We'd!  -  2c'*  ) 
-Siabd-  2ac'  +  b'c    )  (-  a'c'd'  +  2b''d'  -  b'c'-' ) 
+  3  (-  acrf  +  2b~-d  -  b<f  )  (    ab'd'  -  ici'c'-  +  b''c  ) 
-   (-u<Z-  +  3icti-2c*)(    o'»(i'  -  3a'6V  +  26  0{. 
lu  particular  assume 

BO  tltit 

(a',  b',  c'lj^,  yf  =  .r'j, 

and  thutf 

0*  -(T    -1,   «^*(!'  -0, 
a'  -c'    -0,  b'-i. 

(S  -  A  + 1)  -  tfti  -  cm2>- Safie + 9ioi{+ S£»  -  8(^, 

or,  putting  for  shortness, 

a—d='0,  and  therefore  a»(i  +  d. 


we  have 


and  Bewltant  ia 


irhidi  » 


-  2^ 

+  27^(6c-<i»-tW) 

+  27  [2(6^-  c»)-8*etf+*tf+<W»}, 


or  rejeeting  the  fitetor  -8,  it  is 
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Bnt  the  two  equations  are 

(a,  b.  c.  d^x.  jfY^O, 
«^+$»  =0. 

the  last  of  which  gives  y  =  —  x,  y  =  —  tttx,  y  >■  —  vhc,  if  »  be  an  imagioacy  cube  root  of 
unity,  and  hence  the  Restiltant  is 

-  (a  -  di + 3c  -  c2)(a  ~  36» + 3cM*  -  (j)  (a  «.  Sitt' + Sc«  -  d). 

which  ia 

-  -  36  +  3c)    -  36«  +  3c«')  {fi  -  36<»*  +  3c«»), 

or  finally  itt 

and  the  furmula  is  thiui  verititd. 

If  tha  two  cables  aie  taken  to  be 

then  the  formula  gives  for  the  Diacriniinant  of  the  quartio  function  (a,  b,  e,  d,  e^z,  yf 
a  new  expreesiaD,  wUidi  bowever  does  not  ftppeer  to  be  aa  elegant  one. 


37—2 
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347. 


ON  TH£  NOTION  AND  BOUNDAHIE8  OF  ALG£BKA. 


[EVom  the  QHtal^if  Journal  of  Pure  and  Apj^iM  MaAmnaUa,  vol  TL  (1864X 

fj^  38S— 884b] 

I  no  Tint  adiiiil  the  iiswertion,  tluit  the  idea  of  luirnber  is  derived  from  that  of 
time,  it  uppciins  to  mc  that  it  i$  derived  from  that  of  succefiaiou  in  time  or  space 
indiffereDtly.  But  I  would  rather  say  that  the  idea  of  iwiinal  nmiiher  is  derived  and 
abstracted  from  that  of  4»iltiMl  number,  vis.  (distinguishing  the  cxpi^^sitioiis  'set*  and 
'  s(  ries,*  the  latter  bfiiig  nsed  to  designate  a  set  of  thiugs  considenil  ns*  nrnmj^f'd  in 
a  detiuite  order),  if  we  have  a  aerieii  of  things  a,  b,  c,  d,  or  my  a  serie-s  ul  words 
firtt,  Meeond,  Aiid,  fourA,  fte. ;  th«D  any  set  of  things  X,  ilT,  F,  P,  Q,  taking  them 
up  one  after  the  othi  r,  no  matter  in  what  oitler,  and  coordinating  thcni  with  the 
temui  of  the  scriru  a,  6,  c,  d,  &c.  or  with  the  «  nis,  tii>t,  second,  third,  fourth,  SiC — 
the  last  of  them  will  be  coordinated  with  a  definite  term  of  the  »erios  a,  b,  c,  d,  iic^ 
or  with  a  definite  term  of  the  seriM  fint,  second,  third,  firarth,  Ac ;  that  1%  the  set^ 
whatever  be  the  assumed  onler  of  the  terms,  or  (what  is  the  same  thing)  without 
assuming  nny  orth  r  therein,  will  have  a  certain  pn»|>rrt}' ;  viz.  its  the  sot  A',  .V,  Y,  P,  Q, 
where  the  lust  terra  ia  coordinated  with  e  or  with  the  woi-d  njtJi,  the  pmpcrty  is  that 
the  set  oonststs  of  ^es  things :  and  so  in  general  the  set  consists  of  a  certain  (oardinsl) 
number  of  things,  such  cardinal  number  being  the  number  conesponding  to  the  rank 
in  the  scries  a,  b,  c,  d,  &c.,  of  the  term  wherewith  is  coonlinated  the  last  term  of  the 
set,  or  corresponding  ^vith  the  like  ordinal  number  in  the  seriea  tinit,  second,  third, 
fourth,  ite. 

The  foregoing  remarks  aie  made  bo  some  extent  incidentally,  but  they  have  a  bearing 
on  the  distinetion  in  kbd  which  edsAs  e.g.  between  the  proportion  14>1^14.1«4, 
and  the  propoation  which  for  onKnaiy  purposes  would  be  ezpreesed  as  I  +  l  +  Ae. 
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(n  tprni.s)=«,  but  which  is  better  expressed  in  the  form  1,  +  Ij  +  ...  +  1,,  = «,  where  the 
subscript  numbersi  merely  diHtinguish  betweeu  the  dififercut  unities  which  are  added 
altogether. 

I  use  the  term  Algebra  iu  a  wide  sense  as  including,  or  indeed  I  might  say 
identical  tnth,  Fimte  Analjni,  and  csccIndiDg  Infinite  Analysis;  Imt  in  speaking  of  it 

a.s  identical  with  Finite  AnalysiK  I  include  in  that  term  part  of  what  might  be  cuii- 
sidercd  Infinite  Analysis;  viz.  many  of  the  theorems  relating  to  intinite  series  or  other 
Buccessious  of  operations,  e.g. 

(1 +«+ 4^+ ...  cut  »A/:>s  1, 

Teally  belong  tu  Finite  Analyaia;  for  what  ia  aaierted  is  that  the  ooefficieut  <A'  the 
trrm  of  indefinite  luuk,  say  of,  is  a  Jrrnte  fcries  eqiinl  in  value  to  aero  (thia  coefficient 
in  fact  is  1  —  1  which  is  —  0).   On  the  ulher  hand  the  theorem 

the  troth  whereof  depends  on  the  equationa 

j  =  ^,  +  ^  +  ^  +  '"      «/.  ^  . 
whidi  are  not  uithmetiGally  verifiable,  belongs  strictly  to  Bifinite  Analysia 

Algebra  is  an  Art  and  a  Science ;  qua  Art,  it  defines  and  prescribes  opt  ntliinis 
which  ore  either  tactical  or  else  lugistiuU;  viz.  a  tactical  operation  is  one  relating  to 
the  arrangement  in  any  manner  of  a  set  of  things;  a  logistical  operation  (I  pnefer  to 

the  new  expros'^inn  instead  of  nrithmptical)  is  the  actual  perform  an  f(\  so  as  to  ohtriiu 
lur  the  result  a  number,  uf  any  arithmetical  operations  (of  coui-se,  given  uperatious) 
finite  in  number,  since  these  alone  can  be  actually  perlisrmed,  upon  given  numbers. 
And  qua  Science  Algebra  affirms  d  priori,  or  piediets,  the  result  of  any  such  tactical 
or  lo^;i^til^al  (ov  tactiral  and  logisticah  opf^ritioTis.  An  equation  such  as  1  +4  f  10  =  15 
is  not  an  algebraical  theorem;  it  is  merely  the  assertion  that  the  sum  of  the  uumbera 
1,  4,  10  ia  that  number,  viz.  15,  which  ia  the  sum  of  the  numbers  in  question.  And, 
similarly,  the  equation  l-fl  +  ls=d  is  not  an  algebraical  theorem.  But  on  the  other 
hand,  the  (H|uation  1  +  1  +  1 ...  terms)  =h,  is  an  algi  bruioaf  th»'nn»ni ;  in  the 
cquivaleut  form  !» + 1,  + ...  + 1„  = /i,  (where  1*  =  !)  it  is  not  diti'crent  in  kind  from  the 
equation  1  + S-l-B ... -l-na4n(»-|-l),  or  say  li  +  ls+ ... -l- U-^nCtt-t-lX  (where  UsXr) 
which  is  certainly  an  algebraical  thewem.  And  this  lea<ls  to  the  remark,  that  eveiy 
algebraical  theo]v>m  rests  ultimately  on  a  tactical  foundation.  In  iact,  whether  we  prove 
the  last-mentioned  theorem  iu  the  easiest  way  by  writing 

1+8  4-8  ...-l-tt-iS, 
a+(«-l)+(a-2)...  +  l-iSf. 
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and  therefore  23  —  {n  +  l}  +  {n+l)+...{n  tenus) •  n (n  + 1)  or  i5=|n(n  +  l);  vr  b]f 
indaetHtn  by  showing  that  tlie  thwweiD,  if  trm  ibr  n,  »  true  fbr  (ft+ 1),  (this  depeuk 
m  the  equation  ^(n-|>l)+(ii>f  !)«(]»•{•  l)((l»<fl)«c^(n  +  2);  the  proof  is  eqiuillf  s 
tactiral  one;  it  is  alwayi  tactic  which  detenniiMa  what  logiatieal  opeimUona  ate  to  be 

pertbi  uied. 

Althuiigh  i(  ina\'  nut  bo  po.ssil)]*'  absolufely  to  sopamtf  the  tactical  and  ]<igi>-tiGil 
operations ;  tor  in  (at  ail  evenUi)  a  series  of  logistioil  o{>emtioQ8,  there  is  alwap  fwme- 
thiug  that  is  tacdcal,  and  in  tnany  tacfcioal  opeiatioM  (e.g.  in  the  FlutitMm  of  Nittlien) 
tbera  is  sotnetliih  :  liich  is  logistical,  ytt  the  two  great  divbions  of  Algebra  lie  IWtie 
and  Logistic.  Ur  il,  its  might  be  doiin,  wp  Heparato  Tar>tic  off  altogether  from  Alsfebm. 
making  it  a  distinct  brauch  of  Mathematical  ^>cience.  then  (assuming  in  Algebra  a 
knowledge  of  all  the  Tactic  whidi  is  tequired)  Algebra  will  be  nothing  else  tban  Ltgiitia 
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348. 


ON  THE  THEORY  OF  INVOLUTION. 


[From  the  Tranmctiona  of  the  Cainhriihje  Philosophical  S'xiettj,  vgL  XL  Part  L  (lb66), 

pp.  21— 3b.    Read  Februaiy  22,  l»ti4.j 

Thbbb  or  mote  qmuitkB  iriiich  aatiafy  identicaUy  a  linear  eqiMtkm  nicli  aa 

\U+\'U'-t-\"U"+  ...^0, 

where  X,  X',  X",  ...  are  cons^taiit",  m-e  said  to  be  in  Invulution.  In  paiticnlar  any 
quantic  U+kV,  where  ^  is  a  cou.«itaut,  is  la  involution  with  the  quautics  U,  V;  and 
the  entire  eyetom  of  auch  quanticB,  k  having  any  value  whatevw,  ia  a  eyetem  in 
involution  with  the  quantics  U,  V.  And  in  like  manner  the  equation  U+kV  =  0,  or 
tho  loctis  t>r  system  of  loci  thenby  r^prwonted  is  said  to  be  in  involution,  or  to 
form  a  system  iii  involution  with  ihe  equations  or  loci  U  =  0,  V  =  0.  If  U,  V  are 
Unaiy  quantics  then  the  eqimtioo  U+kV^O  may  he  ooneidwed  as  repreMntii^  a 
r:iiigi'  of  p<iiiifs  111  Involution  with  tho  raiiii;cs  U^O,  V=0.  And  similarly,  if  U,  V 
are  ternary  quantics,  then  the  equation  U-i-kV  —  0  may  be  considered  as  repreaenting 
a  curve  in  involution  with  the  curves  [7=0,  F=0. 

Tn  the  case  of  a  mnge  U-^-kV=0,  the  constant  k  may  be  determined  ao  that 
the  range  shall  have  a  twofold(')  point.   The  condition  for  this  may  be  wiitten 

Disc*.  (U+kV}'% 

■  The  terie*  of  epithet*  onr/old,  ttcofoU,  Ae.,  aeema  prefenbte  to  the  texim  liimU,  doMt,  Ac.,  m  Avoiding 
ainbigcitiftf  whioh  would  ■ometimefi  bu  occasioned  b_v  tlit;  use  of  those  la*!.  The  double  point  of  a  cuvxc  1 
call  •  nod<,  viz.  a  cetmode  when  it  ia  •  double  point  with  two  real  bnnches,  aud  ao  acnode  w]]«n  it  ia 
•  ooajngate  or  isolated  point.  The  eobjeot-matlar  $aA  wnlcst  in  gmnl  Aam  nkethar  O*  tem  aada  is 
to  ha  aoniiiknd  aa  ""♦■^'■^  or  aa  iwt  i«?in^ti^  % 
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it  being  ttnderstood  that  the  dMcriminant  of  the  (bnction  U+kV  v»  tdcen  in  regard 
to  the  coordinates.  And  this  being  v,  wi  may  urite  Disc*.  Disc'.  ( L' +  JfcF)  to  denot* 
the  discriminant  in  regnnl  to  /.•  of  the  function  Tii^c'.  (U-i-  k-]').  The  t^riautity  in 
question  (viz.  Diac'.  Disc'.  ( 17  +  A- K),  or  e&y  lor  shurtness  □)  ia  a  function  of  th« 
ooeflidents  of  F,  homogeneoua  as  regards  each  set  of  ooefficieDts  Hepamtely,  and  it 
braaka  up  into  feetotB  in  the  form 

where  R^O  ia  the  condition  in  order  that  thu  ranges  U  =  0,  F»0  may  have  a  point 
in  common;  or  what  is  the  same  thin?,  in  i>n!.r  that  tlutc  sh.ill  be  a  rang*" 
U  +  kV^O  having  a  twofold  point  at  a  common  point  of  the  ranges  U  —  0,  r»0, 
(J2  is  in  fact  the  resultant  o£  the  ((uautics  U,  V):  Q«0  is  the  condition  in  oider 
that  there  may  be  a  range  U+kV^O  having  a  threefohi  i>oiut:  and  P^O  i?  tht 
rniiiHtion  in  order  that  there  may  be  a  range  U  +  kV^O  having  a  pair  of  twofold 
points. 

And  nmilarly,  when  U^O,  KsO  are  curve*,  ^n  we  have  the  like  equation 

when  Ji  =  0  ia  the  t  iniliilon  in  orrier  that  the  curves  17"0,  l''=0  mu  liavf  a  [xiiiit 
of  iwotold  intersection,  that  l<<,  that  the  two  cmes  may  touch  each  other,  {R  i-  '1. 
Tactmvariaat  of  tbo  quautics  U,  V);  or  what  is  the  same  thing,  it  'u  thu  conditiou 
in  order  that  there  may  be  a  curve  IT+ibFmO  having  a  node  at  a  point  of  twofold 

intersection  of  the  curves  ('  =  0,  F  —  O;  moreover  Q  =  0  is  the  condition  in  order  that 

th<  rc  in;iy  b<'  n  curve  U+kV  =  0  h^nncr  a  cusp:  and  P-O  \<  the  condition  in  Order 
that  thvic  in;iy  \n-  u  Curve  U+kV  =  0  liaving  a  |v;ur  ut  ihxIi  m. 

The  establishment  and  illustratiou  of  the  foregoing  theorems  form  the  chief  object 
of  the  present  memoir. 

Article  Nos.  1  to  10,  relating  to  two  Binary  Quwitioi. 

1.  Let  U  =  {a,  ...$a-,  yf,  !'"  =  («',  ...'^x,  yf,  be  two  binaiy  quantio*  of  the  same 
order  n;  and  write  W=  (I+kV='{a+ka',  ...J*.  tfY,  so  that  W »  U  +  kV  =  0  'i»  the 
equation  of  a  nmge  in  involution  with  (he  rsages  U^O,  V^O.  But  for  greater 
distinctness  it  is  in  general  convenient  to  retain  U +kV  instead  of  teplaein^  it  hf 
the  single  letter  V. 

2.  In  onler  that  the  range  U  +  kV^  0  may  have  a  twofold  point  we  must  have 
simultaneously 

B,(rj+kV)  =  o, 

iy{U+kV)=0, 

and  elintinating  (a,  y)  from  the»<e  equations  we  Hud 

Disc*.  {U+kr)=0, 
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which  IB  an  et|ualiuu  of  the  order  2(»  — 1)  as  regards  k,  and  of  the  same  order  a» 
regards  the  ooeflkieiite  of  U  and  F  conjointly.  And  to  eabh  of  tlio  values 

of  k  there  corresponds  a  point  (x,  y)  satisfying  the  required  conditions;  tliat  ia,  a 
point  which  is  a  twofold  point  of  the  range  U-t'kVaaQ,  The  points  m  qnestion  may 
be  termed  the  '  critic  centres '  of  the  involution. 


3.  The  eUnunation  of  k  tmut  the  beforo-mentioned  two  equations  gives 

where  the  determinant,  which  for  shortness  I  call  /,  is  the  Jaeohian  of  the  two 

functions  U,  V.  The  equation  J  =  0  gives  a  range  of  2(»— 1)  points  which  are  in 
fiftct  the  critic  centres;  and  for  eaoh  of  these  points  we  have 

which  gives  the  value  of  k  oorrespomUug  to  the  point  in  question. 


4  Tlie  condition  in  order  that  the  equation  in  k  may  have  »  twofold  root  is 

Disc*.  OiscF.  (U+kV)~0, 

or  say 

where  Disc'.  Disc'.  (f  +  i'F),  =  □,  is  u  function  of  the  degree  2(2»j  -  2)  (2n- 3)  in 
regard  to  the  coetHcients  of  U,  V  conjointly ;  but  it  is  separately  homogeneous,  and 
therefore  of  the  degree  (2n  -  2)  (2n  -  3)  in  regard  to  each  of  the  two  sets  of  coefficients. 

5.  To  eswjh  point  of  the  range  J—0,  there  oorresponds  a  value  of  k;  hence  if 
the  range  J  have  a  twofold  point,  then  the  equation  in  k  will  have  a  twofold  root. 
Now  J!ni  if  the  ranges  U^O,  F»0  have  a  common  pointy  then  this  is  a  twoibld 
point  of  the  range  FbO,  But  MMMMtfy,  without  a  common  point  in  the  ranges 
U™0,  V  =  0,  the  range  J—0  may  have  a  twofold  point;  and  in  this  ra^e  also  we 
have  a  twofold  root  of  the  equation  in  k.  And  thirdly,  without  a  twofold  point  ia 
the  range  FsQ,  there  may  he  in  this  nmge  two  onefeM  points  giving  each  of  them 
the  same  value  of  k,  and  so  giving  a  twofold  root  of  the  equation  in  k.  And  the 
three  suppositions  corr^pond  respeotivply  to  the  cases  of  there  being  a  range  U+kV-^O 
having  a  twofold  point  at  a  common  point  of  the  ranges  U  =  0,  V—0,  having  a 
threefold  point,  end  hainag  «  pair  of  twofbld  poiata. 

6.  First,  if  the  ranges  U=0,  V=  0  have  a  common  point  we  may  write 
and  these  give 

c.  V.  38 
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Now  in  general 

Disc'.  PQ^Diac'.  P.  Disc*.  Q.  [Result.  (P,  Q)]*, 
«nd  hence  in  the  present  case 

where  Ut+kV^  w  whnt  IT'+ibF'  heoomee  on  writing  therein  ««ay  and  negleetmg 

the  factor  which  then  presents  itselC    Wo  see  therefore  that  in  this  case  the 

equation  k  has  a  twofold  root  k  =  —  Ut  -i-Vt';  a  result  which  might  also  have  been 
obtained  from  the  consideration  of  the  Jaoobian. 

7.  The  condition  in  order  that  the  nmgee  U-0,  F— 0  may  have  a  oonunan 

point  is 

Seenlt.  (U.  V)  =  0, 

say  P  =  0,    P  is  of  the  degree  n  in  regard  to  the  coefficients  of  U,  V  respectively. 

8.  Secondly,  suppose  that  tha  functions  U,  V  an.'  such  that  there  exists  a  range 
17  4.^^  =  0  having  a  threefold  point.  If  A*,  be  the  proper  value  of  k,  then  we  have 
U  +  kiV=  (x  —  aify@,  and  therefore  U ^  —  kiV  +  (w  —  ayY  B.  Hence  forming  the  Jacobian 
of  U,  V,  the  equation  for  the  determination  of  tiie  eiitie  centres  will  he 

which  i»  of  the  fbnn 

or  we  have  (m—i^Y^O,  a  twofold  critic  centre.  The  coneeponding  value  of  k  given 
by  the  ((juation  -k  :  l^tgU  i  S^F  i*  it«i^,  and  we  have  thus  k^ki  as  a  twofidd 
root  of  the  equation  in  k. 

9.  Bnt  if  the  mnge  W^U+kVtaO  has  a  thiedbld  point,  or  what  is  the  same 

thing,  if  the  equation  11'"  =  0  han  a  threefold  root  ;  then  we  must  have  between  the 
coefficients  of  W  a  plexus  of  c(|uation8  equivalent  to  two  relationa  Such  plexus  is 
known  to  be  of  the  order  3(n-2).  This  comes  to  saying  that  if  the  ooefficieuta  of 
W  aie  anumed  to  be  of  the  form  a  +  ka'  +  la", ...  and  if  between  the  seveial 
tMjuations  of  the  ploxns  we  ellnntiate  k,  we  'ibtnin  for  /  an  equation  Q  =5  0  of  the  degree 
3(ti  — 2).  The  equation  iu  question  would  be  of  the  form  Funct.(a  +  te",  a\  ..  )ssO, 
Hence  Q  is  of  the  degree  8(»-2)  in  the  coefBdents  (a,...)  of  U.  And  in  a  sunilar 
manner  Q  is  of  the  degree  d(«>  — 2)  in  the  coefficients  (a',...)  of  V.  And  omitting 
altogether  [ho  terms  in  /,  or  takinjf  the  roefficients  of  11'  to  be  a  +  ka',...  if  fioiu 
the  equations  of  the  plexus  we  eliminate  k,  wc  find  an  equation  ^  =  0,  where  ^  is  a 
ftinction  of  the  degree  9{n—t)  as  (^(ards  the  coe6Sci«ats  of  U,  and  of  the  same 
degree  ns  regards  the  coefficients  of  V.  We  have  thus  found  the  form  of  the  condition 
QbO  which  expresses  that  there  may  be  a  range  having  a  threefold  point 
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lU.  it  may  be  proper  to  remark  conversely  that  giveo  the  equation  Q=Q,  if 
in  thia  eqmtioa  we  write  a^ia+kaf)—iaif, so  tbkt  Q  beoomes  a  flmetion  of 

a+  Id', ...  a', ...  k,  then  the  equation  Q  =  0  will  be  aatiafied  irrespectively  of  the  values 
of  a', ...it  by  a  plexus  of  equations  invnh-inp  only  the  coe85cient3  a  +  ka',...  and  which 
ia  in  fact  the  very  plexus  (equivalent  therefore  to  two  relations)  which  gives  the 
conditiou  in  ordw  thaA  the  equation  ir<«  0  may  liATe  a  threefold  root. 

11.  Thirdly,  suppose  that  the  functions  U,  V  are  such  that  there  exists  a  range 
V+kV^O  having  a  pair  of  twofold  points.  If  Ai  be  the  proper  value  6[  k,  then  we 
have  U+kV'^ix-ayy^x-ffyye,  and  therefore  f/=  - A,F  +  (a;-ayy(«-%ye.  Hence 
forming  the  Jaoobian  of  Ut  V,  we  have  for  the  determination  of  the  eritac  centres  the 

equation 

h,V,  5,.(»-ay)«(«-/8y)«e  I 
which  »  of  the  foarm 

(«-«Sf)(«-/9y)O  =  0j 

or,  we  have  tt—ay^O,  or  s-0y=O,  a  pur  of  critic  centree;  and  for  each  of  these 
the  corresponding  vahio  of  k,  given  by  the  equation  -^k  :  l  =  BmU  i  i^V  is  k^k,,  m> 
that  k^ki  ia  A  twofold  root  of  the  equation  in  k. 

12l  By  the  like  considerations  ns  for  the  threefold  i-oot  (obaerving  that  if  the 
equation  W^O  has  a  pair  of  twofold  roots  we  must  have  between  the  coefficients  of 
ir  a  plexus  equivalent  Id  two  relations,  ami  of  the  order  2  {» —  2)  (« —  3)),  we  see 
that  the  condition  for  the  existeuce  of  a  lungo  U+kV—O  having  a  pair  of  twofold 
points  is  of  the  fom  JP<bO,  when  P  is  a  fhoetion  of  the  degree  S(n>2)(ft-S)  as 
rc-rfai-ds  the  coefficients  of  U,  and  of  the  R.ime  dcgrt-o  a.s  regnrds  the  coefficieate  of  F"; 
and  conversely  that,  given  the  equation  P^O,  we  may  find  the  plexua 

13.  The  equation  0=0  will  be  satisfied  if  R  =  0,  or  if  Q  =  0,  or  if  P  =  0;  and 
in  no  other  cases.  To  prove  this,  suppose  that  »  — ay  =  0  is  the  critic  centre  corre- 
sponding to  a  twofold  root  4,  of  the  equation  in  k  We  have  ir«-Ar,F+(a;-ay)»8, 
•Ad  thence  the  equation  for  the  critic  centres  is 


-0. 


■n-htcli  18  an  equation  of  the  form  (  r  -  a^^)  =  0:  and  where,  corresponding  to  the 
root  x  —  ay  =  0,  the  equation  —A  :  1=8,(7  :  8gV  gives  k  =  ki.  Since  Ar,  is  a  twofold 
nob,  Iheve  mnst  be  another  ori^  centre  also  giving  the  valne  ki  at  k.  This  new 
critic  centre  may  he  cither  x  —  aij  =  0  (the  same  as  the  first  mentioned  critic  centre) 
or  it  may  be  a  distinct  critic  centre  x-fijfO.  In  the  former  case 
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must  contain,  instead  of  the  fitctor  (x-aty),  the  fiutor  (x-ayf.  In  otder  Alt  tltt 
maj  be  WH  we  miuft  have 

that  is,  (oS,F+ S„r)^'  divisible'  by  (r-ay).  that  is,  either  oB^V+B^V,  or  else  B, 
divisible  by  «  — acy;  or,  what  i«  the  same  thing,  either  V,  or  else  B,  divisible  by 
«-ay.  Bnt  if  F  be  dmnble  by  x-^jft  tbmi  ^,  7  have  the  eommoii  fiwtor«'4r> 
Mid  we  ha^e  the  case  fint  above  eonaidend  And  again  if  6  oontain  the  ban 
4»~-qy,  then  we  have 

and  wo  have  the  case  secondly  above  considered.  Finally  if  the  new  critic  centre  be 
the  distiiHst  centra  g-fy^O,  then  for  *—0if^O  the  eqnatien 

should  give  Jt  =  A:i;  but  this  will  only  happeu  if  8,.(x-cry)»©,  ^.(«-<^)'0  vanish 
for  9-/^-0,  that  is,  if  6  oontuna  the  factor  {ts^fiyY;  and  when  thi*  is  ao. 

-  *ir+(«-ay)»(x  -  /9y)»  8'. 

or  we  have  the  case  Vnrdtif  above  considered. 

14  Uenoe  the  equation  0^=0  being  satisfied  if  Ji  =  Ot  or  else  if  Q»0,  or  eke 
if  P^O,  and  in  no  other  oaaea,  the  function  □  muafe  be  made  ap  of  the  fiMtm 
R,  Q,  P,  each  taken  the  proper  number  of  timea,  and  Icnowing  the  degieea  of  the 
several  fnnctiona,  it  follows  that  we  must  have 

in  foet,  considering  tlie  coeffidente  of  eithor  (T  or  F,  the  oompariaon  of  the  dagieei 
fiivea 

2(n-  l)(2n-3)-n  +  9(«  -  2)  +  4(»-2)(m-3), 
where  the  function  on  the  right-hand  aide  is 

B  n 

+  4k»  -  20/1  +  24 

=    4*r  — 10m+  (), 

which  is  the  value  of  the  fimction  on  the  left-hand  side^ 

1.5.    Tn  the  vcr)'  particular  case  »  =  2,  Q  and  P  arc  mch  of  them  of  the  degree 
» 0 ;  and  we  have  simply  □  =  i2,  that  is,  the  resultant  of  the  two  qaadric  functioos 

U^ifl,  6.  c\m,  yf.  K-(a',  6',  C^*^  0 

is 

-Disc^  {V-^kV) 

=  Diae*.  (ae  -  i^,  «c' + a'c  -  S56'.  aV  -V^^l,  kf. 
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which  is  Pro£  Boole's  ancient  theofem  referred  to  in  my  Fifth  Menidr  on  Quaatics('). 
but  whSdi  is  now  fiisk  exhflnted  in  oonnexion  with  th«  general  theoiy  to  whioh  it 
bdkffiga. 

16.  It  may  he  noticed  that  the  condition  for  a  twofold  critic  centre,  or  (what  it 
the  sainu  thing)  a  twofold  factor  of  the  Jacobian  'which  condition  is  of  the  ilegree 
2  (2ft  — 3)  in  regard  to  the  coetiiciuiiti^  of  U  or  V;  is  RQ  —  O;  and  that  we  in  fact  havo 

2(2«-3)  =  »  +  3(ii-2). 

This  remark  ia  doe  to  Dr  SalmcHi. 

Article^  Nos.  17  to  iH,  rdaibig  to  Im  IVntofy  QiumHca. 

17.  Suppose  BOW  that  IT s (a, y,  tf,  V's(a\..'$m,  y,  «>*  are  two  ternary 
quantioa  of  the  aune  aider  ft,  and  write        U •t-lrF«(a-{-j»',..^a;  y,  mY,  so  that 

If-  IT^+JfeF^O 

ia  the  eqnatioii  of  a  curve  in  invohition  with  tiie  enrvea  17^—0,  F— 0.  Bat  for 
greater  diatinetiMaa  it  is  in  general  firoper  to  retain  U-^kV  in  place  of  W. 

1&  In  order  that  the  curve  U-\-kV^Q  may  have  a  node,  we  moat  have 
aimultaneously 

Sj,(t;'+A-r)=o. 

and  eliminating  (a;     «)  from  these  equations  we  have 

Disc*.  (ir+j^7)-0. 

whidi  is  an  eqnalaon  of  the  degree  3{a  — 1)^  as  regards  k,  and  of  the  same  ordnr  as 
regards  the  ooefficaents  ot  U,V  eonjirintly. 

19.  To  eadi  of  tlw  S<r-1)*  values  of  h  there  corraqiondB  a  pdat  satiiifyiug 
the  Qonditiona  in  qnestian,  and  which  b  therafere  a  node  of  the  cacrespondii^  nodal 
curve 

tr  +  itF=0; 

the  points  in  qucsUoo  are  the  critic  centres  ot  the  involution. 

20.  The  Clitic  centres  may  In  differently  obtained  as  follows;  vis.  if  from  the 
three  equations  we  eliminate  kt  we  Hnd 

l^U,  h„D,  hJJ  1=0, 
>  PMI.  SVoM.  vol.  cuma.  (tSSB),  n.  41S-4S7.  (IMJ. 
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a  plexttB  of  tltree  cams,  each  of  them  cS  the  order  2(i*  — 1);  any  two  of  tbe  three 
ouirea  iuterseot  itt  i(n-iy  points;  but  (n  — 1)*  of  these  do  not  lie  on  the  third 
cimc;  the  romaimng  3(n-I?  of  them  lie  on  all  threo  of  the  curvee,  and  tbej  are 

the  critic  centres  of  the  iuvulntion. 

21.  More  generally  the  critic  centro<;  lii-  uu  any  curve  whatever  of  the  form 

a.      0.      7  ,  =  0. 
B,U,  S,U  \ 

KV. 

and  any  such  cui-ve,  viz.  any  curvo  of  tlu'  mder  2(»  — 1)  poaaiag  through  the  8(n  — Iji* 
critic  centrca,  may  be  termed  a  diacritic  curvo. 

22.  For  auy  one  of  the  critic  centixja  we  have 

wliicb  giTM  the  value  of  k  (xwveqiondwg  to  the  point  io  quegtion. 

28.  The  oonditiott  in  order  that  the  equation  in  k  majr  have  a  twofoU  root  is 

DiM^.  Diee».  (jr+*F)-0, 

or  aay 

□«0. 

where  Disc*.  Disc^.  {U+kV),  is  a  fbnetioD  of  the  degree  2.3(n- l)>{3(n -1)*- 1] 
in  regard  v>  the  coefficients  of  U,  V  conjointly;  but  it  is  lepuateljr  homogcncouSt  and 
thereibre  of  the  degree  3(f»  — IJi'tSCn  — 1)>-1}  in  regard  to  each  act  ti(  ooefficients. 

24.  To  each  of  the  eriiie  oantrea  there  corresponds  a  value  of  k.  Hence  if  two 
of  the  critic  centres  coincide,  or  say  if  there  is  a  twofold  critic  centre,  the  equation 
in  k  will  have  a  twofold  root.  Now  jirst  if  the  curvea  CTs  0,  V=  0  touch  each 
other  {have  a  point  of  oontaot  or  twofd^d  infceraeetioik)  then  the  diaeritio  eorves  will 
all  touch  (have  a  point  of  twofold  intersection)  at  the  point  in  question,  which  is 
therefore  a  twofold  otitic  centre.  It  may  bo  romtu-kod  in  passing  that  the  diacritic 
curves  do  not  at  the  twofold  critic  centre  touch  the  curves  i7=0,  V^sQ.  But 
Moondfy  the  diaeritie  eurvea  may  touch  at  a  pant  which  is  not  a  point  of  contaot 
of  thr  (uncfs  U  =  0,  F  =  0.  Such  a  point  is  a  twofold  critic  centre.  In  wich  of 
these  two  cases  the  equation  in  k  haa  a  twofold  rook  Moreover,  in  the  tirst  case 
the  curve  U  +  kV^O  corresponding  to  the  twofold  root  has  a  oode  at  the  point  of 
contact  of  the  two  curves  U=0,  V=0;  in  the  seoond  ease  dw  cnrve  U+kV^9 
corresponding  to  the  twofold  root  has  the  twofold  centre  (not  a  mere  node  but)  a 
cusp.  And  thircUif,  without  auy  twofold  critic  centre,  two  distinct  critic  centres  may 
give  by  the  equations 

t»U:ByU'.B,U=B^r  :  ByV:t,V'k',  -1 

the  same  value  of  k,  and  then  the  curve  U+kV'mQ  ooiresponding  to  such  value  of 
Ir  is  a  curve  having  a  node  at  each  of  the  critic  eentres  in  qaestiim,  that  is,  it  hes 
two  nodea 
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25.  Firtt,  if  the  curves  U^O,  V^O  touch  each  other,  then,  (x,  y,  z)  being  the 
condtiMite*  of  the  point  of  contact,  m  hftve  IT-  0,  F>*<K 

A-.F)  =  0, 

where  kx  denotes  the  value  given  by  the  equations 

helonging  to  the  point  of  oontaet  It  at  onoe  follows  that  evoiy  diacrilic  cum  paaaes 
through  the  point  in  questiou.  Kit  it  is  somewhat  more  difficult  to  show  that  the 
diacritie  eurvca  tondi  at  this  point 

28.  I  represent  Ibr  shortness  the  first  and  seeood  differential  coefficients  of  U  by 

(i.  if,  N),  (a,  b,  c.  /.  g.  A),  and  similarly  those  of  F  by  (L',  M\  .V).  («',  J',  c',/,  ^,  k'), 
these  values  all  belonj^ng  to  the  point  of  oootaet:  we  have  therefore 

The  equation  of  the  diaeritte  ourve  is 


L.  M,  N 
l\  IF,  If 


=  0; 


to  find  the  tangent  we  must  operate  ou  the  left-hand  .side  with  A'd,+  YB^-i-ZBf,  where 
X,  r,  IT  are  cnnent  coordinates.  Galling  the  foregoing  symbol  D,  this  gives 


0  , 

0  . 

7 

+     a  , 

iB  , 

7  =0; 

/.  . 

M  . 

N 

DL. 

2JM, 

DN  1 

DAt, 

DiV 

M', 

H'  1 

or,  what  ia  the  same  thing. 


«  1 

0  , 

t 

9  . 

0  > 

y 

=  0; 

L  , 

M 

N 

L', 

J/'. 

Dit, 

DL, 

DM, 

DN 

or.  substituting  in  the  first  determinant  for  L,  dt»  Jf  their  values  —kL',  -kM',  -klf, 
and  trsnBftmng  die  bctor  kx  from  the  second  to  the  third  line,  we  obtain 


L'  .  W  .  IT 
kJ>L',  kJ)Ar,  kiDir 


«  .    0  ,  7 

L',  nr.  y 

DL,  DM,  DiV 


•0, 
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which  may  also  be  written 

L'       ,         jf      ,  iir 

or,  more  symmetrically,  0  beiug  my  quantity  whatever,  it  is 

«  ,  0  .  J  -0; 

L  +  0L'        ,         M  +  ,         N  +  eN' 

DL  +  k,DL'      ,       mi+k,DM'     ,       Di\  +  h,JJN' 

or,  «ubetitutiqg  for  D  it»  ytiw,  the  equation  of  the  tangent  ia 

•  ,  0  t  y  -0. 

(«  +  *o',.5X  F.  A  (A+A*'..1[Z,  F.  £).  (s+¥,V,  F,  JP) 

27.  Now  if  the  diacritics  toucii,  this  equation  shiMald  be  independent  of  c,  fi,  f. 
Putting'  for  shortnnss  a  +  ifc,o'  =  ri,  &c..  and  abo  taking  as  we  nay  do         the  parts 

multiplied  by  a,  /8,  7  respectively  are 

M(gX  +  /y  +  cZ)-N  (hX  +  br  +  /Z). 

{aX  +I,Y  +  gZ)  -  L  {gX  +  /)'  +  cZ\ 
l{kX  +  bY+/Z)^MiaX  +  hY+ gZ), 

and  w«  ought  therefore  to  have 

Mg-ITh  :  Mf-JKh  :  Me-Sf 
^Ifa-lg  tM-L/  iNg-lc 
^Lh^Ma  :  U -Mh  :  I^-Mg, 

equaUona  whidi  are  in  &ct  Batiafied;  for  take  any  one  of  them,  fbr  example,  the 
equation 

Mg-M  Mf-Nh 
ITa-lff"  Nh-Lf 

thu  is 

MN  (gh  -  af)  -  V'  (A»  -  ah)  -  LM  (fn  -fy)  +  LN  {fh  -  hg)^^ 
Oft  omitting  the  term  iii  LM,  aud  tlirowing  uut  tlie  tactur  JS, 

Lifi/-bg)  +  M  ( gh  -  af)  +  N{ab-  A»)  =  0. 

But  the  equations  L+AX'^i^  ^c,  gire 

A#4ty  +/«  =  0. 
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s 

that  is 

X  :  y  :  g  =  bc  -/»  :  fg  -  ch  :  hf-bg 
=/y  -ch  :  ca-g-  :  gh  ~  of 
=  h  f  —hg  :  gh  —  af  :  a/t  —  A', 

HO  that  tho  above  written  equation  is  Lx  +  M>/ +  X::  =  0,  which  i.s  t.nu>  in  virtue  of  the 
ei^uatioD  17 » 0 ;  and  siiuilarly  for  all  the  other  equations  which  were  to  be  veritied. 

28.  It  18  to  be  noticed  that  the  detenninaUon  of  the  tangent  of  the  dtaeritios 

depends  uidy  nii  the  second  dit^"i  rrnti:il  cwffieicnts  (a,  b,  c,  /,  g,  li),  (a',  b',  c',  /',  g',  h"), 
of  U,  V.  The  tangent  in  question  will  be*  the  same  if  instead  of  the  corves,  U  =  0, 
F-0  we  have  the  ooniee  (a,  b,  c,  f,  g,  k'jlx.  y,  zf  =  Q,  (a,  b',  (f,f,  ^,  h%x,  y,  zy^di 
these  conies  pass  through  the  point  of  contact  <<f  the  two  eiims,  and  their  tangents 
are  coincident  with  those  of  the  two  curves  /'=().  T-D  respectively;  that  is,  the 
conies  touch  at  the  point  in  question.  They  consequently  intersect  in  two  more  points; 
the  diord  of  inteiMCtion  or  Uoe  joining  the  hut-mentiDiied  two  poiatBi,  meets  the 
eommon  tangent  in  a  point;  the  polars  of  this  point  id  regard  to  the  two  conies 
reHpwti\ely,  pass  through  the  point  of  contact,  and  moreover  they  are  one  and  the 
same  line;  this  line  is  the  required  tangent  of  the  diacritics.  The  proof  will  be 
given,  |KM<,  No.  41. 

29.  Let  R  —  O  be  the  conditioTi  in  i^rdor  that  the  two  curves  ^=0,  T''=0  may 
touch  each  other,  or  say  let  K  hv  the  Tactiu variant  of  U,  V.  When  the  curves 
U,  F  are  of  the  degrees  m,  n  lespeetively,  then  Ji  is  of  the  degrees  ii(2m+tt  — 8), 
m  («t  +  2n  —  .S)  in  regard  to  the  coefficients  of  U,  V  respectively.  Hence  in  the 
prt^sent  case  where  IT,  V  are  each  of  the  degree  n,  jK  is  of  the  degree  3A(n  — 1)  in 
regard  to  each  set  of  coefficients. 

80.  Secondly,  if  the  functions  U,  V  are  such  that  there  exists  a  enrve  U  +  kV=0 
(say  the  curve  U+kxV^O)  which  has  a  cusp,  then  it  is  to  be  shown  that  k^ki  is 
a  twofold  Toot  of  the  equation  in  k;  and  to  do  this  it  has  to  he  shown  that  the 
cusp  is  a  twofold  critic  esntre;  or  that  the  diacritic  carves  bnuh  at  the  cu.sp:  it 
may  be  added  that  the  cuspidal  tangent  is  the  common  tangent  of  the  diaeritic 
curves.  Now  the  cuspidal  curve  being  U  +  kiV='0,  then  at  the  cusp  the  first  derived 
functions  L+hL\  M-¥k,U'>  N+kJi'  vanish  identically;  and  moreover  the  second 
derived  functions  a  +  Au',...  are  sudi  that  {X,  Y,  Z)  being  any  magnitudes  whatever, 
(rt  +  ^■ia',...'5X,  Y,  Zy  is  a  perfect  square,  =  (X.T -f- /xF  +  I'Z)'  suppose.  Now  X,  Y,  Z 
being  current  coordinates,  and  D  denoting  the  operation  ^  A'^  +  ZS^,  the 
equation  of  the  tangent  to  the  diactitte  curve  (by  an  investigation  similar  to  that  for 
tUa  same  tangent  in  the  caae  fint  above  oonmdered)  ia  found  to  be 

«  ,  /8  ,  7  -0, 

C  89 
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and  we  have 

And  nmilaxly  tbe  valuM  of  (A+M'>-3[X.  F,  ^  and  (g+i,s(,.''iX,  F,  ^  am 

=»  ^  (XJT  +ft7+vZ)  and  =  V  (XJC  +  /tF  +  v^)  re^ectively. 
Hanoe  the  aqualioii  «f  the  tangant  to  tlia  diaeritic  curva  is 

that  is,  the  tangent  being  independent  of  the  values  of  (a,  0,  y)  is  the  samo  for  all 
the  diacritic  curves,  aud  is  the  taugent  at  the  cusp  of  the  cuspidal  curve  U kiV  =^0. 

31.  The  conditions  in  order  that  the  curve  W=lI  +  kV=0  may  have  a  eusp  are 
given  by  a  plexus  equivalent  to  three  relations  between  the  coefHcients  a  +  ka',..  of 
W»  and  unng  for  a  mouant  to  denote  tha  degree  of  th<  pit  xus  or  system,  then 
eliminating  k  between  the  equations  uf  the  plesua  we  find  between  the  coefficients 
a,...  of  U  and  the  coefficients  a',...  (A'  V  an  equation  Q  =  0  of  the  degree  /9  m 
regard  to  the  two  sets  of  coefficients  respectively.   Conversely,  given  the  equation 

we  aoay  find  tlie  plexus  between  the  ooefficiente  a+fea',...  of  W.   The  value 
«f  A  ^  diewn  pott.  Annex,  u 

>12(ii-l)(n-SX 

32.  77iirf/iy,  when  the  functions  U,  V  &re  such  that  there  exists  a  curve  U+IcV=0 
(suppc^e  the  curve  U  + 1,  V  =  0)  which  has  a  pair  of  nodes ;  each  of  these  nodes  is  a 
critic  centre,  and  (by  meeuis  of  the  equation  —k  :  l^iaU  :  BmV)  gives  the  vaJue  il^ 
of  kt  that     1^  is  a  twofold  root  of  the  equation  in  k 

33.  The  conditions  in  order  that  the  curve  W=^U+kV  =  0  may  have  a  pair  of 
nodes  are  given  by  a  plexus  of  the  degree  a;  then  the  coefficients  being  a  +  ka',...  it'  we 
eliniinate  k  hetwewft  the  equations  of  the  plexua,  we  find  between  the  eo^dente  a,... 
of  U  and  o', ...  of  V  an  equation  P  =  0  of  the  degree  a  in  the  two  seta  of  coefficients 
respectively.  And  conversely,  given  the  equation  P  =  0,  we  may  find  the  plexus  between 
the  coefficients  a  +  ka',...  of  IT.  I  have  not  succeeded  in  finding  directly  the  value 
of  «,  but  only  dmve  it  limn  the  equation  JiQ*i*,  whtd)  if  «  liad  been  fiMind 
independently,  would  have  been  verified  by  means  of  luoh  value  of  «;  the  value  is 
a  «  i .  3  (»  - 1}  (n  -  2)  (3h*  -  3»  - 1 1> 

34.  The  equation  □  =  0  is  satisfied  if  .R  =  0,  or  if  Q  =  0,  or  if  P  =  0,  and  it  may 
be  seen  that  it  is  not  satisfied  in  any  other  crt^e.  Hence  □  is  made  up  of  the  factors 
P,  Q,  R,  aud  I  asdume  that  its  form  is  the  saints  as  in  the  case  of  a  biutury  quantic, 
that  is,  that  we  have 
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+  86(«-l)(»-2) 

+  8(»-l)(i»-8)(8t»*-8»-ll); 


€r,  what  IB  tlM  aaie  thing. 


+  ll(»-8) 

+  («-2)(3n»-3n-ll), 


which  is  true,  but,  as  just  remarked,  bhis  equation  itself  was  used  to  find  the  value 


1°,  if  ii  =  0,  that  is,  if  the  curves  ^7=0,  V-0  touch  each  other,  and  in  thin 
case  there  is  a  twofold  critic  centre  at  the  point  of  contact: 

2°,  if  Q  =  0,  that  is.  if  there  be  a  curve  U  +  kV-0  btma^  ft  CQSp,  and  in  thi» 
case  the  cusp  is  a  twofold  critic  centre: 

3',  if  P  =  0,  that  is,  if  there  is  a  curve  U +kVst  Q  having  a  pair  of  nodes. 

37.  The  tbree  cases  may  be  geometrically  illustrated  by  suppomig  that  the  curvea 
U=0,  V=<)  are  in  the  fint  initaiioe  nearly,  hut  sot  exactly,  in  the  flereial  lelattooa 

in  question. 

First,  if  the  curves  U  =  0.  V-0  are  about  to  touch  each  other,  that  is,  if  there 
are  two  points  of  intersection  about  to  coincide  with  each  other.  There  are  here 
two  cri^  omtres  in  the  ne^g^iboiiriiood  of  the  two  points  of  inteneetaoB,  and  whleh, 
when  the  two  poiots  of  interwetioii  heocane  a  point  of  contact,  eoinfllde  each  with  the 
point  of  oontaet. 


a  » 1 . 8  («  - 1)  (n 2)  (8a^  -  8n  - 11). 


36.    Recapitulating,  the  ecjuatiou  iu  k  will  have  a  twofold  root 


89->2 
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Bfetmdijft  whm  the  cnrrw  «n  wdi  tbitt  tliere  are  two  oritio  oantra*  whkh 
lieooiDe  nltunftlely  »  twofidd  centre. 


And.  thirdly,  when  the  curvea  are  such  that  there  are  two  critic  centres  which 
rpwiMniiig  dietinet  finoni  etdi  oUmt  bakog  ultiaMti^  to  (he  mne  critie  carve. 


38.  The  curves  1  and  2  in  the  left-hand  figures  respectively  represent  the  uodd 
eume  eonesponding  to  nlightly  different  values  of  k,  whidi  in  Uie  right-hand  figures 
respectively  give  the  curve  oorreaponding  to  a  twofold  value  of  k.  lu  the  first  pair 
of  figures  the  curves  U=Q  and  V- 0,  about  to  tonrh  in  tlio  Icff-liaixl  figure,  touching 
in  the  right-haad  figure,  are  shown  by  dotted  lines.  It  will  be  observed  that  in  the 
•eoond  oeae  in  the  lelt-liaad  figure  the  two  nodes  which  give  rise  to  a  cusp  are  the 
one  of  them  an  acnode  and  the  other  a  crunodc ;  this  is  in  fact  the  only  mode  of 
drawing  the  figtiro  so  that  a  cusp  shall  present  itself  The  tran^itinn  of  form  ib  one 
of  ordioary  occxurence  in  cubic  curves  and  in  curves  of  a  higher  order;  thus  if 

(#—«)(•'- 6) («- «)»  whera  4i<6<«»  then  if  asi^  we  have  an  aenodal  curve, 
if  h^9  a  erunodal  enrve,  and  if  <i«(bc  a  euapidal  enrve. 

'M).  In  the  case  of  two  conies,  na>S.  We  have  hers  simply  where 
is  the  condition  in  order  thnt  the  two  mnirs  mfi\-  touch  fa<:h  other.  Th*"  ii'xlal  onn-^s 
are  of  coone  the  three  pairs  of  lines  passdng  through  the  points  of  intersection  of 
the  two  oonios,  and  the  nodes  of  these  enrvea,  ve  caHao  centres,  are  the  centres  of 
the  qnadnnii^  tbrmed  bv  the  four  points  in  question;  or,  what  is  the  uame  thing, 
they  aro  thp  <>ystem  of  ciiiijugnte  points  common  to  the  two  conies,  viz.  the  points 
which  are  such  that  the  polar  of  one  of  them  taken  with  respect  to  either  of  the 
conies  is  the  line  joining  the  other  two  of  them.  The  diaotxtaes  are  any  conies 
passing  through  the  three  points 
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40.  If  the  two  conies  are 

(a,  b,  e,/,  g,  Alfa?,  y,  r)»  =  0, 
(o'.  6',  C./,      la^.  y.  *)*  =  0. 
and  if  the  detennimnt  formed  with  a  +ka',  6c.,  is  denoted  by 

(JT.  e.  ky. 

80  Hut 

K  =abc    -  a/*  -bf  -ch?  +  2/gh, 
8  -a{bc-  J-)  +  &c., 
e'-a(*V-  /'')  +  &c., 

then  the  befoie-iiMtitioned  equation  □ « it « 0  which  gives  the  condition  that  the 
oonies  may  touch  is 

Disc*.  {K,  «,       Jfjl.  ky^O, 

whore  the  left-haiul  sido  Is  of  the  order  6  in  tlie  coefficientB  of  the  two  conies 

respectively:  this  ii>  a  known  lonuula. 

41.  If  the  equation  in  k  have  a  twofold  root  the  two  conies  will  touch:  two  of 
^e  critic  centras  will  then  coincide  at  the  point  of  contact,  or  this  point  is  a 
twofold  critic  centre:  the  remaining  or  onefold  critic  centre  is  the  intersection  of  the 
common  tangent  and  of  tho  line  joining  the  two  points  of  intersection  of  the  conies. 
In  virtue  of  the  general  property,  the  first-mentioned  two  centres  must  be  considered  an 
lying  cm  the  line  which  is  the  polar  of  the  onefold  acitfe  oeidin  in  Mignd  to  ather  of 
tiie  oonies.  The  diacritics  pass  through  the  critic  centres*  that  is,  they  psss  through 
the  onpfold  cpntre,  and  touch  the  polar  in  question  at  the  point  of  contact  of  the 
two  cuuics,  or  twofold  critic  centre;  this  is  in  fact  the  property  mentioned  (mte,  No.  28. 

42.  The  equation 

Oist^.  Disc*.  (7+JfeF)*«0, 

aa  applied  to  a  oooie  and  a  circle  lesda  at  onoe  to  the  equation  of  the  curve  parallel 

to  a  given  conic;  stich  parallel  curve  is  in  fact  the  envelope  of  tho  circles  of  a  given 
constant  radius  which  touch  the  given  conic.  This  method  is  in  effect  due  to 
Br  Salmon,  who  applied  the  eonespgnding  theorem  in  9oUdo  to  the  determination  of 
the  Boifooe  parsUel  to  an  eUipsoid. 

Annex,  reforred  to  No.  SI.  /asw^offon     As  eniir     As  pltm  or  tj/tim 

fir  the  esMMOS     a  €hi^ 

Contidering  for  a  moment  the  ourve 

l7-(e5«i  y,  «>»-0.  let  (A  M,N%  (a,h.  s,/  g,  h) 

be  the  fint  and  second  diflerential  eoeflBdeato  of  U;  (A,  B,  (7,  F,  Q,  B)  the  iuTerse 
aystein,  via.  A  ^he—f*,  foe  *  At  a  eusp  we  have 

£»0.  Jf«0.  JTtrO.  il«0.  B^O.  C»0,  F^O,  G^Q,  S^O, 
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a  system  of  eqtutioin  'wliicli  ia  oontuned  in  the  system,  if»0,  N=0,  Am9. 

But  this  system  contains  besides  the  cusp  system  the  irrelevillt  S3ntem  L^iK  Jf  »0, 
iir^O»  4^-0.  Ia  &et  the  eqiwliioos  L^O,  if-O,  JfmQ  give 

and  theaoe 

:  f  :  ^  ijfg  i  at :  mymA  :  B  t  C  t  F :  Q  :  E. 

Hence  the  equation  ^  »0,  if  ^^0,  implies  the  entire  qwtem 

A^O,  ir=0.  CmO,  F«0,  0  =  0,  ff-0. 

But  if  X  =  0,  Af  =  0,  iV  =  0,  a*  =  0,  then  these  equations  give  A  =  0  (and  also  ^=0, 
0-0),  but  they  do  not  pv^  the  rMnaioing  equatioos  B^Ot  (7<bO,  ^*0.  Or  the 
same  thing  may  be  shown  in  a  less  symmetriMl  ferm,  bat  more  denrly  thus;  ve 

have  identically 

-  <w  (o» + Ay  +  jf*) + (A«  -/r)  (Aa? + ^  +/*) + *«  (jpe  +  /y  +  m)  -  (tc  -/•)  *»  +  (o6  -  A^)  J?  =  0, 

whence  the  equations  L  =  0  ^f  =  0,  N  =  0,  A  =0  give  C^=0.  that  is,  C=0,  or  .7^  =  0. 
But  the  equatioas  Z.  =  0,  A/  =  0,  N  =  0,  A=0,  C » 0  give  (as  it  is  easy  to  show)  the 
entile  system  ^«0.  £  =  0.  C  =  0,  F=0,  (/»0,  /f-0.   Thnt  isi,  the  ^stem 

i  =  0.  M  =  0,  iV=0,  ^=0 

is  made  up  of  the  cusp  system,  and  of  the  system  {L  =  0,  M  =  0,  N—0,  A=*0,  «=asO); 
or  eanoe  A^O  is  a  oonsequenoe  of  the  other  equation^  the  second  system  is 

(1  =  0.  Jf»0.  JV=0.  *?«0). 

Consider  now  the  curve  XU  +  fiW  +  vU"  =  i>,  which  will  have  a  cusp  if  the  ratios 
\  :  H  :  9  9n  properly  determined.  And  to  each  set  of  values  of  X  :  :  v  there  com* 
8i>oiids  a  set  of  values  (x,  y,  the  ei)oii!inatt.w  a  cusp  of  the  curve  ;  so  that  the 
number  of  such  setM,  that  ii^,  the  number  of  points  each  whereof  is  the  cusp  of  s 
corresponding  curve  \U  +  jiV  +  vW  =  0  is  precisely  equal  to  the  number  of  sets  of 
valiies  of  X  :  |i  :  y  :  or  it  is  equal  to  the  order  of  the  system  of  conditions  far  ths 
eiistenoe  of  a  eosp. 

Denoting  as  beforo  the  fint  and  seccnd  differsntiBl  ooeffioieDts  of  27  by 

H,  afh,9,/,ff,h, 

and  those  of  IT,  IT  in  a  eonesponding  msmier,  and  taking  tot  the  cuq»  the  qnten 
before  lepieseated  by  £—0,  JT—O,  JT— 0,  A  >-0,  we  have 
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which  last  «q«uidoin,  to  denote  that  it  is  of  the  second  order  in  regard  to  the  differential 
eoeffident*  a,  b,  ite.,     ke.  I  nprewnt  by 

Bnt  this  flyfttem  of  foor  equstionB  oontuna  nofe  only  the  eup  s^Htom,  bat  the 

system  made  of  the  three  linear  equatkm*  and  the  equation  Ifi^O,  HKmiwuLiSng 
X,  iL,  V,  the  last-mentioned  system  is 


L,   L',  L" 
if,   M',  M" 
2r,  If" 


■0.  a^'-O, 


whtte  the  first  equation  is  that  of  a.  curve  of  the  order  3(u-l).  Aiui  the  two 
equation!^  give  tri^^t  thi  r  G(n-l)  points,  viz.  the  points  of  intenectiou  of  the  curve  hj 

the  line  x  =  0,  each  rcckoaed  as  a  twofold  point. 

Betunung  to  the  ficst-mentioned  agfstem.  this  may  be  lepbced  by 

M  it  it 

IT    IT  IT 

whkh  ere  earres  of  the  orders  3  (n  - 1)  and  6n  -  8  re^ectively.  Bat  each  of  these 

carves  peases  through  the  8(i»-l)*  points  given  by  the  equatifloe 

L,  h\  L" 

jf.  jr,  jr 


0. 


and  these  pointe  are  moreover  nodes  on  the  curve  of  the  order  6A'-8;  henoe  the 

point!;  in  r|tio<ition  reckon  as  6  (a— 1]P  inteneetioas  of  the  two  eurves.  The  namber 
of  the  remaining  intersections  is 

8(n- 1)(6»' 8)- 6(11  -  ly- 6  (n  - 1)  (3it-4-(»  - 6(ii -1)  (8»- 8), 

but  among  these  are  included  the  6(n  — 1)  intersections  of  the  curve  of  the  order 
3(71-1)  by  the  twofold  line  ^  — or,  subtracting  these,  the  ntmber  of  the  remaining 
points  is 

6  (»- 1)(8»-8- 1)=»  12(11 « 1)(«-  2) ; 

which  number  is  eonseciuently  the  order  of  the  cusp  system. 

It  may  be  remarked  that  considering  the  entire  series  of  equations  at  tirst  denoted 
by  (£-0.  Jr-0»  Jir-0),  (il»0,  l^-O,  C»0,  F^^,  4?-0,  JSr-O),  the  efimmation  of 
3^  Ih  V  ftom  the  three  linear  eqnatiena  gives  as  before 

h\  L"  =0, 
JH,  Jf  JP 

jsr  JSP  sr 
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vkicb  is  ft  Cttrve  of  tke  order  3(n-l):  and  the  elimiiiBtiiig  of  X'.  /i',  ^v,  pX.  V 
from  the  ax  quMhie  eqnfttiona  gives 


*c  -/',  6'c'  -/'•,  6"c"  -/"».  6'c"  +  b"c'  -  2/'/".  b"c  +  be"  -  2//",  be'  +  b'c  -  2ff 
ca  -g*.  &c., 


=  0. 


which  is  a  ciirvo  of  the  orrJer  12((i— 2);  the  two  cin'cs  would  internet  iu 
36(m— 1)(b  — 2)  puiutM,  but  as  this  is  pi-ecisely  three  times  the  uumber  12(«  — l)(n  —  2), 
I  infer  that  these  aie  in  &et  the  12(ji- l)(n-S)  points  tfaiee  times  lepeated.  that 
is,  that  each  of  these  is  a  point  of  thteefold  intevaectimi  of  the  two  curves. 


Cdmbndge»  7th  JfowmbeTt  186S. 
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ON  A  CASE  OF  THE  INVOLUTION  OF  CUBIC  CURVES. 

[From  the  TnnmuiHoiu  of  tie  Cnmhridge  Philosopftioai  Boeufy,  vd.  XL  I, 
(186eX  pp.  30— SO.^Read  22  Febnuuy.  19t%.] 

Tbb  pMsent  memoir  lekties  to  the  inTolutioii 


viz.  treating  u;,  i/,  z  an  coorditmiuti,  auti  ^  as  a  vaiiablc  p&raiiieler,  tliLs  equation 
tepreBenti  the  serieR  of  cuhio  curvei  poadng  through  the  intenectioiiB  of  the  two  cuhuis 

or,  what  in  the  same  thing,  the  line  x  +  y-i-;  — 0  meets  any  cubic  of  the  series  in 
three  points  the  tangenti  at  which  are  m^O,  y"*0,  t— 0,  and  these  tangents  again 

meet  the  cubic  In  three  points  b''"8  the  line  X./ + 4- =  0 ;  so  that  in  the 
language  which  I  have  used  elsewhere,  the  lines  sc+y+z  =  0,  Xj;  +  /ty+i»z=0  are  in 
regard  to  the  cubic  a  primary  and  a  satellite  line  respectively.  The  investigation  (which 
la  a  development  of  two  short  papers  akeady  puhlished  in  the  PhUotopkieal  Ifagatinay^) 
was  mKlt  rtakeii  in  oHrr  to  applying  it  to  the  cTplanation  and  discussion  of  Pliicker's 
Classification  of  Curves  of  the  Thini  Order;  but  such  application  will  properly  be  made 
in  a  separate  memoir,  Or  the  CUmiJicatim  of  OuUe  Curve$,  and  it  has  also  appeared 
to  me  convenient  to  give  therein  the  disenaston  of  the  geometrical  forms  of  certain 
looi  whifih  present  thenuelves  in  the  present  memoir. 

I  remark  that  the  involution  int«nded  to  be  here  considered  is  a  esse  of  the  more 
genersl  one  U+kV=0,  where  11=0,  V~0  are  any  two  cubic  curves  whatever.  It  appears 
from  my  memoir  On  the  Theory  uf  Involution .  fS48],  that  the  equation.  Disc'.  (U+kV)=0, 
which  di  tvnuines  the  critic  values  of  k  is  in  the  gem  ial  ciise  of  the  order  12 ;  the 

>  On  tbe  Cabte  Canti«s  of  a  Line  with  napact  to  ThrM  LiiMt  and  a  Uat^PkiL  Slag,  t.  xx. 
ppu  4M-4»  (IWO),  PST].  DiUo,  Bmm4  B^wr,  t  mm.  ».  4SB-tt6  (1861).  [BU]. 
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special  case  is  however  in  the  present  memoir  treated  iirespecUvely  of  the  general  one, 
and  the  equadon  for  the  critic  values  of  is  fbttnd  to  be  cf  the  order  8;  tbis  of 
course  means  that  the  oqiiation  of  the  order  12  hrealcA  up  into  two  equations  of  fho 
orders  9  and  3  respectively,  but  I  have  not  attempted  to  show  how  the  decomposition 
and  rednetion  arise;  If oiMver,  in  the  gcttenl  ease  the  equatton,  Disc*.  IKse^.  (U+kVy^O. 
which  is  the  condition  for  the  existence  of  a  twofold  critic  value,  presents  itself  in 
the  form  iJQ»P'  =  0,  where  5=0  is  the  condition  that  the  two  cubics  {U  =  0,  7  =  0) 
shall  touch  each  other;  Q  =  0  the  condition  that  there  shall  be  in  the  involution 
CT-fibF^O  a  curve  having  (not  a  mere  node  hut)  a  eusp;  and  PaO  the  condition 
that  there  shall  be  a  curve  having  two  nodes,  or  (what  is  the  same  thing)  breaking 
up  into  a  line  and  conic.  But  in  the  special  case,  which,  as  already  noticed,  is  here 
considered  irrespectively  of  the  general  one,  the  equation  Disc'.  Disc'.  (U  +  kV)  *=0,  for 
the  ezistenoe  of  a  twofold  critic  value  presents  itself  in  the  reduosd  fimn  Q^O,  giving 
the  condition,  that  corresponding  to  the  twofbM  critic  value  tiiere  shall  be  a  curve 
having  (not  a  mere  node  but)  a  cuspi. 


Arucle  Nob.  1  to  19,  'EaBpiaiiiaiimu,  DefautioHs,  and  RuuUb. 

1.  I  ooDflider  the  invdutiou 

s?|« + *  (• + Sf + *>'(X« + W  +  »•) -0, 

where  if =9,  y-O,  0,  x+y+t^O  may  he  considered  as  lepeeeenting  any  km  lines 
no  thiee  of  which  meet  in  a  points  and  \x+  fty  +  vz^O,  as  representing  any  fifth  line 
whatever :  it  i»  a  variable  parameter.  The  lines  x  +  y  +  «  =  0,  Xa;  +  /ty+w  =  0,  are  a  pri- 
mary line  and  a  satellite  line  of  any  cubic  of  the  series,  viz.  the  tangents  «  =  0,  y  =  0,  z  -  0, 
at  the  points  of  intensotion  with  the  primsiy  line  x+jf+s^Q,  meet  the  cuUe  in 
tiuee  pdnts  lying  on  the  satellite  line  Xx+fi^  +  m^Q. 

2.  A  criUo  value  of  ib  is  a  value  for  which  the  corresponding  curve 

ayz  +  k(x+r/  +  sy  {\x  +     +  m) =0 
has  a  uixic ;  and  such  uode,  or  say  ruther  the  site  of  such  node,  is  a  critic  centre. 

3.  Thu  critic  values  of  k  are  in  effect  determined  by  a  cubic  equation,  and  the 
coordinates  of  the  critic  centre  are  then  given  rationally  in  terms  of  k;  there  are 
consequently  three  critic  values  of  k;  and  the  same  number  of  critic  centres;  and  of 
n^f^  eurvsa:  it  is  however  found  to  be  convenient  to  express  as  well  the  critic  value 
of  h,  as  the  coordinates  of  the  criti*-  centre,  rationally  in  terms  of  an  auxiliary  para- 
meter d  which  is  given  by  a  cubic  t^uatiou. 

4.  The  cubic  equation  iti  k  (or  what  ip  the  Bamc  thing,  that  in  fi)  may  have  a 
twofold  root  (pail-  of  equal  rooUi);  or,  say  rather,  it  may  have  a  twofold  root  and  a 
one-with-twofold  root:  corresponding  to  the  tw^ld  value  of  k  we  have  a  twofold  eritie 
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cenbre,  which  is  not  a  mere  node  but  a  cufip  on  the  cubic,  or  instead  of  a  nterely 
nodal  «uIm«  we  Inve  a  dnptdail  c«Ue ;  tad  ocuTetpoiultDig  to  tiie  one-with-twoTold  Tsliie 
cS  k  m  have  a  one-widi-twofold  oritio  centre,  being  of  oonrae  a  mere  node  on  the  nodal 
cubic. 

5.  In  the  owe  in  question  of  a  twofold  and  one-irith-twofold  value  of  the  line 
\x  +  ftf/ +  v:  =  0,  or  say  the  satellite  line,  envelopes  a  curve  which  might  be  termed  the 
twofold  and  one-with -twofold  envelope,  but  which  is  spoken  of  simply  as  the  envelope. 

The  locus  of  the  twofold  centre  is  a  curve  which  is  called  (he  twofold  centre  Iociul 

The  locus  of  the  one'Vith-twofidd  centre  b  a  curve  whidi  m  called  the  one-with- 

twofold  centre  locua 

Theee  definitionji  premued,  the  fiJlowing  raeulta  may  be  ttated; 

A.  The  equation  in  $  may  be  roproooitted  in  the  three  equivalent  fimns 

^ — + vX Xm>  -  sx^  •  0. 

7.  The  Clitic  value  of  k  md  the  coordinates  of  the  critic  centre  are  then  given 
bgr  tiie  equatione 

8.  The  oon£tion  for  a  twofold  and  one-with-twofold  value  ot  k  i» 

X-4  +  /i-4  +  ir4«0, 

Wt  what  ia  the  same  thing, 

(/tv  +  p\+  \nY  -  27XVV  =  0, 

which  equations  may  either  of  them  be  considered  as  the  line-equation  of  the  envelope. 
The  equation  in  the  coordinates  {x,  y,  z),  or  poiut-equation  of  the  envelope  in 

or,  in  ite  ratiouaUaed  form, 

+  6         JV+*y) -124  (<?y*+«y»-f 0 

40—2 
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9.  The  equatioQ  of  the  twofold  centre  locus  » 

or,  in  its  ratioikaliaed  form, 

41^  +    +  J«  -  Jy»  -     -  Iry  =  0 ; 

the  curve  i»  therefore  a  conic,  and  it  may  be  spoken  of  as  the  twofold  centre  conic 

10.  The  equation  of  the  one^with-twofold  centre  locus  is 

ihe  curve  »  therefore  •  cvUno,  end  at  maj  be  epolcen  of  as  the  one-with-tvofbU 

centre  cubic 


11.  The  befora-mentioned  cqution  X'^-t-^^^+y'^aO  ie  eMisfied  by 

X  :  ^  :  vmtr*  x  fi-*  if*, 

when  e+/9+v*0»  end  it  is  Teiy  ooovmient  to  introdnee  these  qimtities  e,  A  7  hito 
the  fonnube. 

li.  The  equation  of  the  satellite  line  giving  a  twofold  and  ODe-irith-t«ralbild  entre  ii 

tiie  eoordiBatea  of  the  point  of  eontaet  with  the  envelope  w»  x  \  }f  i         i  ^  :  'f. 

The  equadon  in  $  gives  ^o^a-^^-^  for  the  values  oonesponding  to  the  twofoM 

2 

centre;  and  ^t  =  ^^  foe  (he  vatue  oonesponding  to  the  one-with^twofeld  omtre. 

The  coordinate)  of  the  twofold  eetitro,  or  cusp,  are  £:y:<<B(l*:^:<y*. 
The  eoordinalies  of  the  on»>with-twofold  centre,  or  node,  are 

The  eqnatton  of  the  tangent  at  the  eusp  is 

09~7)^  +  (7-«)^  +  («-^)^=0. 

The  equation  of  the  line  joining  the  cosp  and  the  node,  whitsh  line  is  also  one  of 
the  tangents  at  the  node  is 

The  equation  of  the  oth«r  tangent  at  the  node  is 


i 
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13.  Coniddering.  the  critic  centre  oorrespoudiDg  to  a  root  $  of  the  cubic  equation, 
thft  equfttion  alt  tlw  line  joining  the  other  two  critic  oentiw  is 

which  is  the  pol&r  of  the  critic  centre  in  regard  to  the  twofold  centre  cuuic.  The 
critic  centres  ore  consequently  conjugate  potee  in  regard  to  the  twofold  centre  oonie. 

14.  The  equation  of  the  tangents  at  the  critic  centre  considered  as  a  node  of  the 
conesponding  caUc  curve  » 

(^+4x,  e^i^       -e^^,  -6-^^-e-^y„,  y,  ,)..o. 

15.  The  la»t-uieiitioncd  formulte  lead  to  some  which  involve  the  three  critic  centres 
via.  if  Xma,  F-O,  ir»0  a*e  the  equations  of  the  sidea  of  the  triai^e  formed  hj 
^e  critic  centies,  then  the  equalioiiB  of  the  tangents  «t  the  three  critic  centres 

respectively  are  of  the  form 

AX*  .  +C!2^-0» 
AX*^BT*     .  -0. 

ao  that  the  tangentn  in  que&tiun  are  iu  fact  iLu  tangents  from  the  three  nodes 
respectively  to  the  conic 

the  three  nodes  or  critic  centrea  being  thus  oonjugate  poks  in  regard  to  the  coni^ 
this  is  called  "the  three  centre  conic." 

16.  The  equation  of  a  nodal  cubic  in  also  expressible  in  a  simple  form  in  terms 
of  the  new  coordinateif  A',  1',  Z.  In  the  formulse  for  these  transformations,  and  indted 
throughout  the  memoir,  the  three  roots  of  the  equation  in  6  are  represented  by 

9u  and  I  write  aUo 

e.  =  (<?,  +  x)(^,  +  /i)(^,  +  «/). 
e,  =  (^,+x)(^,+M)(^,+  >'), 

B,  =  (d,  +  \)(^,+  M)(^>  +  «'). 

17.  If  Xa  +  fc  =  0,  that  is,  if  (a,  h,  c)  are  the  coordinates  of  a  point  on  the 
line  Xx  -k-  fi.y  +  vi'^O,  then  the  critic  centres  Ke  on  the  eubie 

a    b    e    2  (u  +  6    c)  . 
K   y  M 

or,  what  ia  the  same  thing,  this  curve  ia  the  locus  of  the  critic  centres  corrcspoiidiiig 
to  the  several  linea  X« iw  -  0  through  the  point  (a,  ii,  e)L 
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IS.  In  partioiilai',  takiiig  in  Buccoooion  far  the  point  (u,  6,  c)  the  point  of 

Metka  of  the  line  Ac+^y+M-O^  with  the  Unee  ff>0,  0,  <mO,  c+y+cO,  the 
critio  oentrae  lie  on  the  conies 

y    »~«+y+«  ' 

5~i~'«+y+«  ' 

M  X_2(/i-X)^^ 
c    y   ff>fy+«  ' 

  +  ^  =  0, 

«        y  * 

which  are  uaehA  for  the  constnielian  of  the  critic  centres  for  a  given  line  Xar  + /ly  +  =  0. 
The  last  of  the  four  conies  passes  through  the  point  (1,  1,  1)  which  is  the  harmonic  of 
the  line  x  +  y  +  X'^O  in  tegatd  to  the  tiiaagle  formed  by  the  line«  x^O,  y  —  0,  c^^O; 
end  I  eall  it  the  hannonic  conic. 


Article  Nos.  19  to  21.    General  Fvrmulw  for  the  Oritic  Ceittru, 

19.  I  coneider  the  involntioo 

Writing  the  equation  in  the  form 

and  differentiating  with  r^putJ  to  x,  y,  z  respectively,  we  obtain 

-  kX(a;  +  y  +  z  f  =  i/z(-x  +  y  +  t), 
-kti(x  +  y+  zy-zx(   a?  -  y  +  z), 

which  determine  the  coordinate  latioe  x  i  jf  i  g  of  the  node  or  critic  centre;  and  the 

corresponding  value  of  A'. 

20.  Writing  the  equations  under  the  form 

-.>ir(a;  +  y+<y^-g+y+#^g'-yHK»_^g4-y-"»^8 
»y*  \x  ny  M  9' 

where  0  is  an  auxiliaiy  parameter  to  be  detennined,  we  find 
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that  is 

and  coasequentiy 

«+y+*-2«(i+^)-2y(i+5)-2.(i  +  J). 

or,  wliat  ia  the  nine  thing, 

x  +  y  + 

and  we  have  theuce 

11  12 
Mk  equatiMi  which  may  abo  be  irrittea  in  the  fonn 


or  in  the  form 
and  we  then  have 


?  ±  „  /2y 


21.  We  sec  that  6  ia  detormined  hy  a  cubic  equatioo,  and  that  the  ratios  s  :  }/  :  x 
and  the  panmeter  h  are  lational  fitnetions  «f  B.  Them  are  thus  three  nodes  or  critio 
centres,  and  the  like  niunber  of  nodal  carves  and  of  critie  values  of  k 

The  fi»in  secondly  obtained  for  the  equation  in  B  diows  that  we  may  write 

Article  Noa.  22  to  32,  relaUng  to  a  Two/old  and  a  Utt0-with-Tm/old  Centre. 

22.  If  k  has  a  twofold  and  a  one-wibh-twofold  value,  then  d  will  have  also  a 
twofold  and  a  Dne-with-twnfold  valuf ;  and  oottveiBely.  The  equation  in  $  will  have 

a  twofold  and  a  oue-with-twufuld  ixiot  if 

(Mf  +    + \fty  -  27  X>V  =  0 ; 
or,  what  is  the  same  thing,  if 

or  if 

W+(»>.)*+(v»)»-o. 
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or  finally  if 

M  that  the  «(ioflitioii  is  Htufisd  if  Jl-or*,  r-Y~*  ^"^t***  •+ff+y^(i,  h 

fact  with  thM«  values  the  equfttioa  in  0  heoomee 

thftt  is 

((VM4-l)'(<MV-2)-0. 
HO  th«t  the  twofold  veluft  i»  ""^  ^  oiie*with'twolbld  vahie  ii 

29.  It  is  throughout  assumed  that  the  <|u.\iititie8  a,  fi,  y  ml&dy  the  ooDditwn 
e-{-/9+y«0.   The  result  jast  obtsioed  shows  that  the  lioo 

u«  fi  twofold  and  one-with-twofr>M  satellite  Hue.  From  this  e<juation,  considering  «,  0.  f 
as  variable  parameters  satisfying  the  condition  a  +  /3  +  7«0,  we  dud  at  once  trie 
equation  of  the  outre  eave1o{MMl  by  the  line  in  question,  which  curve  is  called  simply  ^ 
envelope— viz.  the  coordinates  of  the  point  of  contact  ai»  found  to  be  «:y  :r»«*:^:y, 
and  thence  the  equation  of  the  envelope  is 

or  ratiouali-sing,  it  is 

**  +  y* +-«*  -  ♦(y^'  +  i^i  +  i-f-*  +  ^'j^  +     +  ■'•'y) 
The  befote-mentioned  equation  X~*+|i"*>f  i»"*«0.  or 

may  be  considered  as  the  tangential  e4uati<>u ;  the  envelope  is  thus  of  the  Dtder  4, 
and  the  elass  6. 

S4.  It  is  easy  to  show  that  the  curve  has  three  nodes  the  coordinates  vhereof 
are  (—4,  I,  IX  (!■  —4^  1),  (I,  1.  —4);  and  this  being  known,  the  equation  may  be 

tran«f  «mi>  <1  as  to  put  the  nwles  in  evidence.  1  eftect  the  traiisfoiTnatiou  sjnthoti- 
cally  as  follows,  viz.  writing  x  +  y  +  z»v,  y<  +  +  jry  —  j,  xtffr,  the  equation  of  liw 
curve  is 

+  6<  ^-inr) 
-124(  *v)-0. 
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vis.  it  is 

c*  -  690*+ 16^^-  lS8ra-0, 

wludi  IB 

(7<r*  +  4qf-l6tr  (So*  +       +  8r)  =  0, 
Wt  putting  for  a  moment  ^  >■  — 1»  aud  therefore  5  (2  —  2)  >  -  16, 

it  IB 

Now  mitiog 

we  iiud 

•0  tliAt  the  eqnation  is 
that  is 

y*** + iV» + (bV»  + 1/// (a/ + y  +     =  0 ; 
or,  putting  for  I  its  value,  the  equation  m 

5  (y'««^  -I-  /V*  +  «'y*>  -  6«y*'  (x'  +  y'  +  y)  =  0 ; 
or,  as  this  ma;  alio  be  written. 

(fi,  «.  6.  -S.  -S,  -8)(A  .  ^  ,  ]>y-0; 

a  form  which  shows  that  the  curve  has  three  uudes  at  the  aogles  of  the  triangle 

tf^o,  y-0.  /-a 

26.   It  IB  easy  to  aee  that  the  curve  is  toadied  by  the  tinee  k^O,  y  0.  «oO 

at  their  intersections  thr  lines  y  —  z  —  0,  r— x  =  0,  x—t/  =  0  reKpectively,  or  (what 

is  the  same  thing)  in  the  points  (0,  1,  1),  (1,  0,  1),  (1,  1,  0)  respectively.  It  mojr  be 
added  that  the  line  jr-«— 0  meetfi  the  curve  in  Ihe  node  (-*,  1.  1),  being  of  eoune 
n  iMint  of  twofold  intersection,  m  the  point  (0,  1,  1)  on  the  tuko  x^O,  and  beadeB 
in  the  point  (1^  1,  1):  and  the  like  for  the  liaM  «->sssO  and  «<-ysO. 

26.   It  BBay  be  notieed  that  although  any  line  paaaing  through  one  of  the  nodes 

is  in  a  sense  a  tengcnt  to  the  envelope,  yet  that  it  is  not  a  proper  tangent  and 
does  uot  give  rise  to  a  twofold  centre.  It  is  in  fact  shown  (post,  Nos.  73  and  74) 
that  dw  ciitio  eenlxeB  Air  a  line  ?uv4»^-t-i«»0  passing  through  the  point  (-4,  1,  1) 
am  three  points  lymg,  one  of  them  on  the  line  y+#«0,  and  the  other  two  on  the 
oonie  j:(x+y+<)— 4|||tf  Ol 

c.  V.  4t 
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27.  AsBume  that  0  bw  its  twofold  value  the  ec^oations 

substitutiDg  also  therein  for  X,  /i»  »  the  Talues  «r*,  yS"*.  f*,  give  for  the  oooidiiiatM  of 
the  twofold  centre 

hut  m  virtue  ef  the  relation  a  +  /9  +  7»0  we  have 

«r  the  vnlnes  are  x  :  y  t  tmtf  :  j8*  :  y.  Hence  also  we  have  as  the  eqnatioii  of  tlw 
locus  of  the  twofold  centre, 

«r,  what  is  the  mum  thing, 

2«- ^  -  0» 

winch  is  a  conic  tonehing  the  Hnee  e^Ot  f=0,  s—0  at  their  intemeticins  with  ^ 
linos  y-z  =  0,  s  —  x  =  0,x  —  y  =  0  i-espeetively,  or,  what  is  tiie  aune  thing,  in  the  poiiti 
<0,  I,  1),  (1,  0,  I),  (1,  I,  0)  lespectivelj. 

2 

28.  GBioilarly,  if  9  hM  its  cne-with-twoidd  value  "^^^^  ^  equatiMiB 

eubetitutiog  also  therein  for  \,  ft,  »  Hie  values  or*,  0-*,  y-*,  give  for  the  coordinatee  of 
the  one^with-twofUd  oentro 

hut  in  virtue  of  a+iS+Y-O  we  have 

2tf +  /9y «(/8+  7)  +      »  (a  -  ^)  («  -  7)  =  -  (y  -  a)  (a  - 

and  flimilariy 

and  thence  these  value*  «i« 

«  :  y  :  c-aj*(^-7)  : /9*(7-a)  :  ^(a-.^ 

for  the  coordinates  of  the  ooe-witb-twofold  centre. 
We  theiicf  (k'duce 

y  +  «  -  ^-^a  +  7H1  -  yi8  =  «7)  09-7),  OSfy + tfX^  -  yX 
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and  cooaequentlj 
that  IB 

X        :       y        :      g        :  —x  +  y  +  z  :  x  —  t/  + z  :  x  +  y  —  z 

•nd  tib«Be  give 

-  (-  y  +       +  Sf  -*)+  aar*"  0, 

or,  what  is  die  aame  thing, 

^ + y» + -  (yi^ + ^ + + + «jr + «^) + 3riy*  -  0, 

•8  the  equatioo  oS  the  Iocob  of  the  one^with-tmilbld  oentve.  whioh  Iooim  n  ttins  a  caUo 
enrre. 

S9.  The  equatioii 

s^  +  y*  +  z*-  (ys*  +  y*z  +  zx*  +  i'x  +  XI/' +  *e»y)  +  3acy«  =  0, 

of  the  oiu' with-twofo!d  centre  locaa  may  be  tFanaformed  tm  follows,  vis.  writing  tat  a 

moment  u:  +  y  +  £  =  —  w,  wc  have 

(9x  +  4w)  (9y  +  4»v)  {[}z  +  iw)  - 

«  729  ary*  + 324  tt;(yz  +  *x  +  jry)  -  144i«*4-6ii0'-«i*, 

=  81   [Oxyz  +  i^v  (yz  +  zx  +  jty)  —  tu^\, 

.=  81    ;93-yi  -  1 2.r//3  -  4     •*  +  &c.)  +  («•  +  y«  +  i»>  -f  (3y^  +  &C)  +  &By<), 
=  81  ia?+y*  +  «»-(y«>  +  &c)  +  3ag(*], 

w  that  the  equation  nay  be  written 

(file + 4i0)  (9y  +  4w)  (9s  +  4w)  -  «)»  -  0. 

or,  what  is  the  same  thing, 

(6«  -  4y  -  4«)  (- 4«  +  6y  -  4*)  (- 4«  -  4y  +  5r)  +  (x  +  y  +  «)» =  0. 

which  shows  that  the  iateraectioos  of  the  line  x+y  +  z  —  0,mth  the  sideB  «=  0,  y  =0,  <«0 
of  the  triangle  aie  inflexions  on  the  curve;  and  that  the  tangents  at  these  pobts  ara 
fee|»edavdly 

te-4y-4i>-0,  -4ff+0y~4««O,  -4c-4!y-t-fi«-iO. 

90.  The  eurve  pesMS  through  the  point  (1,  1. 1),  wbidtisthe  hamiomcofg-i»y.+  <»0 
in  regard  to  the  triangle ;  and  this  point  is  moreover  a  node  on  the  curve ;  ttt  bct 
if  the  equation  be  represented  by  Tr»0,  then  we  have 

•0  for  the  point  in  question;  and  rimikrly  dgW^O,  and  d,WmQ. 

41—8 
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81.  The  equation  for  the  twofold  watte  conic  may  atao  be  obtnmd  m  tdkm 
the  eqimtkiui 

give 

("  * + y +.')  y + (*  -t  y  - ')  -  ;  V-  ^yl,- . 

which  subtrtitutiiig  for  ^  the  twofold  wlue  ■*~(^» 

(-•+f+#)(«-y+*)<«+y-*)+8-f»-». 

an  e(|uatioo  which  may  be  written 

(x  +  y+  £f      t  //■  +    -      -      -  = 
whiofa  is  the  fonner  Nsult  affected  by  the  extiweoos  fiwtor  *  +  y  + 

If,  instead,  we  substitute  for  e  the  onefold  value  ^ ^> 

y  +  j)  (#- y  +  f)  («+ y -»)+ 4?yi = 0. 

or.  wh*i  is  the  isune  thing. 

^  +  y.  +  ^  _  ( yf»  +  y*»  +  »(•  +  <^  +       +  <»)  +  8^  =  0. 

which  is  the  oue-with-twofold  centre  cubic 
81  SeoollAeting  that 


«e  dcdnoe  for  the  twofold  value  of  k 


And  Ibr  the  oue-with-tW'«tol«l  value, 

.  _       -  k^^_  
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Article  Nos.  33  to       reUUiiuf  to  tiie  TaiigetUs  at  a  Node  or  Critic  Centre. 
Si,  I  praoaed  to  inyeBtigBte  the  equBtum  of  the  tangents  at  the  node  of  the  ourve 

it  irill  be  leooUeeted  thftt  if  «^     «  aie  (be  oooidinetee  of  the  node,  ihm  we  have 

1112 


Repreaentiog  for  a  moment  the  equation  of  the  curve  by  (7  —  0,  then  the  second 
derived  ftmctioiiiB  «f  7  are 

k.2{\x  +  ny  +  vz)  +  4le(x  +  y  +  z)\, 
*,  2  (Xa  +  +  i'^)  +ik{x  +  y  +  z)ii, 
A .  2  (X«  +     +  vr)  +  4*  {«  +  y  +    V , 

X  +  & .  2  (X.r  +  +  m)  +  2*  (a;  +  y  +  (m  +  f), 
y  +  i  .  2  ( Xd;  +  /zy  +  w)  +  2*  («  +  y  +  (i»  +  X), 
«  +  A- .  2  (A*  + +  W)  +  afc  <«  +  y  +  #)  (A. + 

or  eaUiag  tfwae  (a»  ^  «, /  h)  raqteetivdy,  and  sohatitatiag  tiie  vahiea  ar=  ^,  Ac, 
we  find 

with  the  like  values  for  6,  c ;  and 

where  the  term  iu  (  )  is 

_    d_  (0+XKtfH.,>)(tf+,) 


that  is 


2/:/  2/«'\ 
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with  the  like  values  for  g  and  h\  or  omittiog  the  oommoo  factor  ^ ,  we  have 

(a,  6.  c,f,g,  h)  =  (e  +  i\,  5  +      ^  +  4...  "^"X'  "^"T^)' 

and  thonce,  t«ktiig  HOW  ».  y,  «      cttrreat  oooidinatea,  the  oqualkm  of  Uie  t«qgmto  «t 

the  node  is 

(a,  b,  «,  /,  ff,        y,  *)^-  0. 

34.    Siib.Htituting  for  \,  /ti,     tlu'  values  or',  i8-=,  7~^  and  for  6  the  twofold  value 
^'^^  equation  of  the  tangents  at  the  twofold  centre  becomes 

which  18  at  once  redtioed  to 

or,  what  b  the  same  thing, 

l/9y  (;8  -  7)  a- +  7«  (7  -  a)  y  +  <^  (a  -  )9)  *  1«  =  0, 

which  ahowB  that  the  twofold  centre  is  a  cmp,  and  that  the  taugeut  u> 

^7  0-7-)«  +  7«('y-*>y  +  «^(a-/S)A 
or,  what  is  the  samt-  thing, 


09-7)i+    (7-«)^+  («-^)|-0. 


85.  Writing  in  like  maaiiffir  X,  /h^  vC,       <)r",  and     for  the  one*w]lli*t»oftU 

2 

value  ^'^       ^       oqiiatioii  of  the  tangents  at  the  one-irith-twofbld  centre 

which  nay  be  reduoed  to 

(iff'r  (2)87  +  n  . . .  .  a'/37(27a  +  ^+  2a^  +  7').  •  .  •)  («.  y.  «)*  =  0. 
or«  what  ia  the  aame  thing, 

(/9y« + W + «i8>)  «^      + (27*+ 7<q^ 

Hence  at  the  oae-with-twofi)ld  eentre  the  equation  of  one  of  the  tangents  k 

or,  aa  this  may  othnrwiae  he  written, 

(ifiy  +  X}    +  \lyOL  +  /S-^)  I  +  (2a<:i  +  7')  -  =  0. 
•  P  7 


/ 
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36.    The  equation  of  the  other  tangent  is 

or,  what  hi  the  s&me  thing, 


This  IB  in  fret  equiviileiDt  to 


0; 


j    «    .     if    >  * 
I  tfifi-vl  fi^(r-*)>  7»(«-/S) 

for,  litefelopmg  the  dcteRDiwait,  we  find 

» . /9Y  (2«  - /9  -  7)  +  y .  7»a' (2/9  -  7  -  «)  +  * .  •^Jfl' (8y  -  «  - /S)  =  0, 
or,  what  is  the  same  thiug, 

'Mi  *  I  ^ 

hence  the  line 

whiob  »  one  of  the  teagBntB  at  the  one-irith-twofold  centre,  is  ako  the  Kne  joining 
this  point  with  the  twofold  oentr& 

37.  The  equation  uf  the  langeuu  at  a  critic  centre  or  node  uiay  be  obtained  in 
n  different  fi)n»,  invdving,  instend  of  the  panmeter  0t  the  ooodinates  (»,  «)  of  liie 
node.  We  have 

or,  what  is  the  swoe  thing. 


and  similaily 


thenoe  also 
and 


2, 

(tf + 4X)«-  («  -  2»  +  Sy  +  2*)  «tf  4  is). 

(<>  +  -J")    -        i  («-y  y-*)), 
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from  which  we  obtain 

a : b I e :/i g : h 

:  8m(  i»-  y+  ») 
.  20y(  Sc+2y-  *) 

:  -«(         y'-  «»  +  4y«) 

which  are  the  raquiied  new  finmi. 

88.    We  have 

6c =         (2ar - y  +  z)(2x  +  2y  - - (x=  - y» -  j«  + 

which  is  =0,  if  x  +  y  +  z  =  0,  or  if  iB»- 2«(y +  «)  +  (y-«)»  =  0.  In  tile  ftooer  eiMii  til 
if  c-f y +'»0,  we  find  aab^c^/^jr  —  A  »  — 6«y«^  and  therefore 

but  this  oorreqieodB  merely  to  (he  wine  ik»do,  for  whieh  the  enbic  » 

(«+ y + «)*  (X« + w)  -  0, 

which  is  not  a  pt-oper  cuspidal  cnrva   In  the  latter  ease,  or  where 

x'  +  y '  +  £''-  2yz  -  25a;  -  2ay  =  0, 

or,  what  is  the  same  thiqg,  Va+Vy4-V««0,  we  have  a  proper  caspidal  ourve. 


Article  Nus.  39  to  43,  relatxug  tn  tlie  Triangle  of  the  Critic  Centret. 
■   39.  The  eqiiattOD 

is  satisfied  by  substituting  therein 

1        J__      1_  1  1  J 

in  Act,  for  the  fint  set  of  values  the  equation  beoomee 
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or  as  this  inay  be  written 

that  iB,  1  —  1—0,  au<i  similarly  for  the  .second  set  of  valuca  Hence  the  equation  in 
qnestium  is  that  of  the  line  joining  die  oitio  eentm  eorrMpoodnf  t»  the  root*  9,  and  0.. 
Hence 


1» 


are  the  equalions  of  the  odea  «(  the  tiiangle  fbrnned  by  tlie  three  oritie  centres. 
40.  It  is  to  he  remaiiked  that  the  line 

is  the  polar  of  the  critic  centre  ,  ^ — ,  a-^ — )  in  r^rd  to  the  twofold  centre 

conic 

]^  +   -        Srx- Scy  •«  0 : 
in  fiiet,  fanning  the  equation  of  the  pdar  in  question,  thb  is, 

tmt  from  the  equation  in  9^ 

and  tiie  like  far  the  ooefflksents  of  y  sod  this  proves  the  theorem,  and  it  thus 
apiieani  that  the  critic  centres  are  coigngate  poles  in  regard  to  tiw  twoMd  eentre  conic. 

Article  Noa  41  to  fXk  Trmtf urination  of  the  EquaUei^      ihs  Nodai  Tai^$aiUi  ih$ 

2%ras-(7(mlre  Oome. 

4L  Writing  as  above, 

A-^-*, 

«k=(tf,+x)(tf;+/.)(^.+»). 

0.  Y.  42 
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80  tbai  Z>0,  F'O,  2sO  are  tlie  equtttiona  of  tlie  indes  of  the  triaqgle  fenned  bj 
the  oritic  oeDtna. 

42.  Then  X,  Y,  Z  may  if  we  phan  be  oouBideKd  aa  new  oooninalea  replacing 

the  uriginal  coordinates  x,  y,  z  ;  the  relation  between  the  two  lel*  beiiig  given  by  the 
(K]u<-itions  last  wntt^n  down;  the  value*  of  x,  ]f,  t  in  tanna  at  X,  Tt  Z  wa  gnreit  hf 

the  ooDvetse  systeni 

I  start  ftoDk  the  laat-nentioned 


43.  To  ahow  die  tdentity  of  the  two 
uoB  i  this  givea 


1 


1 


ft  +  X'   ft  +  X 


1  1 


I 


1 


1 


1       1  1 

l_    _L      J  _ 


where  the  coefBctent  of  iT  is 
or,  what  ia  the  same  thing, 

The  6nt  aide  b  a  linear  fiinction  of  «,     «  whibh  vaniahea  for 


1 


I 
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and  fur 

and  hence  it  is  of  the  form 

and  by  comparing  the  ooefficiento  of  c  w»  have 

•*^+X    (ft+M)(5+i')"(».  +  «0(tft+/»)    (^•+M)(*t+«')(ff.  +  /»)(fli+»')  • 

-  %^ 

that  is 

f.Ot-v)(tf»  +  X)(^+X)(tf,^.X) 
X«,9, 

and  it  ta  eaqr  to  m*  tint 

{fi^  +X)(tf,  +X)(*,  +  X)  «-X(»-X)  (X-,i). 

ao  that 

and  the  eqoatum  beoonea 

which  is  right  \  aad  similarly  for  the  values  of  F  and  Z. 

44;  The  equation  of  the  tangeate  at  the  node  ooiReBpafi^Bng  to  the  root  1^,  ia 

and  substituting  for  x,  y,  z  their  values  in  terms  of  X,  Y,  Z,  it  iqppeaiB  in  the  fint 
place  that  the  coeffioiente  of  X\  X7,  XZ,  YZ,  all  of  them  Tanisb. 

4ft.  In  &ct 

ooeff.  J*-(tf,+4X...., ^-i^), 
lint  term  is 

"^?f+X+*^(3rfX>" 

42—2 
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where  the  value  iu  questioQ  lur  S  ^j^'^x)F  ^  readily  found  from  the  ideolical 

(x^uatioQ 

by  diillrentiatiDg  aud  theu  writing  0  =  0%. 
SeooDd  term  is 

-  -  ^  jatf .*  +  (X  + /i  +     ^.  +  2  Our  +  »X  +  V)  +        J . 

Whole  is  =  i  multiplied  into 

^  e,  +  3 13^,'  -  Oil'  +     +  Xfi)} 

trliidi  is  —0. 

4^.    We  have  uuxt 


Fink  term  is 


—  T  ^    I  ^  

*  "^Tx     {0, + X)  (tf, + X)  • 

-*,+x*^,''U+x  ft+X^* 

2 
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Second  terra,  writing  it  out  iii  full   aad   collecting  the   temut  which  contain 

1 

whereof  the  first  {)art  ia 

arJ^^^x  ^^^^  ^  U  I-  X "  + \) 

2 

—5^ 


and  the  aeoond  part  is 

_  _  i  iv  ^  V  ^      L  s  ^LM 


«ad  olnerving  tbat 


=3^,  +  (X  +  M  +  f)-  6^,  +     I- , 

--ft  +  X  +  /»  +  », 

with  the  like  value  for  2  y-r^  >  ^•he  secoud  part  is 

2 

47.    Hence  the  whole  second  term  is  ""~^»         conibiuing  the  two  terms  wc 


have 


ooeff.  ZF  =  J- J=0. 

In  the  nine  nanner  pcedsBly  it  appeam  tl»t 

coeff.  Z£^  0. 
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4«.  Next, 


Firet  term  i» 


wliidi  is 


0,-e,  U  ej  ^  0, -  tf, ^*  ~ 


Second  term,  vritii^  it  out  at  full  lei^th  aoid  leammging  tbe  paila,  is  eaidfy  men 

to  be 

where  the  fimt  pert  u 
Siiid  tbe  seeotid  pert  ie 

"~^rfli+>'  ^f+j^'^^  U+x^^t+x/j' 

80  th»t  the  whole  eeoond  term  is 
whence  eomhining  ibB  two  terms  we  have 
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49.    We  have  now  to  lind  the  ooeliicients  of  Y*  and 


and  obaarnng  that  the  taims 

only  diflbr  from  thoie  of  coeff.       by  bftviog  6,  in  the  plam  of  0|  and  are  thwefave 
we  have 

-  ^,  ■»-  - 

2     ^     .vf   I  +  —2  I 


Here 


and 
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and  beuce,  substiluUng  for  0,-0,  it.s  value 

= ^^^^  h     + (m"' + + (ft + w.) + J 

but  w  c  have  $1  +  6^  +  6,^  0,  whence  ^,  +  2^, »  ^,  -  ^,  =  ^  +  +  V  =  -  (^»^»  +  ^»^*  ^Aj. 
and  hence 

2/  / 

that  u> 

and,  by  merely  mteidttiij^  9t  mad 


50.   Henoe  the  equation  ct  tlie  tangents  is 

or,  what  is  the  same  thing. 


or  puttiug 

^"^^ft.*  ^"^fSPi' 

the  equation  of  the  tangents  at  the  node  oomspoikdiiiig  to  ft  is  BT*+C^saO.  Awl 
hence  the  equations  of  the  IwogeiitB  at  the  three  nodes  teapeetiTely  mw 

AX*      .  +0!2*-0, 
AX^+B7*     .  -0; 
that  is»  the  nodes  or  critic  centres  aie  ooiy^gate  poles  in  ngard  to  a  conic 

whidi  ie  the  tiwee-OMtre  conic;  and  the  tsogents  s(  eedi  node  are  the  tangent* 
such  node  to  the  oooio  in  question. 
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Article  Noe.  51  and  52.  Special  Com  of  the  Xkrt^Oenftm  (kmc 
61.  Witte  for  a  moment 

y,  \X  fitj  VZ 

SO  that 

the  equation  of  the  three-c«nbie  conic  expressed  in  termti  of  (JT'*  F',  Z')  is 

4'jr'»+  FF»+  (rir»=a 

When  0t«tf«.  we  have  CT^oe,  A*»—Bt  X'^T\  by  wiitt^g  the  equation  in  the 

and  observing  that  in  the  limit  Y'*  —  a  2Z'  ( F'  —  JT^^  we  see  that  the  equation 
will  thus  amume  the  fonn 

where 

is  a  finite  function;  X'  =  Q  is  the  lino  joining'  thi'  twofold  centre  and  the  onc-with- 
twufuld  centie,  S  =  0  b  the  other  taugeut  ul  the  onc-with-twofold  centre,  if'  =  0  the 
tangent  at  tiie  twofold  centre  or  cuqi;  the  form  X'i8f-(-4e  iT^^O  shows  that  the  thrae< 
centre  conir  reduceH  itself  to  a  pair  of  points,  viz.  the  twofold  Lcutrt'  or  cusp,  and 
the  point  where  the  tangent  at  the  cusp  is  met  by  the  other  tangent  (that  is  the 
tangent  not  passing  through  the  cusp)  at  the  onc-with-twofold  centre. 

52.    To  verify  the  value  of  *S'  I  procetxi  m  follows: 

A'^B_     1     f      H.   \ 

C.  V.  43 
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-  (ft  -  tfi){ft*+ftft+ft»+(X+**+»)(ft  +       M»+rX  +  Vl» 
»(ft  -      (60t*  -I-  2<X+ A+»>ft} : 

and  thence 

Moreover 

y  -X  =  (tf.  -  ft)  ((ft+xHft+x)'*'(ft+MHft+#»)'*'<ftl^Jk^  ' 
°    "    {(»;Tx)''^(ft +M/'^(ftTi^}  • 

and  hence 

8ft'  t(ft +x)»'*"(srf7?^(S+^j ' 


in  which  we  have  only  now  to  substitute  (X,  /x,  l')  =  (a~^  7"')  and  =  We 
have 

ft+x=^.  <^,+/*=^.  ft+^=^^ 

where  M= ^{$ytP)^  J^^(0y+tet+«t0),  and  then  oheerving  that 

the  equation  £r>*0  becomes 

2  Oftr + 7*  +  *8)  (i  + 1  +  ^)  +  3  («» + +  Y»)  =  0, 
er,  what  is  the  muao  thing, 

whidi  agreed  with  a  former  reaaltw 
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Article  Nua.  53  to  55.   Trana/onnatian  of  th$  Eolation  o/  tht  Ovbie. 
53b  Let  it  be  required  to  expre»  the  cubic 

in  tenm  of  the  oooidinates  X,      Z.   We  have 

+  ny    vz  JT  +    7  +  Z, 

and  the  equation  therefore  is 

where  n  denotes  tihe  pradnet  of  the  three  &cton  obtained  by  writing  X,  fL,  v 
■QooeaaTely  in  tiie  place  of  X. 

For  one  of  the  nodal  cublca  we  have 

K  —  hi—     g  , 

Mtd  the  equation  multiplied  by  B,  is 

which  it  is  clear  A  priori  must  be  of  the  form 

and  tfaffite  is  in  loot  no  dilRcttlty  in  verifying  that  the  ooeffidento  of  X\  X*Y,  X*E,  XTZ 
all  of  them  Taniah.  To  find  K,  comparing  the  coefficients  of        wo  have 


that  in 


=      + m  «,  -  |i  {0,  +  2^,)  e,. 

43—2 
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and 

-  /,  ( W + OA  (OA + ^A^^O  -  i  (^1  +  ^0  ^»^«<^fl. 

so  that  wc  have 
that  is 

and  the  equation  of  the  nodal  cubic  is 

64.  To  Aoniplete  th«  redtt«ti<m  we  ttave 

flo  thai  substitutiiig  fbr  0,<et-^*^  its  value  -  -i^M*.  the  terms  in  P  and  aie 
and  in  tike  manner  the  terms  in  FiP*  and  ^  are 
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so  that  the  tenns  in  (F,  Zf  are 

•nd  tbe  equatioiit  omitting  thd  bctor  —  |^  li^i*,  ia 

55.    But  the  term  in  [  ]  is 

(«e.  ^       ^  we.  (•  -  «.)     ^  vie.  (" ' "  ft) 

wUdt  ii 

and  the  eqnatioii  of  the  nodal  eubio  It  finally 


The  ]inM  FbO,  Z  =  Q,  tss  to^^^  tlu-ough  the  uode  and  meet  the  cubio 

in  a  third  point;  tlio  three  points  of  inteneetion  lie  in  the  tine  iiX-i-^{7—Z)^0. 


Article  Noe.  56  to  66»  2%«  Cubie  Loom,  Harmoconie*  and  Marmcmo  Cionto. 

56.  Suppose  that  the  line  XK+ti^f+vs^O  paawe  through  a  given  point  (a,  c), 
titen  we  have 

and  oboarving  that  9+\  0+/t,  S+Pt  ^  an  proportional  to 

111  2 


we  find 


- ,     ,  - ,  — -    .  respectively, 


"i   y    »  «<f-y+« 


the  eqnatktn  of  a  cahic  curve,  the  locus  of  the  critic  centres  corresponding  to  the 
aeveial  lines  Xx-f /ty+M»0  which  pan  throng  the  point  (a.  h,  c).  The  culno  curve 
paB8ee»  it  is  olearj  through  the  dx  points  whidi  are  the  aoglsa  of  the  quadrilateral 

«-0,  y-0,  jf-0,  «+y+«-0. 
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67.  If  we  take  for  (o,  6,  c)  the  coordinates  nl  the  point  of  uitersection  of  rha 
luM  ^0+^+i«>iO  with  my  one  of  the  lines  ffsO,  y«0,  «-0,  c+y+^-O.  tben  b 
etch  OMe  tiie  evbie  tmaka  vp  into  the  Kme  line  and  a  conic,  viz.  we  bmvn  the  conin 

M    m   «+y-f<  * 
5  y   «+y+«  ' 
«       y  « 


aud  it  u»  to  be  noticed  that  iu  eiK;h  chm;  the  critic  centren  nil  of  them  lie  on  the 
conic  In  iact^  since  the  point  (0,  c,  — /i)  is  an  arbitrar}-  piiint  on  the  line  cO,  a 
line  Xj;  4- +  M  ~  0  pairing  through  the  point  in  question  is  an  absolutely  arbitiarjr 
line,  and  the  cr)rros[>uiiding  ciitic  ceotRfl  therefore  do  not  lie  on  the  line  «bO;  that 
is,  the^  lie  on  the  conic 

and  it  may  aleo  be  remarked  that  the  elimination  of  X,  6,  from  the  ajntem 

^  +  X  ;  ^  +  ^  :  ^  +  p  :  d  =  -  :  -  :  ^  :  -      .  , 

m   y    s  »+y+t' 

or,  what  is  the  §ame  thing,  the  elimination  of  0  from  the  qntem 

y   *  «+y+* 

gives  the  last-mentioned  equation,  unencumbered  by  the  fiu^tor  «*0. 

We  have  thus  tour  couics,  each  of  them  passing  through  the  three  critic  centres 
which  oonespond  to  the  line  TM+fty+ps^O;  as  to  the  signification  of  the  flint  three 
of  these  oonies,  I  remark  as  follows. 


ba.  The  '  barmocouic '  of  a  point  ^  as  to  the  Uur  T  in  respect  of  the  conic  6, 
may  be* defined  as  follows;  vis.  considering  the  pencil  of  lines  through  J.  the  locus 
of  the  fourth  harmonic  of  th*  point  in  which  a  line  of  the  pencil  meets  T,  in 
rogunl  to  tho  tw.t  puiuts  iu  wliiih  thf  same  line  meets  the  conic  0,  is  a  conic 
which  is  the  hannoconic  in  quuistiou.  (Iu  particular,  if  the  line  T  ])ass  through  the 
point  A  the  harmoconic  breaks  up  into  the  line  T  and  into  the  polar  of  The 
conic  B  may  of  eoune  be  a  pair  of  lines. 
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Coiisider  my  three  lines  x,  y,  z,  a  line  S,  and  the  line  T\  tiboo  the  harmocomGS 
being  all  as  to  the  same  line  T,  we  hsre  the  theorem 

Harmoconic  of  intersection  of  x,  8  in  regard  to  pair  of  lines  y,  z, 

Ditto       „             „         of  y.  (S  „             „             g,  X, 

I>itto       „             „          of     5  „             „             X,  y, 

all  pai>s  through  the  samo  three  pointH. 

And  taking  x  =  0,  y  =  0,  zr  =  0  for  the  equations  of  the  lines  x,  y,  z]  \.v  +  fii/ +  uz  =  0 
for  the  equation  of  the  line  iSf ;  and  x  +  y  + « =  0  for  the  equation  of  the  line  T,  the 
bannoeomcB  jink  spoken  of  are  tlie  a,bove«in«a1iuxMMl  three  oonim  nspeetitrdy. 

59.  In  fact,  couaidering  the  liarmuconic  of  iutereection  of  x,  S  in  regard  to  the 
|Mir  9i  and  taking  tif,  ^  tm  the  coordinatea  of  a  point  P  ^  the  bamoooniq, 
then  the  equation  of  the  line  AP  ts 

«.  9»     *  -0, 

0,  -/* 

that  u 

s  +  (/t^  +  vz')-x'{fiy  +  m)  =  0, 

and  at  the  point  of  intersection  with  the  lino  T  or  x  +  y  +  z  =  0,  we  have 

(y  +  s)  (m^  +  v^)  +  x(jAy  +  M>  =  0, 
or,  what  is  the  same  thing, 

which  is  the  line  through  the  last-meutione^^  point  and  the  point  (y— 0^  t^Q). 
The  line  from  the  point  A  to  the  point  (y  =  0,  2^0)  is 

00.  By  the  definition  of  the  harmoconic,  the  last-mentioned  two  lines  are  harmonica 
in  rrganl  to  the  lines  y^O,  s-0;  that  i%  we  have  for  the  equation  of  the  hamooonic 

in  question 

this  equation  may  also  be  written 

(y/  -  fiy")  (x'  +  y+g')-2(»-  ^)y'y  -  0, 

or,  what  ia  the  same  thing, 

p-F-sT'+yr?""' 

whence  writing  x,  y,  z  in  place  of  x,  y,  z,  we  see  that  this  harmoconic  i»  in  fact  the 
fifst  of  the  8boTo-ment»otted  three  ooniesi 
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61.  Tlie  foarth  oonic  through  the  critic  centres  ti  the  oonio 

«       y  * 

which  it  will  be  observed  pajww  through  the  vertices  of  the  triangle  a  —  O,  y  —  0,  z  =  0, 
mod  aiao  Ihrongh  the  point  (1,  1.  1)  which  is  the  hanuonic  of  the  line  w  +  y+fO 
in  legBid  to  the  triani^:  I  coll  it  the  '  hurmonio  oonic*  BqweseDtiqg  die  equatum  bf 

^  +  ^  +  ^1  ^0, 

or,  what  h  the  eaine  thing, 

we  hntre/*^- V,  j^xy.x,  &-iX-fK  end  thw^an  f^sr-¥h^O. 

62.  It  is  eafv  to  show  that  the  coordinates  of  tho  pole  of  tlic  lino  .T  +  y  +  ««0 
iu  regard  to  the  harnionic  conic  are  x  :  y  :  z  =/'  :  tf  :  h*;  theae  vaUius  satisfy  the 

condition  VS+Vy  +  v^Z'^O,  that  is,  the  pole  in  queetiou  lies  ou  the  twofold  ceutre 
conii:. 

63.  The  e(iuatiou  of  the  tangents  to  the  hanuouic  couic  at  its  iutereectiou  with 
the  line  a't-jf+s—O  (whioh  tangenta  meet  of  ooune  in  the  laat^mentioned  pole,  that 
ia  in  a  point  of  the  twofold  centre  conic)  ia  found  to  be 

if  for  diortneaa 

or  what  ia  the  aame  thing 

□  =  -  4  O^A  +  h/+/ff),  =  2  (/« +  ^'  +  A'). 

64.  We  have  idmtically 

10  that  the  tangenta  in  qneation  meet  the  twofold  centre  conic 

a:*  +  y  +  .-  -       -  2cx  -  2ary  =  0, 

at  it.-?  tntprsprtions  with  the  lines  /j- +  ffi/ +  hi 0,  and  fyhx  +  hfy +fff:  ~  0'.  the  latter 
of  these  is  iu  fact  the  tangent  of  the  conic  at  the  point  {J*,  g^,  h*)  of  intersection 
of  the  two  tangenta.  Hence  the  two  tangenta  meet  at  the  point  (/*,  ^,  A*)  cf  the 
twofold  centre  conic  and  thejr  bondea  meet  the  conic  at  ita  ponta  of  inteiaaetion  with 
the  lino — 0. 
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65.  The  line  >ji+ny  +  vz  =  0  may  be  expressed  in  the  form, 

(where,  ut  si^prd,  a  +  /S  +  7=>0).   Tht;  corresponding  values  of/,  g,  h  aie 

or»  whait  &  the  ttue  thiqg, 
or,  i^ffin, 

/ :  y  :  A  =  flC(/9«-7»)  :  i9»(y-flC)  :  ^(fli'-jS'X 
The  equtftion  /p-I-^+A#-0  may  be  written 

^    »»    M  -0. 
1.    1.  1 

111 

thnt  is,  the  line  in  qneatioo  ie  the  lane  joining  the  bomonic  {Mint  (1,  1,  1)  with 

the  point 


the  invene  ef  the  point  {if,  /P,  7*),  which  is  (ante,  Na  27)  the  point  of  conteot  of 
the  Urne 


with  the  envelope^ 


(>6.  The  hai  raonic  cuuic  passcit  thruugh  the  verti<x>«  of  the  triangle  x  =  0,  y  —  0,  z  =  Q, 
tibRmgfa  the  hennonie  point  (1,  1,  1%  and  thiougfa  the  critie  eentMo.  Hnuse  if  one  of 

the  critic  centres  be  given,  the  hiumonic  conic  passes  through  five  given  pointH  and 
is  thus  completely  determined.  But  a  critic  centre  being  given,  the  line  Joiniog  the 
other  two  critie  centree  is  the  polar  of  the  given  centre  in  regard  to  tiie  twofold 
eenfece  eonie  (oitfi^  No.  40),  and  it  is  thus  oompleteljr  determined ;  and  the  other  two 
critic  oentna  are  cf  oooiBe  the  intacnetionB  of  due  line  with  the  hannonie  conio. 


Aitide  Nee.  91  to  8f .  Mite^mmnB  InmkgaHam. 

67.  I  demonstrate  by  means  of  the  last-mentioned  formulae  a  theorem  already  in 
effect  demonstrated  by  the  investigation  which  led  to  the  three  centre  conic,  viz.  that 
the  tangents  at  n  node  or  critic  oentve,  and  the  linee  drawn  to  the  other  two  critic 
oentre;;,  form  a  hannomc  pendl, 

a  V.  44 
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In  fact  the  tangeDts  at  the  node  or  critic  centre  are  given  by  the  equation 

the  other  two  critic  centres  are  given  aa  the  intenectiou  of  the  line 


with  the  oonie 


X         y  t 


the  thforfm  will  be  trne  if  the  pair  of  tangents  and  the  la««t-mcTitioned  eonic  are  cut 
harmooicaUy  by  the  lasi-mentionecl  line.   Now  in  general  the  condition  in  order  that 
the  line  ^^ng+^^O,  may  cut  harmonically  the  conioe  {€t,h,c,/,  ft  A$r,  y,  sf  aad 
y.  y,/*.  ^,  AO  (or.  y.  By~0  ia 

aad  if  afsstfrnffmO,  then  the  flODditum  w 

( -  2//  ,  . . .  gh' + ir'A  -  a/.  . .  .$f  tj.      =  0. 
68.   In  the  present  case  the  equations  of  the  two  conies  may  be  written 

(0,  ....  t^-v,  y,  *)»  =  0, 

and  we  have 

2 

+  ^{-v\*  +  vXfi-\ttv~Xy)  +  4iK{ji-»), 

and  the  cuutiitiuii  ih 

...o.-.,(^"-u).  ...}(^,.  ^.  ^y.a 

69l   Writing  tiiis  in  the  fenn 
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then  ob^erviug  that 


the  first  part  is 
wliioli  i» 

and  observing  that  the  amn  is 

«  -         2 0*  - 1;)  =         (/*  -  I/)     -  \)  (X  -  ^»), 

the  firat  part  is 

_  2Vv  Oi-v)(y-X)(X-ft) 

The  aeoond  pairt  ia 

in  which  the  aom  ia 

-  SO»-i»)(X«-X*-atf«)- 2X«  (^-ir)— (r- X)(X- 

ao  ihali  the  aeoond  part  ia 

2X/ti>0t-y)(i>-X)(X-/4) 
<0+X){9+m)(9+f)' 

aiMl  the  anm  of  the  two  parts  k  sO,  wUdi  pavrea  t^e  theorem. 

70.  Let  Xi,  yi,  Si  bo  the  coordinates  of  a  critic  centre,  theu  the  equation  of  the 
polar  in  v^gaid  to  the  twofold  eentn  oonio  ia 

(- «■ + yi + «t) « + (ai  -   + +  (an + yi  - -fi)  *  =  0, 
oonic  through  the  five  pointa  ia 

«  y  *  ' 

and  theae  equationa  together  determine  the  remaining  two  critle  centres. 

44—2 
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71.  I  remetrk  in  paasiag  that  the  equation  of  the  one- with- twofold  centre  locus 
may  aJao  be  obtained     neeae  of  the  equettooa 

«  jr  s  ' 

(- +  ft + *)« + («i -»i + STi  -  *i)  « -0, 

wbiisb  dMemino  tiie  remaiung  two  oritfo  oentreB  oorrtHsponding  to  «  |^v«i  critic  oentR 
{■k*  |fk*        ^  >D  order  that  the  centre  (o^i,  1/,,  r,)  may  be  accompanied  by  a 

twofold  centre  the  lliio  must  touch  the  conic;  and  the  analyUcal  OODdition^  ntbetitotiqg 
therein  (w,  y,  z)  in  the  place  of  {xi,  y^,  z,),  is  found  to  be 

«y»    + (yi^ + + A + ^ + ^) + «  0, 

the  three  lines  seyg « 0  are  not  properly  port  of  the  locus,  but  their  appearance  ma/ 
be  eocoontocl  ibr  without  difficulty. 

72.  Assume  that  the  line        fiy  +  vz  =  0  passes  aucoeesively  through  the  points 

(«=0,  y-«  =  0)  (y-0.  s-«-OX  <«*0.  .-y-OX 

f)r,  whi\t  is  the  same  thing,  the  points  (0,  1,  1),  (1,  0,  1),  (1,  1,  0)j  then  (ontf;  Na  SS^ 
the  chtic  ooutres  are  in  all  these  casea  rrapectively  on  the  oooios. 

5+l_    ^  .0. 

y     z    x  +  y-i-z 

i  +  .0; 

S    X  x+y+s 


or,  ee  tlieee  may  be  written. 


i  +  i  ^  0; 

(y-«)'  +  .T(y  +  z)  =  0, 
(j-.«/+y(*+«)»0, 

(«-yy+*(«+y)=0^ 

the  6nt  of  whidt  is  a  oonie  touQhing  the  fines  0,  y<f««0  at  tlie  punts  of  inter- 
scdion  with  the  fine  y— ««0;  and  similady  fiir  the  other  two  contoa, 

79l  Suppose  that  the  fine  X»+/iy+iw— 0  passes  tiuoagh  the  point  (4^  -1,  -1), 
or  let  4\-f»-»irsO;  we  have  (1^  0,  7) -(4,  —1,  -t);  and  the  crifeie  eentras  fie  od 
the  curve 

 *  0. 

W    Jf    M  «t+y+t 

that  is 

«(«+y+«)  y« 
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or,  as  this  may  be  written, 

(y + «)  |«  (iB + y  +  »>  -  4y *| «  0, 

«o  thftt  the  onlns  loeus  hnwto  up  into  tin  line  y-f  s»0  and  into  tiie  oonio 

X  («  +  y  +    — 4y#  =  0. 

74.  I  aay  that  the  critic  centres  lie,  one  of  them  on  the  line,  md  the  other  two 
flo  tii6  oontCi 

In  fact,  putting  "K^ii/i-^v)  the  equation  in  0  is 

^  -  ^  0«H- i  (#1 +        i /I*  0* +  »)- 0, 

that  18 

-  i  0*  +    ^  -  /ivj  0, 

and  we  have 

11  1 

«  :  y  :  « 


7S.  Howe  if  tf+^O^-f  v)bO»  we  obtein 

^   1  ~1 

whence  abo 

0»+i')c-»-(A-i')y-0, 
y+» 

80  that  the  corresponding  critic  centre  lies  on  tJie  lino  y  +  z  =  0;  the 
eqaatioofl^  lestonqg  the  vahte  4iK  in  place  of  /t+p,  may  also  be  written 

4X»+0t-»)y«0, 
4Sut—(/t  —  p)M^0, 
y+«  -0. 

78.  If  on  tiie  other  hand 
or»  aa  thk  equatim  may  he  written, 

then  oheerriag  that  in  genenl,  in  virtue  of  the  equation 
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we  have 

1         12       12  1 
y  :  *  :  «  +  y  :  «  +  x  =  ^  :         :  :  j-y;^^. 

1         1        $  +  2v       $  +  tit. 

and  coDsequeatly 

^  :  a  +  2  =  6>  :  6  +  2fi.  ;       z  :  aj  +  y  =  d  :  ^  +  2v, 
the  forcing  equation 

50>-(d  +  2M)(d  +  2»)-O 
5y*-(»+*)(«+y)«0. 

thftt  u 

or  the  critic  oentres  oonwpoindmg  to  the  two  values  of  (9  lie  oa  the  eoniix  T!b» 
line  joimiig  them  b  the  pokr  of  the  ptHnt  ^  tt^gud  to  the  twofald 

centre  oonie;  the  equatum  therefore  is 

0»  -  v)  «  -  (3m + y)  y +0* + Sir)  j;  -  0. 

77.  Starting  with  a  critic  centre  on  the  line  y  +  *«»0,  the  other  two  ciitic  centres 
lie  on  the  eondo  «(tf-|'y-|>«)-4y<«0,  ami  they  aie  the  inteneotaona  of  tiw  oonie  hj 
the  polar  of  the  fint  oentre  in  regeid  to  the  twofold  centre  eonic. 


78.  Starting  with  n  critic  centre  on  the  conic  c(e  +  y +  .e)-4y2  =  0,  the  other 
two  critie  centraa  lie  one  on  the  conic,  and  the  other  on  the  line  y+z  =  0  ;  viz.  the 
polar  of  the  first  centre  in  regard  to  the  twofold  centre  conic  meets  the  line  in  one 
pointy  and  the  conic  in  two  points;  of  these  one  ia  the  hannonic  of  the  point  oa 
the  line  in  txigm-d  to  tlie  twofold  oentre  oonie;  tiiis  p(Nnt  on  the  coni^  and  the 
point  on  the  Unc!,  are  the  other  two  oentree. 


79.  The  point  (4,  —1,  -1)  is  cf  coone  one  of  a  system  of  three  pointa;  viz. 
thw  ate  (4v  -1.  -1)  (-1*  4.  -IX  (-1.  -1.  4);  and  the  oorgqicimUi^  loci  of  the 
critic  centraa  are 


(y + |»  (« + y + -  4«y|  -  0, 
(« +«>  |y  (c+y -  4jwJ  -0, 
(« + y)  |«  (*  +  y + «)  -  4«y|  m  0, 


the  thiee  points  in  question  are  (onto,  No,  S4)  riiown  to  be  nodes  of  the  twofold  oeatm 
envelope. 
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80.  The  line  3«+y+2»0  is  the  line  through  the  points  (—1,  4,  -1),  (-1.  -1,  4), 
and     wMh  An  oomspoiidiiig  enioA  cealktB  lu 

one  on  1^  Hoe  «+c«0^  two  on  tihe 

(MM  on  the  line  ft+y— 0,  two  on  the  coiife  ff(9+y+M)~'4Me—9. 
The  two  lines  meet  in  the  point  (1,  "  1,  —  1). 

The  two  cooics  meet  in  the  points  {1,  0,  0),  (2,  3,  3);  and  touch  at  the  point 
(0,  1,  -^1),  the  oommon  tangent  being  Hx+jf+t^O:  tbit  ttppttn  by  writing  the 
cqnations  of  the  two  oomce  in  the  forms 

<y  -  »)  (6» + y + *)  +  (y + *)  (- 3« + y + *) = 0, 

-  (y-*)  (5a;  +  y  +    +  (y  +  z)  (- 3.1?  +  y +*)=.  0^ 

fmr  we  have  then  the  firar  points  of  inteneotioD  put  in  evidence;  viz.  these  are 

y^zmO,  y  +  «r  =  0,  that  is  (1,  0,  0). 

»/-«  =  0,  -3x  +  !/  +  ^-0,      „      (2,3,  3), 

5x  +  y  +  z  =  0.  I, +  2  =  0,      „  (0,1,-1), 

5x  +  y  +  s-0,  -Hx  +  y  +  g  =  0,      „      (0,  1,-1). 

The  point  of  intersection  (1,  0,  0),  which  ia  an  angle  of  the  (xiangle,  is  not  a  critic 
oentie;  the  One  eritk  eentiee  are  the  other  point  of  hdeneotion  (2,  3,  3);  the  point 
of  contact  (0,  1,  —1);  and  the  point  of  inteneetton  (1,  —1.  —1)  of  the  two  lines. 

81.  To  obtain  in  a  diflbrent  manner  the  b»t-men1aoned  nsvlt  it  nay  be  remaifced 
that  for  the  line  ftv+y+s-O,  fac  which  {X»  ft,  w)^(9»  1,  1)»  the  equation  in  0  is 

so  that  the  valaes  of  tf+X,  0-¥/t,  B-¥v 

for  tf— I,      %    0»  0» 
^—2,      1.  -1.-1, 
„         Zt      6»    4,  4| 

and  the  conesponding  valncs  of  a  :  y  :  «  ate 

»^  :    QB  :   Oft.  that  ia^  (0,    1.  -1). 

-1  ^      (1,  _  1,  _  1). 

=  i:     i.      „       (2,     3,  3). 

which  points  are  therefore  the  critic  centres  for  the  line  3ar+y  +  «  =  0. 

The  kst-mentioued  line,  it  is  clear,  is  one  of  the  system  of  thrae  lines 

3^  +  //  +  :r  =  0,   «  +  Sy+i>-0,  «+y  +  3r  =  0. 

s2.  If  x  =  0,  that  is  if  the  line  'K.r -\- fiy  ■¥  vz  -  0  pass  thiOQgh  an  angle  y^O,  »«0 
of  the  tiiangle ;  then  reverting  to  the  origuiul  equatious 

~-x  +  y  +  s    x-y-i-z    x  +  y  —  z 
X«     "    /»y    *  ' 
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these  give  (y  =  0,  5  =  0)  or  else  (-a;+y  +  a»0,  ^y*  =  0),  that  is,  ooe  of  the  throe 
critic  oentvM  »  fhe  angle  (y*0,  «»0)  of  ^  triangle;  and  the  other  two  are  the 
ittteneetiona  of  the  line  ^m-^y+Mmti  iritb  tbe  pair  of  line*  f!^-/i^-Ol 

It  ahovM  be  remarked  that^  given  the  oritb  oentro  jfaryiasO,  t^tt^O,  the  re- 
maining two  centree  cannot  be  detcRDined  as  the  inteneetion  of  the  polar  — «+jr+«-0 

with  the  conic 

«  y  «      "  • 

inaemnoh  ae  tbe  eqoation  of  this  eonie  beoomea  the  identity  0—0. 

88.  The  critic  centres  for  the  caae  in  qimtion,  X  ■■  0,  may  abo  be  detennined  by 

means  of  the  equation  of  the  cubic  through  tbe  three  centres;  in  &Ct»  atnoe  \  =  0, 
the  equation  \a  +  fi^  +  vy^O  becouMB  ^+»Y**0»  tiiat  is  fi  :  f^p  i  —ft;  and  the 

equation  of  the  cubic  therefore  is 

and  since  the  ratio  a  :  )3  is  arbitrary  we  have  the  two  equations 

1  ?  ^0.  ':-^-?<''-'*)-o. 

X    x+y+z         y    z  x+y+z 

which  reeolve  theoiBeives  into  the  above-mentioDed  two  equations,  —x  +  y  +  z  =  0, 
i>j^-/^-0. 

84.  Consider  u  critic  centre  the  coordiuates  of  which  are  (0,  ^,  j,),  that  is,  which 
is  an  aibitmry  point  on  the  ride  mmO  of  the  triangle:  it  ia  to  be  remaifced  that 
there  u  not  any  porition  of  the  line  luB+t$y+»»^<i,  vhidi  pniperiy  gtvee  riae  to  andi 
a  critic  oentre. 

Fw  writing  i^>0  tiie  eqnntiona 

Xxt  pigi  Wi 

give  ^«0,  v*0,  that  ia,  the  line  te+My+vs-O  ia  found  to  be  c«0;  bat  in  1^ 

caae  the  cnUe  u  «^3i»+ib(«-f  y+^JF^-Oi  whiob  itreapeetively  of  the  value  of  <r  has 

nodce  at  tiie  pointa  tf-O^  y«-l'ib(y+«/aO^  and  whidi  only  for  the  value  i-0  acquitea 
ft  third  node  at  the  pmnt  y«0,  s«0:  the  caae  ia  n  abgular  and  ezceptioaal  one. 

85.  If  notwithatanding  we  assume  a  critie  cenlaw  at  the  point  (0,  y,,  2,),  then 
the  other  two  critie  oentrea  are  by  the  general  theorem  given  aa  the  interaeotion  of  tlie 
line 

(y, +  •,)«- (y,  -  «i)  (y -*)- 0 

with  the  conic  (pair  of  lines)  x{if-z)  =  ^,  that  10,  we  have  a  twofold  centre  c~0, y 
or  what  is  the  aame  thing  a  twofold  oentre  (0,  I,  1> 
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Hb.  If  a  critic  ceutre  lie  ou  the  liue  y  — «  =  0,  then  oi  the  other  two  critic 
centraB.  one  liei  on  1ida  Bame  line  and  th«  otliar  t»  the  point  or^O,  w+y-^s^Ot  w 

say  the  point  (0,  1,  —1).    And  in  this  case  the  line  \x  +  fii/ +  vz  =  0  pasHcs  tlirough 
the  last-mentionod  point;  that  is,  we  have  fi,  =  i>.    Conversely,  starting  from  the  e^iuatiou 
=     ao  that  the  line  Xx  +     +  v2  =  0  is  Xsc  +  ^(^  +  £)  =  0.  a  line  through  the  iuter- 
eectioQ  of  the  lines  w-O,  x+y+z^O,  the  equation  ia  0  i» 

where  the  factor  d  +  fi  —  0  roTTespomls  to  the  critic  centre  «  =  0,  x  +  y  +  z  =  i),  or 
(0,  1.  —  1),  (it  Mrill  presently  be  shown  that  this  is  so),  and  the  quadric  equation 
fi'-ftB—iktt^O  comaponde  to  two  eiitie  oentiee  on  the  line  y— ««0i  We  have 

iuxd  theuce  y  —  z  =  0;  and  6  {w  —  y)  =  —  Xx  +  fii/,  which  eulwtituted  in  the  equation 
S'—lt$—tkttmO  givea 

(Xjt  -  My)  {(X  +  fi)x-  2^y]  -2Xfi(x-yY  =  0, 
and  the  two  critio  centres  are  given  as  the  intersections  of  this  conic  by  the  line 


87.  Oonnder  tor  a  moment  the  case  w^/t+t,  where  «  u  ulttmatelj  —0,  the 
equation  in  0  ie 

then  if  a  root  is  tfs— ilff»  we  have 

1     _  ,  L  ?  _       2  ^ 


to  that,  c  beii^  indefimtely  email,  we  have 


\+  -J^.  =0,  that  is,  14  + 1  =  0  or  ii  =  -i, 


mad  then 
which  givea 

111  1  2  ^2 

or,  e  being  indefinitely  small,  x  :  y  :  g=0  :  I  :  - 1,  so  that  the  factor  B  +  tfO  corre- 
sponds, as  mentioned  above,  to  the  eritie  oentM  (0,  1,  -  1). 

C.  V.  45 
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ON  THE  CLASSIFICATION  OF  CUBIC  CURVES. 

i 

[From  the  TmuaetioH*  <^  Ute  Cambridge  PAtAwqpJMMi  ^Awm^,  vol  zt  Ftrt  i.  (1866), 

pp.  81— ISS.  Read  April  18^  1864.] 

,  '  i 

The  notion  of  a  curve  of  a  given  oixler  may  be  considered  as  arising  from  Descartes 
inveulaoD  of  Ms  tnethed  of  ooordiimtes;  and  one  of  the  earliest  applieationa  of  the 
metiiod  was  made  by  Sir  Isaac  Newton  in  the  Enumentio  linearum  teiiii  Ordinta  (1706>X 

n  work  worlli)  of  its  nuthor,  and  which  opened  a  new  field  of  geometrical  science.  The 
classiticatiou  is  ucourding  to  tlie  nature  of  the  infinite  branches;  there  are  fourteen 
genera  conlttning  together  aeveaty-two  spedes,  bat  (bur  species  were  Vjr  Stiriiag 

in  his  LinetB  tertii  Ordints  NetvtoniancB ;  sive  lUustrafio  ^e,  (I7l7)i  and  two  more  by 
Murdoch  or  Cramer(').  making  in  all  seventy-eight  specie^.  A  new  classification  was 
wade  by  Plitckcr  in  bis  System  der  Analyiiachen  (jeometrie,  1835 ;  this  is  likewise 
acoofding  to  the  nature  of  the  infinite  hmnches,  but  after  his  six  head  divisions,  and 
some  subordinate  divisions  thorpof.  Pllirker  cstabluihea  tho  divisions  callL-d  Grou]),-<,  which  | 
have  nothing  analogous  to  them  in  the  Newtonian  theory;  there  are  sucty-ono  groups, 
and  the  total  number  of  species  is  219. 

The  prcRent  UenKnr  nontains  an  ex{>o8ition  of  the  foregoing  classitications,  and  of 
the  principles  on  which  thsy  ate  fouD(l>  d,  in  so  far  aa  relates  to  the  superior  dlvuMOS 
of  the  two  <  I[i.s.sifi(  at  ionfi :  and  in  particular  I  develope  more  completely  than  was  done 
by  Pllicker  the  theory  of  the  division  into  groupti.  I  do  not  however  consider  otherwise 
than  very  slightly  the  ultimate  divinon  into  speciea 

The  above-mentioned  work  of  Newton  eontains,  under  the  heading  "Oenests  Ourva" 

rum  {>er  Umbras,"  the  remarkable  theorem  that  the  curves  of  the  third  order  may  aD  | 

of  them  bu  considertH]  ivs  the  shatlows  of  tho  five  Divergent  Parabola-';;  I  re*<ervt»  for 

a  sepai-ate  Memoir  the  whole  series  of  cousidcratiniis  to  which  this  theorem  gives  rise.  i 

■  The  two  additioiuJ  spMies  are,  I  beliere,  Ant  wieitfqnsd  in  MnnAodi's  OMMfa  Omttnm  ftr  OMmi 
<174A),  bat  «M  of  ttmo  ia  Umm  ueribed  to  Grmur. 
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I  commence  by  estabUshing  the  theory  of  the  classilicatiou  of  cubic  curves  according 
to  the  nature  of  their  infinite  branches,  in  what  appears  to  me  the  scientifically  correct 
manner  m  (oSkm : 


Tk«  8mm  Hmd  Dwitum,  Article  Noe.  1  to  4. 

1.    A  line  in  general,  and  therefore  the  line  Infinity,  meets  a  cubic  curve  in  three 

points,  and  these  may  be 

Three  onefold  points, 

A  twofold  point  and  a  onefold  (or,  as  it  may  also  be  termed,  a  one-with-twofold)  point, 
A  threefold  point 

ft   But  in  the  aeeond  eaie  the  line  Infinity 

m»y  be  a  proper  tugent  to  die  oorro, 
may  peM  tltroai^  *  node, 
may  paw  through  a  cuap; 

and  in  th«  third  caM  the  line  Infinily 

may  toitda  the  cunre  at  an  tnfletion, 

may  at  a  node  tonoh  one  of  the  two  Inanehes, 

may  touch  the  curve  at  a  cusp. 

3.  The  first  case,  the  three  divisions  of  the  aeooud  ceee,  and  the  three  divisions 
of  the  third  can,  give  in  all  seven  divirioni,  which,  as  wiU  appear  in  the  eequel,  fid! 
in  with  Newton's  danfication,  and  can  be  named  in  bis  hqguage,  vis. 

Three  onefold  points,  The  Hyperbolsa 

A  onefold  and  a  twofold  point; 

Infinity  a  proper  tangent,  The  Parabolic  Hyperbolas. 

Do.    through  a  node.  The  Central  Hyperboli^ms. 

Do.    thnN)^  a  cusp.  The  Parabolic  H^^erbolisma. 

A  threefold  point; 

Infinity  a  tangent  at  an  inflexion,  The  Divergent  Parabolas. 

Do.         Do.     at  a  node,  to  one  branch.  The  Tnticnt  Curve. 
Do.         Do.     at  a  cusp.  The  Cubical  Parabola. 

4.  As  regards  the  signification  of  these  terms,  it  may  he  remarked  that  the 
Hyperbolae  have  hyperbolic  luraocbes,  the  Parabolic  Hyperbolas,  hyperbolic  and  parabolic 
bnancbes;  wlwre  by  a  hyperbdio  bruudi  is  meant  one  having  an  asymptote,  and  by 
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a  parabolic  branch  one  not  having  ao  asymptote.  The  hyperbolism  of  any  curve  is  the 
«iirve  derived  from  it  hy  altering  tibe  ocdbiate  in  the  ratio  of  the  ahecisaa  to  any  gifen 
line 

{8r-5y.oreay3r-D; 

the  expression  Central  Hyperbolism  is  used  to  iaclude  Newton's  byperboliams  of  thi 
hjperhola  and  ellipse ;  and  the  expression  Fanibofie  Hypei^Ksm  to  denote  his  h}  i>  r- 
holism  of  the  parabola.  The  Divergent  Parabolas  are  cm  vt-s  the  branches  of  which 
ultimately  diverge  from  each  other  as  in  the  seniicubical  parabola  »/-  =  j^,  which  i*<  in 
fiiet  oue  of  these  curves.  The  names  Trideut  Curve  and  Cubical  Paiiibula  are  uut 
generic  bat  specific^  it  so  happens  that  the  genera  to  which  they  respectively  belong 
contain  each  only  a  single  spmes.  The  names  for  the  several  kinds  of  ourVM  are  not 
scieDt^cally-devised  ones,  but  it  ia  convemeut  to  have  tbem  suob  as  tbey  are. 

The  tV>rcgoing  seven  divisiuii^,  uniting  in  one  the  Central  Hyperbolisnis  and  the 
Parabolic  Hyperboliamai,  an  the  six  head  divinoiia  of  Plth^ar. 


Atgmptotat,  ifO,  EqvMtiuM  fair  1h»  Sbuen  Htad  DmtioM,  ArUole  Noa.  o  to  SL 

5.  For  a  Hyperbola  there  is  at  each  of  the  points  at  infinity  a  taiigtut,  which 
18  an  aiym|itote ;  and  the  hyperbola  has  thus  threo  aiymptotea. 

6.  For  a  Farabolic  Hyperbola  there  is  at  the  uuefuld  point  at  iuliuity  a  tangent, 
which  is  an  a8ym|>tote.  There  may  be  deeciibed  a  conic  having  with'  the  carve  at 

the  fwofold  [loiiit  at  infinity  a  fivi^-pointic  intersection (')•  Such  conic,  as  having  the 
line  infinity  for  a  tangent,  is  a  parabola,  and  it  may  be  termed  the  asymptotic 
parabola :  the  I^rabolic  Hyperbola  has  thus  an  asymptote  and  an  asymptotic  parabola 

7.  For  a  Central  Hypcrbolism  there  i«  at  the  onffold  point  at  infinit_v  n  btngent 
which  is  an  asymptote,  and  which  for  distinction  may  be  called  the  onefold  asymptote; 
and  nt  the  nmk  or  twofold  point  at  infinity  tiiere  is  a  pair  of  tangents  which  are 
the  parallel  aopuptotea. 

8.  For  a  FlanhoUc  Hyperbdism  there  is  at  the  onefold  point  at  infiiUty  a 
tangent  which  is  an  aaynptote,  and  which  may  be  called  the  onefold  asymptote;  and 
at  the  cuHp  or  twofold  point  at  infinity  a  twofold  taogent  which  lA  an  a^grmptotc, 

and  which  may  be  called  the  twofold  a8ynipti>te. 

9.  For  a  Divergent  Pnrahnln  there  is  not  any  asymptote  or  asjiuptotic  conir  ;  but 
we  may  consider  an  asymptotic  cubic,  viz.  this  will  be  a  semicubical  parabola  (^-  =  x*), 
which  is  in  fact  one  of  the  diveigent  pai»bolas»  the  cuspidal  divergent  parabola^  and 
which  may  be  in  general  so  determined  as  to  have  at  the  inflexion  or  threefold  pchit 


>  I  have  elsewhere  spoken  of  the  conic  of  Avc-pointio  oonutot:  the  expKMiOD  hve-pointio  intentctim  tt 
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at  infinity  a  aeveu-pointie  inteneetacn.  For  the  iisyniptotic  cubic,  in  order  that  it  may 
have  a  euap,  must  aalaify  two  oonditionB;  it  may  therefore  be  made  to  satisfy  seven 

more  conditions,  or  tn  hnvc  n  sevcn-pointic  interscctiun ;  and  then  the  origiiml  curve 
having  au  inflexion  or  threefold  point  at  infinity,  the  asymptotic  cubic  trill  ipso  facto 
htne  ^ba  Bame  point  ai  an  iafl«don,  or  tJireefeld  point  at  infinity,  and  1m  tinu  ft 
enqpidal  dtvergmt  pMnboh. 

10.  For  the  Trident  Curve,  wc  ha^c  at  the  node  or  throefold  point  at  infinity, 
via.  to  ihe  branch  whidi  is  not  touched  by  the  line  infinity,  a  tangent  which  is  an 

asjnTiptotp :  this  cuts  at  the  node  the  other  bninch  of  the  curve,  and  it  is  thrrcforp 
an  asymptote  of  three-pointic  intersection.  Wc  may  describe  a  conic  having  at  the 
node  a  five-pointie  interaeetion  with  tiie  other  Vranch  of  the  enrve;  sueb  oonie  as 
touching  the  line  infinity  is  a  paiabola,  and  it  may  be  called  the  asymptotie  parabola ; 
since  the  ]>;ir.ibola  cut«  at  the  node  the  firBt-mentjoiKd  branch  <»f  the  ciirvo,  viz.  the 
branch  not  touched  by  the  line  infinity,  the  parabola  is  in  fact  a  parabola  of  six- 
pointio  inteneciion.  The  Trident  Ciinre  haa  Qma  an  asymptote  and  an  asymptotic 
parabola  «f  nx-potntie  intMseeiioii. 

1 1.  Fur  the  Cubical  Parabola  there  is  not  any  asymptuie  or  asymptotic  conic : 
the  curve  quA  curve  haviag  a  ensp  (via.  the  cusp  or  threefold  punt  at  infinity)  has 

a  single  inflexion ;  and  the  line  joining  the  cusp  with  the  inflexion,  regarded  as  a 
threefold  line,  has  with  the  curve  a  nx-pointic  intorscctiou  at  infinity,  and  may  be 
considered  as  an  as^'mptotic  cubia 

12.  We  have  in  every  case  a  cubic  cur\'c  V=0  having  with  the  oiie'inal  curve 
an  intersection  at  infinity  which  is  at  least  six-pointic,  and  which  I  cull  the  usymptotic 
aggregate :  vis,  tiie  aaymptotio  ajp«!gate  is 

For  the  Hyperbolas;  the  three  asymptotes,  intanaction  siz-pointic. 

For  the  Fmabdic  HypeilKdasi  the  asymptote  and  l&e  asymptotic  parabola,  mtar- 
aeetion  aeven^pointic. 

For  the  Central  Hyperholisnu ;  the  onelbld  as^ptota  and  the  panllel  aqrtnptotai^ 

intersection  eight-pointic. 

For  the  Ptirabolic  H}'perboIi.sni<i ;  the  onefold  asymptote  and  the  twofold  aqmptote 
regarded  aa  a  twofold  line;  intersection  eight-pointic 

For  the  Divergent  Parabolas;  the  asymptotic  semicubical  parabola,  intersection 
flevwK-pointki, 

For  the  Tridoit  Carve;  the  aaymptote  and  the  aagnnptotie  panibola»  intneeodon 
nine-pirintia 

For  the  Cubical  Parabok ;  the  line  joining  the  cxtep  at  infinity  tritii  the  iDfiaxioa, 
regarded  as  a  threefold  line,  interseotaon  six-pointia 

13.  I  have  said  that  the  infcerHectiou  at  infinity  is  at  least  six-pointio;  but  more 
than  this*  the  intenectira  at  any  onefold  point  at  infinity  is  at  least  two*pointio;  at 
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a  twoSoU  pomt  «t  infinity  it  is  at  least  foiip-pointie;  and  at  a  threefold  point  at 
infiaity^  it  is  at  least  niz-ptnntie. 

It  foUowB  that  the  intesaectionB  at  iniaity  of  the  cubic  and  the  asymptotic  aggregate 

include  the  uix  intenections  of  the  cubic  by  the  lint^  infinity  cotuiiderod  as  a  twofold 
line;  and  hence  the  remainincr  three-  intersections  of  the  cubic  and  the  asniiptotif 
aggregate  must  lie  iu  a  line  «=0  (Fluckei-B  Hue  S),  which  I  call  the  ^tellite  line. 
And  writmg  s»0  for  the  equation  of  the  line  infinity,  the  equation  of  the  cubie  w 
of  thr  fonii  U  —  V  +  fjj:'s  =  0.  It  is  to  be  observed  moreover,  that  when,  as  for  the 
Hyperbolas  aud  the  Cubical  Parabola,  the  intersection  at  infinity  ia  six-poiutic,  the  Ibe 
«kO  is  an  arbitrary  line;  when  as  for  the  Parabolic  Hyperbolas,  and  the  Divei;gent 
I^bolae.  the  interseotion  is  sevem-pointic,  the  line  «sO  meets  the  cubic  in  a  given 
point  at  infinity,  vh.  the  twofold  or  the  threefold  point  at  infinity ;  and  when  ius  fur 
the  Central  Hypcrbolisms  and  the  Parabolic  HyperboUsms  the  intersection  is  eight- 
pointic,  the  line  has  mA  the  enUo  a  given  twnfeld  intmeetiott  at  infinity; 

this  however  merely  implies  that  the  line  « « 0  passes  thiongh  the  imh  or  cusp  at 
infinity,  and  so  imposes  only  one  condition  on  the  lino  8  =  0.  Final'y,  wlien  as  in  the 
Trident  Curve  the  intersection  is  uine-poiutic,  the  line  t  =  0  has  with  the  curve  a 
given  threefold  inteneotion  at  infinity ;  that  is,  it  coincides  with  the  line  infinity,  »^0. 

14.  The  preceding  considerations  in  re^^ard  to  the  asymptotic  aggregate  K  =  0,  lead 
veiy  directly  to  the  best  analytical  form  of  the  fiinctiou  V,  and  therefore  to  diat  ef 
the  equation  U m  7^fi^B0,  of  tiie  euhia 

15.  I'or  the  Hyperbotas;  the  equations  of  the  ttonnpfeotes  being  p~0,  q^O,  r-0, 
then  we  have  V^pqr^O  ion  the  satymptotic  aggregate;  the  satellite  line  is  arUtrsiy, 
and  hence 

Equation  of  the  Hyperbolas  m 

m.  Fur  the  Pai-ubolic  Hyperbolas.  Imagine  parallel  to  the  asymptote  u  line  j}=0 
touching  tlie  nqnnptotio  parabola;  and  let  the  lUie  jotniag  the  point  of  oonlast  with 
tbe  twdbld  point  at  infinity  have  for  its  eqnatiim  9^0;  the  equation  of  the  asymptote  is 

that  ol  the  a8ymptotic  porabohi  is  +  =>  0,  and  hence  the  equation  ut  the  aaymptuuc 
agpN|;ate  is  (p+M)(^+3t^)B0;  the  aatelUte  line  passes  through  the  twofold  point 
at  infinity,  or  its  equation  h  q+trs-0;  henoe 

Equation  of  the  Fiuabolie  Hyperbolas  is 

(p  +  Kg)  {(f  +  Xps)  +  tut'  (2  +  <rz)  =  0. 

17.  For  the  Central  UyperbulLsnis ;  the  equation  of  the  onefold  asymptote  is  taken 
to  be  p-O,  and  that  of  tbe  parallel  asymptotes  to  be  «2*-|-iE^ssO}  hence  the  equatios 
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of  tihe  asymptotic  og^egate  is  p  {tf  +  ks*)  =  0,  the  satellite  Ime  posses  through  the 
tw«iifi)ld  poant  at  mfinilgr,  its  eqimtion  i»  benoe 

Equation  of  the  Central  Hyi>tiboliflm8  in 

18.  For  the  Parabolic  Hj-perbolisms :  the  only  diflferencc  is  that  instead  of  the 
puallel  asymptotes  q*  +  Ki*  =  0  we  have  the  twofokl  Rqrmptote  S*~0;  hence 

EquattOD  of  the  Faiabolic  HyperbolimiB  ta 

pf+ft^{q+irM)mO. 

19.  For  the  iXvei^gent  PambolaB:  the  asymptotic  aggregate  ia  a  aemieubiGid 
parabola;  let  9^0  be  the  equation  of  the  cuspidal  tangent,  ;>  =  0  the  equation  of  the 

!inf  joining  the  cusp  with  thf  inflexion  at  infinity,  then  the  fiiuatirm  is  p'  +  \q*;  =  0- 
The  satellite  line  passes  through  the  threefold  point  at  infinity,  its  equation  is  p  +  az  =  0, 
hence 

Equation  of  the  Divergent  Parabolas  is 

p'  +  \^z+ft^ip+oz)<^0. 

20.  For  the  Trident  Curve:  let  p  =  0  be  tho  o<]uation  of  the  asyrnptoti',  ry  =  0 
that  of  the  tangent  to  the  asymptotic  parabola  at  the  point  not  at  inhnity  where  it 
ia  met  by  the  asymptote,  then  the  equation  of  the  pmrabola  ia  j)*  +  Xgr  =  0,  and  that 
of  the  asymptotic  aggreigate  ia  pifF+Xpy^O;  the  eatellite  line  ia  the  line  infinity, 
z^Oi  henoe 

Equation  of  the  ^jdent  Curve  ia 

21.  For  the  Cubical  Parabola:  let  p  =  0  In-  the  injuiuiou  of  the  line  joining  the 
iitfleaai  with  the  cmp  at  infinity,  then  the  asymptuiic  aggregate  ia  tbia  line  taken 
«a  a  thnelbld  line^  or  the  equation  ia  ji^^O;  the  aatetlite  line  ia  aibitniy;  hence 

Bquatkn  of  the  Cnbieal  Rmbola  is 

/)*  +  fU'j»  =  0. 

22.  It  is  convenient  to  notice  here  that  for  the  Hyperbolas  the  lint'  h  =  0  is 
determined  as  follows,  viz.  the  line  infinity  meets  the  curve  in  three  points,  and  the 
tangents  at  these  points  (the  asymptotes)  again  meet  the  curve  in  thrae  points  lying 
in  a  line  which  is  the  UlM  in  question ;  in  other  WOrds,  the  line  «=  0  is  (in  the  sense 
in  which  T  have  elsewhere  used  the  term)  the  satellite  lino  of  infinity.  For  the  other 
kinds  of  cubic  curves,  the  lino  « =  0  is  not,  in  the  sense  just  referred  to,  the  satellite 
line  of  infinity:  but  in  the  present  Memoir  I  sbaU  in  every  case  call  the  line,  «=0, 
the  aatetlite  line. 
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2%e  Tkirleen  Divisifint.  Article  Nos.  23  to  33. 

23.  The  characters  of  the  foregoing  seven  divisiims  arc  irrespective  of  Teality ;  and 
befflce  going  further  it  may  be  remarked,  that  m  to  the  Hyperbolas  and  the  Parabolic 
Hjrperboihs  a  snbdinsion  also  irreipectiTe  of  reality  may  be  made  as  foltoireL 

24  For  a  Hyperbola,  the  three  asymptotes  may  not  meet  iu  a  point,  or  they  may 
meet  in  a  point  For  Bhortaew  I  lay  that  in  the  former  oaee  ire  have  a  Hyperbola  A. 
in  the  latter  case  a  Hyperbola  0.  I  oonaider  more  particularly  (poft,  Na  41)  the 
qiedal  case  of  a  Hyperbola  0. 

2o,   For  a  Panilx.lic  Hyperbola,  the  a-syinptote  may  meet  the  asymplotic  paiabola 

iu  two  onefold  points;  or  in  a  twofold  point. 

26.  I  cone  now  to  the  diviaooB  which  depend  on  rMLH^:  it  is  aamaied  that  the 

curve  is  real. 

27.  For  the  Hyperbola  the  three  points  at  infinity  may  be  all  real  or  else  one  real, 
two  imaginary.  In  the  former  case,  the  asymptotes  are  all  real,  and  we  have  the 
tednndant  hyperhola;  in  the  latter  oaee  the  real  point  at  infinity  givee  liee  to  a  teal 
asymptote,  the  imaginary  points  t<i  imaginary  a.'^ymptotcs :  we  have  in  this  cas<^  the 
defective  hyperbola.  It  is  to  be  noticed  that  the  imaginary  asymptotes  meet  in  a  real 
poont,  called  the  asymptote-point ;  and  that  each  point,  if  we  regard  it  as  an  indefinitely 
amaU  ellipae  given  as  to  the  position  and  ratio  of  its  axes,  detcrmioes  the  im^paaiy 
asymptotes;.  Oombining  the  division  with  the  A,  we  have  four  eubdivinona  of  the 
Hyperbola. 

28.  For  a  Hyperbola  A  rodundaiit  the  three  asymptotes  form  a  triangle,  und  for 
A  iiyiH;rbola  ©  redundant  they  meet  in  a  poinL  For  a  Hyperbola  A  defective,  the 
aiymptote-point  does  not  lie  on  the  real  aeymptote;  fiw  a  Hyperbola  Q  defective  it 
does  lie  on  the  real  asymptote. 

29.  For  a  FamboUc  Hyperbola :  the  onefold  pmnt  and  the  twofold  point  at  infinity 
ace  of  neoeaeity  real,  as  are  aleo  the  aqrmptote  and  the  asymptotio  parabola.    If  the 

asymptote  meets  the  asymptotic  parabola  in  two  onefold  points,  these  may  be  both  real 
or  both  imaginary :  if  it  meeta  it  in  a  twofold  point,  this  is  real.  We  have  thus 
three  sn1xlivi8i<His  of  the  Banibolic  Hyperbola.  For  the  Gentral  HypetfaoHam,  the 
onefold  point,  and  the  node  or  twofold  point  at  infinity,  are  both  real  ;  the  a83'mptote 
is  also  real.  But  the  node  may  be  a  crunode  or  an  acnodc  ;  that  is,  the  tangents  at 
the  node,  or  parallel  asymptotes,  may  be  both  real,  or  both  imaginary:  we  have  thus 
two  sabdtvisions*  via.  the  Hyperbdiam  of  the  hyperbola,  and  the  Hyperholiam  of  the 
ellipae. 

30.  For  the  Parabolic  Hyperbolism,  the  onefold  point  and  the  cuap  ev  twofold 
point  at  infinity,  and  also  the  onefold  a.syniptote  and  the  twofold  asymptote  are  all  real. 

81.  For  the  Diveqient  Parabob,  the  inflexion  or  tbredbld  point  at  infinity  »  naL 
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BZ.  For  the  Tride&t  Curve  the  node  or  threefold  point  at  infinity  is  real,  and 
iDMmneh  aa  one  «f  tlM  t«ng«tttB  m  Hm  line  infinity,  the  node  is  A  fifunode,  and  the 
ether  tangmt^  or  a«|ymptote  of  the  curve,  te  aim  real 

88.  For  the  Cuhical  Pamfaola,  the  cusp  or  threefold  yoint  at  infinity  and  the 
tangent  at  thia  poitit  are  each  reel 

Reckoning  tlj  1  .  perbolas  as  4,  the  parabolic  hyperbolas  as  3,  the  central  hyper- 
bolisms  2,  and  tliL-  ijarab^ilic  hyperbolisinB,  the  (Hveig^eut  parabokw^  the  trident  curve, 
and  the  cubical  parabola,  each  oa  1,  we  have  in  all  Hi  diviaion& 


The  Notiim  of  a  Group.  Article  S4 

34   I  remark  that  the  characters  as  well  of  the  7  divinons  as  of  the  13  di\nsioDe 

have  exeluMve  rpference  to  the  form  of  the  asymptotic  apgregate  ^  =  0;  we  hnvp  nn 
ulteriur  division  depending  on  the  reliitiait  of  the  satellite  line  to  the  as^-mptotic 
aggregate,  and  irhich  I  regard  ae  the  pmper  origin  of  Plttdcer*B  Gronpe:  via.  for  a 
given  form  of  the  asj-mptotic  aggregate  V=0,  and  corresponding  to  each  characteristically 
distinct  position  in  relatii)ri  tin  n  to  nf  the  sati  llitc  line  « ■«  0,  we  have  a  Oroup.  The 
detenuiuation  of  the  characteristicaliy  distinct  positions  of  the  satellite  line  cannot  be 
completely  effected  d  pricrii  for  inataaee,  in  the  eaae  ef  the  HypeibolaB  A  fedundaat, 
the  distinctions  which  immediately  present  themselves  are  that  the  satellite  line  cuts 
the  three  sides  prcMlured.  ur  two  sides  and  the  third  side  produced,  of  the  tnanglo 
formed  by  the  os^niptuteH,  or  passes  through  an  angle  of  the  triangle,  6ic. ;  but  these 
are  not  iM  the  dbtinetions  which  have  to  be  made;  to  detemine  them,  taking  the 
satellite  line  as  given,  we  discuss  the  series  of  curves  represented  by  the  equa^n 
F  +  zirl'f^O;  for  insfjuiee  (and  it  is  on  this  that  the  dipoussion  chiefly  ttmis),  we  see 
that  the  parHUieicr  ft  may  be  su  determined  that  the  curve  shall  have  a  uude,  but 
the  reality  or  neo-reality  of  the  roots  of  the  equadw  in  ft,  and  therefore  the  enstenoe 
of  a  real  noda!  curve  or  curves  will  depend  on  the  position  of  the  satellite  line  «  =  0; 
and  it  is  thus  otdy  by  the  discussion  q(  the  group  that  we  arhve  at  an  enumeration 
of  the  different  groups. 


Osculating  AsymptvUs  and  utJier  Specialities.    Article  Nos.  33  to  41. 

35.  But  Pliickrr  nevcrthclcsLsi,  |ir!or  to  the  establishment  of  his  groups,  introduces 
certain  intemiediute  divisions  as  to  osculating  asymptotes,  &&,  which  have  ideally  reference 
to  the  position  of  the  satdtite  line;  an  oeculating  asymptote  gtvee  rise  to  a  'diameter,' 
and  the  diameter  is  a  distinctive  chameter  in  the  Newtonian  genera;  to  explain  how 
all  this  is,  I  proceed  as  foUows, 

36.  The  parallel  asymptotes  of  a  Central  Hyperbolism,  the  twofold  asymptote  of  a 
Parabolic  Hyperbolism  and  tbe  asymptote  of  tbe  Trident  Curve  arc  singular  asymptotes, 
that  is,  eadi  of  them  toodMa  the  curve  at  a  node  or  a  auip,  and  ia  thus  an  asymptote 
of  three-pnntie  intenection.  Eioliiiding  these,  and  unng  the  term  asymptote  to  denote 

a  7.  46 


Digitized  by  Google 


862 


ON  THB  CLABSIFIOATIOII  OF  CDBIO  ODBVBS. 


[350 


ft  uou-siugular  asymptote,  au  asymptote  ia  ia  general  an  ordinary  tangent  or  asymptote 
of  two^pmntic  inteiraeetioa ;  if,  however,  the  point  of  oontaet  is  a&  iDflexkNi»  then  Um 
af^yn^ptotc  is  an  asjrmptote  of  three-pointic  intersection,  or  oaCQlstlBg  BOiytnpbote.  In 
particular  for  the  Hj'perbolas,  the  asymptotes  may  be  all  ordiuary,  or  they  may  be  two 
ordinary  and  one  oeculating,  or  all  three  oaculaiiug;  but  they  cannot  be  only  two  of 
them  osculating;  for  the  liiM  through  two  mfleuons  meets  a  euhto  cnrve  in  a  third 
point  which  is  also  an  inflexion  ;  that  is,  if  two  asj-mptofc-s  are  osculating,  the  third 
is  also  an  osculating  asymptote.  The  foregoing  remarks  apply  as  well  to  the  defective 
as  the  redundant  Hyperholas;  it  is  to  be  noticed,  however,  as  regards  the  defective 
Hjperbolas  that  the  osculating  asymptote,  when  there  is  only  one,  is  ncecssarily  the 
real  asymptote,  and  consequently  that  the  cases  are — asymptotes  f  nHnary ;  the  real 
a^rmptote  alone  osculating;  three  osculating  asymptotea  For  the  Pambolic  Hyperbolas 
the  as^-mptotc,  and  for  the  CSential  Hyperbdiisms  and  tlie  Pfexshalie  Uypcrbolisms  the 
onefold  aqfmptote^  may  he  ovdinaiy  or  osenUttitng. 

37.  The  distinction  of  ordinary  and  osculating  actymptotes  has  refei^euce  to  the 
poritifm  ct  the  satellite  line;  Ti&  for  the  HypvthcHim,  when  there  is  a  nngle  oscwlatbg 
asymptote,  the  satellite  line  pa'we^  through  the  point  at  infinity  of  the  osculating 
asymptote,  or  what  is  the  same  thing,  the  satellite  line  is  parallel  to  the  osculating 
asymptote:  and  when  there  are  three  osculating  asymptotes,  the  satellite  line  coincides 
with  the  line  infinity.  And,  cdnverBely,  when  the  satellite  line  is  parallel  to  an 
asymptote  such  asj-mptoto  is  an  osculating  one,  and  when  the  satellite  line  is  at  infinitv 
the  three  aaymptotes  are  osculatiiig.  For  the  Parabolic  Hyperbolas  the  asymptote,  and 
for  die  HyperhdimM  die  onefbld  asymptote,  is  an  osenkiting  asymptote  when  the 
satellite  line  is  at  infinity ;  and  oonTwsely. 

88.  There  is  in  regard  fa>  the  Divergent  Ffeiaboba  a  &tinctioa  whidi  may  he 
mwitioned  here ;  viz.  the  satellite  line  may  disappear  altogether     =  0),  and  the  curve 

thus  coincide  with  the  asymptotic  semicubieal  parabola.  Or,  uhat  is  the  general  case, 
the  satellite  line  may  be  distinct  from  the  line  intiuity, — and  it  may  cut  iu  two  real 
points,  touch,  or  cut  in  two  imaginary  points  the  asj^ptotio  eemicnhical  parabola:  or 
the  satellite  line  may  coincide  with  the  line  infini^,  the  SHymptOtio  semicubical  panbola 
being  in  this  case  of  nine>pointio  intersection. 

39.  The  tenii  "diameter"  is  used  by  Newton  in  the  Enumerntio  in  twu  different 
senses ;  viz.  for  any  given  direction  of  the  ordinatea  there  exists  a  right  line  or 
"diameter,"  such  that  measuring  the  ordiuates  from  this  line  the  sum  y  +  y'+y"  of 
the  three  ordinates  is  ssO.  Such  diameter  is  in  &at  the  ssoond  or  Ime  polar  hi  ngtid 
to  the  cubic  of  an  arbitrary  point  on  the  line  infinity.  Tint  the  term  diameter  is 
afterwards  and  will  bo  here  used  to  denote  a  diameter  dtsoluU  dictunt,  viz.  for  a 
direction  of  the  ordinatea  parallel  to  a  non-singular  asymptote  tlMra  may  eadst  a  right 
Ime  or  "diameter"  such  that  the  ordioates  measured  from  this  point  are  equal  aui 
opposite  to  each  other,  or  what  is  (he  same  thing,  such  tliat  the  sum  y  +  y'  of  the 
two  ordinates  is  0  i  this  implies  that  the  asymptote  is  an  osculating  asymptote.  Id 
bet,  the  first  or  conic  polar  of  any  inflexion  of  the  cuhic  hreskt  np  into  a  pair  of 
lines,  one  of  whidi  is  the  tan|^  at  the  inflexion^  the  other  of  them,  the  'polar'  of 
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the  iDtlcxion,  a  line  which  cuts  harmonically  the  chords  through  the  intlexion,  and  which 
when  th«  inflenion  is  at  infioi^  becomes  a  diameter.  The  ramwka  prerioudy  made  aa 
to  osculatcuig  aagrmptotes  apply  therefore  to  diamoten»  via.  the  Hyperbolae  may  bave  no 
diameter,  a  lingle  diametoy     three  diameten,  See. 

40.  Newton  speaks  also  of  the  "  centre "  of  a  cubic  curve ;  viz.  there  may  be  a 
point  on  the  curve  such  that  for  any  liiic  through  this  point  the  two  radius  veolors 
are  equal  and  opposite  to  each  other,  or  that  the  sum  r  +  Z  of  the  two  radius  vectors 
la  mO.  Hw  centre  le  in  fiwt  a  point  of  Inflexion  wbieh  has  for  its  polar  the  line 
infinity.  The  curves  which  may  have  a  ceiitie  are  the  Hyperbolas  (redundant  or  defectiveX 
the  Central  Hyperbolisms  (of  the  hyjxrliohi  or  ellipse)  and  the  Cubical  Parabola.  For 
the  hyperbolas,  the  three  asymptotes  and  the  satellite  line  must  meet  in  a  point  of 
the  curve,  which  point  la  then  the  centre;  for  the  cratral  hyperhoUanM  the  onefold 
a8}'mptote  and  the  satellite  line  must  meet  in  a  point  of  the  curve,  which  point  is 
then  a  centre ;  and  for  the  cubical  parabola  no  condition  is  required,  but  the  inflexion 
is  a  centre.  I  remark  here,  in  passing,  that  the  notion  of  a  centre  as  just  explained 
has  no  place  in  PlttdcerV  damification,  and  that  the  two  Newtonian  apeciee  68  and  69 
(h^'perbnlisms  of  the  hypt'rhola)  nnfl  the  two  Newtonian  spccirs  61  and  C2  (hyperbolisms 
of  the  ellipse)  which  ditfer.  the  two  ot  a  pair  from  each  other,  according  as  there  is 
no  centre  or  a  single  centre,  fonn  each  pair  a  single  special  with  Fllloker;  yix.  they 
are  1D8  and  iOl  respectively. 

41.  It  has  hwn  already  remarked  that  the  three  asjmptotcs  of  a  Hyperbola  may 
meet  in  a  point.  As  to  this  it  is  to  he  noticed  that  from  any  point  we  may  draw 
six  taugeiitH  to  a  cubic,  the  points  of  coritact  lie  on  a  conic,  the  conic  polar  of  the 
point:  if,  however  the  point  lie  on  the  Hessian  of  the  cubic,  then  the  conic  breaks 
up  into  a  ip&ir  of  lines,  each  of  whioh  is  a  tangent  to  the  Fippian;  the  two  lines 
meet  in  a  point  of  the  Hessian,  which  point  forma  with  the  first  mentioned  point  a 
pair  of  Gonjugate  poles  of  the  cubicCX 

Conversely,  any  tangent  of  Uie  Fippian  meets  the  cubic  in  three  pointib  the 
tangents  at  which  meet  in  a  point  of  the  Hessian ;  and  fruui  this  point  we  may  draw 
to  the  cubic  three  other  tangents  the  points  of  coutact  of  which  lie  on  a  line  which 
is  also  a  tangent  of  the  Fippian,  and  tiie  two  tangents  of  the  Fippisn  meet  in  a 
point  of  the  Hessian ;  the  two  points  of  the  Hessian  being  conjugate  poles  of  the 
cnbic.  Tn  particular,  if  the  line  infinity  is  a  tangent  of  the  Pippiun  thin  the  three 
asymptotes  meet  in  a  point  of  the  Hessian,  and  the  three  tangeuiM  Irom  ikm  point  to 
tlw  eohie  toudi  the  euhie  in  three  points  lying  <m  a  line  which  is  a  tangent  of  the 
Fippian,  and  which  meets  the  lint*  iufiiiity  in  a  point  forming  with  the  first  mentioned 
point  a  pair  of  coiyt^te  poles  of  the  eubie. 

I  proceed  now  to  explain  the  classification  of  Newton  so  far  an  relates  to  the 
diviiiion  into  genera,  and  the  cl:i.ssiticatioa  of  PlUcker  so  liar  03  relates  to  the  divisions 
immediately  superior  to  the  groupb. 

)  flw  u  to  tliii  tbwir  my  Jtfawfr  m  CmtM  «f  Him  Tktnl  Onbr.  PMt.  tttm.  p.  147  [145]. 
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ITewtoii**  CtamfieaUiHL  Artiole  Noa.  42  to  4& 

42.  Newton  establishes  in  ihe  first  iuBtauco  the  foUowiag  four  cases;  viz.  the 
cqoAtioii  «f  ft  fiable  curve  is  one  of  (he  foniw 


L  «S^*f  ey  =  ax'  +  bj'  +  cx  +  d, 

IL  =ax'  +  bx'-i-cx  +  d, 

in.  f  ^a^+l^+cK+d, 

IV.  y       ^eufi+haf  +  ae+d. 


It  is  not,  I  think,  uccoiiaary  to  reproduce  here  the  vcr^-  interesting  reasoning  hy 
IDCUM  of  whioh  this  musk  importBiit  step  in  the  olamficatuin  ynm  eSbeted. 

43.  Starting  from  the  tour  cascn,  Newton  obtains  hiH  14  genera,  viz.  Cose  I  gives 
11  genen,  and  CbKs  II,  ITT,  IV  give  each  ■  single  genoa.  But  these  genera  group 
themselves  as  folIowH,  viz.  1,  2,  3,  4,  .5,  6  are  Hyperbolas;  7  aod  8,  PfcraboUo  Hyper* 
bolas;  9  and  10,  Tt  ntral  Hyperbtjlisins ;  11,  Parabolic  Hyperboliaras ;  12,  the  Trident 
Curve;  13,  the  Divergent  Parabolas;  and  14,  the  Cubical  Parabola.  And  the  eijuatioiui 
are  as  follows : 

the  Hjrpeibolaa  wf+^^euf+hfl  +  ex+d, 

the  Panholie  Hypeibolaa  i^+tfy—  b^  +  CK  +  d, 
the  Oeutnl  Hypeiboliama  t^  +  tjf^  ae+d, 
the  Farabolio  Hyperboliama  fsf*  +  0y  ~  4, 
the  Divergent  Pamfcohu  ^tufi^hafi't-^ae+d, 
the  Trident  Curre  xtf       ^tu^+b^  +  em-i'd, 

the  Cuhical  FaitthoU  y       >»a^+b^+w  +  dt 

where  it  is  to  he  understood  that  the  highest  expnwsed  power  on  the  tight-hand  side 
of  eadi  equation  does  not  vanish. 

44.  In  these  equations  tlie  axes  ««0,  ysQ  are  not  for  the  moot  part  liaes 
preeisely  determined  in  reUtioo  to  the  curve,  but  it  is  eaqr  to  »iee  m  well  analytically 

as-  ^comctrirally  how  by  a  proper  tmnsfunnatiou  of  iho  equations  they  may  be  brought 
into  foruQB  buch  as  those  previoualy  obtained,  in  which  the  several  lines  j>  ~  0,  Ac., 
stand  in  a  detenninate  rebtion  to  the  curve.   Thus,  taking  the  equation  of  the 

Cubical  Pambola,  this  may  be  written  y=a  (^+^~^  +c'a:  +  d';  or,  what  is  the  same 

thing,  y'  =  ax'*.  Or  geometrically,  we  see  that  «  — 0  is  a  line  completely  determined 
as  to  its  direetkm,  it  is  in  fact  a  tine  through  the  cusp  at  infinity;  but  that  y^O  ia 
an  arbitrary  line  in  regard  to  the  cun'e ;  taking  for  y  —  0  the  tangent  at  the  milexiaB, 
and  for  x  =  0  the  line  from  the  inflexion  to  the  cusp  at  infinity,  then  the  curve  must 
pass  through  the  point  (j;=sO,  y  =  Q),  and  y  =  0  must  give  a  threefold  value  of  j;;  the 
equation  thus  u  y-«uf.  And  ao  in  other  eaaeai 
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45.  In  the  division  into  genera,  Newtou  distinguishes  the  HypurboloH  intu  the 
radaiubnt  and  defeetive,  and  the  ledundant  hyperbolas  into  thoee  for  whidi  the 

aB]fmptote8  form  a  triangle,  and  those  for  which  the  asymptote  meet  in  a  point.  The 
redundant  hyperbolas  with  asymptotes  formnig  a  triangle  arc  diKtingiiished  according  att 
they  have  n<)  diameter,  a  single  diameter,  or  three  diameterti.  The  like  distinction 
mig^t  have  heen,  but  is  not,  mode  as  to  the  ledandant  hyperbolae  with  aqrmptotes 
meeting  in  a  point;  these  are  in  fact  included  in  a  single  genus;  hut  the  distinction 
presents  it<telf  in  the  species  of  that  genus.  As  to  the  defective  h}iierbulas,  Newton 
attends  only  to  the  real  asymptote;  and  the  only  distinction  is  according  as  they  have 
no  diwmeter  or  a  real  diamoter.  The  Parabolic  Hyperboha  are  in  like  manner  divided 
according  as  they  have  no  diampfrT  or  a  Hiatnctiir.  The  Crntm!  Hj'perhoHsms,  according 
as  the  parallel  asymptotes  are  i-eal  or  itoaginary,  are  the  hyperbolisms  of  the  t^yperboht 
or  of  the  ellipae.  The  hyperbolisma  ot  the  hyperbola  form  a  single  genua.  Each  of 
the  Hy])ciboUMtta  nugbt  havt-  been  dLtti^guishcd  according  as  th<  iv  is  no  diameter  or 
a  single  diamotpr;  this  distinction  appears  in  the  8|)ecies,  The  Tiitlent  Curve,  the 
Divei;geut  Parabolas,  and  thu  Cubical  Piiraliola,  form  each  a  single  gcuu& 

46.  Wf  huvf  thus  the  following  Table  ot  tlu;  Newtonian  gmpra ;  T  show  in  it. 
the  species  in  each  genua,  retaining  Newton's  numbers,  and  distinguishing  by  the 
numbere  10',  IS*,  22',  22*  the  four  qieoiee  added  by  Stirling,  and  by  56'  and  56*  the 
two  species  added  by  Murdoch  or  Gnuner :  I  ^how  also  the  division  of  genua  4« 
armnltnq:  to  the  number  of  diametm;  and  1  also  show  the  five  species  of  curves 
hanng  a  centre. 

Table  ^  the  Newtonian  Oemra, 

1.  Redundant  Hyperboha  with  asjrmptotes  forming  *  triangle,  and  vrithout  a 

diameter. 

Sp^  1,  2,  S.  4,  5.  6,  7,  8,  9. 

2.  Bedundant  Hyperbolae  with  ai^mptotea  forming  a  triangle,  and  with  a  eingle 

diameter. 

Sp.  10,  10'.  11,  12.  13»  13;  14,  15,  16,  17,  18^  19,  20,  21. 

3.  Redundant  Hyperbdaa  with  asymptotes  forming  a  triangle,  and  with  three 

diameters. 

Sp.  22,  22',  22 ",  2a 

4.  Redundant  Hyperbola  with  asymptotes  meeting  in  a  pMnt. 

Witlxj  it  a  diameter,  Sp  -^t  -:*'>,  20,  27.  With  one  diameter,  Sp.- 28^  29,  90,  3U 
With  threo  diameters,  Sp.  32.   iSp.  21  has  a  centre. 

5.  Defective  Hypeiimlas  without  *  diameter. 
Sp.  38,  34^  85,  86,  87,  8a  Sp^  88  has  a  eentr& 
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6.  DObdxn  Hyperbolag  with  a  dimneter. 
Sp.  $9,  40,  41,  4S,  4Sk  44,  45. 

7.  Pambolio  Hypettwlas  iridioiit  a  diameter. 
Sp.  46,  47,  48,  49,  50,  51,  52. 

8b  Fgiabdie  Hypeibolafl  with  a  diaineter. 
Spi  53,  54^  55.  56,  56^,  66^. 

9.  HyperboUmu  of  the  byperbdiL 

Without  a  diameter,  Sp.  57,  58.  69.  Unth  a  diameter,  Sp.  60i  Sp^  59  has  a  centre. 

10.  Hyperbolisms  of  the  cUipBe. 

Without  a  diameter,  Sp.  61,  62.   ^th  a  diameter,  Sp.  63.  Sp^  62  has  a  centre. 

11.  Hyperbolijons  of  the  parabola. 

\Vithout  :i  diameter,  8p.  64.    Witb  a  diameter,  Sp^  65. 

12.  Trident  Curve,  Sp.  6(5. 

13.  DivergLiu  Parabola^s.    Sp.  67,  68,  69,  70,  71. 

14.  Cubical  Parabola.   Sp.  72. 


(nau&icatum.  Artide  Nos.  47  to  49. 

47.  i'llicker  iu  the  first  iusUiuce  ublaius  by  aualyiical  cou8idemtioiu>  Im  six  head 
divinons^  comspooding  to  the  seven  divisions  in  tlm  present  Memoir,  the  Centes) 

Hyperbolisms  and  the  Parabollr  TTyperlxjlisms  forming  with  him  a  single  diTi.^Ion.  The 
equations  are  obtained  in  the  form  already  mentioned,  the  only  di£ferenoe  being  that  be 
writes  2=1;  bis  six  head  divisions  with  their  equations  thus  arc 

H  vpribnlas  jiqr  +  fUt  =  0, 

Purabolic  Hyperbolas  (jj  +  *:)  Uf  +  \p  )  +  fJ-  ('i  +  t )  ^  0, 

Hyperbuiinms  p  {</-  +  k)  +  ^  (  i/  +  <r)  =  0, 

Divergent  Parabolas  +  Ai^-  +  m  <    (  (f")  —  0, 

Triduiil  Cui-ve  p(ji^  +  \q)  + ^0, 

Cubical  Parabola  ji^         +  ^  =  0. 

48.  lie  then  divides  the  Uyperbolas  into  the  redundant  and  defective.  The 
redundant  hyperholsa  are  then  divided  as  they  have  no  osculating  asymptote,  one 
osenlating  asymptote,  or  three  osculating  aa^ptotes;  and  each  uf  these  according  as 
the  asymptote-;  form  a  triangle  or  meet  in  n  point,  .As  rcf^rds  the  defective  hj'perbolaf 
he  attends  to  the  imaginau-y  a.symptotes,  rcpi-csci^tcd  by  means  of  their  real  point  of 
interseetion,  the  "  asymptote-pouit,"  and  tiie  division  b  tiras  sfamlsr  to  that  of  the 
redundsnt  hyperbolas,  viz.  the  defective  hyperbolas  are  distinguished  according  as  they 
have  no  oBculating  asymptote,  a  real  osculating  a^mptote,  or  three  osculating  ssymp* 
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totes;  and  each  of  these  accordiog  us  the  asymplotea  form  a  triangle  or  meet  in  a 
point;  that  is,  according  as  the  asyiuptote-point  does  not,  or  does,  lie  on  the  real 

The  Fluabolic  Hyperbolaa  are  duUngoubed  aooonUag  as  the  asymptote  is  ordinaiy 

aud  the  a.s}7nptotic  parabola  oofi  of  five^pointic  intersection ;  or,  as  the  aiymptota  is 
<)flctil;iting  uTid  the  parabola  one  of  f«ix-pnintic  intersection  ;  and  each  of  these  according 
as  the  asymptote  cuts,  touches,  or  does  not  cut>  the  parabola.  The  HyperbotismH  are 
distinguished  into  those  of  the  hyperbob,  ellipse,  and  paimholB»  and  eadi  of  these 
according  as  the  asynqyliote  is  ordinary  or  osculating.  The  JUvergent  Bwaholas  are 
distinguished  in   the   manner  already  mentioned ;  accordins;  as   tho  curve  the 

semicubical  parabola ;  or,  as  there  i»  a  suleUike  line  not  at  infinity,  and  an  asymptotic 
semieuhioal  parabola  of  sercn-pointio  tntersedaon,  and  which  is  ent,  toaehed,  or  not 
cut,  hy  the  satellite  line;  or,  as  the  satellite  line  is  at  infinity,  and  the  semicubical 
parabola  is  of  mne>pointic  intersection.  The  Trident  Cui-ve  and  the  Cubical  Panola  are 
not  divided. 

49.  I  annex  the  following  Table  showing  the  Groups  included  in  each  division: 
for  sbortinefls  I  use  the  bdove-mentioned  qfmb^  A,  O  to  denote  that  the  asymptotes 
fbnn  a  triangle  or  meet  in  a  pdnt  reqwotnely. 

TtOh  of  th*  J^Oekman  Dhmmmsl 

Hyperbolas: 
Bedundant; 

No  oseula^g  aag^ptote, 

A  I.  n,  it^  tv»  T,  YI 

®  vi^  Tin 

One  osculating  aqmptote, 

A  IX.  X,  XI,  lait  XIII,  xtr 

Three  osculating  asymptotes, 

A  zvi 
0  xni 

Defective ; 

No  osculating  asymptote, 

A   xviii,  XIX,  XX,  XXI,  XXII,  xxiu 
0  xzrr,  zxT,  zxti,  xxvn 

Real  osculating  asymptote, 

A  xxviu,  XXIX,  XXX,  XXXI,  xxxn,  xxzm 

0  ZZXIV 
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Three  osculating  asymptotes, 

A  zxxv 

0  XXXVI 

Parabolic  Hyp<,'rbuliu»> : 

Orditiar}  u.s_)  luptote  and  five-poiutic  parabi)l!i. 

aajmptotc  cuts  parabola  xxxvu,  xxxviu,  xxxix,  XL,  XLI 

does  not  cut       »  XLii 

tottdkes  w  xLtn,  xirr 

Oseulatbg  tmympUftft  and  nx-pwntie  fMumtiok. 

Mymptote  cute  pambola  XLT 

docs  not  mil  M  XLVI 

touches  »  XLVII 

Hyperholistns  : 

Of  liyju  rlxiln  ; 

asymptote  ordinary  XLVUI,  XUX 

„       ueculatiog  L 

Of  ellip«se; 

OHyniptote  ordinary  LI 

„       flMuIating  LII 

Of  pnmbola; 

asymptote  oixlinary  Liu 

a       oflculating  uv 

Diveigent  Paxabotas: 

Semieubieal  Fambola  lv 

Asiymptotic  ditto,  Hevcn-pointic. 

satellite  lino  cute  semic.  paiah.  i 

does  uot  cut  „  Lvii 

tomcbea  {he.  paaNa  throagh  the  yertez  of)  LTUI 

Aqrmptotie  dittcy  niM^pciutiic  ux 

TUdent  Guire  lx 

Cnbical  Faiabola  LXI 


i4,s  ^»  the  TJttory  of  Grovps.  Article  Ho.  oO. 

50.    It  has  been   alr<  aily  ronmrkt^l  that  the  division  into  groups  depends  ou  the 

diti'erent  )>o«itioDs  ol  the  .stitellite  line  in  re^^ird  to  the  asymptotic  aggregate,  aud  that 

the  uiTe^tigntion  relates  in  a  great  measure  to  the  diacnamon  of  die  values  of  the 
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fnrameter  /i  in  the  equation  K  +  /i^«  =  0,  which  are  such  as  to  give  rise  to  a  nodal 
om^  Ife  u  to  be  notmd  that  «teep(  for  Uke  B^rperbohw  and  for  tile  OiMoal 
fluabola,  the  Katcllite  «>0  is  either  a  line  paaaiug  thfmgh  a  given  pomk  at  iafinity 

(determinato,  lh;it  is,  aa  regards  its  direction),  or  in  tlu'  crv^e  of  the  Trirtpiit  Cun-c 
it  is  the  given  line  infitiityi  there  is  at  most  only  a  single  series  of  positions  tu  be 
oomidered,  and  the  theoiy  is  a  short  and  ea^  one;  and  for  the  Cnbical  Parabola, 
although  the  satellite  line  ««0  iH  here  an  arbitrary  line,  yet  on  account  of  the  cup 
at  infiiiit},  ihi-re  is  not  any  critic  value  of  fi,  or  in  feet  nny  distinction  of  niHos. 
The  only  other  case  where  the  satellite  line  a  —  0  is  an  arbitrary  line,  admitting 
therafore  of  a  double  eeriea  of  pomtionB,  ia  that  of  the  Hyperbolas;  and  the  division 
into  groups  constituteH  an  extensive  and  intMeeting  theory,  which  is  insufficiently 
discussed  by  Plucker;  find  it  w;w  witli  a  view  to  the  development  of  this  theory 
that  my  Memoir,  On  a  Cage  of  the  Involution  of  two  Vubic  Curves,  (ante,  pp.  39  to  81), 
refetred  to  in  the  sequel  as  Mmoir  on  ImuttOim,  |^49],  was  written.  I  reraaric  that 
of  the  three  curves  there  established  aa  material  to  the  theory,  and  which  are  further 
spoken  nf  in  the  sequel  of  the  piwnt  memoir,  viz.  the  envelope,  the  twofold  centre 
locus,  and  tlie  one-with-twofokl  centre  locus,  FlUcker  considers  only  the  twofold  centre 
loeu&  I  piTDoeed  to  apfSj  the  results  of  that  Memoir  to  the  present  theory. 


AttoOie  Grm^  of  tha  S$pmMa»  d.  Article  Noa.  51  to  5Sw 

5L  The  assumed  form  of  etiuation  was  pgr+fo^^O,  but  using  now 

ar  =  0,  y  =  0,  2  =  0 

(instead  <>f  p  =  0,  7  =  0,  r  =  0)  for  the  equations  of  the  as\Tnptotes,  we  mny  ima^np 
the  implicit  constants  so  determined  that  the  line  mhnity  (before  represented  by 
«-0)  shall  have  for  its  equatton  s+y+ssOi  writing  moraover  "kK+fujf+ug^O  for 
the  aateilite  line  t>0,  and  ib  in  the  place  of  ft,  the  equation  becomes 

teyg-^k  (x+  ij  +  :  f  {\x  +  /iy  +  w)  =  0, 

which  is  the  form  considered  in  the  Memoir  just  referred  to. 

58.  It  is  there  shown  that  for  an  arbitmuy  positioin  of  the  satellite  line,  the 

pammeter  k,  or,  what  is  the  same  thing,  the  anxilian,-  parameter  0,  mny  he  determined 
by  a  cubic  equation  in  such  manner  that  the  curve  shall  have  a  node;  the  node,  or 
xaduir  the  site  of  the  node  is  termed  a  critic  centre;  and  there  are  consequently 
thtae  critic  oantree  (all  teal  or  el»e  one  real,  two  imaginary).  If  however  the  aateilite 
line  toiichef  a  certain  curve  called  the  envelope,  then  two  of  the  critic  centn^s  unite 
together,  forming  a  twofold  centre  which  is  (not  a  mere  node  but)  a  cusp  on  the 
corresponding  oubia  curve;  the  other  critic  cnitre  is  tenned  a  one-irith-twofold  eeotvs; 
c  47 
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aud  the  loci  of  the  twofold  ceutre  and  uf  the  oue-with-twofold  ceutK  respectively  are 
detennmftte  oirres,  tbe  fbnner  a  conio,  the  latter  a  culne.  The  oriiw  oenties  ocnre* 
spoiidin^  to  thu  entire  series  of  satellite  lines  which  paas  through  a  certain  fixed 
point  He  on  a  Cubic,  which  \vh<  ii  the  fixid  ]Mnni  lies  on  tin'  !ino  r  +  >/ -1  -  =  0,  here 
the  line  infinity,  degenerates  into  u  conic  ciilled  the  "  Harmonic  (Jonic,"  and  when  ooe 
of  the  critic  centres  is  known  the  other  two  are  determined  as  the  inteneetiotts  of 
the  harmonic  conic  by  the  polar  of  Uie  giTOn  critic  ooitre  in  regard  to  the  twofbU 
eentm  eonie. 

53.  For  establishing  the  dwoiy  of  the  grun[M  of  the  hyperbobs  ^,  it  is  neoeiBsij 
to  consider  the  geometrical  forms  of  the  several  curves  which  have  been  just  referred 
to;  vis.  this  is  to  be  done,  on  the  assnmption  always  that  the  liiii-  .T  +  y  +  2  =  0  is 
the  line  infinity,  for  the  Redundant  Hyperbolaii  taking  the  lineii  ic  =  0,  y  =  0,  2»0,  to 
be  rea]  lines  and  for  the  Defective  Hyperbolas,  taking  them  to  be  one  real  and  the 
other  two  imaginary.  The  formula*  of  the  memoir  above  referred  to,  are  in  their 
actunl  foiiii  udapted  to  the  former  au»e,  but  they  can  of  course  be  transformed  so  M 
to  adapt  tlieni  to  the  latter  case.    I  proceed  to  examine  the  two  axues  separately. 


The  hyperMat  A  Bedundmt  (S«f  Jig.  1).  Article  Nos,  54  to  71. 

54.    Every  thing  is  symmetrical  with  respeot  to  the  three  asymptotes,  and  to  fix 

the  jfltan  ruiif  without  any  i-eal  loss  of  j^ftiornlity  wo  ttiay  consider  the  aiiyniptot<js  a» 
forming  an  equilateral  tiiangla  Taking  the  jx'qjcndicular  distance  of  a  vertex  from 
the  oppoate  side  as  unity,  the  absolute  magnitudes  of  the  ooord!nat«s  may  be  fixed 
by  iissuming  +      1;  «,  y,  g  will  then  denote  the  perpendicular  distanoes  of  * 

point  from  tho  thn-c  Nid»s  respectively.  Tf  tin  coordinates  of  a  point  aie  proportionsl 
to  a,  y9,  7,  theu  the  absolute  uukguitudot  are  ot  courbe 

 «  y  ■ 

a+/8  +  <y'  a+fi  +  y'  a+ft+f* 
the  pmnt  may      spoken  of  indifferently  as  the  point  (a,  fi,  y)  or  the  point 

,       «  „  _7  \ 

+  a  +  /8  +  7'  a  +  fi  +  yJ' 

and  it  is  sometimes  convenient  to  use  both  <^  the  two  notati<»s;  thus  the  Harmonic 

point  (that  is,  the  jKiint  the  hannoiiic  of  infinity  in  regard  to  the  triangle)  is  the 
point  (1,  J,  1>  or  J,  J).  The  lines  y-s  =  0,  2-x  =  0,  x-y  =  0.  whi,  h  arc  the  line* 
joining  the  haitnonie  point  with  the  three  vertices  respectively,  are  in  the  casie  of  the 
eqailatcrsl  trian^e  the  perpendiculars  from  the  vertices  on  the  three  sides  reiqpeetivelj. 
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and  thvy  may  be  spoken  of  siiuply  as  the  pcrpcudiculars,  but  it  is  to  be  burue  iii 
mind  tbat  the  former  Is  the  proper  oooBtraetiou  uf  these  linea. 

o5.   The  equation  of  the  env('l<<|H  is 
or,  whst  ia  the  «Mne  thiqg, 

+  6  (yV + *v  +  *y )  - 1 24  (dj*y<  +  ^« + -  0. 

The  coire  consists  as  showu  in  the  figure  of  a  trigonoid  beanch  inscribed  in  the 
triangle  and  of  three  acnodes  ootnde  the  triangle. 

56.  The  iude  x  =  0  touches  the  curve  in  the  pomt  (0,  1,  1)  or  (U,  ^,  which 
b  its  ioteneclaoa  with  the  perpeoffienlar  y  — « aO;  the  side  «=0  hai  with  the  curve 

at  the  ptunt  in  question  a  four-poinlic  intcrHcrtion  The  l;v<t -mentioned  liney  — z  =  0 
meets  the  curv'u  in  the  point  (—4,  1,  1)  or  (2,  —  which  is  one  of  the  acnodes, 
and  therefbre  a  point  of  twofold  intenection ;  then  again  in  the  ptnnt  (IG,  1,  1)  or 
In'  iV)  which  may  bo  considered  as  a  vertex  of  the  trigiUKiid  branch,  and  fioally 
in  the  before-meutioaed  point  (0,  1,  1)  or  (0,  which  is  the  point  of  contact  with 

the  side  w  —  0. 

57.  The  equation  of  the  twofold  centre  locus  is 

V»  +  Vy  +  V#-0, 

cr  in  a  rational  form 

s^-|-]f +x^- 2y«-2s»-Sxy-0, 

which  is  in  the  oaae  of  an  eqnilatexal  triangle,  a  «trab  inaorihed  in  the  triangle  and 
touching  the  sides  at  their  midpoints  rsspeetively.  The  ciide  is  shown  la  the  fignrs. 

58.  The  e<}uation  of  the  onc-with-twofold  centre  locus  its 

or,  what  is  the  samfe  thing, 

«•  +  y«  +  «•         +     +  ga^+^x  +      +  x'y)  +  ^yz^H. 

It  is  a  cubic  having  the  harmonic  point  (1.  1,  1)  or  ^,  for  an  acnode,  touching 
the  aides  of  the  triangle  eztemally  at  their  nudpoints  respectively,  and  having  the 
three  aqrmptotea 

5v4sr-i«-0,  '4jr+5y-4s-0,  4»-4y  +  5««0, 

or,  what  is  the  same  thing,  sr>|,  y»|»  the  form  of  the  curve  is  shown  m  the 

figure. 

47—2 
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59.  The  eqiwtton  of  the  harnMnie  ooueoomepoiMtiog  to  tlw  wtellite  line  )ur + -l-  itt»0, 

i« 

«       y  * 

or  any 

where  J  -\-'j    A  -  0. 

It  is  a  hyperbola  passing  through  the  nncfW  of  tht-  triiiii>,'k'.  mA  through  thr  harmonic 
point  (1,  1,  1)  or  (\,  ^,  |).  Observing  that  the  poiute  iu  queiiiiuii  are  th*;  intersectiana 
of  the  two  reetangular  hyperbolas  (pain  cf  lines)  x{y-z)  =  Q,  y(r-x)~0.  it  fidlowa 
that  the  hMTOOttie  oonie  is  «  rttkMgviat  hyperbola 

60.  The  ooordioates  of  the  ceutre  are  gj*,  h?  auii  ihc  cciilro  is  cousequently  a 
point  on  the  etrele  whidi  ie  the  twofold  centre  toeue. 

The  asymptotes  of  counje  meet  iu  the  ceutre,  aud  they  agaui  meet  the  circle  in 
two  pointB  which  are  the  interaectioos  of  the  eirele  with  the  line  fm^rgy'^hz^fi. 

61.  The  Harraouic  Conic  is  the  same  for  the  satellite  lines  which  have  a  given 
4]irectiou,  and  we  may  to  determine  it  take  a  oatellite  line  which  tooelMi  the  enfdope. 
If  the  oonatanta  %  fi,  y  aatiefy  the  condition  u+0+*f^O;  then  the  equation  of  a 

aatellite  fine  taa^^t  to  the  envelope  k  ^  +  ^  +  ^»0:  the  oooidinates  of  the  point 

of  contact  with  the  envelope  are  aa  :  jS*  :  the  cooidtnatee  at  the  twofold  oeatn 
ae  a*  :  id*  :  7*;  the  ctiordinatee  of  the  one  with  twofold  centre  aft 

The  values  of  /,  g,  h  arc  aw  tf{^-'f)  :  ^i-f  -i")  :  7»(«»  — or  what  is  the  same 
thing,  a'(i8-7)  ;  ^{f-a)  :  y(«-/9).  or  as  ct'O*'--/)  :  ^(y'-a^)  :  r'(a»-^'):  tha 
hurtrmentiooed  valaea  show  that  the  line  /a+gtf+h»^0  pa—ce  through  the  hannooie 

point  (1,  1,  ly  or  (\.  \,  \),  and  aho  through  the  point  ^j,  the  invene  of 

the  point  (a»,  /S",  y)  which  is  the  twofold  centre. 

62.  On  account  of  the  symmetry  of  the  figure  in  regard  to  the  three  asymptotes, 
it  ui  sufficient  to  construct  the  harmonic  cuuic  for  a  direction  of  the  satellite  lijie 
inclined  to  the  base  at  an  angle  not  >30°,  and  this  b  what  is  aocordingly  done:  it 
may  however  be  remarked  that  for  the  limiting  inclination  » 0",  that  is,  when  the 
satellite  line  in  parallel  to  th^  bas.  ,  the  harmonic  conic  becotnci  a  pair  of  right  lines, 
the  botie  aud  perpeudicuiar ;  but  ihat  for  the  other  limitiug  incUnatiou  =30',  that  i^, 
when  the  aatdlite  line  ia  perpendicular  to  one  of  the  legs  of  the  triangle,  the 
harmonic  conic  is  still  a  proper  hyperbola,  and  is  situate  symmetrically  in  regard  to 
the  leg  in  tpiestion ;  the  two  limiting  cases  will  be  readilj  undenMood  by  meana  of 
the  general  ca.se  shown  in  the  figure. 
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G3.  Imagine  now  the  aotclliUi  liue  moving  parallel  to  itself  through  the  scrica 
of  pontioiis  ABGMDSA'\  to  nmplify  the  figure  thew  aie  not  deliiraated  in  thdr 
proper  positioos  (but  they  are  merely  indicnted  according  to  their  order  of  8llOOeflaioiD)» 
and  i(  is  to  be  uoderatood  that  tbey  have  the  following  poutionB,  viz. 

A,  mt  infimtyC), 

B,  through  the  vertex  B, 
O,  toudung  the  eDvdope^ 
Mt  ftrongh  the  vertex  Jr«, 
A  throng^  the  vtrttt  A* 

through  node  X  of  the  envidope, 
A*,  »t  infinite) ; 
then  the  ootresponduig  poeition8  of  the  critic  centree  are 


On  oDu  branch  of  the  hyperbola, 

ill,  at  infinity, 

5„ 

C„  a  one-writh-twofotd  centra, 
C/,  a  one-with-twofold  centre. 

At,  at  infinity. 


On  the  other  branch, 
A„  at  infinity:  At,  the  harmome  pinnt^ 

(7„,  a  twofokl  centre, 
Jf, ,       are  iiiiagiuary, 
('v!,  :i  twofold  centre, 

i>..  A. 

Ax,  at  inflttityi  A,,  the  harmonic  point. 

64.  For  tlie  fbrthwr  wcpkution  of  the  figure  it  is  to  he  obeerved  that  A>  A 

lie  on  the  line  joiiiing  the  midpoints  of  two  sides ;  and  in  like  manner  Ai  A  on 
the  line  joining  the  midpoints  of  two  sides;  (the  imaginary  points  jl/,.  M.  are  in 
like  manner  on  the  line  joining  the  midpoints  of  two  sides):  these  relatiuii»  depend 
<m  the  theomani,  Na  Si,  of  the  Memdr  on  Insolation,  viz.  that  for  the  aatdfite  lines 
which  pass  through  a  vertex  (1,  0,  0)  of  the  triangle,  one  of  the  critic  centres  is  the 
vertex  (1,  0,  0),  and  the  other  two  critic  centres  are  points  on  the  line  — «+y  +  ««0, 
or,  what  is  the  same  thing,  x  =  \. 

65.  Again,  the  puint  is  on  the  line  (x=\)  through  the  vertex  A  fWUnllel  to 
the  base,  and  the  points  J?,,  A  i^re  on  the  hyperbola  (indicated  by  a  dotttxl  line  in 
the  figure)  (^  +  i)  (^  +  i)  =  ^  i  this  depends  uu  the  theoi-em  Nos.  73  and  74  of  the 


a  line  1X  infini^  it  the  line  infinity,  and  m  snob  faM  no  definite  direction ;  but  we 
BMU  of  MUM  tr**"—  a  line  wbioh  botm  fanlM  to  itMlf  in  ggpcMUte  momi  as  Inving  far  its  limH  tlie 
Hm  iafinitgr* 
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M«motr  <m  Infolutioii,  vu.  Ibe  critic  wQtreB  uorrespondiug  to  the  satellite  lines  throagb 
tlie  point 

(-4.  1.  I)  or  (2.  -h-k) 

lie  one-  of  them  on  the  line  y+»^0,  and  the  Other  two  on  the  coiiieff(  '  +  1/  +x)—iy»^0', 
radaeiiig  by  the  oondit«m  tt-t-y+t—l,  theae  equations  beoonie  respectively  and 

(y+t)(»+i)-A-o. 

G6.  The  foregoing  poaitioiiB  of  the  satellite  line,  and  the  critic  centres,  as  exhibited 

in  the  figure,  were  selected  partly  for  facility  of  delineation :  I  wished  however  to 
pxami'io  the  effpct  of  the  passage  of  the  satellite  line  through  a  node  of  the  envelope; 
and  It  appears  that  such  passage  does  not  give  rise  to  any  marked  peculiarity  in 
regafd  to  the  eritae  oentree.  Tbn  selected  positioDS  are  suSeieiit  to  bdieate  the 
circnmstanceti  of  the  critic  centres  as  thi;  satellite  line  passes  from  the  position  A  at 
infinity  contiimotisly  to  the  position  A'  at  infinity;  in  particular  we  see  that  a.^  tht- 
line  paiiHti8  li-uai  A  to  C,  or  trom  C  i<>  A',  there  are  three  real  centres;  but  that  a& 
the  line  paases  fiom  0  to  O'  there  is  only  one  raal  centre. 

67.  The  case  of  the  sntcllite  line  parallel  to  the  asymptote  :f=:0,  is  included  (as 
already  mentioned)  as  a  UmitiDg  case  in  the  foregoing  one;  the  harmonic  conic  b 
here  th<'  pair  of  lines  x(y~z)  =  0;  and  we  have  two  critic  centres  on  the  Jine 
y  —  2  =  0.  (the  pr!rp<»ndiriilfir),  and  the  tliint  fnot  pi-operly  a  critic  ocntro)  at  infinity  on 
the  asymptote  x  =  0;  iu  lact,  sttuting  with  a  critic  centre  ou  the  line  i/  —  z  =  0,  the 
polar  of  the  centre  in  regard  to  the  twofold  centre  conic  or  circle  is  a  line  parallel 
to  the  asymptote  .r  =  0,  and  which  tht  rt  fon  meets  the  harmonic  conic  x(y  —  i)  =  Q  in 
a  second  centre  on  the  line  y  — z  =  0,  and  in  the  point  at  infinitj'  on  the  line  x«0. 
But  the  analytical  theorj-  of  the  case  is  peculiar  and  may  be  specially  considered. 

68.  Writing  fi  =  v,  the  equation  of  the  satellitt^  line  is  \-  fi  (y  +  ^)  =  0.  or 
putting  K+jf+gsaO  this  is  '*"^~^^-  -^^^  equation  in  6  (see  ULemoir  on  Involutioo, 
Na  10)  beoomea 

(^+/*)  -  e^/*  -  2X/i)  =  0 ; 

or,  disregarding  the  CMtor  $+ft^O,  which  oorresponds  to  the  centre  at  inlinity,  die 
equation  is 

fi-0ft-2Kn  -0, 

which  is  a  quadratic  equation,  giving  therefore  two  values  of  0,  and  the  corrcspondiug 
critic  centres  He  on  the  perpendicular  y  —  s  =  0,  the  x  coordinate  being  given  by  the 
equation 

We  have  therefore  converaely 
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and  thence 

or,  what  is  the  aune  thing, 

(\ -/*)«*  + 1 /!«-  4/1= 0, 

M  that  putting  for  abortnesfi        ~  v»      denotes  the  dtttanoe  of  the  aalellite  Jine  from 

the  asymptote  x  =  0)  then  the  equatioo  whieh  determineB  the  distance  of  the  critic  centres 
from  the  asymptote  is 

or  we  have  _ 

The  »)iiditi  II  for  .\.  twofold  centre  in  (u^O,  wbic]l  may  be  disi^puded,  or  else)  vsf, 

or,  what  is  the  same  thing,  8\  +  /*  =  0. 

69.  If  St,  ^  are  the  coordinates  of  the  two  centres,  we  have 

and  thcnoe 
or,  reducing, 

u  rebtiun  cuunecting  tho  two  values  x,,  x,;  this  equation  however  only  expresses  the 
known  rehtion  that  the  two  centres  are  harmonies  of  eseh  otbor  in  legaird  to  the 
twofold  centre  eonie  or  circla 

70.  The  foregoing'  rxuniinatiou  of  the  form  of  the  envelope  shows  verj*  readily 
what  arc  the  positions  of  tho  satellite  line  which  give  rise  to  PlUcker'a  groups  for 
the  Hyperbolas  A  Rednndunt. 

We  have  ill  tact,  llrst, 

Hyperbolas  A  Keduudaul,  no  tjdculatiug  iwsympt >>:«■. 

The  <)ati>llit(>  lino  is  not  parallel  to  a  side  of  the  triangle;  and  the  different 
positions  give  th<   tullnwinpf  six  of  Plllcker's  groups,  viz. 

I.     Satellite  line  cuts  ituee  siiles  jMxxiuced. 


II. 

ti 

jKisHes  ihmti*(h  a  vertex  and  cuts  opposite  skie  produced. 

III. 

pa-ssts  liirough  a  veiLux  aud  cuts  opposite  side. 

IV. 

•1 

cuts  two  sides  and  a  side  produced,  but  docs  not  cut  the  envelope. 

V. 

u 

touches  the  envelope. 

VL 

n 

cuts  the  envelope. 

Next, 

Hyperbolas  A  Redundant,  one  esculating  asymptote. 
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The  flileUite  line  is  perellel  to  the  oscillating  atiyuiptute,  say  to  the  ttMe  of  the 
trauigle ;  and  the  different  poatiam  give  tlie  following  rix  of  Pltteker't  groupe,  vl& 

IX.    Sitellite  line  above  the  Yvctax. 


through  the  vertex. 

bebw  the  vertex,  hut  not  eutttng  envelope. 

touches  envelope. 

xm.  „ 

cuts  envelope. 

XIV.  „ 

lies  helow  the  Iwae. 

And  finally. 

Hyperbolas  A  Bedundant,  three  osealalaiig  asymptotes. 

The  positioii  of  the  aatdlite  line  is  bne  completely  determined,  giving  one  ct 
Fltti&ei^B  gronps^  vi& 

XVL  Satellite  line  at  infinity. 

71.   It  may  be  remoriced  that  in  this  enuuunation  no  aooount  is  takra  of  the 

nodes  of  the  envelope:  the  enumeration  was  in  fiust  made  by  FUlcker  by  considerations 
relating  to  the  critic  centres,  but  without  arriAang  at  or  making  ufc  of  the  oiivclope 
at  ail:  if  account  were  taken  of  the  nodea  of  the  envelope  several  of  the  foregoii^ 
groupH  would  have  to  be  subdivided  aocording  to  the  diilerent  positions  of  the 
Hatellite  line  in  rcgaid  to  these  iukIos;  but  the  effect  produced  by  the  passage 
of  the  KfiteMitc  linn  through  a  node  of  the  envelope  Ls  so  slight,  thut  T  am  inclined 
to  think  that  the  entimenition  may  be  properly  effected  in  the  foregoing  manner, 
without  any  aoooimt  bong  taken  of  these  nodea 


Th«  Hi/perboUu  A  Dtfmstiv  (jSEm  fig,  2).  Artiole  Nos.  72  to  101. 

72.    If  iu  the  tbrmulae  for  the  Hyperbola^s  A  liedundant  wo  write 

i  (a;  +  yi)  for  a; 

X  —  ^1  „  X, 
\-\-ld    „  Ik, 

then  the  equation  of  the  satellite  line  is 

J  (X-  +  i  (X  +  /a)(«  -     +  w-  0, 

which  is  X0+/»y+MBO  as  before;  the  equation  of  the  line  iidnity  is  m-^f^,  hmI 
the  equation  of  the  curve  is 
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We  xony  fix  the  abaolutc  magnitudes  of  the  cooixlinates  by  writing  x  +  z^l;  and  the 
«qmtifln  timi  beeouM 

(ar  +  y*)  (1  -     +  4A:  }(X  -  f)  X  +  >ty  +  f  [  =  0. 

The  origin  is  at  the  asymptote-poiat,  or  intersection  of  tht;  iraaginarj'  asymptotes;  the 
equation  of  the  real  asymptote  is  x^l ;  that  of  the  imaginary  asymptotes  is  a^  +  y=0. 

If  X  and  y  are  ordinary  rectangular  coordinateH  then  the  piir  of  linns  rrprcsentwi 
by  this  equation  will  be  an  iadefinitely  small  circle,  and  conversely,  if  the  Asymptote- 
Bmit  1m  in  mdofimtdj  imiJl  drale,  then  «  and  y  will  be  rectangular  coordinates; 
and  we  may  witiioat  Um  of  generality  asBiime  tliat  this  is  «a 

73.    The  equation  of  the  envelope  is 

+ ^yH'-ifi) + ^«  »  0 ; 

this  gives  succeifiiively 

(«  +  «)« +  a«  +  y'  -  2  (x  +  «)      +  ^  -4*(«  +  V'-^"4y). 

l(«  -  #)»  +  a» + =      +  Say  («» + y») ; 

tlwl  ie 

Putting  e=l-x.  and  therefore  x-z  =  2x-l,  and  a!  +  3«  =  3-2<t,  this  becomes 
(2«  - 1)*  +  2  («•  +  y»)  l(2«  -  l)-  -  2  (2«  -  3)»)  +     +      =  0, 

that  is 

^  _  2  (a^ + (4^  -  80*+ 17) + (to  -  ly  «  0. 

which  may  also  be  written 

y«-2y»(3a^'-20a;+17;  +  9a:*  +  8«»-10a!»-8ar+  1  =  0, 

or,  what  is  the  same  thing, 

l)(««-">+(*-l)(9«- 
for  the  equatkn  of  the  enyelope.  The  aotntioa  of  the  equatioa  in  y  gtvee 

3^-(a:-l)(8*-l7)±(aB-8)V-82(«-l). 
74  The  original  carve  ^i-i-^yy+x^i^O  had  the  thiee  nodes 
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and  thence  vnriting 
we  find  the  nodes 

the  fii-st  and  second  of  these  are  acnoden,  or  the  curve  has  a  pair  of  imaginan- 
aciioik'H ;  ihu  third  h  a  cnmcxle ;  and  to  find  the  directions  at  thlt  pointi  if  io  (be 
equaliuu  of  the  curve  we  write  x  -  I  for  .r,  the  equation  becomes 

^  -  2y*  <«  -  2}  (3<6  -  20) -t- (a  -  2)  (to  - 10)  0^  -  0 : 

the  lowest  terms  tbenftire  era  S0(— ^gf^-f-O^O;  aoid  we  he^e  tat  the 

equation  of  the  teaigente  at  tihe  erunode. 

y  =  0  givee  m^l,      (  end  («e  e  twofold  valne)  mm  —  1,  whidt  belongs  to  the 

erunode. 

««1  givee  y*«0«  ot  the  line  c»l  ie  «  tengent  of  feur-pouitio  inteneotioo. 
c-0  gives  3f*-849''l'l-0,  tliat  ia  ^-17 1 or      ±(S  ±2  VSX 

75.  The  curve  has  a  pair  of  asymptotic  parabolas,  and  taking  for  the  oquation  of 
one  of  them 

that  givee 

and  thence 

which  agrees  with  the  value  of   if  in  rhc  envelop*  m  to  the  term$<  j^,  xi,  and 
properly  determining  a,  /9,  it  may  be  mode  to  agree  as  to  the  terms  »  and  x^. 

We  have  in  the  peialbola 

+  V-32{2»Vi+(e-M)viJ, 

and  in  the  curve 
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We  have  therefore 

aaJo     A9          on  _ 


giving 

14  _14n/3 
HO  that  the  equatioii  of  the  parabola  is 

that  <tf  the  other  fwnhoht  j»  of  oonrae  obtained  by  nenly  changing  the  mga  of 

76.  From  the  foregoing  results  we  may  trace  the  curve,  but  this  may  be  dooe 
aomewhat  nune  eamly  by  mens  of  polar  oooidimite«»  writing  m*^rcot9,  f^rmafi, 
and  thera&re  x«l<-roMtf,  we  have 


that  ie 

or  since 

we  have 


and  the  equatioii  ia 


v^i  r .  2  cos  i  ^  +  ^"l-r«o»tf-0, 

cos  » 1  -  8  sin*  {  ^  co6>  I  ^, 
coe  + 8  coe*  i  0  -  (1  -  4  coi^  I  ^ 


'    (l  +  2ooe}^* 

^-0"  gives  r=4,   9^l«f  gives  r-1.  tf=«40'  gives  r«  oe.  tf«a60*  gives  r-l, 

values  which  agree  with  the  results  obtained  by  reotaiigular  ooordioates. 

77.  The  form  is  shown  in  the  figure;  we  Bee  that  the  curve  consists  of  a  lower 
branch  without  any  singulaiity  i  and  of  an  nppw  bnuMh  which  outs  itself  in  the 
crunode. 

78.  The  oqiiatioii  of  the  twofold  centre  looos  (maUng  in.  the  form  Vc^f  Vy-f-V«a»0» 
the  foregoing  transformation)  is 

that  is 

Of 

48—2 
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wliich  is 

or  finally 

which  is  a  hyperbola  having  its  centre  at  the  harmonic  point  y^O;  having 

jg^^,  «.l  for  the  estremitiw  of  the  trraarane  Mia;,  and  sndi  that  the  9gjmfMm 
are  inclined  to  the  aiia  of  «  at  an  angle  as60*;  tins  ourve  ie  aba  ahoim  in  the  figmn. 

79.  Similarly  making  the  transformation  in  the  equation  of  the  one-with-twofold 
«entra  loeus  wiitten  under  the  torn  —(-^x+y ff+M)(m+y-*)'hW!f$^9,  tioi 


-  (-    + «)  (3f» + *)  (*  - 1) + i  («  +  y»)  («  -  jfO  * = 0. 

that  is 

-  4  (y* +  *•)(»-*)  + (a? +  /)  z  -  0. 

whieh  IB 

-  4*«  + y«  (5a- 4«)  -  0, 

er»  what  ia  the  nme  thing, 

a(«-  2ry +y«(«a-  40= 0. 
or,  putting  for  a  it»  value  •  1  - thu  is 

(1  -«)(3a;  -  2)'  +  ^"(5  -  9«)-0, 

that  ia 

whieh  ia  the  eqiiatian  of  the  one^with-twofbld  cemtn  1oeu& 

80.    The  curve  is  symmetrical  in  regard  to  the  axis  of  x.    And  moreover 
a:  <  5,  y  is  iinposHiblc. 

*  =  ft.  ,  or  the  line    «■  {  is  an  asymptote, 

«"|,  jr*»0,  which  ia  a  crunode, 

and 

x>  1,  y  iii  impoiBsible. 

The  (vnifttion  of  the  tangents  at  the  frnno«|p  nr<*  if  =  3  (x  —  |),  or  the  tangpnts  aj* 
inclined  to  the  axis  of  x  at  angles  =  60  .  The  curve  coniosts,  as  shown  in  the  tiguie, 
of  a  sin^  hEenob  cutting  itself  in  the  cninode,  and  ttmMng  on  eadi  ode  towaidB  the 
asymptote. 
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81.  The  equation  of  the  haimonic  conic,  makiDg  the  foregoing  transformation  in 
the  «qaatiioii        +       +  beoomw 

that  is 

—  2{\-v)ifi+  2>*»«-^t -^^-0, 

which  in 

^»<«^+3r)-««W-(X-iF)y) -0. 

or.  wlittb  is       nBiniY  tUiiff. 

M  (^^ + y  -      +  8  <x  -  »)  y* = 
wUeh,  potting  for  «  ito  value  si— n 

^(8*»+ j»- a«)+ 8(X- i»>3f<l -«)-0. 

or  d«vfllo|niig; 

-2{\-v)xy  +  fiy*-2fue  +  2(X-i»)y-  0, 

either  of  which  is  the  eqiuUion  of  the  harmonic  conic  corresponding  to  the  satcUite 
ItM  <X-i')«-f#tsf-f  r»0,  or,  rinee  the  diiectioik  is  atone  material,  to  llie  aateUitft  line 
(\— F)««f  My~0.  The  Moond  finm  ahom  that  the  conie  u 

an  eUipoe  fiw  a{^*>(X~ii>)F, 

apanhoia  „  V 

a  hyperbola  n  8^*<<X-vy. 

88.  The  Atst  tana  shows  that  the  oonie  psMs  thniagfa  the  four  points  which 

are  the  intei-section  of  the  ellipse  .'ir*  +  —  2x  =  0,  (or,  as  the  rquation  may  also  be 
written,  3y»  =  l),  with  the  pair  of  lines  («-l)y  =  0:   this  is  right,  for  the 

pointe  in  question  are  the  three  points  {x=0,  y  =  0),  {x=l,  y^'i),  («— 1,  y  — ~*)> 
which  are  the  vertices  of  the  triangle  formed  by  the  aagrmpCotee  («^42^(«'>1)— 0; 
and  the  pmnt  •"■fj  y  0,  which  is  the  hannonie  point 

83.  Putting  for  shoi-tnt-as  \  —  v  =  k,  84)  that  the  e<iuation  of  the  satellite  Une  ie 
lUt+fty-t-v^O,  and  that  of  the  corresponding  harmonic  conic  is 

M  <8«? + 8e) + 2«y  (1  -  •)  -  0, 

the  oooidinatae  of  the  eentie  are  fbund  from  the  fimnuliB 


wheaee^  einoe  »+s  >  1,  we  have  for  the  oooidinatw  of  1^  eentre 

ji?-^   -2fuc 

and  it  is  easy  to  v^fy  that  these  belong  to  a  point  on  the  twofidd  centre  oonie 

;if^  -  4vt;  -  ^»  +  1  =  0. 
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64.  The  M^'mptoics  of  the  haimoDic  conic  meet  at  the  centre;  and  they  again 
cut  the  twofold  oeatre  conic  in  two  pointy  the  iotoiaMtioiw  of  tfw  hst-nentioMd 
conic  with  the  line 

that  IN 

.   or,  what  i!>  the  same  thing, 

^fix  +  Ky  —  2fi  —  0. 

85.  I  remark  that  the  equation  of  the  asymptotes  of  the  banrnmic  oonie  is 
(3m'  -  «■)  [f»  (8«» + -  2af) + 2«y  (1  -  «H 0»*+ «^  -  0, 

and  that  the  tbeoiem  for  the  coosbnictioo  of  the  a^ymfttolM  depends  on  the  identieal 
equation 

(8a*»  -  +y  -  2«)  +  8«y  (I  -  »)]  +  MOi^+ «0  +  «i»  0*' +  *iO  -    + 1) 

which  is  easily  Tsvified;  nnd  where 

—  (3^'  —  «')«+  2fiK    +  fi:-  +  ir  =  0 

\»  th(  (H|tiatinii  of  the  tangent  of  the  twofold  centre  conic  8s^— y*— 4«4-l«0  at  the 
centre  of  the  hannonio  conic. 

'  8(L  On  aeooont  ot  tiie  ^mmetiy  in  r^gaid  to  the  axw  of     it  will  be  suiBeient 
to  attend  to  the  series  of  corvee  corresponding  to  a  direction  y^—^m  of  the  safedlite 

K  ... 

line,  ior  which  the  ratio  —  has  a  givwu  aiga;  Hud  tha  inclination  of  thv  8atLlli5<> 
line  to  the  asymptote  will  pass  from  90   to  0   aooordiog  as  the  value  of  the  ratio 
passes  from  0  to  «. 

87.  First,  if  —  -  is  «0,  that  in,  it  the  satellite  line  be  perpendicular  to  the 
asymptote,  then  the  harmonic  conic  is  the  ellipse 

at,  as  it  may  also  be  wiitten. 

As  —  *  increases  from  0  to  V'3,  that  is,  as  the  inclination  of  the  satellite  line 

diinini»hca  from  90°  to  30"^,  the  harmonic  conic  becomes  an  ellipse  of  greater  and 
greater  «^Gentrioity,  and  ultimately  a  paimbola. 
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88.  I  notioe  the  pwtioalar  eaae  '^"i*  which  ootteiiKnids  to  the  duedMn 

pAnilkl  to  one  of  the  iiod*l  tangents  of  die  envelope:  the  hMnnonie  oonie  is  in  ihi> 
caw  the  ellipae 

which,  it  will  be  observed,  passes  through  the  point  (x  =  0,  y  =  I)  which  is  one  of  the 
points  of  interBcctioa  of  the  twofold  centre  locus  or  h^'perboU  8d^~>4«  — j^as— i  by 
the  fine  c^O. 

89.  Fo)-  thi'  value  —  -  =  V3  corresponding  to  a  direction  inclined  at  an  angle  =  30" 

to  the  a^ivjnptotc,  the  hannonic  conic  becomes  the  parabola  {x'/3  —  irf~^(x~rjs^^^  =  0: 
this  equation  may  also  be  written  (a  — 1)*  + ^  — ^3  — 1)*,  a  fonn  which  putii  in 
evidniae  the  Ibeiis  and  diiectrix  of  the  parabola. 

90.  For  a  value  -->^  that  ie,  when  the  satellite  Hne  is  indinecl  to  the 
asymptote  «t  an  angle  <  80*,  the  hannomc  oonie  is  a  hypei1xd%  and  nlduately  when 
-  * » « ,  or  the  Mtellite  line  is  paiallel  to  the  asymptote,  the  hannonie  oonio  becomes 

the  pail  of  VmtiH  y  {I  —  x)  =  0. 

91.  I  have  in  the  figure  shown  the  following  forma  of  the  harmonic  conic ;  vis, 

hypeibala^  oonesiMndi^g  to  inffilinatton  <  80*  of  satellite  line  to  asiymptote. 
IMTftbola,  to  inelinalion  b80*. 

elUpse^ 
ellipse 

dlipscj 


< 

to  inclination  * 
> 


tndination  («tan^S}  of  a  nodal  tangent  of  the  envelope, 


and  br  these  Ibnns  rea|ieetivety  the  sooosanve  positioaa  of  the  aitellits  line  srs  indioatsd 
as  follows: 

98.   For  the  inclination  <  90^,  the  poniions  sre  AGMCDSA't  vis. 

A,  at  infinity, 

G,  touching  lower  branch  of  envelope, 
M,  between  0  and  C, 
0',  touching  upper  branch  of  envelope, 
A  passing  throngh  ai^ymptote  point  J},, 

B,  passing  through  erunode  of  envebpe, 
il',at  infinity. 
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Th«  cocTCspondii^  podtioos  of  the  caritb  centies  on  the  hyporbok  are 

Od  one  branch  of  hj^erbola.  |  On  the  other  branch. 

At,  A,,  eadi  at  infiuity.  A,,  the  harmonic  point, 

C„.  a  twofold  centre,  *  one-with-twofold  centre, 

Mt,  a  real  centre, 
[C'„  a  oiw-iritli-twalbld  oentre  aod 
[C'„,  a  tm^ld  ooDtfe, 

[A  and 

[Di  (Asymptote-PointX  A» 

\A'„  tA  inMty,  and 
lifi,  at  infinity.  At,  harmonic  point. 

93.    For  uiclination  =30  Lht;  positiong  are  (AC)MC'DE{A'C),  viz. 

AC,  at  infinity,  touches  envelope  at  infinity, 
M,  between  {AG)  and  C. 

C,  toudung  upper  branch  of  envdope, 

D,  paaaing  through  asymptote  point  D,, 

E,  passiiiEf  through  nrunode  of  envelope, 
A'C,  at  induity  touches  envelope  at  infinity. 

The  corresponding  ponitiona  of  the  critic  centres  on  the  parabola  are 

At,  (harmonic  point)  »  oiie-«ith*twofold  oentee;  A„»A'a  at  iniimty,  *  twobid 

centre, 

Mu  real  centve^  the  othmr  two  centns  bdng  imaginary. 
Cit>  a  twofold  centra,      a  one-withrtwolUd  centre, 

D,,  (asymptote  pointy  A;  A» 
Eu  Et't  A'j. 

Ant  ~  A'u,  at  infinity,  a  oue-with-twttfold  oentre ;  At  (harmonic  point)  a  twofold 
centre. 

94    Fiji  imlination  =tau-'2,  the  poeiliona  are  AMC'D{EG")NA',  vis. 

A,  at  infinity, 
M,  between  A  and  C, 
(Tt  touching  upper  branch  of  envelope, 
D,  through  aaymptotc  point  Z),, 

EC'\,  tnnrhing  upper  branch  of  envelope  at  crunode  N  between  EC"  and  A\ 

A\  at  infinity. 
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Alul  the  corresponding  potiitious  of  the  critic  centres  on  the  elUpe«  »re 

A,,  (haniionic  point),  the  other  two  contn  >.  imaginary, 


ifj,  real  centre,  ihe  other  two  centres  imaginary, 
C't3,  a  twofold  centre,  C,  a  one-witfa-twofold  c«atre, 
Dj,  (asymptote  point),  />,  :  A. 
C"Eu,  twofold  centre,  C'E,  one-with-twofold  centra. 
JV„  real  centre,  the  other  two  eentrea  imaginary, 
ill,  barmoiiie  point ;  tlie  other  two  oentne  ioMgiiiaiy. 

96.  And  for  the  indiiwtuxK  <  and  >  taa-^S.  the  only  di&renoe  is  that  the 
poBitioin  are  ACDSG^A',  vis. 

A,  at  iofimty, 

M,  between  A  and  C, 

0\  tonebiog  upper  hxaneh  of  envelopi^ 

J>,  through  asymptote  point  A* 

S,  through  cnmode, 

CTt  touching  upper  htnndi  of  envelope, 

il^,  between  C"  and  A', 

A',  at  infinity, 

and  that  inst^^ri  l  of  th.  points  C'lSa  and  (7"  jS^*  we  have  aqparftlely  the  pointo  C"»,  C", 

and  El,  E„  Et  as  shown  in  the  figure. 

96.  For  the  belter  undei'starKiitT}:,^  of  the  figure  it  is  to  he  observed  that  the 
points  J)t  and  X>,  lie  on  the  line  jf^^:  this  depends  ou  the  iheorein  No.  bl  of  the 
Memoir  on  bnobitian,  vis.  of  the  critic  centres  which  belong  to  a  aatdlite  line 
thnmgh  the  vertM  (0,  0,  1%  one  in  the  vertex  itself,  the  other  two  lie  on  the  line 
.r+7/-»  =  0;  or  making  the  tnuisfonii.'itioTi  h  (x  ■\- ii/),  A  (.»  -///)  c  for  x,  y,  z  and 
wnimg  .r  +  r  =  l,  ul  the  critic  centres  which  pass  through  the  vertex  (0,  0,  1)  (the 
aBymptute  point),  one  ifl  this  point  iteelf^  the  other  two  lie  on  the  line  m—t^O,  tiiat  is 

97.  Again  it  is  to  be  observed  that  the  centre  Ej  lies  on  the  line  x  —  0,  and  tiie 
eentres  J^,  JS^  on  the  drele  (indicated  by  a  dotted  line  in  the  figure)  {»+iy+^^it 

this  HepcTnl'*  on  the  tlieon*m  Nits.  73  and  7t  of  the  Memoir  on  Involution,  viz.  of  the 
critic  centres  for  satellite  lines  through  the  node  (acnode)  (1,  1,  —4),  one  lies  on  the 
line  K  +  y^O,  and  the  other  two  lie  on  the  ciHiic  g(g+jf  +  z)-^^0;  making  the 
Buhatitution 


+       i(*-yOi  '  for     y,  », 
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and  writing  dbo  ve  find  thsb,  for  the  Mtdlite  lines  whidi  pan  thnmgb  tb 

cranode  {1>  ^>  2)»  critic  centvw  lie  one  on  the  line  #~0,  the  other  two  on  the 
oontc 

z(x  +  t)-x'-  »/'  =  0, 

that  18,  ou  the  cii-cle  jb»+ y'  +  as- 1  a»0,  or  (ff  +  ^)'' +y'=»  J. 

98.  The  circle  in  question  cuta  thf  twnfold  cetitro  ronic  .V-'  — 4r  —  =  —  1  at  its 
intersections  with  the  line  x  =  0,  viz.  in   the  points  j:  =  0,  y=±l;   and  it  moreover 

touches  the  oue-with-twofold  fcDfre  locus  y*=    ^--  -'^^^"J^        at  a  point  where  this 

same  circle  incete  tlie  ellipse  .'k:*  + ay +  y'— 2ar  —  y  =  0,  which  i.s  the  hunnonic  conie 
corresponding  to  the  inclination  tan~'  2.    In  fiact,  wiiting  down  the  three  equatiotLs, 

^  (a;-l)(3x-2)F 

'  9 jr  -  5  ' 


the  lint  end  third  equntaons  give 
that  is 

-{X- l)(3z-2)=  +  (9a:-3)(i*+x-  1)  =  0, 

or,  redwnng. 

(5x  -  ay  =  0, 

that  i-*  -^^f,  nnd  tJu'ii  from  the  Krst  m  (hirrl  ('(|HiiTioii  ?/'=s^,  OF  ya^^;  heooe  the 
circle  touches  the  one- with- twofold  centre  locus  at  the  poiiit« 

and  by  means  of  the  seconrl  equation  we  si  c  that  thi  first  of  these  points,  viz.  the 
poiat  y  =  — i.  is  a  point  of  the  ellipse  or  harmonic  conic  3«*  +  «y+y  — 2ar-y=0L 

99.  I  consider  the  analyticai  tlieon  of  the  casr  where  the  satellite  line  is  pandM 
to  the  aBjnnptote ;  this  is  in  fact  similar  to  thf;  theory  ante  Nob.  67 — 69 ;  writing 

in  the  place  of  x,  y,  z,  X,  p..  i',  :ind  putting  aftcrwnrds  fi  ^  0,  that  is,  in  the  traoufonned 
ecjuation  Xx+/iy  +  i»a  =  0  wnting  ^  =  0,  we  find  for  the  satellite  line  X*+»i(l  —  x)-0; 
the  equation  in  d  (the  factor  ^  +  X  =  0  being  diBi-ogiirded)  is 

0'-  ke-2Xv=^  0, 

and  the  rorre.«!ponding  critic  centres  lie  on  the  line  y^Ot  at  the  distancaa  given  bjr 

the  equation 

'■'^-''eh    e^u'   ^^heuce..  =  ^^-.  = 
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we  have  theo 

and  the  valuBB  of  *  ore  given  by  the  equtttum 

X(l       -  X*  (1  -  #)  -  Sm*-  0. 

that  is 

which,  puttinc^  =  1  —  o-,  or  sr  = .  ^  (w  is  the  distance  ot  the  satellite  iiue  from 
the  asymptote  «  =  0),  bccomeB 

or  wc  have 

«  =  i  [3«r  +  "Jv  -^8)]. 
The  oooditkin  fmr  a  twofold  centte  is  («s  0  which  may  be  diBragarded,  or  elae) 

or,  what  ia  the  anme  thing,  X+Sfi^O. 

100.  If  «i,  4^  are  the  ooordioatee  of  the  two  crltie  oeDtres*  then  we  have 

2i,«-w(3ii-l), 

and  thence 

~  3zj  -  I ' 

or,  ledncing, 

or  in  tenna  of  the  AHMordinates 

-  2  (d^ + 1  -  0, 

which  equataoD  however  merely  exprenee  that  the  two  centres  are  hanuonica  to  each 
other  in  regard  to  the  twufuld  centre  conic  S«*— 4ix— 1  ^0.   It  is  right  to  remark 

that  the  formuhi',  although  lef'i  rriug  to  a  diflferent  system  of  coordioates,  are  abwlutely 
ideutical  with  those  given  Mots.  67 — 69,  writing  therein  v  for  ft,  and  g  for  x. 

101.  All  iuspeetion  of  the  fonn  of  the  envelope  shows  what  are  the  positions  of 
the  satt^Uite  line  which  gives  rise  to  Plttcker's  Oroupa  for  the  Hyperbolas  A  Defective. 
We  have  in  fact. 

Hyperbolas  A  Defective,  asymptote  not  oticulatiug. 

4y— 2 
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The  satellite  iiue  ia  Dot  parallel  to  the  asymptote,  aud  the  different  positions  give 
the  Mowing  dx  of  Flttek«r''s  Gronpai,  vis. 

XVIII.  Satellite  line  cuts  upper,  cuts  lower,  branch  of  envelope. 

XX.  n  »  w  K  and  poaes  through 
aagrmpiiote  point 

XIX.  Satellite  line  touches  upper,  cuts  lower,  hnmch. 

XXI.  „         does  not  ent  uppsr,  cote  lower,  brandi. 
XXin.       „  «        ■•       ,  touohes  lower  hcanda. 
XXn.        „  «        »       >  doea  not  out  lower  hranek 
Hyperhohs  A  Defeotiv«,  asymptote  oaeubting; 

The  BBtellite  line  ia  panllel  to  the  aa^ptote^  and  we  have  the  bx  groupa, 

XXVITI.   Satellite  line  cut«  upper  biaiich,  cuta  lower  hianeh  of  envelope,  vis.  it 

Ue«  al)ovi'  the  asymptote  point. 

XXIX.  Do,  Do.  but  it  pojsses  through  the  asymptote  point, 

XXX.  Do,  Do,  but  it  lies  below  thp  asymptote  point. 

XXXI.  iSateUite  iiue  tourhcK  uppi  r  branch,  i-iit.s  lowtr  biauuh. 

XXXII.  „  doeti  not  cut  upper  branch,  cuts  lower  branch. 

XXXIII.  „  „  i>  >  does  not  cut  luwer  bnuicb,  viz.  it 
lies  below  the  a.syn)ptote; 

And  finally, 

Hyperbolas  A  Defective,  three  osculating  atsymptotes. 
Satellite  line  at  infinity,  giving  the  single  group 
XXXV. 

But  the  divtsioo  gives  rise  to  a  rooMrk  such  as  is  made  <mU  Now  71. 

As  to  the  Groups  of  Uie  Uypei'bolas  0.   Article  Nos.  102  to  104. 

108.  Taking  «ssO  as  the  equation  of  the  line  infinity,  and  csO,  3r»0  aa  the 

equation  of  any  two  lines   through   the   ]ioint    of  iiitot-srrtion   of  the  asymptoteSk  or 
'  ei^ymptote  point,'  then  the  ecpiation  of  the  cubic  tnay  be  taken  to  be 

108.  To  detomine  the  critic  centres  we  have 

(a,  b,  cjar,  y)» + kfK  =  0, 
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and  tbeace 

M(a,  b,  ejar,  iff-\(b,  e,  d$m,  y^-O. 

or  as  it  may  aim  be  written 

{fM  —  Xb,  fjUt  —  Kc,  fic  —  \d^x,  yy  =  0, 

and  also 

S  (Xx + fiy)  -  3w5  a  0. 

whidi  two  equstioikB  dotmtniae  the  critic  centres  for  a  given  pontion  of  the  aalidlite 
line:  the  first  of  ttun  ivcs  a  pair  of  Hues  through  the  ttylll]ltOte  point;  the  htter 
is  a  line  [MuraUei  to  the  fiatellite  line :  there  are  thus  two  critic  ceatres. 

104.  The  eonditSon  for  a  twofold  centre  is 

(oc - f,  be-  ad,  bd -   j^X,  fi.f  =  0, 
so  that  theie  are  a  |Mir  of  twofold  centres  which  will  be  real  if 

(fo  -  ad)i  -  4  (ao  - <M  -  «>)  - +, 

imaginary  if 

(k  -  <i<lY  -  4  (oc  -  6»)  {bd  -  c»)  =  -, 
that  i»,  the  twofold  centres  will  be  real  or  imu^iiar>',  accoi'diug  as  the  equation 

has  its  roots  one  real  and  two  imaginaiy,  or  all  three  real ;  viz.  the  twofold  oentica 
are  real  for  the  Hyperbolas  ©  Defective ;  imaginary  for  the  Hyperbolas  0  Tli  flundant. 
And  we  sec  aho  that  for  the  Hyperbolas  0  Redundant  the  critio  centres  are  always 
real;  but  that  for  the  Hyperiwlas  0  Defective,  they  may  be  both  real,  or  both 
imaginary-,  «)r  may  coincide  together,  giving  a  twofold  centre.  Bttt  thft  twO  cases  •!« 
best  studied  by  assuming  different  special  forms  for  the  equation. 


The  Hjfperbolaa  Q  ItedimdaaL   Article  Noe.  106  to  107. 
105.   The  equation  may  be  token  to  be 

•«y  («  -y)+i*»(x«  +  Mjf  +  w)  =  0, 
or  writing  «  —  1,  then  the  equation  u 

(X  -  y )  +  ( Xjf + /»y + i»s)  -  0. 

Wr  may,  to  tix  the  idean,  conMider  the  cajie  where  the  three  lusymptotes  are 
parallel  to  the  »idc8  of  an  eijuilateral  triangle;  x,  y,  and  x  — ^  will  then  denote  the 
pefpeDdicttlar  distaacea  of  the  point  fiom  the  three  asymptotes  respeetivety. 
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106.  The  critic  centres  are  gtveti  by  the  e<iu)itions 

Xa~  —  2  (X -r  fA)  jey  +  y.y^  =  0  ; 
or,  what  is  the  same  thing,  they  are  the  interBectioos  of  the  line 

by  the  two  real  lines   

107.  The  groups  are 

HjrperbolM  0  BedundMit  No  oseulating  aM^-mptote. 

The  BBtetlite  line  not  |MMUel  to  aay  as^nnptote,  that  ibV^O.  ^"-O,  X+^«0.  Wc 
have  the  two  groups 

VIL   Satellite  line  does  not  posa  through  asymptote  point  (i>  not  ^Oy 

VIU  Satellite  line  paseee  thtougb  aaymptote  point  {v^Oy 

Hyperbolas  ©  Redundant.  One  osculating  n»ymptote.  Sat<  llitc  line  is  parallel  to 
an  asymptote,  suppose  to  the  asymptote  « « 0 ;  that  is,  » 0,  or  the  satellite  line  is 
\a-  +  v  =  0.    We  have  only  the  group 

XV. 

Hyperbohta  0  Bedundant.  Three  osculntnig  ii-syiupiutes.  Satellite  line  lies  at 
infinity,  that  is,  X->0.  ^»0.  We  have  only  the  group 

XVII. 


The  HffptrhoUx*  0  DtQ^teftw.  Article  Nob.  108  to  110 

108.  The  equation  may  be  taken  to  be 

or  writing      i,  then  it  is 

I  if  («■ + ji^ + ifc  (Xs  + /ly  +  v)  -  0, 

and  if  t^*  fix  the  ideius  we  lake  the  case  where  the  two  imaginary  asymptotes  aie 
the  asymptotes  of  a  circle,  then  x,  y  will  be  ordinary  reetangular  coordinatoa. 

109.  The  critic  centres  are  given  by  the  equations 

S(Xff+/iy)-3y»0. 
3/M^-2X^-t-My*-0. 

that  is  they  are  the  intersections  of  the  line  2(X4;+/(jr)  — 3v«0  (whbh  is  a  line 
parallel  to  flu-  s^itcllitc  iim  .  on  the  other  side  of  the  asymptote  point  aod  at  a 
distance  from  it  —  ^  distance  of  satellite  line)  by  the  pair  of  lines 
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Hence  the  critio  ceatres  are  real  it  X->Sft-,  that  is,  if  the  itatellite  liuu  ii^ 
indmed  to  the  asymptote  at  an  angle  >60^;  imaginary  if  X*<8^,  that  ia,  if  the 
satellite  line  is  inclined  to  the  asymptote  at  an  angle  <  60** :  and  there  is  a  tvofeld 
wntre  if  X»  =  3^',  that  is,  if  the  inclination  i';  =  fiO".  This  asi^umes,  however,  that  v 
is  not  —  0,  that  is  that  the  satellite  line  doc8  not  pass  through  the  asymptote  point ; 
when  It  does  the  distinction  of  the  cases  disappears.   Hmioe  the  groups  are 

110.  Hyperbolas  0  Defective.  osculating  asymptote.  The  ^Satellite  line  is 
not  parallel  to  the  asymptote,  and  the  groups  arc, 

Satellite  lino  not  passing  through  ii»vi)iptotc  pi  int. 

XXIV.  Satellite  line  inclined  to  asymptote  at  angle  >  GO \ 

XXV,  M  ft  »  tt  —60  • 
XXVL  „  „  M  »  <  60  • 
SatelUte  line  pwancs  tliroiigh  asymptote  pomt,  the  single  gronp 

xxm 

Hyperbolas  Q  Deft(  tivc.    Real  osculating  asymptote.    The  satellite  line  is 
parallel  to  the  asymptote,  and  we  have  the  single  group 

XXXIV. 

H^-perbolas  0  Defective.  Three  osculating  s^mptotes.   Satellite  line  is  at 
infinity  and  we  have  the  single  gronp 

XXXVL 

The  foregoing  theoiy  of  the  hyperbolas  A  and  ©  completes  the  eoumeration  of 
the  groups  L  to  XXXVI. 

A»  fo  Uu  gnng»     As  jianifiojic  Aj/ptrMos;  Artide  Nos,  111  to  115. 

111.  I  consider  the  equation  in  the  torm 

viz.  the  cubic          + or' -f  =  0  is  mode  up  of  a   conic  bif  +  c:f+2ffzx  =  l).  anc!  a 

line  x=0;  the  other  cubic  ijiy  +  vs)  =^  0  is  made  up  of  a  tangent  of  the  conic, 

regarded  as  a  twoMd  line»  «*~0,  and  of  a  line  /wy-f  vs-O  through  the  point  of 
contact  of  each  tsagent 

112.  To  detennine  the  critic  centres  we  have 

».gi  +  k  ih"  +  +  2i?*J-)  =  0, 
K.btf+kf./tx  -0, 
2  (cs -f  ^) + As       + 3y<) «  0 ; 
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«liii»imtiiig  k  from  the  woond  and  third  equations 

fii  {cz  +yx)  -  by  (2/ij/  +  3m)  =  0, 

that  is 


or  ndudng  by  means  of  the  first  eqnatioii  irritten  wnSnet  the  fbrm 

6y»  +     +  ^zx  =  0, 

Mn  find 

that  is  «bO,  whidi  may  be  rejected,  or  eke 
or,  as  it  may  be  mitten, 

Henee  the  entire  series  of  critic  centres  lie  on  the  oonio 

6y*  +  02"  +  4-gzx  =  0, 

aud  cuiTespooding  to  the  satellite  line  fAy  +  vs  —  O,  we  have  the  two  critic  centres 
which  ftre  (he  ititMMCtions  of  the  conic  by  the  line 

fi  (3//^'  +  oz)  —  vbi/  =  0, 

th'  Viupn  pass  rhnui^'Ii  the  fixed  \H\mt  Sgx+og^O,  jfssO,  And  form  a  pencil  homogrsphie 

with  the  satellite  lines  n^  +  vz  =  0. 

113.  We  have  a  twofold  centre  if  the  line  touches  the  comic,  the  conditioii  fir 
this  is 

(be.  -ig\  0,  0,  -21^,  OJiJidft,  -  bp,  Gftf^Q, 
that  is  3£^(3<v«*+46i'')-0.  or  simply, 

and  from  this  and  the  eqiwtion  jt»y+itfs»0,  eiiminatiog  it  and  v  we  find 

for  the  equation  of  the  tsateliitc  lines  whirh  rrspectivcly  give  rise  to  a  twofold 
centre;  the  lines  in  question  are  real  or  imayiimry  accoitling  as  the  lines  6y  +  «==0 
are  real  or  imagiuar} ,  that  is,  according  as  the  line  0*0  cuts  the  conic  ^+et'4-^«r«0 
in  two  real,  or  in  two  imi^nary,  points. 

114.  Writing  now  6-1,  e»-«»n.  S|^«n  and  «  +  in  the  [dace  of  *,  the 
equation  is 

+         +  rat)  4- 2A»*  0»y + v«)  0, 
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and  we  may  consider  t^O  as  the  equation  of  the  lino  infinity:  writing  in  the  fdrmuUe 
« «•  1,  the  oritio  centres  are  given  m  the  interaeetion  of  the  pembok 

4-  2n£c  +  fu«  =  0, 

with  the  Hue 

and  the  conditioii  for  »  two^lbld  centre  is 

the  equation  of  the  satellite  lines  ooneBponding  leipectively  to  a  two'fidd  centra  Is 

the  lines  are  real  or  imaginary  according  as  m»  is  positive  or  negative,  or  (obeerving 
that  the  equationB  c+m«0,  0  give  ^— mft'O),  aooording  as  the  tine 

x  +  m  —  0  cuts  or  does  not  cut  the  parabola  ?/' +  n.r  =  0.  Suppose  for  a  moment  that 
the  line  does  cut  the  parabola  and  that  yi  is  the  corresponding  value  of  y,  then 
jf^^nm;  and  the  eqwition  4y*-9m»a*0  of  the  satellite  lines  which  correspond 
veepeettvely  to  the  case  of  &  two-fold  oentire  is  jT^f       We  have  thus  y^±fi  and 

y  =  t  \^  y,  as  special  positions  of  the  satellite  line  fty  +  p  =  0.  In  the  case  where  the 
line  X  -r  m  =  0  tonche.s  the-  parabola  y'  +  nx  =  0,  the  value  of  y,  is  ^  0,  and  we  have 
oul)-  the  special  pu»iiiuu  y  =  0;  tiuaHy,  when  the  line  does  not  cut  the  parabola  there 
is  no  iqpecial  positioa. 

115,  Pllleker's  groups  are  ooneequently  as  fbUows: 

FsrahoUo  Hyperbolas;  ordinary  asymptote  and  five-pointio  asymptotic  parabola,  that 
is  the  line  /ty+wO  is  not  at  in6nity. 

Aqnoaptote  euta  paxabotei  im»b+. 

XXXVn.  Satellite  line  lies  ootside  the  lines  ]f^±fh  whidi  belong  to  the  points 
of  uktei'scctUNL 

XKXVIII.  Satellite  line  paaaes  through  a  pcnnt  of  interaeetion,  that  tg^  eoincides 
with  one  of  the  lines  jf  «s  ±  jf^. 

XXXIX.  Satellite  Une  lies  between  the  lines  and 

XL.  Satellite  line  ooincidM  with  one  of  the  lines  y  t  ^Sfit  vrhieh  ^ve  tesptc- 
tively  a  two-fold  centre. 

XLI.   Satellite  line  lies  between  the  lines  y  —  ±  Vf  y,. 

Aqrmptote  touches  parabob,  vis.  msO. 

XLIII.   Satellite  line  does  not  pa«»  through  the  point  of  contact. 

XUV.  Satelltte  Une  paraes  through  pomt  of  contact  or  its  eqaation  is  y  «  0. 

Asymptote  does  not  cut  parabola,  vis.  mns— .  .This  gives  the  single  group 

XLn. 

c.  V.  50 
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Parubolic  h^^rbolos.  Osculating  asymptote  and  six-poiotic  asymptotic  parabola. 
The  aatellitB  line  is  here  «t  infinity,  and  there  is  no  new  tUatinctiion  of  gnmiML  Hie 
gnmpe  iber^we  «n 

Aeynptote  eate  p«mbola» 
XLV. 

Asymptote  does  not  cnt  pmabolak 

XLVI. 

Asymptote  touches  parabola, 
XLVU. 


As  to  the  Groups  of  tite  Central  and  Faraiulic  Uyperbuliatna.    Arliele  iS'u.  116. 

116.  For  the  Hjrperbolimnei  Ctakal  «nd  Ftoibolio,  aince  these  have  a  node  or  a 
Ctup  at  infinity,  they  cannot  acquire  a  new  node,  and  the  theoty  of  eritie  eentns  does 

not  arisp.  Thfiro  is,  however,  as  regards  the  H\-pcrbolL«!in«  of  the  Hyperbola  a  dis- 
tioction  in  the  potutiuu  oi  the  satellite  line,  viz.  this  may  lie  outside,  or  between,  the 
panndi  asymptotea  The  groups  are 

Hyperbolisms  of  the  H)'perbola.  Ordinary  :v«}rnptotf.  The  HateJhtp  line  is  not  at 
infinity,  and  it  may  lie  in  cither  of  the  positions  just  mcutioiied.    We  have  therefore 

XLVIIL   Satellite  line  lies  between  the  parallel  aaymptoteB. 

XLIX.  „        .,  outside  „  „ 

Osculating  asymptote;  the  satellite  line  is  at  iofioity.   We  have 

L. 

Hy]M  ih.>Hsms  of  the  Ellipae.    Ordiaaiy  aitymptote.   The  satellite  Kae  Is  not  at 

inftnity,  and  we  have 

LI. 

Osculating  asymptote.  Satellite  line  is  at  infinity, 
III. 

Hyperbolisms  of  the  Faiahola  Or£nsiy  asymptote.  Satellite  line  is  not  at  iofioity 

we  have 

LIIL 

Osculating  aqnnptote:  satdlits  line  is  at  infinity:  we  have 
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A9  to  tb«  Qroupt  of  th«  Divergent  Paraboku.   Axticld  Noe.  117  aud  118. 

117.  TUdng  tbe  equatifm  under  tlie  fonn 

we  find  tat  a  critic  centre 

S<uc'  +  k».\»  =0. 
26y*  =0, 
6^ + ibr  (8X9 + dvjr)  -  0 ; 
heme  there  is  «  tingle  critic  centre  jf^O,  93^+9v$^0,  the  critio  value  cf  1;  ie 
k  m  — ,  and  with  this  value  of  k  the  equation  in  &et  is 

4V  (a.r'  +  h>fz)  -  27a»f»  (X«  +  vz)if  =  0, 

that  ii 

o        -  27XW*  -  27i»»««)  +  4X V  -  <>. 

or,  as  it  may  be  written, 

which  puts  in  evidenoo  the  critic  oentn  Or  ikxIc  of  the  curve.  But,  iuh  there  la  here 
only  a  tiDgle  critic  centre,  there  ie  of  ooum  no  further  thewy  of  the  two-fold  centre,  &c. 

118.  The  groups  are  as  given  A  priori  by  the  relation  of  the  satellite  line  \x  +  vz  =0, 
to  the  semicubical  parabola  (uf  +       =  0,  viz.  writing  z  =1  and  chaaging  the  oonstaate, 

Diveigeut  Paraboiaa,  the  semicubical  parabola  which  is 

LV. 

Divtirgeut  Parabvla»,  Asymptotic  Semicubical  Parabola  of  sovcn-pointic  contact, 
vis.  equation  of  the  asymptotic  parabok  being  y*— i^— 0,  tad  writing  for  convenience 
k(\a!  +  v)  =  -^^  +  2l>  =  0  for  the  c<{uation  of  tibe  eatelUte  line,  the  equation  of  the  curve 

tg  y  =     —  3<w  +  26.    Aud  tho  j^nps  are 

LVI.  Satellite  line  cuts  oMymjitotic  parabola. 
LVII.       ^  doea  not  cut     „       „  . 

LVlil.     „  passes  through  vertex  of  parabola. 

And  Jurther 

Divergent  PMftbolae.  Asymptotic  SemicuUcal  IWahola  of  nine-p«ntic  intetsectton. 
The  satellite  line  is  at  infinity,  and  the  equation  is  j|*«^  +  S&.  This  is  group 

LIX. 

As  to  the  Trident  Ourw  and  the  Cubical  Parttbola.   Article  Nob.  119  and  120. 

119.  For  the  Trident  Cui-vc,  equation  is  ar(x*  + Xy)  +  ^  =  0,  or  the  sateUite  line  is 
at  infinity,  and  there  is  no  distinctioD  of  groups;  we  have  only  group 

LX. 

120.  For  the  Cubical  Parabola  this  is  jE^-f-^iy-O,  there  is  no  distinotion  of  groups, 
and  the  carve  is  group 

LXL 

50—2 
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As  to  the  Division  into  Specie* :   Comparison  of  NewUM  tatd  PlOeker. 
Article  Nns.  121  and  122. 

121.  Tbti  division  iuto  specie  is  obtained  without  ditiicuity  when  the  gruups  are 
onee  «8tebli8hed ;  in  &et  it  only  renudoB  to  tnee  for  Mch  given  fonn  of  F  and  «  the 
MViw  of  curvL.s  T'+^  =  0,  as  fi  paHses  from  »  to  —  »  through  the  vnlue  0  and  the 
critic  vfilius  wliifh  corrcMpoad  to  nodal  curves:  I  have  iinfhing  to  add  to  what  has 
been  done  by  Pluckcr,  and  it  is  uuneoesaary  to  reproduce  the  investigation.  It  may  be 
remarked  that  tbe  mere  impeetion  of  Flttekei's  figures  is  aaffident  to  ahow  whicb  of 
his  species  correspond  to  the  same  Newtonian  specieH ;  the  species  which  do  so  belong 
to  thp  same  Newtonian  species  in  some  iuHtjinces  closely  resemble  each  other  in  form, 
although  in  others  the  diffcreuce  of  form  is  apparent  enough:  but  tbe  PlUckeriao  i^f>ecies 
which  oorreepoDid  to  tbe  same  Newtonian  speciea  belong  for  the  moat  part  to  dilliere&t 
groups  and  are  thus  dbtinguiahcd  from  each  other  by  the  characters  which  distinguish 
the  groups  to  which  they  respectively  belong:  thus  for  instance  Newton's  Species  1 
(a  h}-perboIa  A  Redundant)  is  characterised  as  consisting  of  three  hyperbolic  braach(^ 
one  inscribed,  one  eirenmseribed,  and  one  ambigcne,  with  an  oval.  Such  a  eurra  nay 
exi.st  with  throe  different  positions  of  the  sat4llite  line  in  ngard  to  xhe  asjTnptotc-^, 
viz.  the  satellite  lino  may  cut  the  throe  sides  produced,  or  it  may  pass  through  a 
vertex,  cutting  the  opposite  side  produced,  w  it  may  cut  two  sides  and  the  third 
side  produced,  not  cutting  the  envelope — which  are  the  characters  of  Flttoker's  grocpa 
I,  II,  IV,  respectively,  and  thttc  belongs  to  the  Newtonian  species  1,  a  9pe«M0  out  of 
each  of  these  groaps,  viz.  they  arc  I.  1  ;  II.  9,  and  IV.  18. 

122.  The  corrcspot^mioe  of  the  PlUckfirian  Species  with  those  of  Newton  is  shown 

in  the  following  Table. 

Newton's  Genus  1,  contains  9  Species,  viz. 
1234        5        678  9 
currettponding  to  Pllicker  s  Species 


I. 

1 

2 

3 

8 

7 

4 

5,  6 

II. 

9 

10 

11 

12 

13,  14 

[II. 

15 

IV. 

18 

17 

I'J 

16,  20 

21 

22,  23 

V. 

25 

24,  26 
90 

27 

28^  29 

VI. 

31 

32,  33 

Fart  of  Newton's  Genus  4^  oontaios  3  Species,  vis. 
M     22  26 

oonesponding  to  Flttoker's  Species 


vn. 

34 

35 

vin. 

37 
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Newton's  Geuus  2,  contains  14  Species,  viz. 
10   10'  11    12    13    13'       14      In    l(i    17    18    19    20  21 

correspondiag  to  Plucker's  Species 


EL 

38 

39 

40 

43 

41 

X. 

44 

45 

46 

, 

47 

XI. 

50 

49 

51 

48,  52 

53 

xn, 

55 

54,  56 

57 

•!y:TP, 

08 

59 

XIV. 

60 

61 

62 

65 

63 

64 

Further  part  of  Newton's  Qeam  4^  oontains  4  SpeuiiM)  viz. 
2S  29  30  31 

ooncflpoiDdiiig  to  Plttekei's  Species 


XV.    I  69  I  66  I  67  I  68 


Newton's  Qenni  9,  oontaina  4  Specieat  til 
n  2r  22^  28 

oomMpondiag  to  Plttckev''«  Spedee 


XVL  72 


70 


71  I  73 


Seaidtte  of  Newton'a  Gkaus  4^  oontaaiiB  1  Spadaa,  viz. 
82 

ootreaponding  to  Flltoker'a  Spedea 

XVIL 


Newtou's  Gcuus  5,  amtains  6  Species,  viz. 
33         34        35     36  87 
corresponding  to  PIttcker's  Species 


38 


XVIU. 

77,  82 

78.  81 

76 

75,  79,  80 

XIX. 

88 

87 

84 

83,  80,  66 

XX. 

89 

90 

91 

XXI. 

92 

93 

94,  95 

XXII. 

96,  100 

97, 101 

99 

98,  1(»-J,  103 

XXIII. 

104 

105 

107 

\W,  108,  109 

XXIV. 

113 

lis 

111 

110,  114.  115 

XXV. 

117 

116,  118,  119 

XXVI. 

180 

xxvn. 

121 

 1 
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Newton's  Geuus  6,  contains  1  specieti,  viz. 
M     id     42     13  M 
corresponding  to  PlUcker's  Species 


XXVIIT. 

m 

m 

L23 

XXIX. 

128 

m 

m 

XXX. 

IM 

L32 

135 

XXXI. 

Ul 

XXXII. 

U3 

XXXIII. 

lAA 

lis 

XXXIV. 

XXXV. 

IM 

XXXVI. 

124.  Ul 

JJiO 
132.  IM 
138.  HQ 

Ii2 
146,  Ilfl 
150.  153 
155.  L!il 


XXXVII. 
XXXVIII. 
XXXIX. 
XL. 
XLI. 
XLII. 
XLIII. 
XLIV. 


4fi    II     4ii    M  att 

eorrespouding  to  PUlcker's  Species 


1.59 

m  1 

lfi5 

ififi ' 

in 

HQ 

112 

176 

VIZ. 

1  ifia 

164 

1 

1 

m 

IM 

IM 

1 

132. 

1 

Newton's  Genus  8^  contains  H  Species,  \iz. 
53  afi    iiH  aCI 


corresponding  to  PlUckcr's  Species 


XLV. 

100 

1 

191     188  1  189 

XLVI. 

1  m 

m  1  LSi2 

lii5  1 

XL  VII. 

196 

lai .  1 

1 

Newton's  Genus  9^  contains  4  Species,  viz, 
SI     5fl     aa  fiQ 


corresponding  to  Pliickcr'a  Species 


XLVin. 
XLTX.   i  m 
L. 


I  '2M 
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Newton's  Genus  10,  oontauu  3  Species,  m 

61      62  6S 


eomtpoDding  to  Plttdrar'B  Species 


u. 

LIL 

201 

202  1 

Newton's  Genus  11,  oontauu  2  Species, 

64 

65 

correBponding  tu  Pliickei's  Species 

nil. 

LIV. 

203 

104  1 

LX. 


Newton's  Oenns  12,  contains  1  Species,  viz. 

66 

corresponding  to  PlUcker's  Species 
218 

Newton's  Genns  IS,  contains  5  Spedes,  vii. 
«7     68     69     70  71 
corresponding  to  PlUcker's  Species 


LV. 

205 

LVI. 

208 

207 

206,  209 

iva 

212 

211 

210,  213  1 

LVIII. 

214 

•215 

ux. 

216,  217 

Newton's  Genus  14,  oontsins  1  SpeciB8»  via. 

72 

corr^ponding  to  PlUcker's  Species 
LXI.   \~219  ] 

It  is  to  be  noticed  that  (as  appears  by  the  Table)  Pllicker  enumerates  13  species 
of  (he  DivMgent  Parabola,  viz.  corresponding  to  the  Parabt>la  Pura  of  Newton  wc  have 
five  specif s,  and  to  the  Parnhula  cum  Ovali  three  species ;  but  to  each  of  the  other 
three  Newtonian  species  {Nodata,  PunoUUa,  Cu^ndata)  only  a  single  species.  The 
dilferenoe  in  nowise  afiects  Newton's  befbre-mentioDed  theorem,  that  every  cnbic  curve 
is  the  shadow  of  a  Divergent  Parabola ;  but  (the  characters  of  PlUcker's  Sjpecnes  being 
unaffected  by  prnjcction)  tliL'  nuinber  uf  resulting  kinds  of  cubic  curves  for  cones)  will 
be  five  or  thirteen  according  as  the  one  or  the  other  classiKcation  is  adopted;  but 
this  is  a  subject  whidi  I  do  not  eater  upon  in  the  present  Memdr. 

Oambridge,  February  8,  1864. 
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[From  the  Tramactioiia  o/  the  Cambridge  PhilosophicuL  Sucxeiy,  vol.  xi.  Part  1.  (1866), 

fj^  129—144.  Bead  April  18,  1884.] 

There  is  containal  iti  Sir  Isaac's  Newtou's  Enunieratio  Lineurum  tertii  Ordinis 
(1706),  under  the  heading  Genesis  Curvarum  per  Umbras,  the  remarkable  theorem  that, 
m  the  i^amc  way  as  the  several  curves  of  the  iMicond  order  may  be  considered  as  the 
shadows  of  a  dnde,  tliat  &,  the  sections  of  a  oone  having  a  dreidar  base,  so  the 
several  curves  of  the  fhinl  order,  or  ntbic  curves,  nmy  be  considered  n»  the  5<hadows 
of  the  iive  Divergent  Parabolas.  It  was  remarked  by  Cbasles,  Note  XX.  to  the  Aperfu 
Historiqne  (1837),  that  they  may  also  be  considered  as  the  shadows  of  the  five  carves 
baving  a  oeatn  (the  Newtonian  Species  27,  88,  69,  62,  72X  »ni  that  the  theorem  may 
be  stated  as  follows,  viz..  (in  the  samn  way  that  all  the  curves  of  the  socoiul  order 
are  the  sections  of  a  siogle  kiod  of  oono  of  the  second  order,  so)  all  the  curves  of 
the  third  order  may  he  oonsidered  aa  the  sections  of  five  kinds  of  cones  of  the  third 
ordei^and  that  cutting  these  in  one  way  we  have  the  five  Divergent  Psraholas,  cutting 
them  in  nnotbor  wny  the  five  riirvrs  with  a  centre.  The  nature  of  thpsp  five  kinds 
of  cones,  or,  what  is  the  same  thing,  that  of  the  spherical  curves  in  which  they  are 
intersected  by  a  concentric  sphere,  was  first  pointed  out  by  HSbios  in  his  most 
interesting  Memoir,  "  Omndformeu  der  Linim  dritter  Ordnung,"  Abh.  dei-  K.  Sdchi.  Om. 
Sit  Leipzig,  1853.  1  reproduce  iu  the  present  memoir  the  chnracterisation  of  these  five 
kinds  of  coue»— which  I  call  the  sim^ese,  the  ampleac,  the  acmdai,  the  rrnnodal,  and 
the  ciupdof— and  I  farther  devebpe  the  geometrical  and  aaalytioal  theory ;  m  particular 
I  arrive  at  a  division  of  the  simplex  coues  into  three  subkindi^  the  simplex  trUatervd, 
neutral  and  quadrilateral.  I  have  throughout  spoken  of  cones  rather  than  of  plnne 
curves,  using  however,  as  &r  as  uuiy  be,  language  which  is  also  i^plicable  to  a  plane 
curve,  tihus^  instead  of  lines  of  infiezion,  tangent  planes,  cf  a  eon^  I  say  inflaainma, 
tangente,  bo.  But  the  theory  of  the  eone  is  of  course  that  of  the  pvqjeetive  properties 

a  V.  51 
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of  the  curves  which  axe  the  sections  of  such  coDe^  it  appears  to  me  that  the  true 
duanfication  of  cnrveB  is  to  divide  them  aoooidug  to  the  conea  whidi  give  rise  to 

them ;  and  I  consider  the  prcseiit  memoir  as  affording  in  part  the  materials  for  such  a 
classification  of  cubic  curves,  viz.  it  seems  to  me  that  after,  in  the  first  instance, 
dividing  them  into  the  simplex,  the  complex,  the  aonodal,  the  cranodel,  and  the  cuspidal 
tdndfli  the  simplex  kind  should  be  further  divided  in  the  above-mentioned  manner;  and 
that  we  should  establish,  lastly,  the  divi'^ions  which  relate  to  the  particular  mode  in 
which  the  cone  is  to  bo  cut,  in  order  to  obtain  such  and  such  a  curve:  iu  effect, 
that  the  principle  of  claaailication,  aoooiding  to  the  nalnre  of  the  infinite  brandies 
adopted  by  Newton  in  the  work  above  referred  to,  and  by  PHidESr  in  his  System  der 
A  iiiilytischen  Geornetrie  (Berlin,  1835),  and  to  which  has  rcfi  rcnpc  my  Memoir  0»  the 
Ctassijication  of  Cubic  Curves,  [350].  should  be  not  the  primary,  but  a  socondary  principle 
of  ^isflilicatioii.  I  remailc  that  as  regards  the  division  into  five  kinds.  Muidoeh,  in 
his  highly  interesting  work,  Netvtoni  Gmssia  Ciij-varum  per  Unibras,  [Lond.  IT+G],  has 
not  only  disting^uislu d  tlic  Xewtoniaii  species  which  arise  from  each  of  the  Divergent 
Parabulii!«,  or,  what  is  the  same  thing,  from  each  of  the  five  kinds  of  cones  (it  will 
presently  appear  how  the  mere  inspection  of  Newton's  figures  is  sufficient  to  enaUe 
this),  but  that  he  ha-s  also  diOWn  how  the  cone  must  in  each  case  be  cut  10  order  to 
obtain  the  particular  cubic  rurvi>.  Murdoch  also  distinguishes  the  three  forms  atnpullate, 
auupaniform  and  intermediate,  of  the  simplex  Divergent  Parabola,  which  cotrespond  U> 
the  simplex  qnadrilateml,  trilatetal,  and  neutvaL 

I  remark  also  that  Flttcker  in  his  work  above  referred  to^  Driittsr  ^bscftnvtt,  98. 

has  considered  the  e({uation  of  a  cubic:  curve  in  the  form  pqr -^^ ftf  mtfH,  whidl  IS  IB 
fact  cqnivalcnt  to  the  form  {X  +  Y + Zy  +  GlXYZ  =  0  used  in  the  seqiiei  but  withoat 
arriving  at  the  results  obtained  in  the  present  Memoir. 


The  fin  kmda  of  CUMe  Oontt.  Noa.  1  to  7. 

1.  A  coue  of  any  order  may  comprise  two  distinct  forms  of  sheet,  viz.  (1)  a  twin- 
pur  sheet,  or  sheet  which  meets  a  ooaoenttie  sphere  in  a  pair  of  dosed  curves  sndi 
that  each  point  of  the  one  curve  is  opposite  to  a  point  of  the  other  curve  (a  cone  of 
the  sm>nd  order  atibrds  an  example  of  such  a  sheet) ;  the  twin-pair  sheet  may  be 
considered  as  consistbg  of  two  sheets,  each  of  which  may  be  called  a  twin  dieet: 
and  (S)  a  dugle  dieet,  via.  a  sheet  which  meets  a  oonoentrio  sphere  in  a  doeed  curve 
such  that  each  point  of  the  curve  h  opposite  to  another  point  of  the  curve :  th*; 
plane  afToitls  an  example  of  such  a  curve.  Wu  have  five  kinds  of  cubic  cones,  viz.  the 
simplex,  the  complex,  the  aonodal,  the  cmnodal,  and  the  cuspidal  The  cone  may 
connst  of  a  single  sheet;  it  is  then  of  the  simplex  kind.  Or  it  may  consist  of  a  mtigk> 
sheet  and  a  twin  pair  sheet,  it  is  then  of  the  rontjileu:  kind  :  these  are  the  non-sin^nilar 
kinds.  The  remaining  kinds  are  singular  ones,  which  are  most  easily  explained  by 
ooueidering  them  as  limiting  forms  of  the  complex  kind;  the  twin-pair  sheet  may  come 
to  unite  it«elf  with  the  sim'le  sheet  giving  ri^^e  to  a  crunudal  line,  or  say  a  cnmode; 
the  cone  is  then  of  the  crvnodai  kind.  Or  the  twin«pair  sheet  may  dwindle  into  a 
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mere  line  which  is  an  acnodal  line,  or  say  an  acnode ;  the  cone  is  then  of  the 
acnodal  kind  Or  the  two  thingH  tna^r  happen  together,  viz.  the  twin-pair  sheet  at  the 
instant  that  it  mutes  itralf  with  the  single  sheet  may  dwindle  into  a  mere  line,  whidi 
is  then  a  cuHpidal  line,  or  wiy  a  cusj) ;  iind  the  cone  is  then  of  the  cuspidal  kind. 
I  remark,  as  regards  the  crunodal  kind,  that  the  cone  may  be  coodidored  as  consisting 
of  two  portions,  one  of  them  correspondiiig  to  the  single  sheet  of  a  oomplex  cone,  and 
which  I  call  the  quari-^ingle  sheet;  the  other  of  them  oonespandii^  to  the  twin-pair 
sheet,  and  which  1  call  the  loop-sheet. 

2.  It  is  to  be  added  tluit  a  cubic  cone  has  in  genera!  9  lines  of  inflexion,  or 
sa^  indexious,  but  of  these  6  arc  always  imaginary ;  the  remaining  3,  which  are  real, 
belong  to  the  ungle  shesL  The  plane  through  any  two  inflexions  meets  the  eone  in 
a  line  which  is  also  an  inflesiott.  In  partieotar  the  three  real  inflexions  lie  in  a  plane. 

3.  When  the  cone  is  acnodal  the  six  inia),qnnry  inflexions  unite  at  the  acnode; 
and  the  single  sheet  has  still  3  real  inflexions  lying  in  a  plane.  But  if  the  cone 
is  crunodal,  then  4  imaginary  inflexions  and  2  real  inflexions  unite  in  the  crunodc; 
and  the  cone  has  1  real  inflexion;  there  are  hesidea  S  imagtnaiy  infleodotu,  the  3 
inflexions  lie  in  a  real  jjlane.  Finally,  if  the  cone  is  cuspidal,  then  2  of  the  real 
inflexions,  and  the  6  imaginary  inflexions  unite  together  in  the  cusp ;  the  cone  has  besides 
1  real  inflexion,  but  there  are  not  any  iniaginnry  inflexionB, 

4.  Suppose  that  the  cone  is  of  one  of  the  non-ringular  kinds;  that  is,  let  it  be 
simplex  or  coniplL'.v.  Fiom  any  line  of  thv  eone  we  may  dmw  four  tangent  planes  to 
the  cone — the  anharmonic  ratio  of  the  four  planes  is  the  same  whatever  may  be  the  line 
on  the  cone.  As  regards  reality,  the  following  distinction  exiHts,  viz.  for  the  complex 
kind  of  cone,  the  planes  are  all  real  or  all  imaginary ;  for  the  simplex  kind  thejr  are 
two  real  and  two  imn£:^inary.  Fitst,  as  repiids  the  complex  kind,  if  the  line  be  taken  on 
the  twia>pair  sheet,  the  four  tangent  planes  are  all  imagioary;  but  if  it  be  taken  on  the 
aingte  sheet,  then  there  are  two  real  tangent  planes  to  the  single  sheet  and  two  real 
tangent  planes  to  the  twin-pair  sheet,  together  fonr  real  tangent  planes.  Secondly,  as 
regards  the  simplex  kind,  there  is  only  the  single  sheet,  and  the  line  being  taken  on 
it,  there  are  two  real  tangent  planes  and  no  more. 

5.  As  regards  the  singular  kinds,  assuming  always  that  the  line  on  the  cone  doet^ 
not  eaineide  with  the  node  or  the  evmp  (Sot  when  it  does  there  are  no  tangent 
planes),  it  may  be  noticed  that  for  the  rninndal  kind  there  are  two  tangent  plnne« 
which  arc  real  or  imaginary  according  u^^  the  line  lies  on  the  part  correepondiug  to 
the  ungle  sheet  or  on  the  part  corresponding  to  the  twin-pair  sheet.  For  the  acnodal 
kind  there  are  two  tangent  planes  which  are  always  real;  and  fiw  the  cuspidat  land 
there  is  a  single  tangent  plane  which  is  alwaj's  real. 

6.  The  forejifoin^  properties  of  cubic  cones  apply  to  the  curves  which  are  the 
sections  of  these  cones ;  thus  a  cubic  curve  is  of  the  siiuplex,  the  complex,  the  crunodal, 
the  acnodal,  or  the  cuspidal  kind.  As  regards  the  last-mentioned  three  kinds,  or  ringular 
kinds,  it  is  of  course  to  be  borne  in  mind  that  the  crunode,  acnode,  or  cusp,  may 
bo  at  infinity;  and  twusequently  that  all  the  curves  in  Xewton's  genus  9  (the  hyper- 
boltsms  of  the  hyperbola)  and  the  curve  in  his  genus  12  (the  trident  curve)  belong 
to  the  erunodal  kind;  the  curves  in  genns  10  (the  hypsrbolisBas  of  the  ellipse)  to  the 
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acoodal  kind;  and  those  of  geniis  11  (the  hyperbolismH  of  the  parabola)  aod  the  curve 
ill  fgBom  14  (the  cubical  iiMr^)da)  to  tbe  euapidal  Idiid 

7.  In  tbe  oth«r  genwa  «iidi  of  tiie  »peoi«8  as  are  without  a  node  or  a  enip, 

belong  to  the  simplex  or  the  complex  kind :  and  the  mere  inspection  of  the  figure 
(Nrwton's  or  PlUcker's)  is  stifficient  t  i  show  to  which  of  the  two  kinds  the  nirve 
belongs;  in  fact,  when  from  any  point  ot  the  curve  them  are  four  real  taugenta,  or 
there  v  ebe  no  real  tangent,  the  curve  i«  of  the  complez  kind,  but  if  there  are  two 
and  only  two  real  tangents  the  curve  is  uf  the  simplex  kind.  And  in  the  former  oaw 
we  see  whether  u  braiK-h  arises  from  the  single  sheet  or  the  twin-pair  sheet  of  the 
cone,  viz.  if  from  a  point  ou  the  branch  there  can  be  drawn  four  real  tangents  to 
the  curve,  the  fanmeh  arises  firom  the  single  sheet,  but  if  no  real  tangent  can  he 
drawn,  the  branch  arises  firom  the  twin-pair  sheet.  And  in  the  oinnoilal  kind  we  see 
which  part  of  the  carve  arises  from  the  quasi-single  sheet,  and  which  part  from  the 
loop  sheet. 

Ulterior  Theory  leading  to  the  Subhinds  of  the  Himplex  Cones.  Nos.  8  to  35. 

{Several  SubheatUttge.) 

8.  But  the  division  of  cubic  cones  may  be  c.irried  further:  we  may  in  fitct  sub- 
divide the  simplex  kind.  To  iihow  how  this  is,  I  consider  a  cone  complex  or  simplex, 
but  I  attend  fiir  the  moment  only  to  the  single  sheet  The  cone  has  on  the  siingle 
sheet  three  (real)  inflexions  Iv-ing  in  a  plane.  I  call  this  tlie  equator*  and  I  call  the 
tangent  planes  at  thn  infli  \inns  simply  the  tangents;  the  three  timgcnts  do  not  in 
general  meet  iu  a  line,  and  they  divide  space  into  eight  regions;  of  these  there  are 
two  not  divided  by  the  equator,  and  which  remain  trilateral ;  the  odier  six  regitnts  sie 
divided  by  the  equator  each  of  them  into  a  trilateral  and  a  quadrilateral  region,  this 
gives  six  trilateral  regions  and  six  ({uadrilatcral  regions ;  there  are  thus  in  -Al  2  +  6  =  8 
trilateral  regions  (I  distinguish  them  as  the  2  and  the  G  such  r^uus)  and  G  quadri- 
lateral regions. 

9.  It  ts  eaqr  to  see  that  for '  a  eomplez  cone  the  single  sheet  lies  wholly  in  the 
6  trilateral  regions,  and  the  twin-pair  sheet  wholly  in  the  2  trilateral  regions.  Inu^[ins 
the  twiii-pftir  <hcct  to  dwindle  into  a  line  and  then  disappcnr,  that  is,  let  the  cone 
pass  from  the  complex,  through  the  acnodal,  into  the  simplex  kind;  the  single  sheet 
of  the  simplex  oone  will  lie  wholly  in  the  6  trilateral  regions;  this  is  one  form  of 
the  nmplez  cone ;  I  call  it  the  aimpte-c  tnlateral.  But  there  is  a  different  fonn,  viz. 
the  ronr  may  lie  wholly  in  the  6  quadrilateral  regions;  this  is  the  dmplex  quadri- 
lateral. And  there  is  an  intermediate  form.  viz.  the  three  tangent  planes  at  the 
inflexions  may  meet  In  a  line,  the  S  trilateral  r^ions  then  disappear,  and  there  aie 
only  12  regions,  all  of  them  trilateral,  which  may  be  considered  as  forming  two  qnitenis, 
each  of  6  rri^'nn<',  viz.  oneh  system  eonsists  of  thr«*f  non-pnntit^uon<!  region?  on  one  side 
of  the  equator,  and  (alternating  therewith)  three  non-contiguous  regions  on  the  other 
side  of  the  equator:  the  cone  lies  wholly  in  the  one  6  regions  or  in  the  other  6  regions 
and  I  a^jr  that  the  cone  is  stmplsff  nevtraL 
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10.  A  non-singiilar  cubic  oooe  (simplex  or  complex)  may  be  repreeeuted  hy  an 
equation  of  the  conoDical  form 

«» J* +6%«-0, 

where  the  coordinates  j-,  y,  s  and  the  paramct«r  I  are  all  real ;  the  invariantB  of  the 
form  are  S==-l  +  l*,  T^'\-^0!'-H!\  It  is  f.,  be  noticed  that  the  form  in  qnertiOD 
camiot  represent  a  singular  cone ;  wc  Bail  a.s  the  condition  that  it  may  do  so 

but  when  this  condition  is  satisfied,  the  cone  V>iTnks  up  into  a  system  of  three  planes; 
thus  for  the  real  root        ^.  we  bave 

+  y  +  «•  —  3xyr  =  (a:  +  y  +    (x  +  o>y  +  o^z)  (x  +  «»y  +  <oz), 

where  a>  an  imaginary  cube  root  of  unit)' ;  and  by  merely  writing  a>x,  to-x  successively 
in  ptaoe  of  «^  we  see  that  the  like  deoompontion  occun  frcnn  the  imaipnaiy  roots 

11.  The  equation    +  y  i  t*  +  6^jf«>0  ia  in  geoecal  tnmafonnable  into  the  form 

where  JT,  F,  JET  are  linear  fonotiona  of  the  original  coordinates,  such  that  X=fi,  Y—^,  £-0 

are  the  equations  of  the  tangent  planes  at  three  inflexions  in  the  plane  X+Y+Z  =  0; 
if  however  the  three  tangent  plane*  meet  in  a  line,  then  A',  Y,  Z  will  satisfy  identi- 
cally a  certaiu  linear  eijuation,  and  it  is  clear  a  pnuri  that  the  transformation  must 
&U.  The  condition  for  tibe  three  tangent  planea  meeting  in  a  line  is  S^-l  +  l^-Op 
that  is,  we  have 

1^0,  I,  w,  or  w* ; 

and  attending  only  to  the  real  roots  1^0,  l^l,  it  will  be  presently  seen  that  for 
i«0  the  tangent  planes  at  the  three  real  inflexions  do  not,  for  I>1,  they  do  meet 
in  a  line.  Henoe  the  simplex  neutral  cone  oorresponds  to  the  Talue  <  •  1,  that  is,  the 
equation  is 

x'  +  f  +  r'  +  (ijtijz  =  0, 

and  this  eqnataon  is  not  transformable  into  the  form  {X  +  Y  +  Zf (ikXVZ  =  0,  which 
is  that  <  niployod  in  the  sequel  pir  the  general  discussion  of  the  simplex  and  complex 
cones.  The  theory  on  which  the  fbrq;oi«g  conclusion  depends  Is  as  fellows. 

On  th»  eondUim  8^0.   Nos.  12  to  17. 

12.  A.  cubic  has  in  general  nine  inflexions,  which  tie  by  threes  on  twelve  pbmes, 
vix.  denoting  the  inflexions  hy  1,  i,  8,  4,  5,  6,  7,  8,  9,  the  planes  nay  be  taken  to  he 

123.  4.-';.  7  SO, 
147.  258,  369. 
1.39.  267,  348, 
168.    249,  357, 

that  i^  we  have  four  systems*  cash  of  three  pUnes  passing  through  the  nine  inflexbna 
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The  tangent  planes,  or,  a&y  the  taageats  at  the  inhcxioub  in  piano,  (or  instance, 
at  tlie  infleiioDs  1,  S.  S,  fenn  a  trilatenJ,  and  we  have  tiina  oonesponding  to  eaoh  of 
the  three  planes  a  trilateral  formed  by  the  fiingents  at  the  inilexioris  on  such  plane; 
and  there  nrc  of  course  four  systemB,  each  of  three  tri laterals  formed  by  the  taogents 

at  the  nuie  inflexions. 

13.  I  say  that  if  £f  =  0,  then  in  one  of  the  four  ^sterns  the  trilaterala  become 
each  of  them  a  line,  that  is,  the  tangent*  at  the  mne  mflegrona  meet  by  timee  in  tbiee 
Unea 

14.  This  nay  be  ahmm  by  means  of  the  bef9r»-menti<HAed  oanonioal  fenn 

+ 1/*  +    +  6?iiry«  «  0 

of  the  equation  of  a  cubic  cone,  for  then  the  notation  of  the  inflexions  being  in 
aooordaace  with  the  foregoing  scheme,  the  coordinates  may  be  taken  to  be 

(1)  .T==0,    y  +  z  =  0,       (4)    a:  =  0,    y  +  a»*  =  0,       (7)    x  =  0,    y  +  (.y--2=0. 

(2)  y  =  0,    «  +  fl;  =  0.       (5)    ?/  =  0.    e  +  (ax  =  0,       (8)   2/  =  0,    i  +  a»'a:  =  0, 

(3)  z  =  0,   .r+j/  =  0,       (0)    z  =  0,    ./  +  wy  =  l,       (9)   t='0,    x  +  whj  =  0. 

where  a  denotes  au  imaginary  cubic  root  of  unity,  and  the  o(]uations  of  the  tangents  are 

(1)  -2lx+   y+    i=0,       (4)    -  2Zit+ a>y+«»*«»0,       (7)    -  2/ir  +      +  a»z  =  0, 

(2)  »—^+   2=0,       (.5)      a>'«-2/y+i»z-0,       (8)       tax  -  2ly  +  w'z  =  0, 

(3)  ff-2U^0.      (6)      «w+«*V-2(s»0,      (8)     a>te+ «iy-2^-a 

15.  The  value  €i  S  ia  ^-l+l*.  and  for  each  of  the  values  1,  0,  <o,  of  I,  which 
give  S=0.  wo  have  a  syBtem  of  the  nine  tangents  meeting  by  threes  in  three  line*. 

viz.  the  systems  are 

for  Z  =  1  ,    128,   456,  789. 
,    «  =  0.   147,   258,  869. 

Imto,  159,  267,  348. 
„  168,   249,  S57. 

18.  It  is  proper  to  notice  that  starting  with  the  systems  in  question,  or  what  i» 
the  same  thing,  with  a  single  set  of  eadi'  system,  say  the  sets  18^  147,  159,  168,  we 
obtain  aa  the  condition  to  be  satisfied  by  ^  the  equation 

I  (4P  -  3(  - 1)  (41^  -  8{n -f  1)  (44*  -  8I«^ -I- 1)  -  0^ 

or,  ab  it  may  olhcruise  be  written, 

l{2l-l)'{l-l)(2la-iy{l<a-\)i2la>'-lfil<.>'-l)  =  0,  that  is,  (- 1+ l*)(l  +  H^y  ^Q; 
it  is  clear  that  a  fiictor  has  dropped  out^  and  that  the  true  form  of  the  condition  is 

(-i+I»)(l+8«y-0; 
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that  is,  S(645»-r')  =  0;  where  the  equation  64S'-2'*  =  0  would  denote  the  existence 
of  a  nodiU  Hw,  and  couMquent  ooinoideiifle  therowitli  (tf  6  of  the  9  inflazKHu;  the 
equation  S^O  being  left  as  the  proper  OMuIiiiflii  for  tbe  intenBetioii  by  threee  of  the 
tangents  at  the  infleadons  in  three  lines. 

17.  The  invf  stigatimj  shmvs  that  the  fl>iir  systems  coiTcspond  respectively  to  the 
four  values  of  I  which  give  its'  =  0 ;  and  that  (reality  being  disregarded)  there  is  no 
distinetion  between  the  four  systems,  or  the  oorrespondiog  values  of  2 ;  if  however  we 
aeenme  that  x,  ^,  <  are  all  of  tb«n  reel,  then  the  eone  has  only  the  three  real 
inflexions  1,  2,  3,  lying  in  the  real  plane  123;  and  there  is  an  essential  distinction  between 
the  real  roots  ^<-l,  j»0  of  the  equation  S  —  '-l  +  l*~0,  viz.  for  the  tangeute 
at  the  three  real  inflexions  meet  in  a  line;  wheroes  ibr  2»0  there  is  not  any  rektien 
between  the  tangents  at  the  real  inflexion^  and  there  is  ocmsequently  no  vinble 
peculiarity  in  the  fonn  of  the  eone. 

18,  I  return  to  the  aaelytical  theoiy  of  the  general  ceae.  as  depoading  on  tbe 
representation  of  tbe  equatioD  of  the  eone  in  the  form 

where  the  coordinates  are  real,  viz.  A'  =  0,  F«0,  Z  =  0  represent  the  tangent  planes 
at  tht'  thit>(>  (real)  infl^exions*  or,  as  they  have  before  been  called,  the  tangents;  and 
X  +  r+Z=0  rcprownts  tho  plane  through  tht>  thrrc  inHoxions,  or,  as  it  ha-s  bvfore 
been  called,  the  equator.  And  we  may  assume  the  signs  to  be  such  that  in  one  of 
the  2  trilateral  regions  the  eondinates  Z,  F,  X  shall  be  eaeh  of  them  positive:  this 
being  so  the  14  reig^ons  will  ooneq[M»id  to  the  foltowing  oombinations  of  mgoM 


X   Y  2 


,  the  8  trilateral  regions, 


the  6  trilateral  rsgioa% 


.  the  6  quadrilateral  regions. 
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where  it  may  be  noted  that  the  equator  X+  T+Z^O  doe*  not  cut  the  two  trUfttenl 
ragionN  ( +  +  f  4- )  and  (  ) ;  and  further  that  the  line  X  =  Y  =  Z  which  is  the 

harmunic  tlu'  f>«]uatnr  A' +  Y  +  Z  =  Q  iu  reg;ir<l  to  tin-  sytoni  i  f  the  three  tangents 
XYZaiQ,  lies  wholly  iu  the  two  trilateral  regions  (+  +  +  +J  and  ^  }, 

19.   The  equation  in  qneetion, 

shows  that,  as  above  stated,  the  oone  lies  wholly  in  the  8  trilateral  regions,  or  in  the 

6  (|uadrilutcral  regiona,  m.  if  be  negative,  it  lies  wholly  in  the  8  trilateral  regions, 
end  if  k  be  positive,  it  lies  wholly  in  the  6  quadiilateFal  r^gimis.   Let  k  be  negative, 

then  the  positive  qnantitjr         which  is 

XYZ 

if  we  attend  only  to  the  valocs  of  X,  F,  E  which  have  the  same  sign  (that  is,  to 
paints  in  one  of  the  two  trilateml  regions),  has  a  maxtmnm  value  oonesponding 

to  XmT^Z.    And  if  -      exceeds  this  value,  that  is.  if  •ik<),  or,  what  is  the 

1  X  YZ 

same  tliini^.  it  /■  liu  btivsLtii  ilu>  valut-s  0  and  —  J,  then  the  equation  —  2jT.~/v — v — 

camiot  be  satiiiiitKl  iu  the  assumed  manner,  that  ia,  by  vsUuea  of  X,  Y,  Z  having  the 
same  sign;  and  thus  no  portion  of  the  oooe  lies  in  the  two  trilateral  regions:  in  the 
contrary  case,  that  is,  if  k  lie  between  the  values  —  x  ,  -|,  the  equation  can  be  so 
satisfied,  and  a  portion  of  the  oone  lies  in  the  two  trilateral  regions. 

Hence  k  being  negative,  we  have  as  follows: 

h  between  —  oo  and        the  oone  is  complex, 

^'  =  — f,  the  cone  is  acno<lal, 

k  between  —  ^'  and  0,  the  coue  is  simplex  trilateral ; 

and  k  being  positive,  or  say 

k  between  0,  ao,  the  oone  is  simplex  qnadrilatersL 

90.  It  is  to  be  remarked  that  for  k^H,  the  oone  as  represented  by  the  foregoing 
equation  degenerates  into  the  threefold   plane  {X     Y -¥  Zf  ^  0.    The   value  ib^O 

ajrreaponds    however    to    the    valu.'     /  =  1    <if    the    paramf  t.  r    ^    in    the  equation 
+    +        ■=  0,  that  iti,  it  coiresponds  to  the  stmjplex  neutral  coue,  represented 
bj  tiie  equation 

whidi,as  already  remarked,  is  not  tmnsformable  into  the  fimn  {X+  T+Zf+ekXTZmO: 
this  leads  to  tlm  eooaideration  of  the  transformatioii  in  question. 
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On  the  relation  of  the  two  form  «»+  y'  +    +  Umfz^^,  o»«i  (Z  +  F  +  ^kXYZ- 

No&  21  to  24. 

SI.  Starting  with  the  fonn  «^+^+ji^-H6fay»-0,  mmI  miting 

r-     «-%+  #, 

then  we  httfe 

2/(-'^  +  y  +  ^') 

+  (1  -  2^  +  4/-)(y=i  +  yi«  +  5»r  +  «ic»  +  <e^  +  4ty») 
+  2(1  -3/-4Z*)3yz, 

z  +  2(i-0(«+y+*X 

and  tbenoo 

(2:+F  +  JJ)»=      8(l-/)»(x»  +  y»  +  «*) 

+  24(1  -0*(y«  +  y**  +  *^  +  «*  +  <*^  +  a^) 

and  we  thus  obtain 

-  8  («  + 1/ -  I )» (*•  +  y  +  j»  +  6fay») ; 

or,  what  le  the  Mine  thing, 

if 

^,  4(^-iy 

22.  For  the  form 

(X+F+z)•+6^•xr^=o, 

we  find 

r—    8  (!  +  *)• 
-6(l+*)»  +  72(1+*)' 

+«<!+*)  -128(1+ Ay 

-8  +  72(1 +  *)« 

-  8 

=    A*(4  +  ib)  --8if  (6+<tt+4»). 

c.  V.  52 
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and  tbeoce 

It        lie  right  to  Nmuk  that  from  the  valne  ^  deduce 

*^+'*+* — <i-af+4<y  ' 

3r  - 1  -  20^  -  si\ 


•nd  tbftt  tkenoe 
if 


23.   The  equation 
«r  as  it  may  also  be  written 


givea  witlumt  difficulty 
and 

S4k  HenoB  treating  I,  k  tm  ooorffinatee.  we  nee  that  the  loene  ie  a  ouhic  cum, 
viz.  ;i  hyperiwiism  of  the  cllipeo,  having  a  centre  (Newton's  species  62%  the  eooidiiiatea 
of  the  pfntre  'bring  I  =  \,  ^  —  —  'i,  and  tlu'  e<]u:ition  of  the  nsjinptote  being 
+  — ^,  (that  is  the  asymptote  pasw^s  through  the  centre  and  is  inclined  at  «b 
KDgle  b46''  to  the  axis  tjS  {).  The  centre  ie  of  ooune  an  inflexion,  the  equation  of 
the  tangent  at  this  point  ia  it  +  |«9(2<» and  for  the  other  two  inflexions  we  hare 
1  =  1,  k  -0,  and  i  =  —  J,  &  =  — },  the  tangents  at  the  two  inflexions  respectively  being 
k  =  Q  and  ^s  — |,  that  is  the  tangents  at  the  inflexions  are  parallel  to  the  axis  of  L 
The  curve  oonnsta  of  •  aingle  Tnaneh  lying  below  the  asymptote  for  hvge  negative 
values  of  I,  k,  crossing  the  asymptote  at  the  centre  and  lying  above  it  for  large 
prwitive  values  of  k,  I,  For  raoh  vnhw  of  I  there  is  consequently  a  single  value  of  i- 
and  recipnically ;  and  I,  k  pass  t<)gether  from  —  ao  to  +a>.  There  are  certain  critical 
values  of  k  and  I,  the  meaning  of  which  will  appear  Iroia  the  fellowiDg  artide. 
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On  tiW  Ankarmfmie  Pwpmtg  tif  a  CWMe  Omtt.  Mos.  25  to  29. 

25.  The  property  in  question  is  the  one  already  referred  to.  viz.  the  four  tangent 
planes,  or  Bsy  the  Jour  tangents,  to  ilid  come  from  any  line  of  the  oone  form  a 
system  the  aahttmoiiic  mtios  of  vhioti  aie  eonrtaat.  Tftki^g  the  equations  of  the 
tangents  to  be 

ji-og-O.  j)-i9-0«  p-c^-O,  p-ctg-O, 

•ad  writing  for  skortnsss  mcs64— ^.  then  the  flinetums 

(a-6)(c-(i),  (a-c)(d-6).  (o-d)(6-o), 
or       a,  /9,  7,  on  which  the  anharmonio  mtios  depend,  are  the  roote  of  the  equatum 
IF— lS(+2Vm«sO.  The  anhannonie  ratios  are  ^,  -  ^;  henee  fbrroing 

the  eqaation        ^)  reducing  by  the  conditions, 

«  +i9  +T  -  0, 
/9y+'y«+^--12, 
oilSy  =-2  Vwi, 

this  ia  found  to  bo       +  ^  + 1)  +  V  ^  =  0,  or  we  have  7  =  —  s  ,  and  sub- 

Vfn  o  » 

stituting  this  valae  in  the  equation  7*-127')-2VinsO,  we  find 

+ a  + 1).  _    + ^  + 1)      _      .  0. 

TO  fn 

which  is 

m  ( V  +  *  + 1 )» -  432  a»    + 1 )» -  0, 


or,  what  ia  the  8ame  thing, 


that  is 


(y  -f  ^  4-1/    432  432_ 


4-^  +  1)'  27 


^(^  +  1)' 


and  as  a  verifioatioa  it  may  be  remarked  that,  $  being  a  root,  the  six  roots  are 

ft  J.  -(1  +  *X  1^^.  -1^:^.  y-. 

of  course  the  rootjj  are  all  real  or  else  all  imaginary. 

52—2 
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26.  If  T=  0,  the  equation  becomes 

or  tedttciDg,  ibis  is 

l(^-l)(*+i)(^  +  2)}«-0. 

tliat  is  tlie  six  toots  Me  1.  -i,  -2,  «mIi  twiee:  tad  ths  hat  taugcnts  fiwm  thflrafiire 
a  faannoDie  psnd].  wltidi  is  Um  geometriosl  intecpretftticii  of  ths  eonditimi  0. 

27.  The  function  ^»    ^.  |y   ^  constantly  positive  and  it  has  three  equal 

values  corresponding  to  the  last-mention vahu-H  1,  —  —2  of  ^,  viz.  this  minimum 
value  ia  "t-Y-.    Uencc  we  see  that  the  cijviation  in  ^  will  have  its  six  roots  all  n;-al 

if  '^•"gjjgi      positive  and  less  than  unity,  that  is,  if  8  and  GiS*  — T*  are  each  of 

them  positive:  but  when  these  conditions  are  not  satisfied  the  six  roots  are  imsginaiy: 

ft 

the  limitiiig  ease  ^''gjjgi^l  ^  T—0  gives,  atresdy  mentKmed,  the  three  note 
1,  — ^,  —2,  eseh  twios. 

28.  The  quantities  a,  b,  c,  d  which  determine  the  four  tangents  may  be  alt  real, 
or  two  rsel  siid  two  imaginary,  or  ell  fbur  imaginary;  but  tbe  imaginary  trelaee 
sppssi  as  usual  as  a  conjugate  pair  or  conjugat<;  pairs;  and  this  being  so,  it  is  easy 
to  see  that  in  geneml  if  W  be  n-al  the  quantities  a,  b,  c,  d  are  all  real  or  else  all 
imaginary;  but  if  ^  iH  imaginary  then  a,  b,  c,  d  are  two  of  them  real,  two  imaginary: 
in  ftot  if  a,  are  real  and  «  and  d  are  conjugate  imaginaries  'r±9i,  then  we  bave 
fin*  one  of  the  nz  values  of  ^, 


(g  -  6) .  iBi  


whieh  b  in  geneml  iuaginary. 


■29.  But,  as  might  have  been  foreseen,  the  limiting  values  ^  =  1,  —  4,  —  2,  are  an 
exception,  viz.  for  these  values  a,  b,  c,  4  may  6s  two  of  them  rsal  the  othw  two 

imaginary :  in  fact  the  last-mentioned  value  of  ^  is  real  and  =  .  =  2,  if 

(o  — 7)(6-7)  +  S*  =  0,  that  is  a6  +  y +  S*  =  7(a-J-6),  or,  as  the  condition  may  also  be 
written, 

2(A+2{y  +  Si)  (7  -  Bi)  =  (y  +  Bi  +  y-  Bi)  (a  +  6), 
that  is  Hab't'Oi^st{a  +  b){fi  +  d),  oe  ii  a,  b,  e,  d  form  a  harmonic  system. 
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Tk$  taw  fonu  c^-t-y»+4)-t'0fa^»O,  (X+ r-t-^y^eUTFZ-O;  Smmuratum  0/  tk$ 

OoKM  vayprM  thmm.  Nog,  30  and  81. 

30.  I  form  the  Mowing  Table: 


1 

k 

s 

T 

*  S4"5»* 

—  as 

—  00 

0  ^ 

0 

81  (45  + 36  VS) 

1 

+ 

+ 

, 

_  • 

• 

TV 

2  7 

0 

0 

acnotUl, 

+ 

+ 

_  > 

0 

-4 

0 

1 

-1 

±  * 

i 

-? 

n  s  I 

_  Tt* 

ITS 

-  umplex  Uilateiul, 

i(v'3-l) 

-3  +  V3 

0 

-  81  (-  45  +  26  VS) 

1 

+ 

+  . 

1 

0 

0 

-«7 

-72« 

simplex  neatni, 

♦ 

to 

+ 

+ 

OD 

0  . 

|-  •uoplex  quadrilateral 

And  I  further  deaciibe  as  follows  the  nature  of  the  coueti  which  correspooU  to 
the  htwbI  tbIum     k  and  I. 


3L  I  between  —  «  and  — or  k  between  — »  and  '-§. 

The  oone  is  comidex.  Intheaeiiee,  vis,  oo^eqwndingtois»>-^(l^>^^)oril;9— 3— Vs, 

there  is  u  special  form  which  may  bo  cnllod  the  complex  harmonic,  viz.  the  four 
tODgeats  from  any  line  of  the  cone  fonn  a  harmonic  system :  but  observe,  qud  complex 
cooe,  the  taiigtiuts  are  all  real  or  all  imaginary,  l^  —  ^  (form  &ilii),  k  =  —  ^,  the  oone 
is  acnodaL  I  between  —  ^  and  1.  or  ft  between  —  {  aiMl  0;  the  cone  is  aimplex 
trilateral.  In  the  series,  viz.  corresponding'  to  ^  =  0  nr  A- =  —  4,  there  is  a  special 
form  which  might  be  called  the  quaai-neutral,  the  speciality  having  however  reference 
to  the  imaginary  inflexions*  viz.  eoneeponding  to  each  real  inflezian  we  have  two 
imaginaiy  inflexions  sndi  that  the  three  tangents  meet  in  a  line. 

There  is  also  corresponding  to  or  A;^  — J,  a  form  which  seems  to  be  a  special 

OBS^  fchoogh  I  have  not  asoertatned  wherein  that  speeiality 
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And  there  is  corresponding  to  /  =  ^(V3  — 1)  or  =  — 3  +  v'3,  a  special  form  which 
might  be  collect  tiie  umplac  hanuMiia,  vis.  the  taagotte  bom  toy  line  of  the  com 

form  a  harmoDic  system.   It  is  to  be  observed  that^  gwd  limplex  cone,  the  fam 

tangents  are  two  of  them  real,  two  imaginary, 

l=l'f  k^O  (fonn  &db).  The  cone  is  «implez  oentFaL 

I  betireen  1  ind      or  ib  between  0  and  ao;  the  cone  is  simplex  qimdrilmteinL 

32.  It  will  be  observed  that  the  cntnodal  and  eospidd  kinds  of  cones  do  not 

present  thems^elves  in  the  foregoing  investi^tions;  the  reason  is  that  the  crunodal 
kind  admit."  of  no  representation  in  the  form  a;*  +  +  +  6try«  =  0,  and  (inasmtich  a< 
there  is  only  one  real  iutiexiou)  it  admits  of  no  real  represeotatioa  in  the  other  fonu 
(X+T+If+BkXTM^O;  the  enspidd  kind  admits  of  no  vepresentation  in  either  of 
the  two  forma. 

I  conclude  with  a  disensaium  not  absolutely  required  for  the  purpose  of  the  memoir, 
bttt  whidi  is  of  interest  in  regard  to  the  farm  (X+T+Xf-^'fAXYX^O. 

Reduction  of  the  Hesitiati  to  the  /arm  (A"-i-  Y'  +  Z')r  +  dh'X'Y'Z'^O. 

33.  The  cubic  cone 

+    +     +  62iByr»0. 

lias  for  its  Hessian 

-  f»  (a^  +  y"  +  z')  +  ( I  +  aC)      -  0, 

or  say 

if 

^  gp-- 

Henoe  writing 
we  have 

Hence  the  equation  of  the  Hesnan  is 

(X'  +  r + zy + a^xTZ' = o. 

where  the  value  of  1;^  is 
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84.  Bat  we  have 

1  +  2Z»  1 

4  (1  -  «' +  4i^)  -  (4*' - 1/ + 8  -  ^  |(2  +  8i» + 4^)» + 27i j  -  ^  (1+ i + i»Jf  (1  -  2f  + 
and  thenoe 

»_    ,         (1  +  6/' +  2/»)' 

♦i'(l+Z+i')»(r-2f+4<*)* 

Bat  the  eqoatioD 
gtv«s 

l-2i  +  42»  •  'ir2tT4F  ' 

and  we  thenoe  have 

which  determiiMe  if  in  terms  of  k. 

35.  It  [Day  be  observed  that  the  value  k  —  —  0  oorrespouds  to  f'^l,  that  in,  the 
Heaian  u  b««  «^+y*+«i  +  0a!Si»  — 0,  •  umplra  nentnl  fatm  not  tmuformaUe  into 

(jr'+F+^)'  +  6&'X'F2'»0;  the  ooneBponding  value  of  t  is  of  course  given  by  f&e 
equation  1  +  6^*  +  2^  =  0 ;  the  only  spepinlily  of  thp  cone  ar"  +  /  +  f  +  6/,ri'/j  =  0,  or 
(jr+  F 36X =  0,  consequently  is  that  the  Heasiau  ia  a  tdniplfx  neutral  oone. 

The  value  k  =  -  i  con*espiin<is  to  i  =  0,  f  =  «  ,  i-*  =  »  ;  hence  X' :  T  :  Z"  —  r  :  y  :  s 
and  the  tnuuiformation  of  the  Hessian  ai*  +  g*  +  Wicyz  =  0  into  the  new  tbrra 
(J'+F+J7  +  ^'^^^~<>  degenentoB  into  the  mei«  identity  xyz==xyz. 


CamMif^  ISA  Mt,  186S. 
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SUITE  DES  ilECHERCHES  8UR  L'^LIHINATION  £T  LA  TH^BIE 

DES  COURBES. 

[From  the  Joui-nai  jur  die  retVi«  und  ungevoandU  McUhemaUk  (Creliv^  umu  LXiv.  (ldi*6), 

pp^  167— 17L] 

Daks  Ic  m^moin'  "  Recherches  sur  rdlimination  et  !a  theorie  des  courbes,"  t.  xxxH". 
pp.  30 — 45  de  ce  Journal  (1847),  [53],  j'ai  doting  pour  une  courbe  U=0  da  «-ifeme 
ordre  saos  points  doubles  ott  de  rebroaseement,  lbs  expressions  pour  les  dcgr^  tant  par 
lappoft  anx  coefficients  que  par  rapport  aux  variableii  des  hoetiom  tpA  €iDtR»t  dans 
r^uation  FFU ^  KU {PUfiQlTY  U  (|ui  sert  h.  expliquer  oomraent  la  r(k'iproque  de  la 
r^ciproque  de  la  courbe  £7  =  0  se  r^uit  4  la  courbe  original^  U=0.  En  partaat  des 
principvs  ^tablis  dans  le  m^mdie,  "NouTelles  Recherches  sur  I'^imination  et  la  throne 
dea  eourbea,"  t  ucm.,  pp,  S4 — 39  de  oe  Journal  (1864),  [338],  je  suis  parvenu  k  rtemdre 
i\  jKMi  pI■^s  pctte  question  pour  le  c&s  d'uno  courbe  U  =  0  da  /i-ietiie  ordre  avcc  a 
points  doubles  et  ^  points  de  rebroussemeut ;  moa  inv^tigation  a  ccpendant  par 
rappoct  &  quelqut's  (xjiuts  beatnn  de  oonAnnatiiOiiL 

Je  oomuMtice  par  rappcler  quo  r<5quatiiDii  d'uiie  oourbe  ftTBc  daa  pointa  douUea  et 
de  tebronnemeat  peat  toe  prdrnt^e  aoua  la  forme 

oh  a,  b.  c,...  sont  de»  quantity  abaolumeiit  arbitraiies,  P  =  o,  QaO,  ^-^O, ...  sc>nt  d.- 

combes  du  n-ifemo  ordn'  (je  suppose  toujours  quo  ^=0  est  une  courbe  du  /(-iLine 
orrire  avec  a  points  doubles  et  ^  points  de  rebroussement)  qui  ont  chacune  puur  chai^ue 
point  double  de  1*  eonrbe  «  0  un  poinfc  double  au  to£me  point*  et  pour  claque  point 
de  rebrousHeiiient  de  la  courbe  t*  =  0  uu  point  de  rebroussement  au  mfiine  point  et  avec 
la  merae  tanpente-.  En  ))arlaiit  drs  cueflicienta  de  U,  je  df^signprai  toujours  !ps  qiiantitt-':* 
{a,b,  c, ...)  sans  iaire  utientiou  aux  cunstautcs  conteuues  dans  le«  fonctions  (P,  Q,  R,...}. 
1a  fottctioo  U  (voir  lea  KouvelleB  Bachercliea  et&)  a  un  dianriminant  apedal  KU  dn 
d^pi6  8(n— l]^-7a- 11/8:  il  y  »  en  outre  uoe  certaine  kodaaa  AU  dea  ooeflfamntik 
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laquelle  d<^peDd  des  points  de  rebroussemeot,  qui  semble  jouer  un  r61e  analogue  en 
qaelque  wrte  k  oelui  dn  diMxIiniiMat.    Oar  nneot  poor  on  moment  (x,  y,  s)  les 

coordonn^  d'un  des  points  de  rebroussement  de  la  oourbc  U  =  0;  ^rivona  D  =  xdg  +  ydy+edt, 
et  dan?i  1h  fonction  U  substitiioii.s  (x,  y,  z)  au  lieu  de  (x,  y,  z);  I'l^qnation  H^U  =  0 
douue  le  carr^  de  la  taugenus  au  poiut  de  rebroussement :  or  D^U= alPF  +  6i>^Q  +  ci>*i2  +  •  •  • , 
«t  ]mkK|iie  l«s  eourb€»  PbO,  0,  JS>0, ...  out  eluieane  la  mdme  taagaite  mi  point 
de  rebroussement,  les  fonctions  ITP,  IfQ,  LfiR,...  seront  des  fonctioiiB  ile  In  forme 
X<]>*,  fiAfi,  v^, ...  oti  <I>=0  est  I'^quatiou  de  la  tangente,  et  X,  ^  y...  sont  des  quantity 

consUmtea  qui  ne  ddpeudent  que  des  constantcs  que  contionneat  ]es  fonctions  P,  Q,  R,  

Nona  aaroDs  done  />^>(aX'f6|H-ev+.<.)4**;  et  je  remarque  que  r^afttioB«dk+t{^flv+...«0 
serait  la  condition  pour  qu'il  y  eOt  au  lieu  du  point  robroussoment  un  point  triple. 
On  obtient  done  I'^uation  du  systkme  des  carr^  des  tangentes  auz  points  de 
rdnooiMraetit  tarn  U  fenne 

(a\  -f  Vi  +  cfi . ..)  (oX,  +  6/4,  +  Cf, . . .). . .(aX^  +  6m>  +      +  . . .)  <I>i*<t>j' . . .  <I>j*  =  0  : 

le  fi»cteur  constant  (aX,  +  +  cvi...)  •••  (aX^  +  +  Cv^...)>  <lu  dcgrd  /3  par  rapport  aux 
coefficients,  est  pr^is^jment  la  ddriv^  que  je  nomme  A U  (de  maoi^  que  AU=0  titb 
1*  condiMon  pour  I'exUteaoe  d'un  point  triple):  I'antre  fiMteor  eat  dti 

degrd  0  par  npport  aux  ooeffimeata. 

CSela  ^tantj  je  pose  d'abord,  pour  la  v&ifier  plus  taid,  la  table  auivante: 


equation  i\f>  la  courbe,  f'  0 
condition  ]iour  \in  nunveau  poiut 

dooditioa  poor  on  point  triple, 

AU-0 

equation  de  la  ooorbe  rfcipioqiMt 

^nation  de  la  eoorbe  dee  in- 

flexietu,  ITCTsO 
eqaation  des  tangenteeaiiv  poiste 

d'inflexion,  QU  =  0 
equation  de  la  courlw  des  eontacts 
des  taii£unt««  doubleH  llU=:0 

eqoafeiou  des  taogentet  donbiMb 


8 
0 
0 

n{n-l)-2a-ifi 
S<a-2) 

(n  -  2;  (n»  -  9) 


j  Jf»(i»-2)(»»-9)-(nF-n-6)(Sa+  Sfi) 


Equation  do  lii  courbe  reoipro- 
que  de  la  r^iprciqu«  de  la 
eoarbe,  FFU^O  (ff-n~3a-Zfi){n*-n-\ -2a-Sfi) \2{n*-n-l-2a-Sfi)2(n-l). 


3(n-  l)»-7a-  11)3 
/» 

2(n-l) 
S 

8n(tt-8)-3a-4^ 

(«  +  4)(»-3) 


C  V. 
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Et  puk  GO  a  IVSqufttion 

FFU'-'AU.KU.iPUy.iQUy.U. 

La  comparaison  des  degr^  pir  nipp^rt  anx  variables  donue 

in*-n-2a-3$)(n*-  n-l-  2a -3/5)  = 

n(n  -  2) {n'-y)-{n*  -  n  -  ())<4a  -r  6^8)  +  4a(a- 1)  +  12a^  +  9jS(/3 - 1) 
+  9n(n-2>  -18a-2*/9 
+  n 

ce  qui  est  exacte.    La  coinparaisou  des  dc^p:^  par  rapport  aux  coefficients  donne 

4(it-l)(n^-it-l-2a-d^)-  y9 

+  S  (»»-!)'- 7a  -11/3 

+  4n  (n  -  2)  (n  -  3)  -  (4»  -  12)  (2a + ^)  -  2^ 
+  9»(i»-2)-9«-12^ 
+  1 

ce  qui  de  mSme  est  exacts. 

Lcs  expressions  pour  les  degr&  dc  KU  et  AU  sout  deja  dL'inonlrt^s;  pour  les 
autren  cxproseious,  en  coumd^rant  d'abord  la  courbe  gen^mle  H^<=0  du  n-i^me  ordre, 
laquclle,  en  ^teblinant  entire  les  ooeffidents  les  reUtiena  oonvenaUes,  se  n$dmt  k  la 
courbe  U^O  avec  a  points  doaUes  et  poiuUi  de  rebroussemcnt,  <m  ^\it  par  la 
th^rie  de  M.  PlUcker  quels  sont  les  facteurs  dcsquels  serout  affect^  FW,  QW,  PW, 
et  qu'il  faut  barter  pour  r^uire  eo»  fonctious  k  FU,  QU,  PU  respectivenient 

Pour  FW  <*e  faetenr  t'st  A'^IP,  <>ii  ^-1  =0  est  l'A]imtion  tangentiolle  dps  points  doubles, 
et  £  s  0,  r^uation  tangentielle  des  points  de  rebroussemeut :  la  reduction  du  degre 
psr  mpport  anx  vsmbles  est  done  de  Sb  +  S^S  unit^  En  prannnt  (z*  j,  s)  poor  les 
OOOnknn^SB  dW  point  double  ({uclconque  on  a  ^  =  11  (^x  +  yjy  ■¥  ^z),  et  de  mdme  en 
prenant  it,  y,  j;)  pour  len  coordonn^cp  d'un  point  dc  rebroussement  qtJclponr|ne  on  a 
£  =  n  (fx  +  '7y  +  fz) ;  ^  et  B  ue  cuutieunent  done  pas  les  coetiicients  a,  b,  c, . . .  de 
U,  et  une  i^etum  de  degri  par  rapport  mix  ooefficteDts  n'a  pes  lieu. 

Puur  QTT  le  fieu:teur  est  M*N*,  oix  M=0  est  I'^uation  des  tangentes  aux  points 
dcmbleB  et  if  ^  0  I'^untion  des  carr^  des  tangentes  aux  points  de  rebioaesenient :  la 

reduction  dc  degr^  par  rapport  aux  variables  est  done  6a  +  Hff  uniuh.  Soieiit  (x,  y,  z) 
les  coordonndes  d'un  point  double,  D=^ad9  + ji€lf  +  tdg;  en  substltuaut  couune  auparavaQt 
(z,  y,  z)  au  lieu  de  [x,  y,  <)  dans  la  foncCion  U,  I'^uation  des  deux  tangentes  an  point 
double  set  JD^U^O,  <A  J>tj  est  du  degi^  1  par  rapport  aux  <  o.-fficiontfi :  en  formant 
Teijuation  analngiie  p  ur  chaque  point  double  on  a  M=U(D'U)  =  0,  et  M  du 
degr^  a  par  rapport  aux  coefficieutsi.  £n  prenant  (x,  y,  z)  pour  les  coordonn<^  d  uu  point 
de  rebroussemeut,  on  a  de  mime  jV^lI  (^■C7)sO  pour  I'dquation  des  cairfr  des 
tangratss  aux  points  de  rebroussemeut ;  N  est  done  du  degni  ^  par  rapport  aux 
coeffieienta.   Nous  avons  vu  que  I'^uation  JS-Q  se  t^uit  i  la  forme  U^AU.^^f,,,^, 
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j'admcts  cependaat  qu'il  faut  i-et«Qir  ce  iiBcteui*  coDstant  AU,  cooflid^rer  ainsi  N  comme 
^tant  efiectivement  da  degrd  /3.  Le  iMtour  Jl*N*  est  dono  du  degi^  8a«f4^,  el  ]m 
r^uctioQ  de  d^gv^  par  lapport  anz  coefficieoto  qui  »  lien  po«ir  QW  est  done  de 

Pour  PTT  le  facteur  est  R'S'T,  ou  iJ  =  0  est  I'^juation  du  syst^mc  des  tangent*^ 
tnent^s  la  cf>nrbo  par  le*!  pnints  doubles,  S  —  0  I'^quation  du  systfeme  des  tangentes 
tnenees  a  la  courbe  par  lea  pointe  de  rebrouttscment,  0  I'dquatioQ  des  droites  qui 
contienneDt  deux  points  doubles  (ehaoune  de  eee  droites  ^teat  oompt^  4  ibis)  ou  qui 
cmiticnnent  un  point  double  et  un  point  de  rebroussement  (chacune  de  ccs  droites 
dtant  compt^  6  fois),  ou  cnfin  qui  contiennont  doiix  points  dc  rcbrou&scment  (chacune 
de  oes  droites  ^taat  comptee  9  fois).  Far  mpport  aux  vaiiables  le  degr^  de  R  est  egal 
k  a{n*-n-6~2(«-l)-9i9K  oelui  de  £r  4  iS(n*-ii-6 -  8e~3(i9- 1)) :  le  degt^  de 
B'S'  est  done  ^gal  k  (n' -  n  -  C)  (2a  +  n^)  -  4a  (a  -  1)  -  6o^  -  9/9(/9- IX  Le  degrd 
de  T  est.  egal  k  4.  i a  (o -  1)  + 6a/3  +  9 .  ^ -  1),  le  degr^  de  R'S'T  s'^lfeve  done  a 
(n«-n-6)(2o  +  3i9)-2a(a- l)-3a/9-f 1).  nombre  qui  exprime  la  r6iuctiou  de 
dcgr^  par  rapport  aux  variaUes  qui  a  lieu  pour  PW.  Adr  rapport  anz  ooeffidents  le 
degr^  fk-  li  est  e^gtil  a  (2n  -  fi)  a,  ceini  do  ^7  :\  (2r!-fi)^,  relui  de  T  h  z(«ro :  le  dcgrt^ 
de  R'S'l'  s'^lfeve  done  k  (2n  —  6)  (2a 3/3).  Ou  auraii  par  conm^ucnt  pour  FW  par 
rappoi-t  aaz  ooeflScients  ime  r^uction  de  degr6  4gale  k  (2n— 6) (2a +  3/3)  unit^;  mais 
d'apite  un  exemple  trte-particulier  (il  eat  nai)  j'admets  c|ue  PW  conticndra  encore  le 
figu:tcur  con^^tant  A  U,  oe  qui  dounerait  pour  le  nombie  dont  il  e'sgtt  la  valeur 
<»i-6)(2a  +  3>9)  +  /3. 

J'ai  dit  que  par  mppoi  t,  aux  coefficient?  le  degr^  de  R  est  e'gal  :\  (2;i  —  6)  a  et 
celui  S  k  (2n  -  6)  /9 :  pour  prouver  Texactitude  de  ces  uombres  il  faut  se  rappeier 
que  I'dquation  B « 0  des  tangentes  menses  par  un  point  quelconque  eat  du  degrd 
<»*— n)  par  lapport  aux  variables  et  du  degr^  2(n-l)  par  rapjpoit  aux  eoeffidents.  En 
prenant  pour  le  point  dont  il  s'aj^nt  iin  ptnnt  double  ou  Je  rebioiissement  et  supposant 
que  daoH  la  courbe  il  n'y  a  que  ce  aeul  point  double  ou  de  rebrouasement,  le  degr^ 
par  rapport  aux  variables  est  («*->n  — 6)  et  celui  par  rapport  aux  ooeffidents  est  2r  — 6. 
Mais  danH  le  cas  g^n^cal  9  conticndra  conune  fiictcur  G^H*,  en  ddnotant  par  O»0 
r^viutinn  des  droites  menses  par  le  pnint  doiit  il  s'agit  a  tou.s  le.s  p(jints  doubles,  et  par 
H  =  0  r^uation  dea  droites  men^s  par  ce  point  k  tous  les  points  de  rebrouaiiemeat. 
De  eette  roanike  on  obtient  un  absiasement  de  2  (a -1)  + 3/9,  on  de  S«+S</8»1) 
unitA  pour  le  degr^  par  rapport  aox  variables,  mais  le  degr^  par  rapport  aux 
coeffieients  est  toujours  (2/i  —  6).  Dnnc  en  CDUsirle'rant  les  fsyst^mea  des  points  doubles 
et  des  points  de  rebrousaement,  pour  R  la  reduction  est  ^gal  k  (2n  — 6)a  et  pour 

Les  difficult^  de  cette  investigation  sont  dues  aux  points  de  rebroussemcnt :  eo 
admettant  en  FFU  I'existence  dW  focteur  {AU)r,  il  n'est  pas  elair  que  Ton  doit  avoir 
m  =  1 ;  et  la  demonstration  pour  les  valeurs  dee  termes  en  A  des  ezpHMnons 
3a+4<9  et  (2ii-6)(Sa-|-^)-i9  est  tmpariaite.   j^vons  ' 

FFU^  (A  U)r .  XU.  (PUf  (QUy,  U 

53—2 
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et  suppo80U3  que  le  oombro  qui  oxprimo  la  rdductioo  de  degrv  par  rapport  aux  coefficiente 
Mit  doQatf  par  1»  ytkmt  Set+lyS  poor  QI7  «t  ptr  k  vmImt  {9»-i)iia+Sfi)-l't0  poor 
PU.  I*  comptnuMm  de*  degvtfi  par  npport  anz  ooeffioiento  donne 

4(n-l)(A*-ll->SB-3^)- 

+  4»  (n  -  2)  (n  -  8)  -  (4n  - 12>  (Sk + a/9)  - 
+  1. 

ce  qui  dtablit  la  relation  m  —  2^a>3^  — 13,  laquellc  on  aatisfait  en  preoaat  in « 1, 
l^lt  k^i  VtoB  je  MiMB  Ufln  aise  de  pMQtrer  ees  valeon  par  una  d^monrtimtioD 
plus  eonduante. 

OmnMdge,  S6  ifoi  1894 
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NOTE  SUB  LA  SURFACE  DU  QUATRIEME  ORDRE  DE  STEINER 

[Fi  oiu  the  Journal  /ilr  die  reim  und  aagetoamUe  Mathematik  (Creile),  torn.  LXIV.  (1865), 

pp.  172—174] 

En  eoDnd^raat  le«  deax  eontqiieB  di&uaa  par  lea  ^aatioDS 

on  «ii  diMoit  l«s  trou  ^natioiM  dMv^es 

F  »((e  -/•,  ot-A?,  gk-iff,  V-«»,^-<*J    *  Cy-0. 

0  ^{hif+b'e-W\  J O-.O, 

F~{Vif-f\  3Eft*»-0. 

ct  Ton  nait  que  F^Q  Mt  r^uatum  toogentidle  d«  la  comrpie  17  =  0  (autreraeut  dit, 
r^qnatioii  qui  cxpriino  que  ccttc  conique  est  touch<5c  par  la  droitc  fx  +  T;y  -\-^z  =  0), 
que  dc  mdme  i"  »  0  ««t  I'^uatioo  taugeDticllc  dc  lu  eonique  I/' » 0,  et  enHn  que  6  =  0 
est  r^naliiott  tangeDtaeH*  d*  la  oontque  euvdopp^  par  ime  droite  {«+i^y  +  ^  =  0  qui 
eoape  Iminoiuqueueint  Iw  deux  eoniquee  (T'bO,  U'^O. 

Or,  en  oonaiddtaiit  lee  deux  awfiMsee  quadriqaee 

h\    di,r*  y.    ^.     »'5«i    «»  "V-o. 

on  fimne  d'une  matiiire  analogue  lee  quatre  ^uationa  dMyte 

0  -(ftrorf  +e(!CL....$^,  1,.  C  ••)«-0, 
©'-(Vtfd  +etc,...Jfc  1,.  t  •»)F-0. 
-  <y(/<r  +  eta.  ,JSi    1},  C  •)*  -  0> 


Digitized  by  Google 


422 


VOTE  BUR  LA  SURFACE  DTI  QUATBlfeltB  OBDRE  PB  BTEINBR.  [858 


F^O  est  r^quatiou  toDgenlielle  de  la  surface  U  =  0  (et  de  mSme  F'  —  O  etst  l  eq^uatioii 
tMigeiitielle  de  U  mukot  r'«0>  Lea  deiuc  ^ufttiont  G»0,  ^»0,  qui  ont  dn 

coefficients  fomieft  d'ajires  unt-  loi  facile  k  saisir,  se  changent  Tunc  dans  I'autre  lorsqu'ou 
^change  eutre  dies  Ics  deux  surfaces  quadriques  U=0,  U'  =  0.  L'^quation  Q'  =0  (c^ 
des  deux  dent  il  ^agiria  dans  la  suite)  est  I'^uatioQ  tangentielle  de  la  sniftice  quadriqoe 
envelopf)^  par  im  plan  ^  +  i^y  +     +  o>tt;  =  0  qui  coupe  lee  suiftces  ZTm  0,  (7'  -  0  selon 

des  conifines  S—D,  S'-O  telles  qu'il  y  ait  mr  la  conique  8—0  unc  infinite  de 
sj'stfemes  de  troia  points  conjugues  par  rapport  a  ia  conique  S'  =  0. 

En  supposant  a  jire'si-nt  que  IVquation  (J'  =  0  est  celle  d'un  cAne,  on  pt'tn  dir>^ 
que  G'  =  0  est  i'equHtiou  tangentielle  de  la  surface  quadrtque  envelopp^e  par  un  plan 
qui  coupe  la  miifluie  (T^O  selon  une  conique  S^O  telle  que  par  oette  conique  ei  par 
le  sommet  du  cdne  U'  —  0  on  pnissc  faire  passer  une  infinite  de  syst^mes  de  tn» 
droit^w  ronjnf^K^es  par  rapport  mi  cAnc  IT'  —  0.  On  pptit  prt^scnter  le  th^orfeme  sous 
une  autre  forme;  en  faisant  pa^er  par  le  Humuiet  du  cotie  U'=^0  trois  droites  oon- 
jugu^  par  impport  k  oe  c6ne,  et  en  duMnannt  k  volonttf  I'nn  dee  denz  points  de 
rencontre  de  chaoune  des  droites  avec  la  surface  U  —  0,  on  obtient  trui-^  points  qui 
d^temiiuent  un  plan ;  en  consid«^rant  tous  les  syst^mes  des  trois  droites  conjugu^es,  on 
a  pour  chaquc  sj'st^me  ua  plan,  et  TeDveloppe  de  ces  plans  n'est  autre  chose  que  la 
suT&oe  quadriqne  ff'^O. 

Je  suppose  que  le  souunet  du  cone  V  =  0  soit  aitu^  sur  la  sur&ce  U—0,  et  je 
dis  que  la  snr&oe  <7'«0  se  rtiuita  k  un  qrstime  de  deux  points,  k  mytnt  le  sotnmet 

du  cone  i7'  =  0  ct  nn  antro  point.  Pour  d(5mnntrpr  ccla,  on  pent  prendre  ponr 
coordonn^s  du  sommet  x  =  0,  y  =  0,  z  =  0 ,  Ita  deux  ^quation»  scront  alors 

U  -(a,  b  ,  c,  0,/,ff:  h  ,  I .  m,  n'^s,  y,  *,  vf  =  0, 
U'~{a\  4*.  c'.  0,/'»  g,  h!,  0.  0,  O^z,  y,  wf^O, 

tow,  oe  qui  est  la  mteie  dioee,  V'^{a',  b',  c', /',  ^,h'\x,  y,  «)PasOet)  en  substituani 

ces  valeurs  on  voit  sans  peine  que  le<?  co>  ffi<nent'i  dc  ^,  y^,  ^,  set,  JX,  sy  dans  ia  fimction 
Q'  be  r^uiruot  i  zero,  et  que  I'^quation  6"  =  0  aura  la  forme 

(?'-(0,  0,  0,  D,  0,  0,  0,  L,  M.  sii  w)*-©, 
o'est-anliie  aooa  aorons 

Equation  qui  rqir^sente  en  effet  le  point  m^O  (ou  oe  qui  eat  la  mfime  ciiose  le 

point  £»0,  ^  =  0,  £aO)  et  un  autre  point  i)a>  +  2£{  +  2Jfi|  +  2ilf{'»0,  ou  oe  qui  est  la 
ni^e  choee  le  point  m   y  i  t  :  w^%L  i  IM  :  IN  :  D. 

Dans  le  cas  actuel  ohaoune  dea  trois  droitea  rencontre  ta  sur&oe  17»0  dans  Ic 
sommet  et  de  plus  dans  un  seul  point,  et  en  prenaut  ee  dernier  point  pour  point  d- 
rencontre  de  la  droitc  avec  la  surface  U^O  plan  mene  par  les  trois  points  ue  pasfie 
pas  par  le  sommet;  «e  plan  passe  done  par  le  point  «  :  y  :  «  :  v^tL  :  2tf  :  SJf  :  I), 
et  on  a  auui 
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Th^rLme  I.  £u  tkisaut  paaser  par  uu  point  douuti  de  la  8uria<x:  i^uadru^ue  U^O 
trois  droites  ooi^uguiea  pw  HqafMirt  mi  oOm  ^'-0  (qui  a  ce  m&ne  pobt  pour  lonuaet) 

le  pUu  men^  par  les  troia  points  de  rencontre  dcs  droites  svec  la  surface  U  =  0  pMM 
toujoon  (quel  que  aoit  le  syst^ine  des  trois  droites  coojugu^ee)  par  un  point  fixe. 

J'ajoute  (jne,  lorsqne  Il-s  equations  U=0,  U' =  0  ont  la  forme  sp^Jciale  qui  leur  a 
6ti6  doim^  ea  dernier  lieu,  les  coordoun^es  du  point  seront  s  :  y  i  g  ;  w^2L  :  2M :  2N  :  D, 
«t  il  ooDvieat  do  nmarqucr  que  oes  ralwit  M,  If,  D  wmt  des  fbiufeaoDB  quAdriques 
par  niqpoit  aux  oodBcieiits  (a'» ...)  du  tlbxnb  {T  —  0. 

Au  lieu  d'un  cdne  donnd  U'=0,  cousiddrons  le  syst^me  entier  des  c6ncs  \P+/tQ+vii»0, 
<A  P^O,  QsO,  JZaaO  flont  dea  etoea  donn^  ajant  leur  eommel  commun  dana  le  poiitt 

(x-0,  y=0,  2  =  0)  do  lii  surfnce  et  X,  fi,  v  des  cocfficienta  arbitraires,  syst^mp  qni 
est  celui  des  cones  en  involution  avec  les  cdncs  donn^  P  =  0,  Q  =  0,  R  =  0.  A  cbaquo 
syst^rae  des  coefficients  X,  ft,  v  correspond  un  point  fixe,  ut  en  conservant  pour  see 
coordonn^s  la  notatloii  aat^rieure  x  :  y  z  :  v»^2L  i  2M  \  2N  :  D,  quantity 
Z,  M,  X.  D  sunt  des  fonctions  quadriqiies  dcs  qunntitfe  arbitniires  X,  ^,  v,  Le  lieu 
du  point  dout  11  s'a^t  sera  ^videmment  uae  surfiwse,  et  on  d^moutre  aaua  peine  que 
eette  Bur&oe  eat  du  quatrftm*  edtre.  Car,  pour  tctmver  en  comlneB  de  pdute  la 
sur&oe  ask  rencontr^  par  une  droits  (jiielconque,  il  faut  combiner  avec  le.-^  Equations 
#  ;  y  :  *  :  tt'  =  2/.  ;  tM  :  2N  :  D  It-s  equations  de  la  dmito  dout  il  s'agit,  c'est-Mire 
deux  ^nations  lin^res  en  2,  y,  z,  w ;  cela  donne  deux  ^uations  lin^aires  on  L,  M,  N,  D, 
en  quadiiques  cn  (X,  n,  v).  On  a  ainm  quatre  ^et^es  de  valeuia  <fe  (X,  /t,  v);  et 
k  chaijue  syst^me  correspond  un  seul  point  {x,  y,  z,  w),  il  y  a  par  OOttsAqtwnt  qoatee 
points  d'intenectioB,  et  la  eur&oe  eat  du  quatnfeme  ordre.  Nous  avona  done 

THtoRtME  n.  Ea  ooorid^eant  au  lieu  du  otae  CT'^O  le  vf0im»  entier  dee 

cones  XP  +  +  I'/?  =  0  cn  involution  avec  les  cdnes  P=0,  Q  =  0,  i?  =  0  qui  out  leur 
fiommet  commun  dana  un  point  de  la  sur&ce  {/oO,  le  lieu  du  point  fixe  du  tbdoriime  I. 
eet  une  sur&ce  du  quatrieme  ordre. 

Cette  suiface  du  quatti^c  otdre  est  la  surfiwe  de  Steiuer,  coosidcr^e  demierement 
par  MIL  Kununer,  Weientraae,  SchrSter,  et  Oremona. 

CaaAnigt,  2  JVoemAr*,  1864. 
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354. 

NOTE  SUB  LES  SINGULABITES  SUPil^BIEUItES  DE8  (X>UBBE$ 

PLANES. 

(From  the  Journal  fwr  die  reine  und  angewandte  Mathematik  (Crellc),  torn.  Lxrv.  (1865). 

pp.  868—371.] 

Dans  un  memoire  "  Ou  the  higher  singularities  of  plane  Curves "  dcstind  pour  le 
Quarterly  Mathematical  Journal  j'ai  chercht?  k  ^tablir  qu'uno  singularity  quelconque 
^uivaut  k  un  certain  nombre  de  points  doubles,  «^  de  points  de  rebrouaseinent, 
V  de  tuigflDtes  double*,  et  »'  d^inflenons;  et  pour  d^termiDer  eea  nonilinfl,  donntf 
dans  le  cas  d'line  .singularity  simple,  ofi  la  courbe  n'a  qu'uiK-  soulo  brauche,  des 
formulcs  que  je  vais  repioduire  icL  Si  la  brancbe  est  jmr  rapport  k  ses  points  de 
riodice  a,  ayetat  aveo  elfe-indnie  le  nombre  de  points  ccnnmuDS,  et  par  rapport  i 
MB  taagentes  de  nndke  0,  ajaat  avee  ene*nidme  le  nombre  |iir  de  taogentes  oom- 
ntunes,  on  trouve 

8'=i[-^-3(a-l)]. 
«'=  a-1  , 

T'=i[i^r-8()8-l)]. 
t'=  /8-1  . 

Pour  expliqner  cea  formules,  je  remarque  que  la  singularity  dont  il  s'agit  est  telle  (jne. 
preoant  pour  origine  le  point  sur  la  courbe,  on  obtient  pour  I'ordonnyc  y  une  aenie 
ncUg  de  k  fiNrme 

y>ilav +  &«■(-...« 

oti  la  suite  eat  ammg^  suivant  \ta  puinancee  asoendaates  de  «  et  lea  coefficients 
A,  B,,.,  ont  ehaeun  une  valeur  unique.  Si  I'axe  dcs  y  ne  Uiuche  la  eouibe,  aucun 
des  ezposantB  p,  q,..,  ne  seia  inf^rieur  k  I'unit^  et  si  de  plus  I'axe  dea  m  touche  la 
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cotube,  ce  quo  Ton  pent  tuujours  effectuer  par  ua  choix  oouvenable  de  la  direction 

dee  lee  exposants  p,  q,...  seiont  tons  rapMenre  k  I'anitA  Cela  pos^,  et  les 

ttpoHnlB  fiBctiiOiniiaires  ^tant  cxpriin^H  chocun  dans  se^  tnoindres  tenneH,  si  a  est  le 

plus  petit  nombie  entier  diviaible  par  toua  les  d^nomuftteun  de«  footions  (do  manike 

1 

que  y  aoit  fouction  entt^  de  x*),  je  dis  que  la  branche  est  de  I'indice  a  par  rapport 

^  868  pdiata.   Od  a  done  pour  y  pr^ia^eni  le  nombre  a  de  valeun,  qui  s'obtieDiient 
1 

en  attribuiiiit  i\  .r°  sc^  valeure  divcrscs.  A  chncunc  do  scs  valeurs  corrcspontl  nne 
"branche  partielle"  de  la  courbe,  de  maui^re  que  la  br&nche  4  I'indice  a  est  com* 
poa^  de  «  bmncbes  portielles;  pour  ««I  la  bnuKlie  partidle  n'esfe  autre  dioee  qae 
la  bnuwfae  m£me.  En  conaddKant  denx  branches  partieUe^  et  en  ddsignant  par  p  le 
phis  petit  exposant  de  x  qui  trouve  dans  la  suite  par  laqucllo  est  cxprimt'L"  la 
difli^nce  yi  —  ym  des  ordonn^a  dcs  deux  branches  partiellee  (ce  oombre  p  pouvant  gtre 
entier  on  fraetionnaire),  je  poee  oomne  definition  que  lee  deux  bianohea  paitieUeB  ont 
un  nombre  p  de  pointe  CMttnHtn^  ou  d'iutersectioa.  En  oombinant  deux  k  deoz  lea 
a  branches  partielles  qui  composent  la  branche  de  I'indice  a,  et  en  forinant  la  somme 
2p  dee  uombres  p  qui  oorrespoudeut  k  chaque  paire  de  branches  partielles,  on  obtient 
le  nombre  }Jf  des  points  comurane  de  la  biMiche  avee  elle-mtoie.  En  ee  servant  dea 
coordouui^cs  tangcnticlleH,  on  a  par  lapport  aux  tangentes  de  la  brancbe  une  th^rie 
tout  k  fait  semblable ;  l  ette  remarqne  wiffit  pour  exp!ii|uer  ks  notions  d'nno  branche 
de  I'indice  ^  par  rapport  k  ses  tangentes,  et  du  nombre  ^  N  des  tangentes  communes 
de  la  brandie  ftvec  eUe>in£me. 

Commu  ezemple  jc  prcnda  \&  singularity  donni^  par  I'^uation 

dans  oe  oaa  ka  expoaante  n'ont  que  lea  dtfaominateurs  2  et  3,  la  branche  eat  de 
riiulice  6  pnr  rapport  h.  sea  poittts^  elle  eat  oompoe^  de  aix  branchea  parliellea  repre- 
sent^ par  le«  Equations 

y(^i»«i<f  ,  y^>««*  — , 
3b >-«A^ =  •»•«•- at*..., 

oa  w  est  une  racine  cubique  imaginaire  de  I'tmitd  I/>  I>ranche  partielle  yi  coupe  les 
antcee  branches  partiellea  dana  un  nnnbre  |,  \,  J..  |  de  pointa,  ee  qui  donne  pour 
la  branche  partielle  y,  le  nombre  V^  +  l.         de  pointR;  on  a  ce  meme  nombre  ^  pour 

1p«  autre-?  branches  partielles  v,,  t/„  y,,  y,  respertivemrnt,  et  de  Ik  on  trouve,  pour 
le  double  du  nombre  dcs  intersections  de  la  branche  avec  eile-meme,  la  valeur  Mi^il, 
done  f- 1(47  "16) -16,  uTmS, 

£a  coordonn^s  tangentieiies,  la  branche  y  ^sx^  +a;i+ ...  s'expiime  par  I'^oation 
C  V.  54 
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Plus  g^Q^ralement,  on  a  pour  une  bmnchc  1/ =  Axf  +  Bx'' -r  ...  l  equation  en  coordonndai 
tangentwUaa  Z»4'i'^*  +  ir2r''"'-f la  forme  g^n^rale  des  exposanfcs  ^tant 

oil  X,  /X, . . .  sont  d<?«  entiers  positiffl,  rrfsultat  que  je  ne  m'arrete  paa  k  d^montrer. 
Dana  le  cas  particulier  qui  nous  occupe,  la  braacbe  est  done  dc  i'indice  2  par  rapport 
ik  M0  tuigentes.  On  trouTe  de  raite  if— 15  et  ^  <Ks|(l5»8).6»  ('-1;  done  h 
dngoJarit^  dont  il  s'agit  ^quivaut  k  uq  nombre  16  de  ptnntl  doulilc«»  5  de  points  d» 
tt  6  de  tangentee  doobleSk     1  ioflezioiL 


On  a  uu  ezevi^  plus  simple  dans  le  point  de  rebrousflement  de  seconde  c«p^-, 
r^quation  est  ici  y +  ct  en   coordonn^es  tangcnticlles*  on  obtient  I'^uation 

Z~X*  ...  de  la  meme  forme.  De  [k  on  trouve  B'  =  l,  «'=l,  t'  =  1,  t'  =  l,  de 
maoi^  que  oet^te  ringutaritd  ^nivmut  k  1  point  double,  1  point  de  relNNWuneineDt, 
1  tangente  double  et  1  inflexion.  M.  Pliickcr  dans  son  grand  ouvrage  a  trouv^ 
<l  }KfSter{on  que  cettc  singularity  se  compose  de  2J  points  doubles  et  de  2J  tangentes 
doubles,  ce  qui  doniie  en  effet  les  memes  r^uctiona  pour  la  dasse  et  les  mcmes  nom- 
biree  poor  lee  inflexiooB  et  lee  tangentee  doubles,  que  donnent  mee  valeuis  S*—!, 
t'  =  1,  t' =  1  ;  fflais  il  y  reraarqucr  qn'cn  conpirk'rant  par  exemple  une  courbe  du 

quatri^me  ordre  avec  un  point  tlouble  et  iin  point  dc  rebroussement  de  &econde  esp^ 
{courbe  qui  existe),  on  aurut  B  +  k  =  S^,  nombre  plus  grand  que  le  maximum  du 
nombre  dee  points  doubles  et  de  rabronaaement  que  peat  avoir  ttne  eourbe  dn  quatrikoe 
oidie> 

Je  n'ai  parld  que  des  singularit^s  simples,  oCl  il  y  a  une  seule  branche  de  la 
courbe,  meos  on  ^tend  sans  peine  la  th^orio  pr^cAlente  aux  siii£Tiilarit<?s  compostfes,  oil 
il  y  a  plusieurs  branches  de  la  courbe.  Cette  extoasion  exige  ia  distinction  de  trois 
CBS  diffi&ents.  II  peat  j  avoir  sur  la  oourbe  un  pobt  avee  one  seule  tangente,  msis 
avt'C  p!asic'Ui-s  branches  qui  so  touchent, — ou  un  poiut  avec  plusieurs  tangentes  dont 
chacune  touche  une  ou  plusieurs  branches,— ou  entin  une  tangente  avec  plusieurs  pointo 
de  contact,  dans  lesqueU  la  taugeute  touche  uoe  seule  ou  plusieurs  branches  de  la 
oourbe. 


CamMt^  1  Jwn,  186S. 
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365. 

SUR  UN  THEORteME  RELATIF  A  HUIT  POINTS  SITUES  SUR 

UNE  CONIQUE. 

[From  the  Jmimai  /Or  die  rein*  uitd  anf/ewandte  MaAmatik  (GrdleX  torn.  lxt.  (1866X 

pp.  180-^184] 

Ok  ssAt  que  le  thtk>rieme  Ue  Pascal  peut  etre  deduit  du  theortiiue  suivaut : 
toute  courbe  cnbique  qui  ]mm»  par  8  des  9  points  d'mtevsectiott  de  deux  oowrbea 
eabiques  |mm6  par  tous  let  9  pointn. 

De  mdme  oet  Mitire  th^oitoe— 'tmite  eoarbe  quart«|ue  qui  pftaee  per  18  dee  16 

points  d'intei-section  de  diux  cDurbes  (HKirtiques  passe  par  tOOB  les  16  pointe — 
conduit  4  un  ^^or^e  relatif  4  8  points  situ^  sur  une  coniqae. 

En  ef!et  si  par  8  points  donn^  et  situds  sur  une  conique  donn^  on  fait  passer 
deux  syst^mes  de  4f  droites  (ccs  deux  systeincs  doivent  Stre  sans  droite  commune) 
leg  deux  syst^mes  sout  des  courbcs  quartiqucs  qui  se  reuconlrcnt  dans  les  8  points 
doanA  et  de  plus  dans  8  nouveaux  points;  done  toute  oowrbe  qusrtique  qui  passe 
par  13  des  8  +  8  points  posse  par  tons  Its  S  +  S  point-;.  Or  la  conique  dounde 
passe  par  les  8  points  donn(5s,  et  par  5  des  8  nouveaux  points  on  peut  faire  passer 
une  autre  conique:  les  deux  coniquee  fonnent  ensemble  une  oourbe  quartique  qui 
passe  par  8  +  5  des  8  +  8  points,  et  qui  pasBsm  ainsi  par  les  8+8  pointe;  c'eBt-4- 
dire  la  noitvcllc  conique  passe  par  Ira  8  nonreanx  points,  on  fiutrement  (lit,  les 
8  nouveaux  points  sont  situds  sur  une  conique — c'est  Hi  le  thdor^me  relatif  k 
8  points  tntn^  sor  une  conique. 

On  ddduit  de  \k  les  thdor^es  S,  4,  5  de  Steiuer  (Lehrsatze  und  Aufgaben,  ce 
journal  t.  XXX,  [1846],  pp.  274  et  275).  £n  effet  considdrons  sur  une  conique  donnde 
n  points  doonA,  et  les  n  taogentes  dans  ces  mdmes  points.   En  oomlrinant  de«ix  k 

54—2 
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deux  lea  n  points  on  obtient  (n  —  1)  droites  G :  ces  droitea  se  coupent  deux 
k  deux  dans  lea  n  points  dona^  qui  oomptent  pour  S)  iiitatwotioii%  et 

dp  phi?,  dnns  j^«(n  —  1)  (n  —  2)  (»  —  3)  points  r.  Chactme  dea  n  tangeutes  rencontre  les 
[Jh  ()i  —  1)  —  (n  — 1){  droites  G  qui  ne  passcnt  pas  par  le  point  do  contact  de  cctte 
tangente,  dans  ^(n— l)(n-2)  points  «.  ce  qui  donne  en  tout  iR(n-l)(a-2)  points  «. 
Enfin  les  «  taqgentes  se  renoontcent  deux  k  deux  dans  1)  points  t. 


or  pumi  oes  points  il  y  a  selon  ks  trois  thrfoK^mss  de  Steiner  un  gnad  nomibre  de 
systimes  de  8  points  sur  uae  eontqiML 

Frenons  d'abord  sur  la  conique  donnde  4  points  quelconquea  a,  b,  c,  d  des  n 
pmntst  et  ooaskMraos  auasi  les  points  ooos&atifii  a^,  b\  <ft  d'.  La  figure  des  4  points 
a,  b,  c,  d  et  des  4  tangentes  dans  ccs  memes  points  ^quivaut  h  cello  dc^  8  pointa 
a,  a',  b,  b',  c,  d'.   Partant  de  i'sxraogement  abed  (liaez-b  cycUquement  et  il 

odTeqMmdza  k  Tun  des  S  quadrilatkes  que  Ton  peat  fiwmer  avee  lee  4  poiiiti$)  on 
fonne  avec  les  8  points  les  deux  systdmes  que  voun  de  4  droites  dbacun: 

systeme  aa',  66',  cc',  dd',   (^est-a-dire  les  tangentes  aux  4  points  et,  b,  e,  di 

syst^me  a'b,  b'Ot  cfd^  d!a,  o'est-i-dire  aJb,  be,  cd,  da.\ 

et  ces  deux  a^Tjt^inos  se  rnnrofitnmt  dans  les  8  points  a,  a',  6,  6',  c,  c',  (h  (f  (ou,  ce 
qui  est  la  mSme  chase,  dans  lesj  points  a,  b,  c,  d,  cbaouu  compt^  2  fois)  et  daos 
8  ttouTMUx  points  oompris  entre  lee  points  r,  s,  t;  oes  8  points  eont  done  situA 
Hur  line  conique.  Commc  il  y  a  3  arrangements  abed,  ocdfr,  odbe  des  4  points,  on 
obtient  de  eette  maoi^  3  a^t^mes  de  8  points  sur  une  ooniqua 

Prenons  sur  la  conique  5  points  quelconques  b,  c,  d,  e  des  n  points,  ct  con- 
sid^rons  ausai  3  points  consL'i  utifs  a',  h',  c'.  Partant  dc  I'an-angement  abode  (qui 
correspond  ^  I'un  des  12  pentagoncs  que  I'on  pout  former  avec  les  5  p<Hnts)  oo 
forme  s?ec  les  pmnts  a,  a',  b,  b',  c,  (f,  d,  «  les  deux  systitmes  de  4  droites  ehsenn : 

systeme  uu',  bb',  cc',  de,    c'est-a-<lire  les  uin^'entes  eu  a,  b,  c  et  ia  droite  de', 

syst^e  a'b,  b'c,  c'd,  ea,  c'e»t>jt-dire  ab,  6c,  cd,  ea; 

ct  on  obtient  de  1,\  f|);tnni  points  r,  «,  t)  un  systfemc  dc  H  points  sur  unc  conique. 
A  cause  des  12  an.uigcmentvs  des  5  points,  il  y  a  12  syst^mea.  Mais  au  lieu  des 
points  cons^tiiu  (a',  b',  c')  on  aundt  pu  prendre  toute  autre  oombinuson  (a',  b',  (f) 
etc.;  le  aotnbre  des  combinaisons  ^nt  10,  il  y  a  done  ISxlOsaliO  tjitHaoM  de 
8  points  sur  une  conique. 


On  a  aansi 


in(n»l)(n-S)(n-3)  points  r, 
4«(«-l)(n-2)  a. 


ensemble  lii(n— n  +  S)  points; 
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Prenous  de  memo  6  points  (|uelooiuiu^  a,  b,  c,  d,  e,  /  des  it  poiuts.  En  coQ- 
iuMruit  les  poiot*  oomdcutib  et  en  paitent  de  r«naiigeiiMikt  oM^,  on  Smne 

avee  !«•  8  pomto        b,  b',  e,     «,/  lea  deux  systhne*  de  4  droites: 

■yatte  aa\  W,  ed,  rf,  c*««t4pdire  tea  tangient«B  en  a,  i  et  les  dnites  ci»  tf\ 

sjwt&me  nfbt  b'c  d$,  f»,  t^tgb-k-din  ab,  be,  de, /u ', 

«e  qui  doiiDe  parmi  les  points  r,  s,  t  iin  »j8tbtne  de  8  points  sur  uue  conique.  II 
y  a  60  nrrant^rmc  Tits  <1<  s  points  n,  b,  c,  d,  e,  f  et  15  combinaisoas  (a',  6')  etc  des 
points  cons«^cutifs ;  uu  a  douc  GO  x  15  =  000  syst^mes  de  8  points  »ur  une  conique. 

Preuons  encore  7  points  quelcoD(j[ue8  o,  6,  c,  i,  e,  /,  g  dea  n  points.  En  eaa* 
eiddisnt  le  point  omMdcsutif  a',  en  pwtant  de  t'tmagement  a6e(b>^,  on  forme  aveo 
les  pointe  a,  a',       d;    /  ;  ks  deux  afstimes  de  4  dnntee: 

sjfsUone  aa',  be,  de,  fy,  c'est-lrdira  la  tangente  en     et  les  dnites  be,  de,  fg\ 

syst6mo  a'b,  cd,  ef,  ga.  c'est-Mtre  ei>,  ed,  ef,  ga\ 

et  on  obtii'iit  aiiisi  painii  les  priints  r.  t  un  systimc  dc  S  piints  sur  tme  conique. 
II  y  a  360  arrangemcDts  aJbcd^g,  etc  cb  7  difiikeato  points  coustk^utifii  a',  etc :  cela 
donne  860  x  7  ■»  2320  iiyst^es  de  8  points  sur  une  conique. 

Prenoos  enfin  8  point's  iiuvlcunques  a»  b,  c,  d,  e,  /,  g,  h  des  n  points: 

parteut  de  ramngement  abcdefgh,  on  forme  aveo  les  8  points  les  deux  systtaies 
de  4  droites  ehaeun  (a(,  ed,  tf,  gk)  et  (be,  de,  fg,  ha),  oe  qui  conduit  k  un  syst^me 
de  8  pointB  sur  une  coniqtio.    Mais  on  a  2520  anangements  abede^h,  etc^il  y  a 

ain.si  2520  systfeineH  de  8  poiuLs  sur  nue  conique. 

On  voit  que  Ich  systemes  de  H  points  sur  uue  conique  se  ddrivcnb  de  4,  5,  6,  7  ou  8 
des  n  points  ear  la  conique  donn^.   En  sopposant  4i«4  on  n'a  que  les  syst^es  qui 

se  d»?rivent  des  4  points ;  si  n  =  5,  on  a  les  systfemes  (jui  ae  de'rivent  de  4  points  choisis 
d'une  raanifero  quelconque  entre  lea  5  points — tt  Ie>^  f;yst^mrs  qui  se  d«jriveQt  des 
5  points :  ct  ainsi  do  suite ;  poUr  it  =  S  ou  a  les  systeuies  qui  se  deriveut  de  4,  5,  6  ou  7 
points  ebotsis  d'une  maaiire  quelconque  entre  les  8  points.  «t  tee  eyatimee  qui 

dt'rlvcut  des  8  points.  On  pent  former  lu  table  suivnute  pour  mOtttmr  dam  leS 
differeols  cas  le  uombre  des  systfemes  de  8  points  sur  uue  conique: 


I 

sur  uae  conique 

rm 

«= 

r+j+f= 

4  points 

S  points 

6  poinU 

7  point* 

8  point* 

i 

m 

0OO 

UM 

un 

n«4,  aya.  3 

3 

12 

6 

21 

X  1.  3 

H  =  3,  sys.  4 

15 

30 

10 

55 

X   5  =  15 

X   1  =  120 

M-G,  ays.  5 

45 

60 

15 

110 

X  15=  45 

X  6=  720 

X   1 =  900 

105 

105 

21 

■23\ 

X      =  105 

X  21  =  2520 

X  7=  6300 

X 1  =  2520 

»-S 

210 

166 

1" 

400 

X  70=  210 

X  56  s  6720 

X  26  25200 

X  8=  20160 

X 1 ^  2520 

Le  cas  n  =  4  est  le  th(iori!iue  3  de  Sbeiuer,  il  y  a  3  systerues  de  b  poiuis  sur  une 
«muque;  le  cas  ttm$  est  le  thdovteoe  4,  it  y  a  15  +  120  s^thnes;  le  cas  i»a6  est  k 
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th^i^me  o,  il  y  a  43  +  720  +  900  Rpt^mes.  Pour  m«7  il  y  a  105 +  2520+ 6300  +  25S0 
qraAmca  et  pour  n^B,  810  +  6720  +  89800-1-10160+2620  agp§tfrmeB. 

Le  cat*  n  =  5  est  stirtout  intdressant:  en  effet  comme  tme  cooique  est  d^termiiifc 
par  5  points,  on  a  ici  5  points  quelcouqiies  (a,  6,  c,  d,  e),  et  ks  cmq  tangentes'  (In 
droites*  ^4,  C,  D,  E  Steiner)  sont  des  droites  dt^tennindes  par  Ips  cinq  points  et 
quo  loQ  pcut  ooQstruirc  (avec  la  r^gle  aeulemeut).  C'est  lil  en  effet  la  fonue  sous 
laqueOe  le  tbAsrtue  ««t  -ptimM  y»  StniMr;  U  ne  fMiie  nvlleiMnt  ds  h  oonique 
qui  paase  par  ks  3  points— et  il  donne  poUT  lea  5  droites  une  oonatruptkii ;  k  aavoir, 
lc8  15  points  r  sont  situ^s  deux  a  deux  sur  15  droites  L  ([tii  ne  d(5pendent  ehaciine 
que  de  4  points,  et  sur  60  droites  H  qui  dependent  cbacuno  des  d  points;  lea 
60  dnites  H  wmbin^  deux  k  deux  d'une  muu^  oooTenable  w  renoontreat  dans 
30  points  8  (c'est  la  d^nition  de  ces  points)  et  puis  (th^rbne)  on  a  6  droites 
A,  B,  C,  D,  E  qui  contiennent  chacune  6  pointe  s  et  qui  passent  par  les  points 
a,  b,  Ct  d,  e  respectivement — et  (th^reme)  les  30  points  «  sont  aussi  situ^  sur  les 
10  dfoites  Gt  3  points  sur  cfaaqae  drotte.  Je  lenuMrque  qu'en  prsnaat  sur  la  oonuque 
qui  psBBfl  |MV  a,  b,  c,  d,  e,  un  point  quelconque  g,  t1  y  anisit  24  hexagones  inscrito 
ayant  aff  pour  cut«^— ct  de  \k  24  droites  Piiscaliennes — et  par  le  p<:)iiir  d'intersection 
de  ag  avoc  Tune  (}uclconque  dcs  6  droites  be,  etc.  on  a  4  de  ces  droites  PascaUcnuea. 
Cola  pooi,  en  preaant  pour  g  le  point  oona^tif  a',  les  84  hen^ones  ae  oonfimdent 
deux  k  deux— on  a  done  12  hexagones  inscrits  et  autant  de  droites  Pascalienne« — 
ces  droites  sont  les  12  droites  H  le«{uellc^  so  renconfrent  deux  h  deux  dans  les 
6  points  8  situes  aur  la  droive  aa',  uu  A.  >Steiiier  dit  que  les  120  couiques  dependent 
des  5  points,  msis  que  les  16  oontques  dipmdtitt  <kamm  d»  4  poMtfs  tedemmtt;  en 
donnaut  (connnie  il  I'a  fait)  le  th^or^me  eoiiirne  un  th^r^me  par  rapport  k  cinq 
points  quelconques,  cela  n'est  pas  exactr— en  effet  les  coniques  dont  il  s'agit  dependent 
chacune  de  4  dee  cinq  points,  et  dee  4  dnntes  correspondantes,  tangentes  dans  ces 
mdmee  points  k  la  conique  qui  paase  per  les  duq  pwote— ces  eoiidques  dependent 
ainsi  des  cinq  points^ 

Je  rsmaniue  en  passant  (lue  partant  des  cinq  points  doun&  a,  6,  o,  <!,  S;  tl  y  a 
sur  chacune  des  droites  A,  B,  C,  D,  E  un  point  remnnjnable,  dont  Steiner  ne  parle 
pas,  mais  qui  aurait  pu  8<;rvir  a  une  construction  de  cctte  droite — par  exemple  ii  y 
a  sur  la  droite  A  Ic  point  a  qui  est  rintmeetion  commune  des  pobuies  de  a  per 
rapport  ^  toutes  les  coniques  qui  passent  psr  les  points  6,  c,  d,  e — en  particalim  ce 
point  a  est  I'intersertinn  romimnic  <\(^  polairf"*  (harmonicales)  de  a  par  rapport  eux 
tiois  paires  de  di-oites  (6c,  de),  (bd,  ec),  {be,  cd)  respectivement. 


Cambridge,  16  Fh.  1865. 
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SUR  TO  CAS  PARTICT7LIER  DE  LA  SURFACE  DU  QUATRlfeME 

OKDIIE  AVEC  SEIZE  POINTS  SINGULIERS. 

[EVom  the  Jounud  far  ^  nnw  wmI  oi^Mnnidti  Mathmnatik  (Crelle),  torn,  hrr,  (18G6). 

pfk  284— S91.] 

Dans  la  note  "sur  la  surface  des  ondea"  (Liouville  t.  xi.,  184G),  [47],  j*ai  dtudi^ 
sons  le  nom  de  tdtraddrotde  la  surface  dn  (luatri^me  urdr«  dou^  de  seize  points 
singuliers,  et  qu'une  tvMMfiinMtion  bomographique  fait  u^tre  de  la  smfiMse  dee  ondee. 
Hon  point  de  depart  e  dtd  la  propridtd  fondaraentalc  suivantc. 

"Le  t^tra^droide  est  unc  surface  du  quatriemc  ordre,  qui  est  coupt'c  pur  Ics  plans 
d'un  certain  tdtra^dre  suivant  dea  paires  de  cooiques  par  rapport  auxquelles  les  troia 
wwniaete  du  t^tiaMie  dans  ee  plan  eont  dee  pobte  conjuga^s.  De  plus;  lee  seize 
points  d'intersectioD  des  ({uatre  paires  de  cooiques  &nit  dus  points  singuliers  de  ta 
sTirface,  c'est-.\-dire  des  pointe  oil,  au  lieu  d'an  plan  tangent,  il  y  a  an  c6ne 
tangent  du  Bccond  oi-dre." 

Daus  la  mdme  uole  j'ai  reconnu  I'oxistt^uce  de  seize  plaus  ainguliera  qui  toucheut 
chaoun  la  sorfiiee  suivant  una  cooiqtM;    II  est  intAe—s at  d'ezaminer  de  quelle 

mani^re  mes  formules  se  rattacheut  k  celles  do  M.  Kumnicr  dans  ses  belles  recherches 
(Monatsbcricht  dcr  Berliner  Akndemie  fur  l»t}+,  pp.  246—260  et  495 — 409)  relatives 
&  la  surface  du  quatrieine  ordre  duuee  do  seize  pointti  singuliers. 

Partant  des  formules  de  M.  Kmnmcr  51  convient,  pour  plus  de  symm^trie,  de 
changer  les  signes  de  a,  /;  puis  en  remarrpiant.  que  dans  I'equatiou  (3)  p.  2o0  on 
doit  avoir  (voir  p.  496)  +|^  an  lieu  de  -|c/,  I  e<|uation  de  la  eufbee  snm 

o«5*r*  +  6*ry  +  c-p^'  +  ti'juV  +  <r(^  V  +/ W 
+  ScopgV  +  2a/yr»s  -  2odqjf»  -  ySirpfi 
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Fonr  donner  les  ^luatiom  det  wizti  yhaus  singulien  de  eette  suiftoe  je  pose  d'aboid 
pour  abc^ger 

adma,  b€^fi,  e/my, 
et  je  d^Stemine  k  *a  moyen  de  I'^tifttioa  cttbk|iie 

7«'+(-ff-i«+ii9  +  |7)*«+(-^-i«-W+fy)*-«-0; 

pub  jlDtroduis  les  quantiUe 

'^"-it  +  i^  •  ■^>^ 

enfin  je  denote  par  jy^,  q,,  r,,  «, ;  jo,,  9,,  r,,  «, ;  /),,  r,,  <j  ce  qup  Hen«'nncnt  quantites 
J>'»  2.  «'  en  y  substituant  succcssivemeat  pour  k  \es  trois  wcinea  A-,,  /t,,  jt,  de 
I'^iMtioii  en  k,  CSftla  pos^.  lei  aeiae  plane  ebguliere  eont  doiin^  par  lee  ^uatuna 

p  ^{),  9-0,  r  «0,  «  =0, 

J>i  =  0.  7,  =  0,  r,  =0,  «,  «=0, 

i^i  =  0,       =  0,  r,  =  0,  *,  =  0, 

p,  =  0,  ?,  =  0,  y,  =  0.  «,  =  0. 

En  preiiaiit  uue  ligne  quclconqne  (p„  r,,  #,)  et  une  colonne  queiconque  (r,  ri,  r,,  r,), 
puis  eu  umettaut  le  terroe  commun  r,,  on  a  udc  des  seize  combinaisoas  {pi,  j^,  r,  r„  r,) 
de  m  plus  qui  ee  renoontreikt  dftos  un  dee  leiae  pointe  eiDguliere. 

Supposf'iis  (jUf  les  plans  /»,  », ,  rj,  </,  sc  rencontrent  (laiis  le   nu'nie  point,  Puur 

k  (k  +  1) 

que  (H'ttf   I  ircoustaiici-   ait  lieu   il  taut  que  la  condition  f'7i-*xi\~^ 

la  niL-me  chose,  A'» (A'j  — —  (Jt,  —  it,)  =  0  soit  remplie;  mais  si  cette  condition  esv 
reuiplie,  nua  seulement  les  plans  {p,  Si,  r„  g,)  se  reacuutrout  dana  le  meme  point,  mais 
aiun  lee  pleas  (q,  pi,  9,,  r,X  les  plans  (r,  ft,  p,,  »,}  et  lee  plans  (*,  n.  ft,  ft)  »  »«- 
coutmnt  dans  Ic  m^me  point.  L'(?i|unti()n  k,  (l\  —  l^':)  —  (k-.  —  k) -0  appai^ient  d-v-idemmcnt 
k  uii  8)'8teme  de  six  ^aadons,  et  Tune  (}uelconquc  dc  ces  equatiooe  doaoeiait  uo  r&ultat 
aemblable;  duunine  de  oee  Apiations  conduit,  oomme  on  ys  voir,  k  nne  owtaine  rdation 
entre  les  quantites  g,  a,  /S,  y  (on  g,  a,  b,  c,  d,  e,  /).  relation  ea  verta  de  laquelle  la 
surface  g^udrale  du  (^uatri^tnL>  onlrv  <]onrv  ilc  st'ize  piints  singuliers  pc  n'duit  an  t>'tni-' 
dro'ide.  Four  former  la  relation  duut  il  Hngit,  U  £&ut  ^galcr  k  a6io  le  produit  des  six 
fonedons  analogues  k  (^1  -  At)  -  (^j  -  Je  forme  d'aboid  le  prodnit  dee  Um 
fonctiona  k,(.kt-kd-{k,-k^  k{t,-li9)~{k,-kO,  k,(lc,~k,)''(kt'-k^  et  en  repntentaat 
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poor  aa  rooment  I'^quatioa  en  k  par  ait*  +  bi' +  cA' +  ll  ■>  0,  on  irouve  que  le  produit^ 
des  tiois  fonctions  est  dgal  k 

P + Q  VA  » (1» + c)  (be  4- 9  aO)  -  6  (ac -i- 
«t  en  tulMtitoaiit  pour  a,  1l,  C.  b  l«un  valeum 

on  tnmYeb  toute  rMuotion  hit», 

P— V+lff  (Se^  - 102^)+ 8(^-7)(7- «)(«-^). 

A-  i!*-ls»(2«?-10X«5«)-iffO-7)(T-«)(«-/8) 
<!- 1^  (So*  +  1SZ«^  .  26Sa^  S44Sa^). 

Cela  po«M^,  I'^quation  cherchue  est      —  Q'A  =  0,  c-'uHt-H-diii' 

+ ^ .  4  (-  StfiS  +  4Sa«/9»  -  2Xtf$y) 

+9  .  (/9-7)(7-a)(«-/9)(2af-102(|^) 

oette  ^uation,  dans  laquelle  a^ait  fi^he,  ycf,  coiutitaw  1*  oonditkm  •oat  laquell* 
k  lurlaoe  de  M.  Kummer  ae  vMuit  k  un  t^tia^dro'ide. 


Je  passe  k  pr^ent  k  men  formules  de  1846.  En  ^rivant  pour  plus  de  comtnodlttf 
/*•  f»  A*.     ffl^,  n*  au  lieu  de  /,  g,  h,  I,  m,  n,  mon  ^uatiom  du  t^tia^dn^  e«t 

tf*  «•  "0, 

11^,  I*,  1N^  1^ 

oUj  oe  qui  eit  h  mime  diose, 

(A    c,  J),  J*.  0,  H,  I,  jf,  Jirj*^.    j»,  tB»y-o. 

e^eefe^-dife 

a  55 


Digitized  by  Google 


484        SUR  W  CAS  PABinCULIBR  DB  LA  8UBFACB  DU  qXTATRltMS  OBDBK  [356 

oil  ies  coefficient  oat  lee  valcure 

A  =  2;^i«n'/',    B  -  2n'l'f,       C  =  2lhnVi\    D  =  2f-fl''. 

(?  =  m»  (-  P /» +  my  -  n'A»).    M  =  <f{-  l*f*  +        -  n»A»), 

Lee  oootfdoaiite  dee  e«M  pointe  euagulien  eont 

(0,  ±A»  ±8,  ±().  (±A>  0,  ±/,  ±mX  (±jr*  ±/  0*  ±ii).  i±l.±m.±n,% 

«fe  lee  4qiialioiie  dee  eeise  pkuu  eingnlien  eont 

.    ±  »y  ±     i/tf  =  0, 
±nx        ±li  ±gw  =  0, 

±  iiu:  ±  Ijj  .  ±  hw  =  0, 
± fx  ±gy±hz     .  =0, 

oil  r<«  donne  des  valeurs  quclconquea  aux  signee  ±.  Four  comparer  ces  plans  aux 
plans  de  IL  Kmamer  j'^erie  le  tableau 


p  ,q  ,r  ,8 
/>».?».»•».«» 


+      — WIS  +  — 


+  ls+^wl    tnx—ly    .    +Am;i  —  fx—gy—  It 


IIX 


+  ^r  +  yii;     mx+li/    .     +Aw  —  fx—gij-\-hz 


ny  —  viz— Jiv 


fx+<j'j-  h: 


Hy-^iuz  +  fill   —  nx     .   +  h—ffw 


—mx—  Itf    .  +Itu> 
fx-  gy-ht 

et  j'obtie&s  lee  valetin  suinntes: 

P 

r>  m.r-ly  .  -trhm, 
•  — —  yiB-ify— A*    .  . 

En  r^lvant  ces  dqueAioos  par  mpport  Ik  «^  y,  «,  «v  et  en  poeeat  pour  ebv^ger 
on  tronve 

^«  =       —hi+gr  —  li, 
6y  =    hp       -fr  -  nUt 
ez^-gpjffq    .  -n*, 
6w^    (p  +  mj  +  nr   .  , 

valeuis  qu'il  s'agit  de  subetituer  dans  I'^uatioa 

U^{A,  B,  C,  D,  F,  G,  S,  £.  if,  J^«(*,  y*,  «^  i^^O 

de  la  floiftce  dont  U  eet  qneetion. 
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Dc  I'oxprossioTi  de  U  en  p,  q,  r,  «  je  ne  ooonddre  d'abord  ({ue  le  terme  multipli^ 
par  ji^Y-    Dt'signoiiH  par  (S  le  co^dent  de  f^q*  dans  0*U,  nous  aurons 


+  oiy 

+  t»  (  i'-j'-k') 


X  g/y/i' 

x2f  (  l\f--m'-f-nVi^) 

X  2n»  (-  -  my  +  n-A^) 
X  2/'  (  /» -  my  -  n»A») 
X  25f«  (-  P/«  +  my  - 

Im  lettic*  i»S,k  iUvkt  mtrodoitet  pour  drfngner  1«  produiti 

vig^j,  nh^k. 

Apres  toatee  les  rMuotions  on  obtient 

pour  le  coeCBcicnt  de  ji^  ^iaui       ou.  ee  qui  cat  la  nteie  choce, 

/*»(-»-; +  4)* 

pour  le  coefficient  de       dans  I^IT. 

Bn  caienlant  de  mdine  lee  eutres  coeffideate  de  ^0^U  et  en  ^vant  pour  abr^ger 


En  pooant 


/^yr»  +  fbh^i^"  +  h't^fff  +  i»a»p«a»  +  m*bl'<f^  +  nVr«*« 
+  Ighbcffqr  +  2hmbcp<f8  -  ^bcpr's  - SmRio;p-|!* 
-I- 2A/oap9V  +  2/Nca^«  -SjUoagp^  —  SnfaevjM^ 
+  tfgabpqr' +  iglabrp's  -  2fmabrq*s^2lmabp^ 
—  (4  —  c)  (c  -  o)  (a  —  6)pyr*  «0. 

<r-lo»  -V-<6-«)(e-a)<tt-6X 
b'^gb.  ^mmb. 
e^sAcj  f-ne. 
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les  quantity  a',  b',  d,  d',  e',  /',  ^  sonl  Mes  par  une  relatioD.  Four  en  prouver 
TezisbGnM  an  n'a  qt^  Mn 

artfW,  W=/8', 

et  4  se  servir  des  expressions      o,  b,  c  en  /,  tj,  h,  I,  m,  n,  alors  on  obtient 

—  -a'  ~  a-  (h  +  -"V 

-  2/JS'  =  6-  (c  +  <i  ), 
-27'  =c»  (rt  +  M, 

^uatious  qui  impliquent  une  relation  entre  at',  ^8',  7',  f/';  main  en  flupposant  qae 
a',  b',  c',  d',  e',  /',  g'  soient  dcs  quantit^s  qui  aatisfont  k,  cette  relation,  il  existe 
toujoon  <ks  Tuleura  eomepODdaiites  de  /,  jr.  A,  2,  «r,  o'est^-dira  que  I'^uatian  du 
ytra^roidc  est  idcntique  avec  celle  de  M.  Kummer  toutai  le§  fois  quo  1m  ooflfficDBnti 

a,  b,  c,  d,  e,  f,  g  de  cette  demi^  sont  li^  par  une  certaine  relation.  Ecrivons  comme 
auparavant  ad^o^  b6=ff,  c/^y,  cotte  relation  se  trouve  en  ^limiuant  a,  b,  c  entre  les 

-4y-(6-.c)(e-B)(a-6), 

«t  il  ae  t'agit  que  de  prowrer  I'ideatit^  de  oette  relatioii  avee  oelle  qae  now  avone 
tnmvA  a-dewui  par  d'autm  OMmdA«liion& 

Jlntrodttis  les  nonvdlee  notatuna 

«  +  ^+  7--i-P.    «+  ^+ 

je  &nne  l'ei|ife8aioo 

«t  les  deux  expressions  analogues  pour  2  (7  -  s),  2  (a  -  y9) ;  j'en  dMnis  le  fAoltet 

8(/3-7)t7-a)(a-^)  =  -q»(6-c)(c-«)(a-6); 
enfin  je  note  les  ^uafcioiis 
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qui  doimeat  la  traasformation  de  leun  premiers  membres  en  i'oactiou  de  P>  4>  («  oela 
po9^,  «t  k  Tasde  de  oes  valenn,  on  fbnne  1«b  ^gaUt^ 

5\2($-y)(y-a){'x-^)f  =(-  4(i»  +  p^>+18pqt-27f-*p'l)q^(6-c)»(c-a)'(a-6)», 

256(-2a*i8+42a^iS*-22a«i8y)jf>  =(  65*- JV-18Mt+27i*+2p»i)q*(6-e)»(<j-a)»(a-iy. 
188C8-y)(v~a)(a-j8)(S^~102^9-  (-ISq*  +yv+18nv-S7t>  )i|*(6-'e)^(e-tt>*(a-»)*, 

iMqueUea,  mnltipli^  par  1,  2,  1,  4,  ajoatdes  eoaamble  et  diviste  ptt  128,  oondiiiMnt  4 
r^qiMtkn  finile 

j!».4(<9-7)(7-«)(«-» 
+  ^.  4(-  S«»i9+ 4SflCia*-.  2Sa!»/9v) 

C9-7)(T-«)(«-/9)CSrf-10l«« 

ideatique  avec  celie  que  I  on  a  trouv^  ci-dessus,  ce  qui  acb^ve  la  demonstratiou  que 
IVm  Knit  an  vuc. 

OamMdgt,  18  Jfo^,  186& 
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357. 

A  SUPPL£M£NTARY  M£MOIB  ON  IH£  THEOBY  OF  MATBIC£& 


[From  the  Pkiloaopfiical  Transactiona  of  the  Royal  Society  of  London,  vol  olvl  (for 
(he  ye«r  1866),  pp.  25— 8&.  Received  October  24,— Read  December  7,  1865.] 

M.  HERMirK,  in  a  paper  "  Sur  la  thtkirie  dtj  la  trau.sformation  des  fuuclioD» 
AbdUmuieB,''  CompUa  Jimifcw.  t.  zi..  (IfSSS),  pp.  849,  iee^  establiriiM  incidentaUy  tJie 
properties  of  the  matrix  for  the  automoi-pliic  linear  transfoniiation  of  the  bipartite 
quadric  function  scio'  +  —  zy  —  wx',  or  transformation  of  this  function  mut  one  of 
the  like  form,  XW  YZ  -  ZT  -  WX'.  These  properties  are  (as  will  be  shown) 
dsdneiUe  6om  a  general  formula  in  my  "MMioiir  on  tba  Autonuirphie  Lmear  Tnos- 
fonnation  of  a  Bipartite  Qundrir  Function,"  Phil.  Trxms.  vol.  cxt.viit.  (1S58), 
pp.  39 — 16,  [153ji  but  the  particular  caso  in  queatioii  is  an  extremely  interesting  one, 
the  theory  whereof  is  worthy  of  an  independent  investigation.  For  convenience  the 
number  of  variables  is  taken  to  be  four;  but  it  Wi'ill  be  at  otice  seen  that  as  well 
the  tleinonstrattoiis  «a  th«  rwults  aie  in  fiwt  appUeaUe  to  any  «mr  namber  whatever 
of  variablea. 

Artiflle  No0.  1  and  2,  iVofnttoit  and  Rmarkt. 

1.  I  use  throughout  the  notation  and  fonnulae  contained  in  my  "  Memoir  on  the 
Theory  of  Matrices,"  Phil.  Trans,  vol.  cXLVlll.  (1858),  pp  17—37,  [152],  and  in  the 
above-meotioaed  memoir  on  the  Automorphic  Traosfonnation.  With  respect  to  the  oooi* 
pontion  of  matrioei,  the  ntle  of  compomtton  is  as  follows,  vii^  any  Mm  of  the  oompoand 
matrix  ia  obtained  by  combining  the  cut  i  csponding  line  of  the  first  or  further  com- 
ponent  matrix  with  tho  sevcr.ql  cohinm  of  the  second  or  nearer  component  matrix;  it 
is  very  convenient  to  indicate  this  by  the  algorithm. 


c 

i. 

^, 

I* 

«i 

n 

a', 

if 

n 

«• 

w 

o 

it 

H 

M 
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which  exhibits  very  clearly  the  terms  which  are  to  be  oumbiued  together  j  thuH  iu 
IIm  tipiwr  Iftft-imnd  earner  we  hsre  (a»  6{«^  <  0>  And  m>  for  tbe  other  places  in 
tke  oonapound  inetrix; 

S.  It  IB  not  in  the  Memoir  on  Matrices  explicitly  remerked,  bot  it  is  easy  to 
SCO  that  mmfi  of  matrices,  all  the  matricea  beiiig  of  the  aame  oider»  dMiy  be  multiplied 

toigether  by  the  ordinary  rule;  thm 

iA  +  B)(C  +  J))^AC  +  AJ>  +  BC  +  BDi 
this  remark  will  be  iiaeM  in  the  leqaeL 


Artiele  Noi.  8  to  18.  Fint  /nesri^ation. 

3.  We  have  to  consider  the  formulae  for  the  automorphic  linear  traosformation 
of  the  fbnctioii  mf y*'  -  zy' -  wx',  that  is.  of  the  function 

(  0,  0.      0,-1  $«,  y,  *,         y',  teO 

0,  0,-1,  0 

1.  0,  0,  0 
0,   1,      0,  0 

="(fl?«.  y.  y'.  s'.  ui'). 

viz.,  if  the  variables  are  transformed  by  the  formiilse 

(»,  y. w)  =  (nix  ,  Y,  z,  W), 
then  the  matrix  (11)  is  such  that  ve  have  identically 

tiift  e^^ccecion  fior  (D)  la  f^tm  in  my  memoir  [158]  above  r^Mtred  to;  vis.  obaervii^ 
that  the  mabiz  (H)  is  ikev  eynunetrioal,  then  (Na  13)  we  have 

n  -     (O -T)(fl+T)-«  a 
vhera  T  ie  an  ailntFary  symmetrical  matrix. 

4.  I  proposo  to  compare  with  the  matrix  II  the  inverse  matrix  U~K  RecoUectiog 
that  in  the  theory  of  matrioes  (ASODy^  ^      €H     A-*,  we  have 

n-^ = n-  (n  +  T)  (Xi  -  T)-'  n ; 

and  'it  is  to  be  shown  that  II  and  n~'  are  composed  of  terms  which  (except  as  to 
tiieir  signs)  are  the  nune  in  each,  eo  that  either  of  these  matenes  b  ibiivahle  from 
the  other  by  a  peculiar  form  of  transposition.  It  is  to  be  home  in  mind  throog^ioat 
that  T  is  qnnnetiieal»  O  skew  qrnunetrical. 
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&  I  write  for  gTMitar  oonveiuenoe 

-  n  =  n->  (T  _  n)  (T  +  n>-i  n, 

-  H-'  =  a-«  (T  +  i2>(T  -  n)-'  a, 

and  I  oompaie  in  the  Ant  tnstaaoe  the  OMtrices  (T->a)(T+a)r*  ud  (T+fl)<T-A)^> 

6.  Any  matrix  whatever,  aiid  there  fure  the  matrix  (T4-I1)~\  may  be  exhibited  as 
the  mim  of  »  tgymtnetrioel  natrix  and  a  tkw  iqnninetiioal  matrix ;  that  h,  we  ia$j 
write 


where  T*  is  iymmetrical,  flf  is  dEBw  qrmmetriea].  We  haTe  then 


(T+n)(T+ft)-'=(T  +  n)(r+n').  =i. 


where,  here  and  in  what  follows,  1  d«iotes  the  matrix  unitj.  Moreover 

T-O-tr.  (y+O), 


and  thence  also 


(T  -  n)  (T  -  ft)-'  -(T-a)(T'  -  ft')  -  1. 


We  have  therefore 


(T  -  ft)  (T  +  a>-»  -  <T  +  ft  -  2ft)  (T  +  ft  )  =  1  -  2ft  (T'  +  ft  ), 
(T + n)  (T  -  n)-»  -  (T  -  O  +  80)  (T  -  O')  - 1  +  Ml  <r  -  0> 


7.  Suppose  for  a  moment  that 


and  theieliBfe 


r-n'= 


(a,  e,  i.  711  ). 

b»  /.  j.  « 

c,  g,  I;  0 

d,  h,  i,  p 
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8.   We  have 

-n(r  +  n')= 


-  1 

-1 

• 

* 

* 

1 

-  1 

• 

-1 

m, 

n. 

0, 

»  , 

i> 

k. 

-e  , 

-a. 

-b. 

-0, 

9l  And  Bmilarly, 


-1 


-1 


)(  " .   6.  c,  d 

»  ,  j .  ^  ^ 

j/i,    (i,  o,  p 

(g.  g,  t.  m),  (fc,/,  j,  It),  (c.  g,  k,  o),  {d,  h,  I.  p) 


P 
I 

-h 

d 


1  )(  a»  e,  i,  m  ) 
h,  /,  j»  H 
«.        *.  • 
K  I,  p 

(a,  h,cdi,{(f,  /,  ff.  hi  (i,  i.  k.  <X  («»  ».  0. 1» 

■1  ) 


n 


-A, 

—  0 

/ 

«. 

« 

10.  Btonoe  also 

(T-0)(T+Or*-(  l  +  8«» 

«,  1  +  %*. 


-fa. 


fa. 

-a.    -fa.  1 


■81  I 


a  V. 


56 
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so  that 
»  in 

11.  Now  in  general  if 


then  it  is  euj  to  see  that 

n-»  en  «=  ( 


rHBC 

»BT  OF 

-a* 

-21. 

- 

1-V, 

Sir,  - 

». 

a»»  1  + 

of  tenns  iriiiefa,  ea 

0  . 

i. 

y 

r 

y. 

«™ 

S'". 

III 

1  •  - 

7".  - 

-a"  ! 

i 

-7  . 

«'  ! 

1 

-7  > 

/9  , 

a 

[857 


and  heoce,  irom  the  Ibregoing  value*  of  (T-n)(T+fi)r*  and  (T  +  fi)(n-T)~',  we 
find 


and 


2e» 

-a. 

-y. 

-1-8;% 

-III, 

-2t, 

-an. 

-l-2j. 

2/. 

-2o, 

-l+2flr. 

2a  ); 
2c  ' 


this  .shows  thai  tlie  matrix  11  for  the  ftutomorphw  transforma^on  of  the  fimelMii 
-ifxid -eyf is  auch  that  writing 


0, 

D : 

we  have  n-»-(  P, 

-isr. 

E, 

9. 

E 

!  0, 

ir. 

-0. 

-c 

1, 

J, 

K. 

L 

|-J«r. 

B 

if. 

0, 

P 

A 

which  is  the  theorem  in  qoeetion. 
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12.    1  reiuiurk  iu  rcftirtiuct!  to  the  foregoing  proof  that  writing 
T -     (  a,   h,   g,   I  ) 
A.    b.  /.  ml 
9,  / .    c,  n 
I,  flij  fi,  d 
thau  the  actual  value  of 

(T  +  n)-S  =    (  o     .    h     ,   g     ,    f-1  )- 
h     ,    b      ,  /-I,  m 

m    ,   n     ,  d 


Q-m-^i^  F-/-X,  (7+6      ,  K  +  k  +  T 
L-l-p  ,  M-ff-9,  Jf+Jk-r.  D+a 
where 

f«  B,  F,  M 
Q,  F,  C,  S 
L,  M,  D 

is  the  matrix  ibraud  with  the  fixst  of 

<h   h,   g,   I  )\ 
K   b ,  /,  TO 
f .    c.  n 


and  A  ia  the  detennniaiit 

(  «    »  h    ,9    ,  t+1  > 
*     .  0     .  a 


56—2 
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vu.,  tbis  tt 

a,  kt  g*  I  +arf-i'+fc-/»+2(ii*-nv)+l* 
K  b,  /,  m 

9*  ft  0,  » 
I,  nt,  n,  d 

18L  The  expnsHuni  Jar  (T-fi)ri  is  obtemed  from  that  of  (X  +  0>y*  by  nMidf 

transposing  the  terms  of  the  matrix,  or,  what  is  the  same  thing,  by  changing  the 
8iga8  of  X,  ^,  V,  p,  <r,  T.  And  it  would  be  emy  by  meaos  of  th&m  developed  values 
to  verify  die  fiwegoing  compariioii  <rf  (T-n)(T  +  n)-'  and  (T  +  Q)  (T  -  O)-'. 


Article  Xoe.  14  to  22.   tSmvud  InvestigaHoii. 
14.   1  Goiuader  ieom  a  difiereat  point  of  view  the  theory  of  a  matrix 


c. 

d 

1  gndi  ih»t  U-*=i 

-*» 

-d% 

• » 

A 

h 

0, 

-0. 

i  1 

j» 

k, 

I 

/. 

b 

*, 

0, 

P 

«• 

a 

«r,  as  we  may  call  it^  »  Hermitibn  matrix. 

15.  Lemma.  The  detennmant 

V  8  a,  6,  d 

i  i.  k,  I 
'  m,  a,  0,  p 

may  be  exproased,  and  that  in  two  diflbrent  ways,  as  a  PftiffiaiL 

16.  In  fact  mukiplying  the  determinant  into  itself  thus, 


we  find 


(«,/,  9»  k) 
{i.j,k,l) 
(«,  n,  o,  p) 


=  1  tt,  6, 

c, 

(2 

tr. 

rf,   c,    —6,    —  o 

1 

/. 

5. 

A 

A.   fl*.    -/.  -« 

A;. 

^   ^.  -» 

1 «. 

P 

P,   0,    -«,  -»t 

(d,e,~b. 

-/» 

-  eX    *.  -j.  -  «X  ( J».  0.  -  ». 

<0 

n  n 

'kit  4t»  ^if 
4b>  %*  ^»  *m 

Hi*  ^>  Ht 
Hk»  ^1  ^ 
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viz,  we  have  ^>  c,  d$^d,  c,  —b,  —a),     —        c,  dj^A,  g,  —/,— e),  iSic. :  we  aee 

«t  oDoe  tlwt  tu"^*  *u+9n-0,  See.,  vis,  ibe  deteimimmt  in  «  »  ft  skew  determinant.  tlu4» 
14,  the  aquam  of  a  Phffian.  We  have  therafiare 

or  extracting  the  square  root  of  each  aide,  ami  determiniag  the  sign  by  a  compariaon 

of  any  ainglu  Ujrm,  we  have 

which  ia  one  of  (he  requited  fonna  of  V. 


17.    And  in  the  mrav  itiuiuiur 


a,  b,  c,  d 
«.  /.   9.  h 

»,  i.  *.  I 

n,  p 
which  is  equal  to  the  detenainaiit 

(a>,  ^  - ^  »  tt)>  {n,j,      - b%  jo.  k,      -«),  (p,  I,  -d> 


m,  »,  o.  p 

«  .  j ,  *.  ' 

« ,  -/,  -ff,  -h 

a,  —  6,  —  Ci  —  rf 


tu*  dll  ^«  ^ 
^»  lll>  ^ 


viz.     =  (u,  e,  i,  i»,\m,  i,  -  e,  ~  a),  &c. ;  this  is  likewise  a  skew  determinant,  and 
have 

or  extracting  the  square  root  of  each  side,  and  detenmoing  the  sign  hy  the  comparison 
of  any  ait)|^  term,  we  have 

which  is  the  other  of  the  re^juired  forms  ol  V. 
18.   Conaidar  now  the  Bnatriz 

(  a,  b,  e,  d  ) 
a,  /,  g,  h 

ai,  a,  o,  p 
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whaoh  k  nieb  that 


b 
a 


[357 


{ 

a,   b,    c,       )-'  =  ( 

p. 

-A, 

9,  /,   9,  h 

i  ,  j,    k,  I 

-n, 

/. 

-m, 

- ». 

«. 

this 

gives 

(1. 

0.  0. 

0 

P 

-d  ) 

0. 

1.  0. 

0 

«.  /,  9,  k 

0 

—  c 

0, 

0,  I. 

0 

i .  j,  h,  I 

—  » 

A 

6 

0. 

0.  0, 

1 

1 

n,  %,   o»  p 

—  HI 

«. 

a 

i(a,  6,  e,  rf) 

(«./.  i?.  A) 

(m,  m  0,  p) 


n 


which  is  in  (act 


1. 

0. 

0. 

0 

4t. 

0, 

1. 

0, 

0 

*»«» 

0. 

0, 

1» 

0 

'mi 

0. 

0. 

0. 

1 

and  the  two  matnoes  will  be  equal,  term  by  term,  if  only 

that  ifl^  if  six  coaditions  are  satisfied. 

19'.  But  we  have  abo  (»  matru  and  it*  reeipiocal  bei^g  eonvertiUe) 


( 

h 

0. 

0.  0)»( 

P* 

i,  -A,  - 

d 

)< 

o .  6. 

C,  d 

0. 

1. 

Ol  0 

-ff,  - 

c 

e  ,  /, 

9>  A 

0. 

0. 

1,  0 

b 

>.  >. 

0, 

0. 

0.  1 

a 

0,  p 

(o,  tf. 

<  «).  (6./.  j. 

»).  (c,  g,  k. 

o).  (<i,  A.  i.  p) 

=  (  p 

I. 

-k. 

-d) 

n 

1* 

w 

(  « 

k, 

-9- 

-c) 

H  » 

n 

M 

(  - « 
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e. 

a 

) 

I*  «> 

n 

W 

Dig'itizeo  by  <jO 


357]  A  8UFPLEICE11TABY  MEMOIR  ON  *EHS  TBSOBY  OF  MATfilCBS. 
wluob  is  in  het 


447 


tm,  titt 
^1      tm$  hit 

~       ~Ut3  ~tmt  ~Ui 

~fct    —  4if  -"tut    —  <■ 


1,  0,  0,  0)  =  ( 
0,  1,  0,  0 
0»  0.  1.  0 
0.  0,  0,  1 

and  we  obtain  fbr  the  equality  of  the  two  tnatrieee  the  ax  oooditioiHi 

equivalent  to  the  fiMrmer  set  of  ax  oonditaons. 

20.    We  ubtain  iiroiii  either  tmi  uf  cuudiLiuiLH,  Ibi  the  detenninaDt  the  value 

V  = ;  a ,    b,    c,        =  «*. 

j  e .  /.   ff>  h 
i  ,  j,    fc,  I 
I  ;w,    n,    u,  p 

31.  Write 

(X.  y,  *,«)-(  o.  ft,  c,  rf  $A'.  F,  X,  W);  W,  If',  z'.  w')^{a,  h,  c.  d  JJf'.  F,  r,  W), 
e  ,  f,  g,  h 


M.  »,  0,  |» 


«,  0,  p 


then  substituting  for  («,  y,  r,  w)  (*',  y*,      w')  their  values,  we  find 

ISX,  Y.  Z,  Wl$iX\  Y',  Z,  JF  ). 


'ill 

-1 


and  nmikriy  writii^ 

(jir.r,r.F)-(  -d  j«,y.*.ii»);(Z'.r,ir,r')= 

-i.  /.  ft 


0,    A- ,  -  7,  -f  I 
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we  obtain  with  the  «  ooeffidentB  the  equivalettt  ieettlt» 

We  thus  aee  oonvenely  that  the  Hermitian  raatliz  is  in  &ot  the  matrix  for  the  auto- 

morphic  transformation  of  the  fnnction  m/  +  yz'  -sij  -  rox. 

22    C<)tisi<leinni:^  any  two  or  more  matrices  for  the  automorphic  trauBfonnatioii  i.i 

such  a  fuuctioa,  the  matrix  compouaded  of  these  is  a  matrix  for  the  automorphic 

tuanefixmation  of  the  fnnction— or,  theorem,  the  matnx  oookpoanded  of  two  Of  more 
HermitiBn  matriees  is  itself  Hemttian. 


Article  Na  23.   Tkmm  on  a  JVh»  ^  Matrket. 


a,  I  take  the  Ofipoitututy  of  racntioning  a  theorem  lelating  to  the  matrices 
whici)  pre««!it  theuselvee  in  the  arithmetical  theory  of  the  oompomtion  of  quadratic 

forujss.  Writing 


—  « 


7     .   -c . b-fi) 
,  ■  6  +  /8.  -a 

c    ,  -(6+<8),    .  .  e 


-7'  . 


a     ,     '  A  +  ;9)aiid,-.(J:)-=^f^( 

.     .  6-i8.  e 

-a    .  -(6-«.    .   .  7 

-(6+/8),     -c    .  -7,  . 

where  D«ae— i*,  A«0y-'j9*;  and  dniUurty, 

-a'   ,-{V^ff),    .   ,  y 

rnhut  lymaf^-y*,  A:'a'y-^^  ;  then 

+  (i>  -  d)  (Z)'  -  A')  (2"-'52r-'). 

or,  what  i«  the  flame  thing. 

(Z5.Y')  +  (i>  -  A)  (iX  -  A  )  (l A-  iX'))-' 
is  to  a  fikctur  />r^  equal  to  the  matrix  unity ;  viz.  writing 

Asoa  +  2b0  +  cy  +  a'a'  +  26'^'  +  (f^, 

the  foregoing  expression  is 

I    .    .    .  > 
.    1    .  . 
.    .    1  . 
.    •    .  1 

The  theorem  i»  verified  without  ditKcuIly  by  merely  forming  the  expraaBons  of  the 
oomponnd  matrices  (IC^X')  and  (X'~^^X~^y. 
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358. 

ADDITION  TO  THE  MEMOIR  ON  TSOHIRNHAUSEN'S 

TRANSFOABfATION. 

tl^on  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  voL  CLVi.  {for  the 
year  1866),  pp.  87—100.   Beoeived  October  24.— Bead  December  7,  1866.J 

Ih  the  memoir  "On  Tsobirahauaen's  Traosformation,"  PhUotaphical  Tranaactione, 
ToL  CUL  (1862),  pp.  5G 1—568,  [275].  I  coondeted  the  caae  of  a  qoarliic  eqoalaon:  vul 
it  tvas  shown  that  the  equation 

(o.  b,  c,  d.  e\m,  1)*  =»  0 

18,  by  tlie  aubsiitution 

y  =  (a*  +  6)      (ajr"  +  4iur  +  3c)  CH  (aa^  +       +  6ca:  +  3d)  Z>, 
tranefomed  into 

(1,  0,  6,  D,  iSTiy.     =  Q 

where  (6,       (^)  have  certain  giveu  values.    It  was  further  rcmnrked  that  (6,  @) 

were  ezpreanUe  in  terms  of  If,      4f^,  iavamnte  of  the  two  farms  (a,  b,  c,  d,  e'S^X,  iy, 

(B.  C,  D\Y,-Xf,  of  /.  J,  the  ixnrianta  of  the  fint.  and  of  9'.  the 
ittvariant  <Mf  the  second  of  these  two  fbrma^  vis.  that  we  have 

8  «6if'-2/«'. 

«  -  /IT*  -  3ff» + +  + %rWH' ; 

and  by  means  of  these  I  obtained  an  exprsssioa  for  the  quadrinvariant  of  the  lam 

(1.  0,  «.  3>.  «}fy,  If  I 
vis.  this  was  fbund  to  be 

C  57 
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But  I  did  iiul  ubtaiu  au  expresaiou  lor  the  cubiuvariaut  of  the  same  tuuctiou:  such 
vtpnmamit  iA  was  lemarked,  would  oontun  the  Kiiun  of  the  iavarieat  Vi  it  was 
probahle  that  there  existed  no  identioel  equAtion, 

whld>  would  wrre  to  ezprasB  9^  in  terais  of  the  other  invarittate;  but,  aBaunuag 

that  such  ao  equation  existed,  the  (onu  of  the  factor  M  remained  to  be  ascertained ; 
and  until  this  was  done,  the  expression  for  the  cubinvariant  could  not  be  obtained  in 
its  most  simple  form.  I  have  recently  verified  the  existence  of  the  identical  equation 
just  refianed  to^  aad  have  obtained  11m  ezpneaaion  fiir  the  fitttor  if;  and  with  the 
Asdstanoe  of  this  identical  equation  I  have  obtained  the  expimanm  fior  the  enbin- 
vaziant  of  the  Sma 

(1. 0.  6.  2).  e^y.  ly. 

The  expresaion  for  the  quadnuvariant  was,  as  already  mentioned,  given  in  the  former 
memoir:  I  find  that  the  two  invarianta  are  in  fiMst  the  invarianta  ctf  a  eertain  linear 
function  of  U,  H\  viz.  the  linear  function  w  =1711  ■¥l&H;  so  thati  dMlOttng  by  /*» 
J*,  the  quadrinvariaat  and  the  cubinvariant  respectively  of  the  form 

(1,  0,  «.  D.  m 

we  have 

where  /,  J  signify  the  functional  operations  of  forming  the  two  invaiianta  reapectively. 
The  fiinetton  (1,  0,  (K,  !!>,  (1%,  1)*,  obtained  by  the  «]>pUcati«ii  of  TiKhinihaasen's 
tianafonuation  to  the  equation 

(a,  V,e,dt  t$Wt  1)^-0, 
ha«  thoa  the  «hw  ituarianit  with  the  function 

VU+  *^'H  =  IT  (a.  b.  c,  d,  e\x,  1)«  +  46'  (ac  -  6',  Qd-hc,ae  +  Ibd -^,be-cd,e«- d*'^x.  1 

and  it  ia  consequently  a  linear  traosformation  of  the  last-mentioned  function;  so  that 
the  plication  of  Tachimhaaaen's  tmnaformaiiion  to  the  equati<ni  U^O  givee  an 
equation  Uaeaily  traaafbnnable  into,  and  thus  virtually  equiyalrat  to.  the  equation 

which  is  an  equation  involving  the  mngic  parameter  jjr :  this  appears  to  im-  a  result 

of  considerable  interest.  It  is  to  be  remarked  that  TschimhauseD'a  transformation, 
wherein  y  is  put  equal  to  a  rational  and  integial  fnnctum  of  the  order  n—1  (if  a 
be  the  order  of  the  eqtiation  in  «X  is  not  really  leas  general  than  the  tranaformation 

whereitt  y  ia  put  equal  to  any  rational  fimction        whatever  of  s;  snoh  lational 

ftinotion  may,  in  fitct,  by  means  of  the  given  equation  in  «^  be  leduoed  to  a  rational 
aad  integral  ftinetion  of  the  order  n—1;  henoe  in  the  present  caaej  talcing  F,  IF  to 
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be  nipeetiTely  of  tiia  n  - 1,  ~  3,  it  fbUows  lint  ib»  eqostiim  iu  y  obtained  by 

the  eUminaitioii  of  m  from  the  eqimtioiiB 

(a,  i,  c,  d,  e^x.  l)*^0, 

(a.  ^,  7,  S5x,  r,' 
^    (a'.  ^.  y,  1)"' 

is  a  mere  linear  transforinntion  of  the  equation  AU  +  BU  =  0,  where  B  are 
AiDCtioua  (not  as  yet  calculated)  of  (a,  b,  c,  d,  e,  a,  ^,  <y.  3,  a',  ff,  y,  i'). 


Aitide  Nos.  1.  2,  8.  Investigation  of  the  ideniioal  eqmUtm 

JIT*  -  IVH'  +  ^H'*  +  if0'  =  -  <!>'«. 

1.  It  is  only  necessary-  to  show  that  we  have  such  an  equaiioti,  M  being  an 
iBvuiant,  in  the  particulir  eaae  (i«a»«slj  h^d'^Qt  cB,  that  is  for  the  quairtM 
functinn  (1,  0,  0,  0,  rv .  for  this  being  ft),  the  eqnatioii  will  be  true  in  geneml. 
Writing  the  equation  in  the  form 

-ire'-  v^{Jv^iH^+4E*+^, 

Mul  observing  that  we  have 

U'^iB'  +  IP)  +  2eBD  +  UH'^, 

^'  =BD-  C, 
*'  =  (I -9^)  (7 
/  -1+3^, 

and  thenoe 

/IT  - /IT  -  -  4tf"  (A« + D") + (- 1  -  2^  -  5^)  BD + 8^  C». 
the  equation  beoomes 

-iBD-C')M  = 

+  ^{0i^  +  £i'f  +  (i  +  e')BD-AdK>Y 

67—2 
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2.  It  is  finind  by  developing  tbat  (he  right-hand  «de  u  in  ftist  diviatble  hf 
JU>— C^,  and  tAuA  the  quotient  is 

-  (-l  +  10^-W»)(J!»-|-2Jy 

+     -t- 16^-24^)(B>+ D^BJ) 
+  (4  +  8^ + 4^  - 16^  S*!)* 

+  (160>  -  416^  - 11200) 
+  (-l28tf'  +  lS8^)G». 

a  This  ia  found  to  be 

-  -  i*tr»+ i2/irjr+4/jr* 

-  s/yw 

which  »  ooofleqaeotly  the  value  of  —If.  We  have  therafora 

•|.1«J>»», 

which  is  the  reijiiived  identioal  equation. 

Artide  No.  4b  Gabadatimi  nf  e&e  CuftuiMirMtUL 

4.  We  have 

=  (H-     {/  ir»  -  aiT' + (12/ir + he)  + /•e'*} 

whence^  lUlMtitating  for  —      ite  value  and  redudujiif,  w«  find 

J*  -  /tr>+ e' .  I  /»cr» + e '        + «^  (i6J»  -  ^  /»>. 

Article  No.  J.    /'ino^  ft^pmewtoiw  o/  the  two  Iiunriants. 

The  value  of  /♦  has  been  already  mentioned  to  be  /•  ««/ir»  +  0'lS  JIT+B*.!!*, 
and  it  beuoe  appsan  tbat  the  values  ot  the  iwu  invaiiauts  may  be  written 

/•=(/,  18./,  sp'^^w,  j{e)». 
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But  we  have  (see  Table  Na  72  in  my  "Seventh  Memoir  on  Quantics,"  Philosopftical 
TrmtaetieM,  voL  cu.  (1861).  pp.  877—298.  [269]) 

JiaU+  6ffH)  -  {J,  I\  dIJ,  -P+  54J»5«.  /3)» ; 
SO  that,  wntiag      V,  ^-{9',  tra  h«Te 

i»-/<irir+4€»'ji), 
j»=J(irir+4erj?); 

or  the  function  (1,  0,  6,  I),  (SJy,  1/  obtained  from  Tschiriihauseii's  trausfurmntion  of 
the  equation  17  =  0  haa  the  same  invariants  with  the  function  ITU-h^Q'H;  or,  vhat 
w  the  tame  thing,  the  equation  (1,  0,  IS.  3),  (S'$y,  iy-0  is  a  mere  linear  trans- 
formation of  the  equation  V^U+I^S^di  whidi  is  the  above-mentioned  thsocem. 
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359. 

A  SUPPLEMENTARY  MEMOIR  ON  CAUSTICS. 

[From  the  I'kilimitiiioal  TruHmtctioM  of  Uie  Hoyal  tifjciety  of  Londun,  voL  CLVIL  (tor  tht 
year  1867),  pp.  7— ItL  Bconved  November  15,— Read  November  1866.] 

It  is  ntar  i\\v  (.Miicliisii,]i  of  iny  "Memoir  on  Camtics,"  Philosophical  Tmiwactions, 
vol.  CXLVii.  (1857),  pp.  273 — 312,  [145],  retnnrked  that  for  the  caw  of  parallel  raj's  refracted 
at  ft  circle,  the  ordiooQ'  construction  fur  the  secoudarj'  caustic  cannot  be  made  am  of 
(tbe  entire  curve  would  in  ftiet  pesB  off  to  aa  infinite  diatanc^),  and  that  the  simplflst 
course  is  to  moa<<iin"'  off  the  (iist.mni^  GQ  frnm  a  Vine  through  the  contn  of  thf 
refracting  circle  perpendicular  to  tlie  liirectiou  of  the  iucideut  rays.  The  particular 
wcondary  oatnlae,  or  orthogonal  trajectory  of  the  reftaeted  rays,  obtained  on  the  above 
lupposition  was  shown  to  be  a  oorve  of  the  onlt  r  8 ;  and  it  \sm  further  ahowtt  (If 
c"n«ii!(  rati. Ill  of  the  case  wherein  the  distance  GQ  is  measured  otf  from  an  arbitran* 
line  perpendicular  to  the  incident  rays)  that  the  geneml  secondary  cauustic  or 
orthogonal  tn^ectoiy  of  the  refracted  myn  waa  a  curve  of  the  aame  order  8.  The 
last -mentioned  cuni-  in  the  case  of  reflexion,  or  for  n  =  —  l,  degeneratee  into  a  carve 
of  ihc  order  6;  and  I  propose  in  the  prp*«ent  supplementary  memoir  to  discuss  thL« 
«extic  curve,  viz.  the  sextic  curve  which  is  the  general  aeoondory  caustic  or  ortbogooai 
tnyeetorjr  of  parallel  rajra  refleoted  at  a  cirde. 

1.  For  patalld  raya  lefiraeted  at  a  eireb,  lakhtg  the  eqoation  of  the  drde  to  be 

»*  +  y'  =  l,  and  the  incident  rays  to  be  parallel  to  the  axis  of  x,  then  if  x  =  tn  W  an 
arbitrary'  line  perpendicular  t<>  the  direction  of  the  incident  ra>'s,  the  eeooodary  caustic 
is  the  envelope  of  the  circle 

where  (a,  ff)  are  the  ooordinateB  of  a  vanable  point  on  tiie  refiaoti^  euote.  and  aa  audi 
satiaQr  the  equation  a*  +  0*=l.  Or,  what  is  the  same  thing,  writing  a^caatf,  fisd^t, 
the  aaGondaty  cauatic  is  the  envelope  of  the  circle 

where     ia  a  variable  parameter. 
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2.    The  equation  may  be  wiittt-n 

where 

Mil  which  in  the  caac  uf  reilexiuu,  or  for  ^  =  —1,  become 

^  =  1. 

S  =0. 

C  =  4^j;  -  •I'/H, 
/)  =  4y. 

TU.  the  equAtbn  of  the  vanable  dide  ia  in  this  ease 

8k  Nov  in  general  for  the  equation 

008  2&  +  £  siu  2^  +  C  cos  ^  +  X>  sin  ^  +  £  -  0, 

wh<  If  tht  coofTicients  ore  any  fnnctioM  whatever  of  the  oocvdiiMites  {»,  y)t  the  equAtion 

of  the  euvelope  is  S^  —  T^^O,  where 

i9  «  U  (il*+ 2I>)- 3  (C^ + J>) + 4£> 
-  7 - 27  if  <G> -!)■)+ 54iK?i> -  (72 (J>+fi<) -4-  F+8£>. 

4.  Ueiioe»  snbstitatiag  for  ^.     0,  D,  E  the  above  reflexion  v«laee»  we  find 
•  482 

-  72  (12  + 144  ((x  -  m)»  +  y'))  (2i»»  -  1  -  23:»  -  2j/*) 
+    8  (im"  -  1  -  2*'  -  2y»)». 
Writing  in  these  equfttione 

(«-«)■ +  -  2«MP+  m\ 

(ds  -m)P-y'-2^-2iit«+m*-(^'h^), 
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then  after  mme  simple  redaeliMM,  we  find 

5  =  16      + y  -  TO* + 6m  («-»«)], 

JT = 32  [2  («*  +  y'  -  m»  -  ly  +  1 8w  («  -  m)     +    -  w=  - 1)  -  27  (x  -  w)»j . 
and  tbenoe 

iP-T»-1024(a-m)<ir, 

where 

+  4m»(x»  +  y»-7u»-l)» 

+  36m  (a*  +  y -OT« - l)(«-in) 

-27  {x-my 

+  S2«i*(«-m), 

or,  what  is  the  same  thing, 

U»  4  (,/•■  + 

-  (Sm'+  12)(  .'-^  +  .y-)» 

-  270?  +  (- 4tm' + 18)  «i«  4- »»« -  4 ; 

so  that  the  e<{uation  of  the  seoondaiy  causfeio  ia  U^^dt  or  the  aecondarjr  canstic  is, 

as  stated  above,  a  sextic  curve. 

5.  It  is  easy  tn  see  that  tlic  foregoiug  nnvrlopp  may  He  geometrically  constructed 
as  follows :  viz.  if  from  the  point  Q  (coordinatea  cos  0,  sin  6)  ou  the  reflecUtig  circle 
WO  dtaw  QM  perpendieular  to  the  line  m-'m—O,  and  then  from  the  point  M  dmw 


UN  perpendicular  to  QT,  the  tangent  at  T,  and  pi-oduce  M2f  to  a  point  P  such  that 
PN^KM,  then  P  h  a  point  of  the  envelope;  and  we  thenoe  obtain  for  the 
coordinates  {x,  y)  of  a  point  P  of  thb  envelope  the  vahie« 

ar  =     wi  —  2  (m  -  cos  5)  cos'  6, 
y  s  aia  d  -  2  (m  -  006  0)  008  ^  aiu  , 
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or,  what  is  the  same  thing, 

a;  =  2c08'^-  ni(2cos'^-l), 
or,  M  tluMW  «qtntion«  mnj  aim  be  written, 

f  DM  47 -«  0Q§  20+ }  COB  30, 

y  a  I  an  0  -  Hi  nn  20  •(■  i  dtt  30. 

6.  This  r«^uk  niaj  be  verified  by  showing  that  these  values  salidfy  the  equation 

cos  2^  +  4  (x  -  «»)  cos  5  +  4^  sio  ^  -1-  2n»«  - 1  -  2  (*»+y)=0, 

and  also  the  derived  equation 

ab  20+2  («- m)  em  0- 2y«08  0«  0. 
We  in  £Mt  have 

X  sin  B  —  y  l-os  d  —  m  sm  —  ^  sin  2$, 
«  co«  ^  +  y  sin  ^  ■  j  -  >ft  cos  ^  +  J  cos  2tf, 

and  thenoe 

(«-m)nn0<-y€aa0-  -^rin20, 
which  it  one  of  the  equatknu  to  be  verified ;  and  also 

(x  —  m)  cos  ^  +  y  sin  ^  =  I  —  2m  cos  ^  +  J  cos  2^. 

We  have  moreover 

«^+y*-  1+11^— 4m  COB  0  +  1  eOB  20; 
and,  b/  mean*  of  these  but  eqnatwn%  the  other  equation 

coa  20 + 4(C'- m)  ooa  0+ 4y  ain  0+ 2m^  •  1    2  (j^ + /)  s  0, 

k  also  verified. 

7.  The  foregoing  values  of  (x,  y)  give 

4ics(-4an^  +  2msin20-|an30)(i0,  a-sin 2^(3costf- 2m) (2^, 
d!jr-<  {coB0-2t»eQfl20+|eoe30)<^0,  ^  ooe20(8€oa0^2m)<j0. 
or,  what  ia  the  aame  thmg;  ds  :         ttn20  :  coa20. 

Hence  taking  for  a  raouieut  (A',  Y)  as  the  curreut  couniiaates  of  a  point  in  the 
taagMit  of  the  envelope,  the  eqaatkm  of  the  tangent  of  the  envelope  » 

Xdy       —  Ydx  =  xdy  —  ydx, 

or,  substituting  for  x,  y,  dx,  dy  their  values,  thi^  cijualion  takes  the  veiy  simple  form 

Jrcos20-  r«in20-2co60+m-O, 
c.  v.  58 
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or  writing  (x,  y)  in  phoe  of  {X,  Y),  that  is  takiug  now  (j:,  y)  as  the  oamiit 
coondiiifttM  of  ft  pomt  m  the  teageati  the  equation  of  the  tangent  u 

c  ooB  29  -  y  rin  Stf — S  ooa  4- m  >■  0 ; 

whence  observing  that  this  tvitiation  may  be  expre!we<i  as  a  rational  equation  of  the 
fourth  order  in  teitxis  of  the  parameter  tan  ^  (or  cos  ^  V  —  1  siu  d),  it  appears  that 
the  clan  of  the  fleooodaiy  canitio  ia  *•  4 

8.  The  secondary  caustic  may  be  considertMl  as  the  envelope  of  the  tangent^  and 
the  equation  be  obtained  in  this  manner.   Comparing  with  the  general  equation 

J  COB  Stf + D  nn  20 + (7gob  0 J>  niil9 -f  £  -  0. 

we  have 

«, 

^— y. 
0-^2. 

m, 

and  thenee 

S  =4}3(*»  +  y)  +  m»-3J. 

2*  -  4  (18m  <c* + y«)  -  27«  -  2m^ 9in}« 

giving 

if  lor  a  moment 

r  =  4 13  (a?  +  y*)  +  »»•  -  3{'  -  (18m     +  y»)  -  27(r-  2m»+ 9m)« 

The  equation  of  the  curve  is  thus  obtained  in  the  form  0 ;  this  should  of 
course  be  equivalent  to  the  before-mentioned  equation  IT  —  0 ;  and  by  developing  V, 
and  eompariTig  with  the  seoond  of  the  two  otpveanow  of  it  appean  that  we  in 
fiwt  have  V^VtU. 

9.  Taking  as  panuneter  tau^^,  or  if  we  please  coetf+V^  ain0,  tiie  foregoing 
values  of  {x,  y)  in  terms  of  6  give       y,  1)  proportional  to  ratiooal  and  inttgial 

functions  of  the  degree  0  in  the  parameter;  so  that  not  only  the  curve  is  a  sextic 
curve,  but  it  is  a  unicursal  sextic,  or  curve  of  the  order  6  with  the  maximum  number, 
slO,  of  nodes  and  cusps;  that  is,  if  S  he  the  number  of  nodes  and  k  the  nuuiW 
of  cusps,  we  have  8  +  x=10.  Uoreover,  introducing  the  same  parameter  into  the 
equation  of  the  t.mp^ent,  this  otjtiatit)n  i?  seen  to  be  of  the  degree  4  iu  the 
parameter ;  tliat  is,  the  ciusss  ul  the  curve  \&  » 4 :  this  implies  2£  -)-  3ic » 26,  and  we 
iiave  therefore  Sa>4,  «aB6.  To  vmify  these  numbers,  it  is  to  be  remarked  that  it 
appears  by  the  equation  of  the  curve  that  there  is  at  each  of  the  circular  points  at 
infinity  a  triple  point  in  the  oatare  of  the  point  «aO,  y«0  on  the  carve  y*"«*; 
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such  a  poiut  k  iii  fact  ei^uivakent  to  a  oode  and  two  cuspe,  aad  we  have  thus  the 
two  ciToalar  points  at  Infinity  eoimting  together  m  £  nodes  and  4  ciuim;  ihei« 

sliijiild   therefore  hf^ideM  be   2  nodes  and   2   cusps,  and   T   proceed   tO  eataUkh 
existence  of  these  by  means  of  the  expressioos  for  («,  y)  iu  terms  of  6. 

10.  To  find  the  euepe,  we  have 

^«  -  «m  2^  (3  oo«  0  -  2in)  s  0, 

^«  coe 2^(3 001  d-2»0»0, 

whidi  are  eaeh  of  tliein  lattafied  if  only  i«»0-im^O,  w  cos#->|m;  the  ooire- 
■pmding  values  of  <«i,  jr)  sre  found  to  be 

and  we  have  thus  two  cusps  situate  symmetrically  in  regard  to  the  axis  of  x;  the 
cusps  are  real  if  m<},  inu^inaiy  if  m>|;  for  m-^,  the  two  cusps  unite  together 
at  the  point  on  the  axis  of  w,  giving  me  to  a  higher  singalartty,  which  will  ha 

further  examined,  pott,  Na  12. 

11.  The  curve  is  symmetrical  in  regard  to  the  axis  of  m,  and  hence  any  inters 
section  with  the  axis  of  x,  not  being  a  poIut  where  the  curve  cnt«  the  axis  at  rij^t 
angles,  will  be  a  node.  Henoe,  in  order  to  find  the  nodes,  writing  y«0,  this  is 

sin  (1 '  Smoos<7+acoB^f>«0. 

giving  sinl^-O,  that  i% 

tf-O,  «-  2-i»; 

or 

tf— »,   »— —  2  — m; 
but  these  are  each  of  them  ordinary  points  oo  the  axis  of  «;  or  else  giving 

1  -  9iK  COS      S  cos*  -  0, 

that  is 

0Qstf>l(m±Vm*-2> 

The  cotrespondbg  values  of  c  are 

x=cm&(2  cos*  d  -  2»t  cot*  $)  +  m,  =  »»  -  cos     =  i      +  v     -  2)  ; 
each  of  the  pdnts  in  question,  vis.  the  p<Hnts 

is  a  node  on  the  axis  of  «. 

58—2 
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- 12.  '  It  IB  to  be  olisBrved  that  for  m< ^  the  nodes  are  both  imaginary ;  fer 

msVs  they  coincidt-  together  at  the  point  «=■  ;  for  m>v'2  they  are  both  real: 
it  is  to  be  further  noticed  that 

node.  ie^^(fH'i-^ntf'—V^«ott«SfMd»  to  om^— ((m— Vn^— 2), 

where  (m  beii^  >V2)  the  poiat  (<bmB,  eio^  u  a  real  point  on  the  dide  d^4-j^ol; 
in  fiwt  for  m<|  (that  is,  m-VS  to  m-f)  we  have  |(m-Vm*'-2}<^m»  that  ii. 

ooBtf<f ;  but  m  -  or  >|k  tiien  et»0^^(m—'/^^i)m       ^         is  «*  or  <|,  and 

l»  +  V  n»'  —  2 

node^  «»|-(in-V«ii^-2XoorMBponds  to  oos  ^  -  ^(«»+ Vii^  -  2), 

whrae  (m  bdng  >V1)  the  pomt  (eos^,  sin  0)  is  a  real  pmnt  on  the  eiiole  s^<i>y*sl  so 
long  as  m  is  not  >  f ,  that  is,  from  m""^  to  m^f ;  but  if  m>|,  then  the  point  in 
question  is  an  imaginary  point  on  the  oirdle — ^whence  also  the  node  ^^^(la  — Vm*— 2) 
is  an  acnode  or  isolated  point 

la  the  OMO  m-f  we  have 

node,. 0^1,  oonesponding  to  oo8  0b|  or 

the  h»t-mentioned  point         bang  in  ftet  the  pdnt  of  nnioin  of  tvo  cusps  in  the 

case  ma}  now  in  question.    Hence  in  this  case  we  have  at  (dt^^i  y^O)  a  triple 

point  equivalent  to  two  cu^p^  and  a  node;  visibly,  thoe  is  only  a  single  branch 
cutting  the  axis  of  x  at  right  angles. 

In  the  esse  meV2,  the  nodes  coincide  as  above  mentioned  at  the  point 
on  the  axis;  for  this  valne  of  m  the  ooordtnates  of  the  cusps  are 

V2(«|f4-Vi,  which  is  <1  -i-^);  y»±^ 

13.  Starting  from  the  equation  1024  («- 1»)*  £r-£l>-T*-0,  it  is  clear  that  the 
etisps  are  iadnded  among  the  intersections  of  the  curves  5a  0,  7a  0;  these  two 

curves  intersect  in  24  }X)int.s  which  lie  9+9  at  the  circular  points  at  infinity,  2  +  2  at 
the  points  x  =  m,  ?/--  1  =0,  and  1+1  are  the  euspsi,  Or  points  «— «— ^l»»,y*  —  (l--|i»*)'. 
To  verify  thi»,  writing  for  a>  momi'iit 

r  -  2       y* - 18»(«  -  TO)(s?+y» -m«-l)-27  («- 
then  we  have 

r  -  2(«^'+^-m»- l)<y  »ft»(»-i»)<4i»+y«-»*- 1)-27  («-«)», 

«8  {2m(s!»4^-««-l)-9(«-»)l ; 


Digrtizeo  by  <jOOgle 


359]  A  SUPPLKMENTABT  KBMOIR  ON  CAUOTZGS.  461 

80  that  the  e(^uatiou2>  5  =  0,  'T  =  0,  or,  what  is  the  same  thing,  S'  =  0,  T  =  0  give 

(«  -  m)  [2m  (a»  +  y»  -  wi»  -  I)  -  9  (*  -  j»)J  «  0, 

g 

that  'n,  «-m>0»  or  eise  aF+f/F-m^-l^^im^ny,  And  oonliiiuiig  faeiewith  the 
eqaation  )Sr«(d?+jf"— + 6m («—«»)= 0,  we  hatre  »->msO,       lyasO,  or  dse 

81 

(*»  +  y»  -  m*  -     -      («  -  m)»  -  Gn»  («  -  f»X 

and  therefore 

(27  -  0. 

the  second  factor  of  which  gives  x  =  m-^m\  and  thence  +  — to*— I  =  — |)n«,  that 
is.  «»+^-l-Jm»  and  therefore  ^=(1 -im»)-(«i-^»t«y,  -(l-|m«y,  that  ie,  we 
have 

which,  ae  afipean  above,  gives  the  two  ouspe. 

14  Simihriy,  in  the  equation  16F>£^-2^>0,  the  inteiaedaooB  of  the  corvee 
8^0,  7»0  muat  ineln^  the  euipa;  the  ourves  in  ques^  are  the  two  ctrctee 

18m       ^  -  27«-  SmF^.  9m  »  0, 

meeting  in  the  dicalar  point*  at  inAoity,  and  in  the  two  cospa.  It  ii  to  be  added 
that  tlM  tangent  at  the  cosps  ooineidee  with  the  tangent  of  the  last-mentioned  dide, 

18m  (d^ + -  i7«- + Ihn  -  0, 

or.  a»  this  m^  ako  be  written, 

15.  The  axis  of  x  meets  the  secondary  caustic  in  the  two  nodes  counting  as  4 
inteieeetiona^  and  heeides  in  S  point8»  via.  the  points  «a8-m»  «--fi-m;  these 
oonespond  to  the  valoes  $mO  and  tf«w  lespeetively.  But  to  veriQr  them  by  mean* 
of  the  eqaation 

16r«i?-I*-0 

of  the  curve,  it  may  be  remarked  that  for  y  =  0  we  have 

S  =  4(3a*-(-m'-dX  2'-4(18mdi*-27«-2m*+ &m); 
and  wiitiag  liecein        2»m»  we  find 

valoes  whidi  satisfy  tlie  eqaation  2^>0. 
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Iff.  In  the  tqiwtloa  CT^O  of  die  curve,  writing  m  —  m^Q,  the  equatiom  beoomM 

4(j»-l)»+4««(y-iy«0. 

that  is 

*(y'-l)*(i^-l  +  «*')  =0, 

and  the  line  (x  — 7»)  =  0  is  thus  a  double  tangent  to  the  curve,  touching  it  at  the 
points  x  =  m,  i  l,  and  besides  meeting  it  at  the  points  x  — m,  jf  ±'>/l  —  m\  that 
ii^  at  the  interaectionti  of  the  line  «— m=0,  with  the  circle  x'  +  y*^!. 

17.  The  maximum  or  minimum  values  of  ff  wngpmd  to  the  values 
$  s  ^v,  0  «  fir,  ^  -  |ir  of  6i  and  ve  have  for 

s  f  IT,    «  =  -  i  V  2,    y  =     V  2  +  »i, 

tf.^ir.  y  — Vf  +  nt. 

18.  It  ia  now  easy  to  ti-acc  the  secondary  caustic;  we  may  without  loss  of 
gvneralily  Mnime  tliat  m  m  positive,  and  the  values  to  be  conridered  ere 

m^Of  m—1,  m«V^  in~|f 

with  the  intennediate  vnhiee  in>0<l,  Ac. ...  and  ii»>|>  I  bnve  for  eoavenienoe 
delineated  in  tiie  fignre  only  a  portion  of  eneh  corve.  viz.  the  figure  is  terminated  at 

the  negative  value  xas  —  ^Vi,  which  corresponds  to  the  maximum  value  y—v^  +  m; 
as  X  increa»38  negatively,  the  value  ot  the  ordinate  y  diminishes  continuously  frcun 
this  maximnm  value,  beooming  —0  for  the  value  fM»  and  the  onrve  at  this 

point  cutting  the  axia  of  x  at  i  ii^ht  nnglcs ;  this  is  a  sufHcient  explanation  of  the 
form  of  the  curves  beyond  the  liiiat«  of  the  figt»re.  Moreover  the  curve  is  symmetrical 
in  regard  to  the  axis  of  x,  and  I  have  within  the  limits  of  the  figure  delineated 
only  one  of  the  two  halves  of  the  cnrve. 

19.  Fur  in  >  I  the  cnsps  nre  both  imaginary,  the  nodes  both  real,  but  onp  of 
them  is  an  isolated  point  or  acnotle  (shown  in  the  figure  by  a  small  cross).  The 
curve  has  an  interior  loop^  as  shown  in  the  figure,  and  there  is  also  the  aeaode  l^iug 
within  the  loop. 

For  m « |,  there  is  still  an  interior  loop,  but  the  acnode  has  united  itself  to  the 
loop,  the  point  of  union,  although  presenting  no  visible  singularity,  bdng  really  a 
triple  point  equivalent  to  a  node  and  two  cusps.  And  in  all  the  cases  whioh  fellow 
there  are  two  real  cusps. 


Digrtized  by  Google 


359]  A  SUPPLEMENTARY  MEMOIR  ON  CAUSTICS.  463 

For  m  =  <  I  >  V2,  the  loop  has  altered  its  form  in  euch  wise  as  to  exhibit  the 
node  and  two  cusps,  the  curve  has  therefore  two  real  nodes. 


For  m«V2,  the  two  nodes  unite  together  into  a  tacnode,  so  that  the  loop  is  on 
the  point  of  disappearing ;  and  for  »t  <  V2  >  1  the  nodes  are  imaginary,  and  there  is 
thus  no  longer  any  loop. 
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Id  all  thA  above  fom»  the  doabk  taqgtat  «t-m  tondies  tbe  eorre  at  the  pomto 
»/  =  ±l,  but  the  other  two  intenectioiw  of  the  doable  tangent  ^wtth  the  carve  are 

imaginary. 

For  m  =  l,  the  double  tangent  baa  the  two  eoinddent  real  intorMctions  y^O,  «r 

it  is  in  &ct  a  triple  tangent 

For  m  <  1  >  0,  thfl  (imible  tangent  has  vnth  the.  curve  two  real  interaectiona,  Til. 

they  are  the  poiuts  where  the  double  tangent  meets  the  circle     +  = 

And  finally,  for  m=0,  the  points  in  question  unite  themselves  with  the  points  of 
oontaot,  the  double  tangent  being  in  this  caee  the  common  tangent  at  the  two 

euBpa  ««0,  y— ±1, 


Added  May  18.  1867. 

20.  As  remarked  in  the  original  memoir,  p.  312,  the  secondary  caustic,  in  the 
laot-mentioned  case  rn  0,  is  a  curve  limitar  to  and  doable  the  magnitude  of  the 
caostie  itself  {m.  the  caustic  for  paratld  rays  reflected  at  a  dbtcle)!,  the  poaition  of 
the  two  eorvee  difiietiag  by  a  right  an^e; 

The  secondary  caustka  corresponding  to  the  different  values  of  tn  form,  it  is  clear, 
a  system  of  parallel  curves;  and,  by  the  remark  just  referred  to,  it  appears  that  this 
system  is  similar  to  the  system  of  curves  parallel  to  the  caustic  for  parallel  rays 
reflected  at  a  drde. 
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360. 

NOTE  ON  A  QUARTIC  SURFACE. 

[From  the  Pkito$9jphieal  Magazine,  vol  XXIX.  <186d),  pp.  19—22  ] 

It  would,  I  think,  be  worth  while  to  study  in  detut  the  quartic  surface  which 
u  the  enrelope  of  a  sphere  hnving  its  centre  on  m  given  conic,  and  paasing  through 

a  given  point.   The  equations  of  the  conic  heing  t^O,  the  coordinates  of  * 

point  on  the  conic  may  be  taken  to  be  x—aco»0,  i/-b  sin  6,  z  =  0,  whence,  if  (a,  fi,  7) 
be  the  coordinates  of  the  given  point,  the  equation  of  the  ephei-e  i» 

or,  what  is  the  same  thing, 

+^+ <•  -  of-i8»  -  y- 2(«-a)aeo9  -  2  (y  - /9)6Mn      0 ; 
and  hence  the  equation  of  the  snrftice  is  at  once  seen  to  be 

(.c='  +  t/*  +  z-  -  a-  -     -  7- 1 ■  =  -kj'  {a:  -  o)»  +  4^"     -  ^)-. 

If  a=b  (that  is,  if  the  conic  be  a  circle),  thou  we  may  without  Ities  of  generality 
write  0=0,  and  the  equation  then  ie 

(jf  +  ^  +  z=  -  a'  -  y)«  =  4a'     -  ay  + 

This  maj  be  written 

which,  coofiiUeriug  <  as  a  constant,  Lh  of  the  form 

{x>  +  f^ay^  UA  (a  -«»); 

that  !«,  the  section  of  the  surface  by  a  pUne  parallel  to  the  plane  of  the  conic  is  a 

Cartesian. 

c.  V.  59 
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If  a  Mid  h  aro  unequal,  Init  if  we  icill  liave  ^  -  0,  the  e<](tati<m  of  the 

(j^  +  /  +  x«  -  a«  -•/)»  -  4<*»  (X  -  a/  -r  U^i/*. 

There  arc  here  two  planes  paniUel  tu  the  pUuic  of  the  conic,  each  of  them  lu-.-t^iuig 
the  euHlHie  in  a  fmr  at  dielea  In  fi^t,  wrHing  jf+jf'—p,  and  thcrefone  also  f-p-jf, 
puttiiig  moieover  ^  —  if—'f^k,  we  hare 

that  ifi^ 

or,  as  thia  may  also  be  written, 

which  b  of  the  fiwiD 

<o,       ft     ,       e      ,    f  ,      g    ,  03[^c^I)F-0i 

and  the  left-hand  ode  will  bieak  op  into  laetoin,  each  of  the  fiwm  p^A9-¥B  (so  that» 
equating  '  itlier  factor  to  wrOb  We  have  /i  + J«+£*0,  that  ia»  ^  +  jr  +  il«-l-J9*"0,  the 
eqoatioA  of  a  circle),  if  only 

abc-af-bf=^  0. 

Writing  this  under  the  form  6  (oc  —  jr*)  —  o/^  —  0,  and  substituting  for  a,  b,  c,/,  g  their 
values,  we  have 

and  therefore  the  condition  in 

(4» - oOC^it  - - ttW) - aV - 0 i 

that  ifl, 

4^  Kft»-4i^)(A-      oW}  -Ol 

If  l^mO,  the  surface  is  a  pair  of  spheres;  rejecting  this  fitctor,  we  have  <if)(l^— 1^)— alV«0; 
or  putting  for  k  its  value,  the  oooditioa  beoomaa 

(4»  -  oO  (1^  -  «^  -  7»  -  J*)  -  <*V  -  0 ; 

that  ia,  toe  eadi  of  the  valuee  of  s  given  by  thia  equation,  the  nction  by  a  plane 
paiallel  to  the  plaae  of  the  oonie  wfll  be  a  pair  of  eiieWa. 

The  pbmea  in  question  will  ooineide  with  the  phme  of  the  cooie^  if  only 

(ft*  -  a«)     +  y  +  6') +oV  -  a 

or,  what  ia  the  eame  thi^g, 

ftV  -  (a»-  6»)<y»-  ft*  (o»-  ft») ; 
that  »,  if  the  pmnt  (a,  0,  y)  be  atuated  on  the  hyperbola  yi^O,  ^.^^-^^l- 
hypfcibiJu  ii<  question  aud  ihe  ellipse  x  —       +  ^  =     *'"^»     ^  clear,  conia  in  planet 
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at  nght  augles  to  each  other,  having  the  tmusverse  axes  eoiacideut  iu  directioo,  aud 
bebg  midi  that  euh  curve  pawai  through  the  foci  <d  the  other  curve;  or,  what  is 
the  nme  thing,  thejr  are  a  pair  of  Steal  eonics  of  a  ^atem  of  eobfocal  d]i]MOid>. 

The  Burfitoe  in  the  caae  in  question,  vis.  when  the  pacameten  «,  a,  ^  are  oon- 
neeted  by  the  equation 

b  in  fiut  the  "  Cjrclide "  of  Dupin.  It  ie  to  be  noticed  that  we  have  here 
(«  -  a  eea  ^+ ein'tf + 7*«   H-y + a*  ~  SoaeoB  0 + (<t*  -  ft^  eo(^  ; 

which,  observing  that    +    +  ^  is  «=  — — ^,  gives 
ao  that  the  ladiaa  of  the  variable  sphere  ie 

If  the  variable  sphere,  instead  of  passing  through  the  point  (a,  0,  7)  on  the  hyperbola, 
be  drawn  so  as  to  touch  a  ^here  of  radius  (  having  its  centre  at  the  point  in 
question,  then  the  (acGus  of  the  variable  sphere  would  be 


which  is  in  bet 


if  only  a'  =  a+  — -—   ;  heucc  if  7'  be-  the  conespouding  value  of  7,  the  variable 

sphere  paKses  through  the  point  (a',  0,  7')  on  the  hy{>ei-bola,  aud  the  envelope  is  still 
a  eydida.  The  qjrclide  as  derived  from  the  foregoing  investigation  is  thns  the  envelope 
of  a  sphere  having  its  centre  on  the  ellipse,  and  touehing  a  fixed  sphere  having  its 
centre  on  the  hyperbola.  Tt  also  appears  that  there  arc,  hnviiig  their  centres  on  the 
hypeibulu,  an  infinite  series  ot  spheres  each  touched  by  the  sphercit  which  have  their 
cNitre  on  the  ellipse;  if,  instead  of  one  of  these  sphai«s  we  take  any  four  of  them, 
this  will  iinply  that  the  centre  of  the  vaiiabic  Nphcif  is  on  the  tllij)s<-,  and  it  '\h  thus 
seen  that  the  cyclide  as  obtained  above  is  identical  with  the  cyciide  according  to  the 
original  definition,  viz.  as  the  envelope  of  a  sphere  touching  four  given  spheres. 

Cambridge,  December  5,  1»64. 
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361. 


ON  QUARTIC  OUBVES. 

[From  the  Pkihtopkieal  Magasiiu,  t«L  zxix  (1865X  VP-  195—198,] 

The  expression  'an  oval'  is  uied»  in  regard  to  the  plaiM!,  to  denote  ft  closed  curve 
without  iurU'S  or  ciis]w ;  ;ind,  in  rpt^jard  to  the  ?phcn^,  it  is  assumed  moreover  that  the 
oval  is  a  curve  which  is  not  its  own  opposite,  and  does  not  meet  the  opposite  curvc(') — 
that  ia,  tluit  the  oval  is  one  of  a  pair  of  non-iateraeeting  twin  ovaJs.  t  say  that 
every  spherical  curve  of  the  fourth  order  (or  spherical  ijuartic)  without  nodes  or  cusps 
may  be  considei-ed  as  composctl  of  an  oval  or  ovals  Ijnng  wholly  in  one  hcnn^phcre 
(that  is,  not  cutting  or  touching  the  bounding  circle  of  the  hemisphere),  and  of  ibo 
opposite  oval  or  ovals  lying  ^iriiolly  in  the  opponte  hemisphere;  or,  dtsNfiarding  the 
opposite  curves,  that  it  consists  of  an  oval  or  ovals  lying  wholly  in  one  hemissjihir.'. 
And  this  being  so,  the  cjuartic  cone  having  its  vertex  at  the  centre  of  the  sphere  is 
met  by  a  plane  parallel  to  that  of  the  bounding  circle  in  a  plane  quartic  curve  con* 
sisting  of  an  oval  or  ovals;  and  thence  every  plane  quartic  is  either  a  finite  curve 
consisting  of  an  oval  or  ovals,  or  else  the  projeetiou  of  such  a  curve. 

Considering  first  the  cose  of  the  platie,  ft  line  in  general  meets  the  oval  in  an  sven 

number  of  points  (the  nujiibw  may  of  courw  hv  =  0)  ;  Iience  as  the  point  of  contact 
of  a  tangent  reckons  for  twu  points,  the  tangent  at  any  pomt  of  the  oval  again  intellects 
the  oval  in  an  even  number  of  points  {this  number  may  of  course  he  —  0)l  The  number 
of  points  of  intersection  by  the  tangettt  (the  point  of  contact  being  always  excluded)  b 
either  evenly  c\cn,  and  the  point  is  then  situate  on  a  cmvex  portion  of  the  oval ;  or 
it  Ls  oddly  even,  and  the  point  is  then  situate  on  a  concave  portion  of  the  ovaL 
Now  imagine  that  the  oval  is  (or  is  part  of)  a  quartic  curve ;  the  number  of  points 

>  Tbe  BotioM  oC  flgpotite  oorvw,  ^  ure  (tilljr  dawla|Md  in  tha  •aodlimt  Memoir  of  Mifbiuf),  **  Dabtr  die 
OrandfeinMO  te  linim  te  diittar  Ovdnug,"  AVk.  4»  K.  saehs.  Ott.  t*  Ldpttg,  toL  i.  (1858),  to  wUdi  I 
hm  dwwbm  Crequtntly  nfeiftd. 
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ot  intersection  by  the  taugeDt  is  —0  or  cine  =2;  aod  tberc  i»  at  least  one  portiou 
of  the  oval  for  which  the  number  of  inteneetioin  is  ssO;  for  othenriae  the  oval  would 

be  concave  at  every  p^int,  which  is  imiiossible.  Hence  there  'm  a  tangent  which  does 
not  meet  the  oval  (rxccpt  at  the  point  of  contact),  and  we  may  in  the  immediate 
neighbourhood  of  the  tuugent  <Imw  u  line  which  does  not  meet  the  oval  &i  all. 

Precisely  the  same  eonsideiations  apply  to  the  rnso  of  nn  ovnl  which  is  port  of 
a  tipherical  i^tiartic,  the  tangent  being  of  course  a  gi-cat  circle ;  and  the  conclusion 
arriTCd  at  is  that  there  exists  a  great  dicle  which  does  not  meet  the  oval  at  all; 
that  is,  the  oval  He*  wholly  in  one  hemisphere. 

I  remark  that  the  demoostnition  would,  as  it  ought  to  do,  foil,  if  we  attempted 

to  apply  it  to  an  oval  portion  of  a  spherical  scxtie;  the  tangent  circle  meets  the  oval 
in  a  niimher  of  points  wbir'Vi  =0,  2,  or  4:  and  the  number  PHnnot.  He  for  every 
tangent  circle  whatever  —  '2 ,  but  there  is  iiothiug  to  prevent  it  from  being  for  every 
tangent  drde  whatever  ag  or  4.  Hence  we  esanot,  for  every  ^erioal  sextie,  ohtatn 
a  tangent  circle  not  meeting  the  oval  except  at  the  point  of  contact ;  and  consequently 
we  do  not  obtain  in  the  immediate  neighbourhood  of  the  tangent  a  circle  which  does 
not  meet  the  oval  at  all.  And  in  fact  such  circle  does  not  in  every  case  exist;  that 
is,  tfts  ami  portim  of  a  ^^kgry/oaX  mtUe  doss  net  m  9my  ooas  tie  wt  a  AemupAsm. 

It  has  been  shown  that  the  oval  portion  of  a  spherical  4uartic  lies  in  a  hemi- 
sphere; but  we  have  to  consider  the  case  where  the  qusrttc  consists  of  two  <n-  more 

ovals.  To  fix  the  ideas,  let  A,  A'  be  a  pair  of  opposite  ovals,  and  S,  B'  another  pair 
of  opposite  ovals,  components  of  the  same  spherical  quortic.  If  there  exists  a  tangent 
drde  of  A  whidi  does  not  meet  B,  then  there  exists  In  the  immediate  neighbourhood 
of  the  tangent  cirole  a  drele  which  does  not  meet  either  A  or  B\  and  we  may  offiuroe 
that  A  and  B  lie  on  the  same  side  of  fliis  circle;  for  if  B  wf-rc  fin  the  Hirle  opposite 
to  A,  then  R  would  be  on  the  same  side  with  A ;  and  we  have  only,  instead  of  £, 
to  consider  the  oppodte  oval  B^,  Hence  we  may  consider  that  the  ovals  A  and  B  lie 
on  the  same  side  of  the  circle ;  that  is.  we  have  a  spherical  (piartic  consisting  of  or 
comprising  the  ovals  A  and  B  itt  the  same  hemisphere :  the  two  ovals  are,  it  is  clear, 
external  each  to  the  other. 

But  everj'  tangent  of  A  nmy  mwt  B  in  two  jji  lnt??;  consider  the  whole  spherical 
figure,  and  suppose  that  the  tangent  (or  say,  the  tangent  circle)  of  A,  A'  meetn  the 
ovals  B,  B  to  the  points  K,  L  and  the  op^Msite  points  JT.  L'i  then  considering  the 
tangent  circle  as  moving  round  A,  A'  until  it  returns  to  its  original  position,  the 
)>oint8  K,  L,  K',  L'  are  always  four  fli-titict  point-i ;  and  K  and  some  one  /say  Z>  of 
tbe  two  poiuts  L,  L  will  describe  the  same  oval,  say  the  oval  U ;  while  the  opposite 
jMinte  JT,  L'  wiU  describe  the  oppomte  oval  V.  We  have  here  the  oval  A  included 
in  the  oval  B  (and  of  course  the  opposite  oval  A'  include*!  in  the  opposite  oval  R). 
Btit  the  oval  B,  (j'ld  poitinn  of  a  spherical  quartic,  lies  wholly  in  one  hemisphere: 
hence  the  two  ovals  A,  B  lie  wholly  in  one  hemisphere.  It  is  easy  to  see  that  there 
is  not  in  this  case  any  other  portion  of  the  spherical  quar^,  hut  that  the  two  ovab 
A,  B  are  the  entire  curve. 
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Beverting  to  th«  eaae  where  ve  have  in  one  hemisphere  the  two  avab  A,  B 

external  to  each  other,  the  spherical  quart  ic  may  cotnpriiie  as  pert  of  itMlf  another 
oval  C.  The  ovals  A  and  B,  qud  ovals  ext<  riial  to  i  ;ioh  other,  havt*  a  common  tangent 
circle  (a  double  tangent  of  the  spherical  quartic;  which  cannot  meet  the  oval  C  (fur 
if  it  did  we  should  have  six  pdnts  of  intefseetioo) ;  henfle  in  the  immediate  neigfabour- 
hood  thereof  we  have  a  circle  not  meeting  any  one  of  the  ovals  A,  £,  C.  We  may 
coixHider  A,  B,  C  as  lying  on  the  same  side  of  thin  (irclp;  for  if  B  were  on  the 
opposite  side  to  A,  then  B'  would  be  oa  the  same  .side  ;  aud  so  if  C  be  on  the  opposite 
side,  then  C  will  be  on  the  same  side;  that  is,  we  have  the  three  ovale  A,  B,  C 
ezteiaal  to  each  other,  and  in  the  same  hemisphere. 

There  may  be  a  foorth  oval,  D,  and  it  would  be  shown  in  a  similar  mtmner  that 
we  have  then  tho  four  ovals  A,  B.  C,  D  external  to  each  other  and  in  the  same 
hemisphere.  But  there  cannot  be  a  tilth  oval,  E ;  the  proof  is  precisely  the  same  as 
ibr  the  theorem  tin  ptano;  vh.  taking  within  caeh  of  the  five  ovals  a  punt,  and 

through  these  points  drawing  a  conic,  the  conic  wmilil  meet  each  oval  in  two  points, 

and  therefore  thi'  plane  (juartic  in  ten  points,  which  is  impos»ili!e 

Passing  from  the  sphere  to  the  plane,  the  foregoing  investigation  shows  that  ever) 
plane  quartic  without  nodes  or  cuspe  is  either  a  finite  curve,  or  else  the  projection 
of  a  finite  curve,  of  one  of  the  following  forms: 

L  a  single  ovaL 

2.  two  ovals  external  to  each  other. 
8.  two  ovals,  one  inside  the  other. 
4  three  ovals  external  to  each  other. 
5,  6.   four  ovals  external  to  each  other. 

The  last  esse  has  been  called  (5,  6)  for  the  sake  of  the  following  eubdivision,  viz.: 
5.   the  four  ovals  are  so  aituato  as  to  be  intemeeted,  each  in  two  pointy  by  the 

name  ellipse. 

(i.  they  are  so  situate  as  not  to  be  iutettsected  by  any  one  ellipse  whatever — the 
distinction  being  similar  to  that  which  exists  between  four  points,  which  may  be  either 
suflh  as  to  have  passing  through  them  aa  welt  ellipses  as  hyperboh»,  or  else  to  have 
poiwiag  throui;^  them  hyperbolas  only. 

I  rt  Turirk  that  the  limitation  of  the  thcnrfm  to  the  case  of  a  qunrtie  curve  without 
ikmIds  or  cwpti  is  nccesaary,  at  any  rate  as  regards  the  n<nhs.  We  may  in  fact  find 
a  quartio  curve  having  a  single  node  whidi  is  met  by  every  line  in  at  least  two  real 
p«»iutit.  and  which  is  therefore  not  the  projection  of  any  finite  curve ;  for  if  we  imagine 
t\Mi  hyiM'ilmliis  so  sitviatf  that  each  branch  of  the  one  cuts  (luh  luanch  of  the  other, 
llicii  it  »iay  be  seen  that  there  exists  a  quartic  curve  approaching  everywliere  very 
nrnrly  to  the  system  of  two  hyperbdas.  but  havings  instead  of  the  four  nodes  of  the 
iiywkni»  only  a  eiogle  node,  whidi  is  such  that  every  line  meete  it  in  at  least  two 
jmiiilH, 

VaMbndjf0,  December  15,  1S64. 
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362. 

NOTE  ON  LOBATSCHEWSKY'S  IMAGINARY  GEOMETRY. 

(From  the  FhUosophiaU  Moifagwe,  vol.  xxijl  (IUq),  pp.  231—233.] 

WiUTlNG  down  the  equatious 


1  cos  A+&»Bco»G 

ooaa  mnBtanO 

cobV~      ~     daCttnJ  ' 
1  «mC+v»Aco9B 

— — 5*€0S  C"*     ■   3 — s — n 


where  A,  B,  (7  are  real  positive  angles  each  <^Tr:  first,  if  .4  +/?  +  (?>«•,  then  a,  6,  c 
are  teal  pontive  angles  each  less  than  ^  (this  is  io  iact  the  case  of  a  real  aeute* 
angled  spherical  trianglt-X  but  a,  h',  c'  are  pnrc  imagiiinrit'S  of  the  form  p'l,  //'!.  r'i 
(where  jp',  j',  r'  are  real  positive  <|uantitie« ;  and  aecondiy,  if  ^  +  J3  +  C  <  jr,  then  «,  6,  c 
are  pure  iinagitiariea  of  the  fonn  pi,  ryt,  H  (where  p.  q,  r  §x^  real  pontive  quantitiee), 
but  a',  b',  c'  arc  real  puHitive  angles  each  less  than  ^w.  Henoo  awuming  A+B+C<w 
and  imtiDg  at,      6»  in  |ilaoe  of  a,  ^  c,  the  lyBtem  is 


1  .  COS  ,4  +  co«  i?  COS  0 
 , "  cos  a»B>  T  n  - — ?t — • 

1  ,.  cos£+cosC7ocisii 

•  r,  =  cos  0»  »   « — TT-f  3  

COS  6  nnCnnil 

1  CU«<7-f  COB^  cosB 


 }  =  COS  Cl  =  >  3—1 — n   . 

cose  nnilan.B 
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which  equatiotw  (if  only  we  write  therein  ^w-a',  ^w—K  ^ir— «^  in  jAuBe  of  a',  6', 

respectively)  are  in  fncf  the  dj nations  given  umlor  a  less  «ym mot rip.il  fomi  in  the 
curious  paper  "  Geotn^trie  Imaginaite "  by  N.  Lobatschewsky,  Rector  of  the  University 
of  Kauaii.  Crelle.  vol.  xvit  (1837).  pp.  295—320.  The  Tiew  tnken  of  them  by  the 
author  i»  hard  to  he  understood.  He  nientiun.<<  that  in  a  paper  puUiehed  five  yem 
jtroviniisly  in  a  scientific  jriuriinl  at  Kasan,  after  developing  a  new  theory  of  pnmll.  1^. 
he  bad  endeavoured  to  prove  that  it  is  only  experience  which  obliges  w  to  assume 
that  in  a  lectiUiiear  triangle  the  sura  of  the  angles  is  eqnid  to  two  right  angles,  and 
that  a  geometry  may  exist,  it  not  in  nature  at  least  in  analysis,  on  the  hypothesis 
that  the  sum  of  tho  an^'lc.s  is  liss  than  two  right  angles;  and  he  accordingly  attempU 
to  establish  such  a  geometry,  viz.  a,  b,  c  being  the  sides  of  a  rectilinear  triaugle, 
wherein  the  sum  <A  the  angles  A-^B-^C  \b  <ir,  and  the  angles  a,  V^.^  being 
calculated  from  the  ndea  by  the  fianniiUe 

I  ,,1  .1 

CO«U  —  cost*  «■   p:,     C06C   . 

eoBot  co»{n  €oec» 

(I  have,  as  mentioned  above,  replace*!  I^obatschewsky's  a',  6',  ^  by  their  complements): 
the  relation  between  the  angles  Ji,  B,  C  and  the  eubeidiary  quantities  a',  b\  c'  which 
replace  the  ludes,  is  given  by  the  iuinuilio 

1    _  cos  4  +  cosBcoaC 
Cos  a'  sin  ^  sin  C  * 

1    _  cos  B  +  cos  C  cos  A 
cos  b'  sin  C  »m  A  * 

1       COS  C  +  C06  il  cos  .0 
ooBC         Sin  A  em  B 

I  do  not  uaderataud  this;  but  it  would  be  vety  interesting  to  liud  a  real  geometrical 
interpretation  of  the  hmt^mentioned  KyAtein  of  equations,  which  (if  only  A,  B,  €  ne 
positive  real  quantities  such  that  A  +  B  +  Ckv;  for  the  condition.  A,  B,  C  each  <  fr, 
may  be  omitted)  contains  only  thr  re//  iiiantitiiAs  A,  B,  C,  a,  6',  o' ;  and  is  a  sgfSteni 
correlative  to  the  equations  of  ordmary  Spherical  Tngonometry. 

It  is  baldly  necesaaiy  to  remark  that  the  equatioo 

1 

 , -cosa* 

coea 

is  Jaoohi's  imaginary  transftwmation  in  the  Theory  of  EUiptie  Fanetbna.  SeOj  as  te 
this,  my  paper  "On  the  Tianseendent  gd.tt«ih)gtan(|ir-f-iittV  PA«L  Mag.  vol.  zxiT. 
(1862X  pp^  Id— 2S,  [920]. 


Cambrid^,  January  21,  IttCa. 
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363. 

ON  THE  THEORT  OF  THE  EVOLUTK 

[From  the  JMempkieal  MagMmt,  toL  zxiz.  (1865X  pp^  944— 35a] 

According  t«)  the  gem  mii/rd  notion  of  geom«trical  magnitude,  two  lines  are  said 
to  be  at  right  angles  to  each  other  when  they  arc  harmonics  in  rot^anl  t<i  a  certain 
conic  called  the  Absolute ;  this  being  so,  the  noruuU  at  any  point  of  a  cunc  is  the 
line  At  right  angles  to  the  tMOgeat*  ami  the  Evolute  is  the  envelope  of  the  normak 

Let  the  eqaataoa  of  the  absolute  be 

e=(H,  b,  c, /,  ;/,  h^J.;  If,  5>'  =  0, 

and  suppose,  as  usual,  that  the  iuversse  coefficients  aixj  {Ji,  B,  C,  F,  0,  H).  Consider 
a  given  carve  U^{^^\x,  y,  «)"=0,  and  nippose,  for  shortDeBBi  that  the  first  differantia] 

coefficient;!  of   U  arc  ckiioted  by  L,  M,  N.    Then  we  have  to  find  the  equation  of 

the  normal  at  the  point  {x,  y,  z)  of  the  curs'e  f7  —  0. 

The  condition  that  ;iuy  two  lines  are  harmonics  in  regard  to  the  abwilnte.  is 
equivalent  to  thiis,  viz.  each  line  passics  through  the  pole  of  the  other  line  lu  regard 
to  the  abaolnte.  Hence  the  noraal  at  the  point  («,  y,  s)  ts  the  line  joining  this 
point  tho  pok-  nf  the  Uuigent.  Now,  taking  (JT,  T,  tm  cucnnt  coordinates,  the 
equation  of  the  tangent  is 

the  ooonfinates  of  the  pole  of  the  tangent  are  thwefore 

{A,  H.  0\L,  M,  N)  :  {H,  B,  F^L,  M,  iV)  :  (G.  F,  C\L.  M,  N), 
and  Uie  equation  of  the  normal  L> 


X  ,  Y  ,  Z 

X  ,  9  '  * 

{A.  n.  G^L,  M,  iV),   {H,  B,  F^L,  M,  N).  (G.  F.  C^L.  M.  If) 


c. 


=  0. 
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The  fonnula  in  this  fbnn  will  be  twnvement  in  the  sequel ;  hut  them  is  no  red  Ioh 

of  geDerality  iu  taking  the  equation  of  the  absolute  to  be  j^  +  i/'  +  ^mOi  the  iwlUM 
of  {A,  B,  C,  F,Q,a)w  then  (1»  1,  h  0.  0,  0),  muI  the  liannak 


f»  if,  * 


where  it  iriil  be  remembered  that  (Z,  Jf»  JIT)  denote  the  derived  functioouB  (/^U»  dyZT,  dJTy 

The  evolute  rm  therelbre  the  envelope  of  Ifte  line  sefneented  by  the  fbregoiug 
«)aAtion,  say  the  eqnntion  n=0,  conddering  therein  (a;,  y,  t)  as  vntkhle  panmeteri 
eopnected  by  the  equation  IT  s  o. 

k»  an  examine,  let  it  be  required  to  find  the  evolute  of  a  conic;  since  the  axes 
ju-e  arbitrary,  we  may  without  loss  of  generality  assume  that  the  equation  of  the 
couic  is  az—y''  =  0.  The  values  of  {L,  M,  N)  here  are  {z,  —  2y,  x).  Moreover  the 
equation  is  satisfied  by  writing  therein  m  i  y  :  g^l  ;  0  i  the  values  of  {L,  M,  N) 
then  heoome  (tf*,         1)  and  the  equation  is 

1         .  e  ,  ^  1=0; 

Z         .  Y         ,  B 

{A.      GTiB. -If,  (H.  B,  F^e. -ly.  (<?,  J",  OJft 

or,  developing,  this  is 

+  Y(  iltf'-2J359«+  Gd'  \ 

\         -A0'  +  2H0'-  Ge     )  =  0. 

which  I  It-avc  in  thi>  form  in  order  to  show  the  origin  of  the  diflferent  terms,  and  in 
particular  iu  order  to  exhibit  the  destruction  of  the  term  $*  in  the  coefficient  of  Y. 
fint  tl»  equation  i^  it  will  be  ohserved*  a  quartb  equation  in  tf,  witb  ooefReianto 
which  are  iineer  fonotions  of  the  ounent  coordinates  (X,  F,  Z). 

The  equation  shows  at  once  that  the  evolute  is  of  the  dass  4 ;  in  fact  treating 

the  coordinates  (X,  Y,  Z)  given  iiuantities,  we  have  for  the  determination  of  0  an 
eqnatitm  of  the  order  4,  lh:\t  is,  the  ntimbor  of  normals  through  a  given  point  (X,  ¥,Z), 

or,  what  if>  the  .'>iine  thinj;^,  the  class  of  the  evolute,  i9.  =4. 

The  equation  of  the  evolute  is  obtained  by  wjuatuig  to  zero  the  diBcrimiuaot  ol' 
the  foregoing  quartic  fhnction  of  0;  the  order  of  tiie  evolute  is  thus  >6.  Thm  are 
no  inflexiouH,  uid  the  diminution  of  the  order  from  4.3,  »12,  to  6  is  oaused  by 
three  double  tangents. 
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I  consider  the  particular  case  where  the  cuuic  touches  the  absolute.  Tliere  is  do 
loBB  of  geneiBlity  in  assuming  that  the  oontaefc  takes  place  ak  the  point  (y  =  0,  «»0). 
the  common  tangent  being  therefore  £  =  0 ;  the  conditions  for  this  are  a  =0,  /i  =  0, 
and  we  have  thence  C^O.  F=0.  Substitattii|g  these  vtivm,  the  equation  oontaina  the 
factor  6;  and,  throwing  this  out,  it  is 

F(  Mre»  ) 

or,  what  i»  the  Mime  thing. 

^(    -//  A'+  ^ir  ) 

+  SJETJZ) 
+    <  -(fi  +  20)2)«0. 

where  it  wilt  be  observed  that  the  oonstant  term  and  the  ooeflScient  of  B  have  the 
same  variable  factor  Z,  where  Z  =  0  is  the  equation  of  the  common  tangent  «f  tiie 

conic  and  the  absolut-c.  Tho  (nolute  is  in  this  case  of  the  class  3.  Tt  at  onc^-  appears 
that  the  line  .Z^  0  is  a  etatiouary  tangent  of  the  evolute,  the  point  of  contact  (or 
inflexion  on  the  evolnte)  bemg  given  hj  tiie  equatiooa  E=9,  (JI+20)X— SffF^O. 
The  p<iuation  of  the  evolute  is  found  by  et^uating  to  zero  the  discriminant  of  the 
cubic  function ;  the  equation  w  ttbtained  has  the  factor  Z,  and  throwtng^  this  out  the 
order  is  =  3.  The  evolute  in  thus  a  curve  of  the  claas  3  and  urder  3,  the  reduction 
in  the  order  from  3.2,  aG,  to  3  being  eavaed  by  the  eiiBtence  of  an  inflexion. 
Comparing  with  the  former  Ciiso,  we  see  that  the  effect  of  the  contact  of  the  conic 
with  the  absolute  is  to  give  rise  to  an  inflexion  of  the  evolute,  and  to  cause  a 
reduction  >i  1  in  the  claae,  and  u  reduction  « 3  in  the  order. 

I  retocn  now  to  the  general  case  of  a  curve 

UsiDg,  for  greater  simplicity,  the  equation  s^-}-2^+«*sbO  for  the  afaaolute,  the  equation 
of  the 


X,    F.  £ 

^JJ,  a^ir.  a.zr 


►0; 


we  may  at  once  find  the  class  irf  the  evolute;  in  faet>  treating  (A',  F,  ^  as  the 
coordinates  of  a  given  point,  the  two  equatiouH  L'aO,  fisO  detennine  the  values 
{m,  y,  s)  of  the  cooidinatea  of  a  point  such  that  the  normal  thereof  passes  through 
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the  point  (X,  Y,  Z) ,  the  ttuinbcr  ot  such  points  ia  the  number  of  normals  which  can 
be  drawn  through  a  given  point  (X,  T,  Z),  va.  it  is  equal  to  the  daw  of  the  en^uta 
The  points  in  (juestion  Me  given  a«  the  intersections  of  the  two  curves  U  =  0,  0^0, 
which  are  respedhely  curves  of  the  order  m,  heuce  the  number  ot  inU'rstictions  is 
B  m>.  It  ii4  to  be  obtjervcd,  however,  that  if  the  curve  17= 0  has  nodes  or  cusps^  then 
the  curve  fl»0  panes  thrragh  each  node  of  the  curve  ZT-O,  and  through  eadi  eosp, 
the  two  curves  having  at  the  cusp  a  common  tangent;  that  is,  each  node  reckons  for 
two  intersections,  and  each  cusp  for  three  intersections.  Hence,  if  the  curve  f7  =  0 
hati  £  nodes  and  k  cusps,  the  number  of  the  remaining  points  of  intersection  is 
2S— 9«.  The  daas  of  the  evolute  is  thus  smP^SB— 9a  The  number  of 
inflexions  is  in  goiieral  -0.  Tf,  howevi  r,  thu  L^ivuii  curve  touches  iho  ribsolutt->,  then  it 
hns  b<>cn  seen  in  a  particular  case  that  the  eri'ecl  is  t<j  diminish  the  class  by  I.  and 
givu  rise  to  an  inflexion,  the  stationary  tangent  beting  m  fiiet  the  common  tangent 
uf  the  curve  and  the  ahadute:  I  assume  that  this  is  the  case  geuemlly.  Su]ipoee 
that  there  .in^  6  cnntact=^,  then  there  will  be  a  diminution  =B  iu  the  c1.t3«!.  or  this 
will  be  ^vi*-2!^  —  'iK-  9;  and  there  will  be  6  inflexions;  there  may  however  be 
apecinl  eucttmatanoes  giving  rise  to  ireah  inflexiona,  and  I  will  theivfcre  aamme  that 
the  number  of  inllexiona  is  >«  i'. 

Suppoae  in  general  that  for  any  cnrve  we  have 

m,  the  Older, 
n,  „  claai. 
^»    „  number  of  nodes, 

K,    „        „  cusps, 

T,    M       It        doxiblc  tangenta, 

tt    „        „  inflexiona, 

Then  Plttelter''s  equations  |^ve 

(-«B3(n-m),  T-S-i(«-i»)(a+«*-9)j 

and  we  thence  have 

,-.,+,_S-J(«-I)(i»-2)-i(«-l)(i»-2), 
or,  what  is  the  same  thing. 

|(m-l)(m-2)-5-«=|(n-l)(H-  2)-T-*. 

Now  M.  Cleb^ch  in  hi«  recent  payter  "  Ueber  die  Sinji^ilarittiten  algebnuscher  Curven," 
Crelle,  vol  LXIV.  (1«64},  pp.  98 — 100,  has  remarked  (as  a  consequence  of  the  investi- 
gations of  Riemann  in  ihe  Integral  Calculus)  that  whenever  from  a  given  curve  aiuther 
carve  ia  derived  in  such  manner  that  to  cjich  point  (or  tungent)  of  the  given  ctirve 
there  conesponds  a  dngU  tangent  (or  point)  uf  the  dehved  curve,  then  the  expression 

i(m-l)(i»-2)-a-«,  -i(»-l)(i»-8)-T-«, 
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has  the  flame  valne  in  the  two  curves  respectively,  or  that,  wii^qg  n',  8',  ti,  »' 
for  the  eomspooding  quantities  in  the  seoond  corre,  then  we  have 

^<m-l)(iM-2)-S -«  -4(fi-l)(it-S)-r-«, 

and  coiuoqucntiy  that,  knowing  any  two  of  the  4uantitiet)  m',  t',  i',  the 

nmainider  of  them  can  he  deteindned  by  means  ef  this  relatbn  and  of  FlttdEer's 
equations  The  theorem  is  applicable  to  the  evolute  according  to  the  foreginng  gene- 
laliied  defimtion(*) ;  and  staitiog  from  the  values 

we  find  in  the  fiist  instance 

•K  =i («'-!)(«'- 2)- i(m-l)(m- 2)  + 5  +  «-t'; 
aod  substituting  iu  the  equatiou 

«,'-«' (»'-!) -St' -3*', 

we  find 

m'  =  2(»'-l)  +  (TO-  l)(»»-2)-2a-2«-i'; 
and  the  equation  «'  —    —  8  (»'  —  m')  gives  also 

a  _8<n' -»')+*', 

whence,  att«ndiug  to  the  value  of  n',  we  iind  the  foUowiag  system  of  equatioiw  for  the 
singttlaritiss  of  the  evdntei,  viz. 

„'  =  „i«  -  2S-  3/e-  e, 

m'  =  3»i(  Hi-1)-  65-  8«-2d-  t, 

*   =         t . 

and  the  values  of  t'  and  V  may  then  also  he  found  from  the  equations 

«»'-i»'(n' -l)-2T'-3i', 
»'  =  to' («'-!)- 28* -8«'. 

I  have  given  the  system  in  the  foregoing  fonn,  as  better  exhibiting  the  effet-t  of 
the  inflexions;  but  a8  each  of  the  6  contacts  with  the  absolute  gives  au  inflexion,  we 

■  M.  Clebidi  in  fMt  applies  it  to  tbc  cvolutc  in  the  ordiniiry  mdm  of  fhi  tam,  Init  iButmrttBtly 
aHomiiie  t'ac  iaalMul  of  i'bO  taa  ia  lad  to  mow  inooRMt  nmlU. 
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may  write  C^B-^-f^  wheve»  in  die  atwenoe  «(  qieoial  cimuiutMiioes  giving  riw  to  «ay 
more  infleziona,  i'^Ol  The  system  thus  beoomes 

»'  -  m*  -  2S-  3k-  0, 

«i'«8ii*(  »-!)-  63-  Bit-Ze-  i", 
i'  «  ^+  i". 

k'  =  3m  (2m  -  3)  -  1 2S  -  15/e  -  50  -  2*". 

so  that  each  contact  with  the  abaolute  diminiabes  the  d«M  tgr  1«  the  order  by  3^  and 

the  number  of  cusps  by  6. 

I  remark  that  when  the  abt>olute  becomes  a  pair  of  points,  a  contact  of  the  given 
eurve  m  means  one  of  two  things:  ^ther  the  omre  tonohea  the  line  through  the 
two  points,  or  el»e  it  paa»es  through  one  of  the  two  points:  the  effect  of  a  contact 
of  either  kind  is  as  above  stated.  Suppose  that  the  two  points  are  the  circular 
points  at  infinity,  and  let  m«2,  the  evolute  in  question  is  then  the  evolute  of  a  conic, 
in  the  oidinaiy  sense  of  the  word  evolute.  We  have,  in  genraal,  fda»  ^4>,  ortor  «b6; 
but  if  the  conic  touches  the  line  infinity  (that  is,  in  the  cise  of  the  parabola),  the 
reductions  are  1  aad  3,  and  we  have  class  '=3,  order  =3,  which  is  right  If  the 
oonio  passes  thiou^  one  of  tJie  eircuhr  points  of  infinity,  then  in  like  manner  the 
redttotions  are  1  and  n  ,  unJ  therefore  if  the  OOOic  posses  through  each  of  the  circular 
points  at  infinity  (th;it  is,  in  the  ca'^e  of  a  circle),  the  reductions  arc  2  aiui  6,  ami 
we  have  class  =2,  order  ~0,  which  is  also  right;  for  the  evolute  is  in  this  cose  the 
centre,  regarded  as  a  pair  of  cotneident  pmnts.  That  this  is  so,  or  thai  the  dass  is 
to  be  teken  to  be  (not  ~  1  bnt)  ^%  appears  by  the  consideration  flmt  the  number 
of  normals  to  tlu  eirele  from  a  given  point  is  in  fiwt  the  two  normals  beii^ 
however,  coinciduul  in  position. 

To  complete  the  theory  in  the  general  case  where  the  absolute  is  a  proper  conic, 
I  remark  that,  heddes  the  inflexions  which  arise  from  contacts  of  the  given  curve 
with  the  absolute,  there  will  he  an  inflexion,  first,  for  each  stationary  tangent  of  the 
given  curve  which  i;*  also  a  tan;;ent  of  the  absolute;  secondly,  for  each  cusp  of  the 
given  au\'e  situate  on  the  absolute.  Hence,  if  the  number  uf  such  statiuuary  tangents 
be  and  the  number  of  such  cusps  be  we  may  write  t^-tX-f/i^  and  ^ere- 
Ibre  aiso  ^^6+\+tu 

I  remark  also  that  we  have 

-  28-  3«  =  -  m(m-I)+«. 

-  63>  8«--3m<m-2)  +  i, 

and  therefore  also 

- 128 -  15ie«—  6m*  +  lorn-  3h -f  Si. 
The  genenl  formule  thus  become 

«'=!»+»         -  , 

m'.Sm      4-  4-2tf- 
«^  »6»»-3»+3«-3^-2('. 
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If  instead  of  the  given  curve  we  consider  its  reciprocal  in  regani  to  the  absolute, 

then 

fft.  ft,  9,  m,  T,  t;  0,  \  Hi  wm$+\+ft 

are  changed  into 
leqaeetively. 

Henoe  for  the  evolute  of  the  recipnieai  carve  we  have 

r'  -  n  -f  m       ^  0 

*  —  I, 

which,  attending  to  thu  relrition  t  — «  =  3(n-m),  arc  in  fact  the  same  as  the  former 
values;  that  is,  the  evolute  of  the  given  curve,  and  the  evolute  of  the  reciprocal 
cum  are  curves  of  the  smdc  cIbm  and  order,  and  which  bave  the  Mme  «nguiaritie& 

Qmhridge,  Fdruary  22,  1865. 
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364. 


ON  A  THEOREM  RELATING  TO  FIVE  POINTS  IN  A  PLANE. 


[From  the  PhiUosopkioal  Magazim,  vol  xxu.  (Ib65>,  ppw  460 — A64.J 


Twro  triungles,  ABC,  AFC  which  aru  such  that  the  lines  AA',  BB,  CC  meet 
in  a  jtoiut,  are  said  to  be  itt  perspective ;  and  a  triangle  A'EO,  the  angles  A\  B,  G 
of  wlmli  liu  ill  the  sidcf;  EC,  f M ,  All  rpsptjctively,  is  said  to  be  inscribed  in  th>j 
tnaugic  ABO;  hcuce,  if  A',  R,  C  are  the  iutereecliouii  of  the  aides  by  the  Uucs 
AO,  BO,  GO  MSpeettvely  (where  0  is  any  point  whatever),  the  trian^  A'SFC  w  eald 
to  be  perspeetively  ioaeribed  in  the  triangle  ABO^  vis.  it  is  bo  ioMribed  by  means  of 
the  point  O. 

We  have  the  followiug  theurem,  relating  to  uuy  triangle  ABC,  and  two  points 
0,  (/.  If  in  the  triangle  ABC.  by  mentis  of  tlu  |>uiut  0,  svo  inscribe  a  triangle  A'B'C. 
and  in  the  triangle  A'EC,  by  means  uf  the  point  O',  we  inscribe  a  tnangle  a^y, 
then  the  tiianglea  ABO,  affy  are  in  perspective,  vis.  the  lines  Att^  £S|9,  (7y  wilt  meet 
in  a  point 

Tlus  is  veiy  eanly  proved  analytically;  in  fiiet,  taking  «aiO,  ysO,  tar  the 

CHjuationt*  of  the  lines  B'C,  CA'.  A  B'  respectively,  and  (X,  Y,  Z)  Tor  the  coordinates  of 
the  point  0,  then  the  coordinates  of  {A,  B,  C)  are  found  to  be  (—  X,  Y,  Z),  (X,  —  1',  Z), 
(X,  Y,  -Z)  respectively.  Moreover,  if  (A",  T,  Z)  are  the  ooordinatea  of  the  point  tX, 
then  the  coordinates  of     iS,  7)  are  found  to  be 

(0,  r,  Z).  {x\  0.  Y).  (.v.  r.  o) 

respectively.    Hence  the  equatiuiiH  uf  the  hnes  ^o,  B^,  Cy  are  respectively 


-A',  r,  z 
0,  r.  z  I 


=  0, 


z 

X, 

-r. 

Z 

X'. 

0. 

S 

-0,    I  a-  ,    y  .  z 

I  A,  r.  -z 
X',  r,  0 


=  0; 
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that  U 

x{-vz'  )  +  zx'-z-X)  +  z(  x'y)  =  o, 
x(      +rz)+y{-zx'      )  +  zi  xr-x'y)^o, 

which  are  ubvioiul;  the  equationB  of  three  Unee  which  meet  in  a  point. 

But  the  theorem  may  be  exhibited  as  a  theoi-em  relating  rr>  a  quadrangle  1234> 
oud  a  poiut  (/;  for  writing  1,  2,  i),  4  ia  place  of  A,  B,  C,  0,  the  tiiaugle  A'BG'  is 
m  fact  the  triaogle  formed  by  the  three  ceatres  41. 2S,  42.81,  48,12  of  the  quadrangle 
12.S4,  hence  the  triangle  in  questioii  must  be  sioiilarljr  related  to  each  of  the  four 
triangles  428,  431,  412,  123;  or,  forming  the  diagram 


P 

Q 

R 

.S 

41.23 

3 

2 

1 

42.31 

3 

4 

1 

2 

4312 

2 

1 

4 

3, 

iheiirem : 

viz. 

the 

Hues 

a4,  y83,  7?  meet  in  a  point 

a;j.  /54,  -yi        „  „  Q, 

a2,  /SI,  yl  ,.  R, 

al,  /32»  78       «  „  5, 

or,  wiiafe  ia  the  same  thing,  we  have  with  the  points  I,  2,  3,  4  and  the  point  0' 
constructed  the  four  points  P,  Q,  E,  8  such  that 

1£^  2R,  SQ,  4P  meet  in  a  point  a, 

2S,  ^R,  4Q.  35  .,  „  A 
3.S'.  4K,  IQ,  2P      ,.  7. 

The  eicht  point'?  !,  2,  3,  4,  P,  Q,  R,  S  form  a  figtire  such  a."  tho  pei-siiective 
representation  ot  a  parallelupiped,  or,  if  we  please,  a  cube;  and  not  oniy  m,  but  the 


3 

plane  figure  i.s  really  a  certain  perspective 
(ication  depends  on  the  following  two  theorems: 
C.  V. 


itatiott  of  the  cube;  this  identi- 
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1.  Oomadering  the  fonr  HimmitB  1,  2,  8,  4|  whidi  are  aiieh  tltafc  im>  two  of  then 
bdoiig  to  the  nxaa  edge,  then,  if  throogh  Any  point  0  ve  dim.w 

the  line  OA*  meetu^g  the  Unee  41,  28, 
„  Ojr  „  „  42,81, 
„     0(7      „        „        48,  12, 

and  the  lineH  Oa,  0/8,  O7  purallel  to  the  three  edgci)  of  the  cube  reflectively,  the 
thiee  planes  {0A\  OaX  {OR,  0^  (OC,  Oy)  will  meet  in  a  line. 

8k  For  a  properiy  aeleoted  poeition  of  the  point  0, 

the  line*  Oif,  OCT,  Oa  will  lie  in  a  plane, 

OC,  0A\  0/8  „  , 
OA',  OB,  Oy      ^  „ 

In  fact  for  such  a  position  of  0,  pnrji  ctinj,'  the  whole  figure  on  any  plane  whatever, 
the  lines  01,  02,  03,  04,  OP,  0(1  OR,  OS.  Oa,  0/9,  Oy,  OA',  Off,  OC  meet  the  plane 
of  projection  in  the  points  1.  2,  3,  4,  P,  Q,  R,  S,  a,  fi,  y,  A\  B",  C  related  to  each 
other  «a  in  the  lasb-mentioued  form  of  the  plane  theoien.  To  prove  the  two  eolid 
tbeoienMi,  take  0  for  the  origin,  Oa,  0(3,  Oy  for  the  azee,  («,  0,  y)  for  the  coerditiatea 
of  the  summit  S,  and  1  for  the  edge  of  the  cube, 

the  coordinates  of  1  arc  a  +  1,  /9,  y, 

„              2  ,.    a,        /9+  1,  y, 

M             3  „   a,       /3,  7  + 1, 

+  „    a  +  1,  /9  +  1.  7+  1. 

The  c(|uation!)  of  the  Hue  VA\  or  say  of  the  line  0(41,  23),  are  thoee  of  the  planes 
0  41,  023,  viz.  these  are 


X 


i  «,  i8  ,7+1 


a  ,7 
a  +  1,  /3  +  1,  7  +  1 

that  it> 

«(i8-Y)  -(«  +  l)(y-*)-0. 
«09+T  +  l)-e  (y+*)-«. 

VV'ntiug  for  sburtnefla 

if-«+i8+7  +  l, 

these  equations  give 

2a  (a +  1)  11 

«  :  y  t  "=(j/+  2,^S)(j^+si^)  •  J|f+2^  "  j|f+2i^8» 

or,  conijileting  the  Hy.stem, 

for  line  OA'  we  have 

2a(a+l)      _        J  1 
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for  line        we  have 


1  2^(^-H)         .  1 


&r  tiiM  QC  ire  faAve 


if  +  2/37    itf  +  27«    (itf  +  2/9v)(if+27«>* 


The  equations  of  the  lines  (it,  0^,  Oj  arc  of  course  =  r  =  ()),  (r  =  0,  .'t  ==0), 
(x  =  0,  y  =  0)  respectively;  and  we  therefore  sec  at  once  that  the  planes  {OA',  Oa)» 
{OB",  0/3),  (0(7",  Oy)  meet  in  a  line,  vis.  in  the  line  wldoh  hu  kr  its  eqnationB 


viz.  this  will  be  the  case  when  the  pjiiit  U  f<ituate  in  the  cubic  surface 
represented  by  the  last-nieiitiuued  equation ;  this  cuuiplctes  the  demonstration  of  the 
eoUd  theoranWi 

It  is  eleiur  that  oonridering  five  points  1,  8,  3,  4,  5  in  a  plane,  then,  since  any 

one  of  thei>e  may  be  taken  for  the  point  0'  of  the  foregoing  theorem,  the  theorem 
cxhibit«<l  in  the  firnt  instance  n»  a  theoiein  relating  to  a  triangle  and  two  {wints, 
and  afterwards  as  a  theorem  relating  to  u  iiuadningle  and  a  point,  is  really  a  theorem 
relating  to  five  posnta  in  a  plane.  Theie  we,  of  coane,  five  diflbrent  flgrstemB  of 
pointH  (P,  Q,  a,  8),  oonei^nding  to  the  (Afferent  conibin*tion»  of  four  out  of  the  five 
potato. 


1  1  1 


The  lines  OR,  OC,  O2  will  lie  in  a  plane,  if  only 


that  i» 


(Jf  +  W=4/^(/5  + 1)(7+ 1). 

or,  as  this  nmy  be  written. 


Cambridge,  March  <k  18«5. 


61—2 


Digrtizeo  by  <jOOgle 


484 


[365 


365, 

ON  iUK  INTEllSECTIONS  OF  A  PENCIL  OF  FOUR  LINES 
BY  A  PENCIL  OF  TWO  LINES. 

[FWmi  the  PhOotopkieal  Mantmae,  voL  xxix.  (186S)b  pfk  301—509.] 

PlucKER  h:is  cuTLsidoi-C'cl  ("  AiialvtiFtch-r^Pomotrische  AplKM-isnn-n,"  Creole,  voL  XL 
(1834)  pp.  2t» — 32)  the  theory  of  the  eight  points  which  arc  the  intci'scctioiis  of  a 
pencil  of  four  lines  by  ouy  two  liuut»,  or  .say  the  intersMsctions  of  a  pencil  of  /bur  lines 
by  a  pmeil  of  two  lines:  viz.,  the  eight  pointo  may  be  connected  two  together  fay 
twelve  mnv  lines;  the  twelve  lines  mcrt  two  toE^o'hcr  in  forty-two  new  ]wiiit=; ;  and 
of  these,  ftix  lie  on  a  line  through  the  centre  of  the  two-line  pencil,  twelve  lie  four 
together  on  three  Unm  through  the  centre  of  the  four-line  pencil,  and  twenty-four  lie 
two  together  on  twelve  lines,  also  through  the  centre  of  the  four-line  pencil 

The  first  and  third  of  these  theorems,  viz.  (1)  that  the  mx  pcnntfi  lie  m  a  line 
through  the  eentic  of  the  twu-Hne  pencil,  and  (S)  tli;a  the  twenty-four  (xiinta  lie  two 
together  on  twelve  lines  through  the  centre  of  the  four-liuf  jMncil,  bi  lnns'  to  the 
more  simple  theory  of  the  iotersecti«>n»  uf  a  peucil  of  three  lines  by  a  pencil  of  two 
lines;  the  second  theorem,  viz.  (8)  the  twelve  points  lie  four  together  on  three  lines 
thi-ough  the  eeiitre  of  the  four-line  pencil,  is  the  only  one  which  properly  belongs  to 
the  theorv  of  the  intvrsi  C'tio!i'<  of  a  pencil  of  /our  lines  by  a  pencil  of  ttoo  lines.  Tht^ 
theorem  iu  question  (proved  analytically  by  FlUcker)  may  be  proved  geometrically  by 
means  of  two  fondamental  theorems  of  the  geometry  of  position:  these  are  the 
theorem  of  two  triangles  in  perqiectiTe,  and  Faacal's  theorem  for  a  line-pair.  I  proceed 
to  show  how  this  is. 

Oonader  n  pencil  of  two  lines  mse^g  a  pencil  of  four  linen  in  the  eight  pointR 
{a,  b,  c  d),  (a't  6',  ^,  cT);  so  that  the  two  lines  are  a6oal«  a!b'&d^,  meetiqg  suppose  in 
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;  ami  the  four  iiiies  are  uu',  Oi>',  cc',  dti ,  meeting  suppose  ia  P;  then  the  twelve 
points  are 

u'd.i/bf       .df,  a*c  .tPb,  aicf  ,db'  Ij^ng  in  a  line  through  P, 

ct'b  td^c,  nib' ttbf,  tCtitVct  act, he'  »  »         •  ' 

a'c .  Vd,  ad .  W,  o'i  .  jsVJ,   oA'  .  cd'  ; 

where  the  oombiuatious  are  mout  ea^sily  formed  m  follows;  viz.,  for  the  first  totir 
points  etartiug  frcHu  the  wmuigement  ^  ^  (or  any  other  arrangnnent  having  the 
diagonak  afr.«l^  and  thenoe  writing  down  the  four  exprMsiona 

«V,  a«,  a'c,  wi 
dh ,  dlft 

we  read  oft'  from  these  the  symbols  of  the  four  pjitits;  aud  the  like  for  the  other 
two  setR  of  (bar  points. 

Now,  cousideriug  the  poiute  (0,6,0)  and  (,«'.  6',  c'),  the  iwiuts  tib'  .a'b.  oc'.a'c,  bo'.b'c 
He  in  a  line  through  Q;  and  aimilariy  the  points  ab'.a'b,  ad^.a'd,  bd^.Vd  tie  in  a 
line  through  Q;  which  lines,  inasmuch  as  they  each  contain  the  points  Q  and  tih' .  a'b, 
niUHt  be  one  and  th<>  same  line;  mnsidering  the  combinations  {b,  c,  d),  (b',  c',  d), 
the  line  In  question  al.so  ptusHeH  through  cd' .  o'd ;  that  in,  the  six  puiutH  ab' .  a'b, 
atf.a*e,  ad^.a*d,  b<f.b%  hi ,b*d,  cH.ifd  tie  in  a  line  through  Q,  whieh  is  in  fact,  the 
before-mentioned  first  theorem.  Hence  the  points  ab' .  a'b  and  cd .  c'd  lie  in  a  line 
through  Q ;  or,  willing  these  points  M  and  N  ifaportivfly,  the  triangle'^  M'lrt',  Mbb', 
Xcc',  Ndd  are  in  perspective.  Hence,  considering  the  tW4)  triangles  Ma/i',  iV<W  (or,  if 
we  phase,  the  oomplementary  set  Mbb*,  IfafX  the  eonesponding  sides  are 

Ma ,  Nd  meeting  in  ab' .  dc. 
Ma',  Nd'        „        a'b .  d'c, 
aa' ,  dd         „  i 
that  is,  the  points  ab'.dtf,  a'b.ic  lie  in  a  line  through  P» 

Stmifauly  ad^.a'd  and  b<f.¥e  lie  in  a  line  through  Qi  or,  calliiig  these  points  B,  I 

i-espectivel\ ,  the  triangles  Hna',  Hdd',  Ibb',  Icc'  are  In  perspective;  and  considering 
the  combination  Hdd',  Ibb'  (or.  if  we  please,  the  aoni|^mentary  set  Haa't  /cc'),  the 
corresponding  sides  are 

Ha ,  lb  meeting  m  adf  ,hff. 

Ha,  lb'  „  a'd.nh', 
aa  ,  66'        „  P  ; 

that  i^  the  points  n'd.^b,  ad.ebf  lie  tn  a  line  through  P. 
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It  remains  to  1>»  shown  that  the  two  lines  through  P,  viz.  the  line  containiug 
aif  .dc'  and  a'b.d'c,  and  the  line  containing  ad',  be  and  a'd.cb',  are  one  and  the  same 
line.  This  will  be  the  case  if»  for  inetaaoe,  aV.dt^  and  ad^.btf  also  lie  in  «  line 
through  F, 


We  have  the  points  (a,  b,  d)  in  a  line,  anil  the  jwints  (&',  c',  rf')  in  a  line:  the 
points  a,  d,  b',  c'  ai-e  also  called  A,  B,  B,  A'  i especti^ely ;  ad,  bb'  me«t  in  C,  and 
hef,  dtF  meet  in  C;  hence,  conridering  the  hexu^'»n  ad'db'bc',  the  lines 


and  hence  these  three  points  lie  in  a  line ;  or,  what  is  the  same  thing,  the  lines 
AA',  BB,  and  C(T  meet  in  a  point}  tiiat  is,  the  triangles  ABC,  A'BC  are  in 
perspeetive:  tlie  oomsponding  ndea  are 


and  these  three  points  He  in  a  line;  that  is,  the  points  ab'.dd  and  ad' ,bc^  lie  in  a 
line  through  P.  Hence  the  line  through  ttb'.dc  and  a'fr.tfe  and  the  Uae  through 
u«F.b(f  and  a'd.cbf  are  one  and  the  same  line;  that  ia^ 

the  points  uJ^.do,  afb^^e,  ttd>  .Uf,  a'd.Vc  lie  in  a  line  through  P. 

This  proves  the  existence  of  one  of  the  lines  thtougli  P;  and  that  of  the  other  two 

lines  follows  from  the  symnietr}'  of  the  figure;  it  thus  appears  that  the  twelve  pmnts 
lie  four  together  on  three  lines  through  F. 

Cambridge,  AprU  11,  1865. 


ad',  b'b  meet  iu 
d'd,  b&  .. 
db',  ca' 


AA'.BB; 


C 


ABt  A'B,  that  is,  tdf,  ifd,  meeting  in  nV.tfd, 
BG,  BCr      „      b'b,  d^d,      „  P  , 

CA,CA'     „      ad,  be',      „  aHM; 
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366. 

NOTE  ON  THE  PBOJECTION  OF  THE  ELLIPSOID. 

[From  the  Phihtopkiettl  Magtuimt  vol  zxx.  (1805^  pp.  SO'^SS.] 

Consider  au  ellipsoid,  situate  any  way  whatever  in  regard  to  the  eye  aud  the 
plane  of  the  picture;  the  appntent  contoar  of  the  eUipaoid  is  an  ellipee,  the  iater- 

section  of  the  plane  of  the  picture  by  the  tangent  oonc  having  the  eye  for  vertex  | 
this  c»)iH'  touohts  tlu'  ellipsoid  along  a  plane  cnrve  (th<'  intcisioctioii  of  the  ellipsoid 
by  the  polar  plane  ol  the  eye),  which  may  be  called  the  contour  neetion;  and  the 
apparent  contour  ia  thus  the  projeetion  of  the  contour  section.  CSonaider  any  other 
plane  «ection ;  the  projection  thereof  has  double  contact  (real  or  iiuiigimirv)  with  the 
projection  of  the  contour  section :  the  common  taugenta  are  the  intersectioDH  with  the 
plane  of  the  picture  of  the  tangent  planea  of  the  tangent  cone  which  pasii  through 
the  pole  of  the  aeetion;  or,  what  ia  the  same  thing,  they  are  the  tangenta  to  the 
projt  i  tioii  c»f  the  contour  section,  or  to  the  projcrtioii  of  the  section,  from  the  point 
which  is  the  pi-ojection  of  the  pole  of  the  section.  The  projection  of  the  pole  lies  in 
the  line  which  is  the  projection  of  the  diameter  conjugate  to  the  plane  at  the  aeotaon ; 
and  in  particular,  if  the  section  is  central,  that  i»,  if  the  plane  theveof  paana  through 
the  centre  of  the  ellipHiiil.  then  the  pole  is  the  point,  at  intJuity  on  the  conj(ignt« 
diameter;  whence  alno  if  the  eye  be  at  an  iufioite  distance,  so  that  the  projection  is 
a  projection  by  pumllel  mys,  then  the  projection  of  the  pole  ia  the  poittt  at  infinity 
on  the  projection  of  the  conjugate  diameter;  and  ihorafbte  the  common  tangents  of 
the  projections  of  the  section  aud  the  contoTir  Election  are  in  this  eaae  parallel  to  the 
projection  of  the  diameter  conjugate  to  the  plane  of  the  section. 

Suppose  that  the  plane  of  the  picture  is  ])arallel  to  a  principal  plane  -of  thii 
ellipsoid,  aud  that  the  projection  is  by  parallel  rays ;  then  if  OA,  OB,  OC  aiv  the 
projectiona  of  the  semiaxes  (OA,  OC  will  be  at  right  angles  to  each  other  if  the 
phme  parallel  t<»  the  plane  of  the  picture  is  that  of  xz),  the  projections  of  the  piineipal 
sections  are  the  ellipses  having  for  conjugate  semidiameten  OB,  0C\  OC,  OA  ;  OA,  OB 
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respectively.   Hence  to  the  ellipse  OB,  OC  drtiv-ing  the  two  tangents  which  are  panlid 

to  OA,  to  the  ellipse  OC,  OA  the  two  tangents*  which  are  parallel  to  OB,  and  ti»  ibt 
ellipse  flA.  OB  the  two  tnngents  which  are  panille]  to  OC,  we  have  on  eaeh  of  these 
ellip(>eM  the  two  puiuts  which  are  the  points  of  cotitiicl  therewith  of  the  ellipHe  which 
is  the  projeotion  of  the  contour  section,  or  apparent  contour  of  the  ellipsoid ;  that  is, 
we  know  six  points,  and  at  each  of  thcHe  points  the  tangent,  of  the  last-mentioned 
ellipse;  and  th<  tllipse  in  question,  or  npjiarent  contour  of  the  ellipBoid,  can  tbns  be 
traced  by  hand  accurately  enough  for  oi-dinaiy  purposes. 

In  connexion  with  what  precedes,  I  may  notiee  a  convenient  construction  fur  tie 
projection  of  a  circle.  Suppose  that  we  have  given  the  projection  of  the  circumscribed 
square  ABOD;  then  if  we  know  the  projection  of  one  of  the  points  M,  K,  P,  Q,  uj 
of  the  point  ilf»  the  prqectbns  of  all  l^e  points  and  lines  of  the  figure  can  be  ohtsined 


graphically  by  the  ruler  only  with  the  utmost  fikcility ;  that  is,  in  the  ellipse  which 

18  the  projection  of  the  circle  we  have  eifjht  jwints,  and  the  tangent  at  each  of  them, 
and  the  ellipse  may  then  be  drawn  by  hand.   And  to  find  the  projection  of  the  point 

Jf,  it  is  only  neoessaiy  to  remark  that  in  the  figure  the  anhannani«  ratio  ^^-j^ 

of  the  jX)iuts  A,  M,  0,  C  is  =J(v^2  — 1);  hence  the  conesponding  anharmonic  ratio  of 

(lie  |ir<.jrfti.>ii--  nf  till'  fciir  ]nants  also  =^(V''2— 1);  fiiifl  the  projectii>iw  nf  A,  B.  C.  I> 
and  consequently  those  of  A,  V,  0,  being  known,  the  projection  of  if  iii  thus  also  knowu. 

Camhitidget  Jum  15,  1863. 
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ON  A  TRIANGLE  IN-AND-CIBCUM8CRIBED  TO  A  QUABTIC 

CUKVE, 


[From  tiie  PkOoBOfkieal  Magatku,  voL  xzz.  (1865)^  pp^  840-^42.] 

Thb  quartic  curve  {sc' -  d'Y  +  (*/ —  b^Y  ^  presents  a  simple  example  of  a  triangle 
in-and-'ircuinscribed  to  n  single  riirvn  viz,  such  that  each  angle  of  the  triangle 
k  sitUiiU:  un,  and  each  side  touches,  the  uurve.  Assuming  that  the  triangle  is 
«yiiim«trinlly  ntaate  in  regard  to  (he  am  of  y,  vis.  if  it  be  the  isoaodeB  triangle 
ace,  the  sides  whereof  touch  the  cun'c  in  the  points  B,  D,  F  respectively,  then  we 
must  have  a  single  relation  between  the  constants  a,  6,  c  of  the  curve;  or  if  (as  may 


l)t>  done  withuut  loss  of  generality)  we  write  a-\,  then  there  must  be  n  singlo 
relation  between  b  and  c  The  relation  in  question  is  most  conveniently  expressed  by 
putting  h  and  c  equal  to  eortsin  fimetiona  of  a  panmeter  ^  which  ia  in  iMA  «taii*^, 
if  ^  be  the  angle  at  thft  bate  of  the  triangle;  tiae  equation  of  the  ottwe  b  thus 
obtained  in  the  form 


c.  V.  62 
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and  the  coordinates  of  o,  c,  «,  B,  D,  F  Me  w  tollows : 


CoordiiiiLtes  af  a  we 

0. 

0. 

<f>«- 1 

2  \^ 

It  I  a-v  t<i  vt  rify  that  tho  points  o,  r  e.  D  art'  pnnts  of  the  curve,  and  it  is 
obvious  that  the  tangent  at  i>  is  the  bomootal  line  ce.  It  oul^*  remains  to  be  aiion 
Uiftt  B  tmd  F  tn  point*  of  the  curve,  «od  thM  the  tH^enti  at  Aen  painti  m  the 
lines  <K  aixl  fit  reiipeetively.  It  is  sutficieut  tO  OOMlder  OOe  of  tlie  t«0  Jpmtt,  »J 
the  point  Fi  and  uking  i(a  ooordinatea  to  be 

We  hiivv  lu  whuw  that  (f,  »f)  is  a  p<.nnt  of  the  cur\e,  aud  that  the  etjiiation  of  Uk 
taiigcut  at  this  point  is  X  '/^  +  Y  =  n  i<^,  where  (A',  Y)  are  current  coordinat«L 

Kin>t,  to  show  that      «)  i>  *  point  of  tbe  curve,  the  eqaatmi  to  be  venfied  vrnj 

bv  wntt«n 

•nd  we  hkve 

no  thai  the  equMtkn  beoomce 
th«t  it 

which  i«  ri^t 

Xext«  th«  viiuation  of  the  uujivnt  at  tbe  point  {(,  ^)  it 

if  —  J- u  sX  —  a  i  —  t^  —  if^Miji'  —     —  c*»0. 


ihnt  Ht 
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ot,  «ttbstitutiug  for  ^,  n,  mmI  V-  •         vi&lues.  «Oid  throwing  out  a 

*****  '  ^''^ 

or,  what  u  the  Mune  thing, 

- 8^  (JT     - 1)  -  V2     +  X)j  -     - 1)  (r .  8^  V0  -  V2     +  4^=  - 1)1 

=  1X^  +  6^+1); 

that  is 

(0«  - 1)  (-        -  6^  V0  F) 
-Vi(^+l)(^+6^  +  l)-V2(^+l).a^_V8(^-l)(^+44^-lX 
-i^(^  +  l)(*^-l)»-^(^-l)<^+4^-l). 
»  V2     _  1)  {(^  _  1 )  _     +  4^  - 1)}, 

whence,  final^, 

which  is  the  required  equatiou. 

It  may  he  lemaiked  that  fer         the  e<)aatiion  of  the  enrve  is  (3fi—iy+(f'^^y^l, 

which  is  the  binodal  form  «*  >  6-,  c*  =  (i'.  We  have  in  this  case  f  =  0,  '?  =  ^'|,  and  the 
curve  and  triangle  are  as  shown  in  the  figure,  viz.  the  baae  C€  of  the  triangle,  ineteed 


of  being  a  proper  tangent,  is  a  line  through  the  node  D.  For  any  other  value  of  ^, 
the  cnrre  conoiistB  of  an  exterior  oral  (pinched  in  ai  the  mdaa  and  the  top  and  bottom) 
and  of  an  interior  oval ;  iht  anglee  <^  «  Ue  in  the  exterior  oval,  the  tides  ae,  «b 
toneh  the  interior  oral,  and  (be  base  e*  touches  the  extMior  oirsL 

62—2 
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If,  to  fix  the  ideas,  we  OMHume  ^  >  1,  then  we  have  always  <^>a*<a*  +  b*:  for 
^  =  1  we  have,  as  appears  above,  6*  =  i,  which  is  <a*;  but  for  a  certain  value  of  ^ 
between  3  and  4,  6*  becomes  =a',  and  for  any  greater  value  of  ^  we  have  6*>a'. 
The  condition  for  the  equality  of  a'  arid  b'  is 

^«  +  4<^_  1  =4,^(0«+ 1),  or  «^.' -  4<^' + +<^' -      -  1  =  0  ; 
this  equation  may  be  written  2^(^- 2)(^'+ 1)  =  (^-1)',  and  we  thence  obtain 

or  the  equation  of  the  curve  is  (j^  —  l)*  +  (y' —  IV  =  1  +  J  (</>  -  2)»,  where  ^  is  determined 
by  the  e<}uation  just  referre<l  to.  The  curve  is  in  this  case  syraractrical  in  regard  to  the 
two  axes ;  and  there  are  in  fact  four  triangles,  each  in-and-circuuiscribed  to  the  curve 

Cambridge,  June  16,  1865. 
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368. 


ON  A  PROBLEM  OF  GEOMETRICAL  PERMUTATION. 

[From  the  Pkilosopkical  Magazine,  vol.  xxx.  (Ib65),  pp.  370—372.] 

It  w  required  to  find  in  how  many  modes  the  nine  pointe  of  ioflenioa  of  a  caliie 
curve  can  be  denoted  by  the  figmeB  1,  2,  3,  4,  5,  6,  7,  8,  9,  io  mich  wiae  that  the 
twelve  lines,  ench  cotiUiining  three  points  of  inflexion,  shall  be  in  eveiy  nae  denoted 

by  the  same  triatls  ot  figiiress,  suy  by  the  triads 

12.3.  U7,  159,  168, 
456,  2.-8,  267,  249, 
789,   Stjy,    ua,  357. 

We  mnv  inmcrine  the  inflexions  so  denotc<l  in  one  particular  way,  which  may  be 
called  the  primitive  ticnotation ;  then  in  atjy  other  mode  of  denotation,  a  figure,  for 
example  1.  is  eitber  affixed  to  the  inflexion  to  vbidi  it  ociginaUy  belonged,  and  it 
is  then  said  to  be  in  luco,  or  it  is  affixed  to  some  other  puint  of  inflexion.  This 
being  so,  tbe  totiU  number  of  modes  is  s432;  viz.  tbiti  number  is  made  up  as 
follows : 

9  figures  in  loeo  1 
3  n  w  60 
1  figure  „  S43 
0      ,       ,  IM 

432 

There  is  of  course  only  one  mode  wherein  the  nine  figures  remain  in  loco.  It 
may  be  seen  without  much  difficulty  that  there  is  not  any  mode  in  which  8,  7,  6,  5, 
or  4  figures  remain  ta  low.  There  is  no  modo  in  whidi  only  S  figuree  remain  m  loe»; 
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for  any  two  ioflexions  are  in  a  line  with  a  Ihii-d  luflexiuu ;  auii  if  the  tigures  which 
belong  to  tlio  fint  two  inflozions  are  «i  heo,  then  the  figure  bdongii^  to  tine  tliiid 

inflexion  will  be  in  luco ;  that  i>,  tlu  rc  will  be  3  figures  in  hico.  The  only  remeilUBg 
modes  are  therefore  tboee  which  have  3  figures,  1  figure,  or  0  fiigure  in  loco. 

Fii-st,  if  three  figures  are  in  loco,  these,  as  just  st<  n.  will  be  the  figures  which 
belong  to  three  inflexions  in  a  line.  Suppose  the  figures  are  1 ,  2,  3 ;  then  the  inflexion 
originally  denoted,  say  by  the  figure  4,  may  be  denoted  by  any  one  of  the  remaiiung 
figures  5,  6,  7,  8,  9 ;  but  when  the  figure  is  once  fixed  upon,  then  the  renMIDil^ 
inflexions  ciui  ht^  Aouoti-t]  nnly  in  nno  manner.  Hence  whm  the  figure?  1.  2,  3  rrrnain 
in  loco  there  are  5  modes;  and  consequently  the  number  of  modes  wherein  3  figures 
remain  t»  loco  U  5x12,  « 4)0. 

Next,  if  only  a  single  tigurc,  suppose  1,  remains  tn  loco,  the  tiiads  which  beioug 
to  tho  figure  1  an  128,  147,  1.^9,  168;  aod  there  ia  1  mode  in  whsek  we  ailiniltaiieoaBiy 

Interchange  all  the  pairs  (2,  3),  (4,  7),  (i,  9).  (6,  8).  (Observe  that  the  triads 
123,  147,  159,  168  here  denote  the  same  lincf*  respectively  as  in  the  primitive  denotation, 
the  figure  1  remains  tn  loco,  but  the  figures  belonging  to  the  other  two  infiexiuus  ou 
each  of  the  four  lines  are  uterehanged.)  There  are,  besides  this,  2  modes  in  whidt 
the  figures  (2,  3),  but  not  any  other  two  figures,  are  intuchanged  ;  siiiiiluriy  2  iiiL»Jr- 
in  which  the  figures  (4,  7^  2  modes  in  which  the  figures  {o,  9),  2  modes  in  which 
the  figUTSB  (G,  8),  but  in  each  ease  no  otiier  two  figures,  are  interchanged;  this  gives 
in  all  1-1-2  +  2  +  2  +  2,  >  9  modes.  There  are  besides,  the  figure  1  still  lemainiug 
in  loro,  IS  iinMiefi  where  there  are  no  two  figiir««s  (2,  3),  (4,  7),  (5,  9),  or  (6,  8)  which 
are  interchanged :  viz.  the  figure  2  may  be  made  to  denote  any  uiu-  of  the  inflexion* 
originally,  denoted  by  4,  5,  6.  7,  8,  or  9l  Suppose  the  inflexion  orit,  u  .  ly  denoted  by  4; 
3  will  then  denote  the  inflexion  originally  demoted  by  7:  it  wU!  be  found  th.u  • 
three  of  tho  remaining  six  iufloxintis,  any  one  may  be  denoted  by  the  figun'  4. 
that  the  scheme  of  denotation  can  then  in  each  case  be  completed  in  one  way  only. 
This  gives  6x3,  ^18,  as  above,  for  the  number  of  the  modes  ia  question  ^  mad  we 
have  then  9  +  18,  =27,  for  the  number  of  the  modes  in  whioh  the  figure  1  lumsins 
tn  loco :  and  9  x  27,  «  248,  for  the  number  of  modes  in  which  some  one  figure  teaujns 
tn  loco. 

Finally,  if  no  figure  remaini*  tn  loco,  the  figure  1  will  then  denote  some  one  of  the 
inflexions  originally  denoted  by  2,  3,  4,  5,  G,  7,  8,  9.  Suppose  it  to  denote  tiiat  of^finsUy 
denoted  by  2 ;  2  cannot  then  denote  the  intii  xion  nnv^inally  denoted  by  1,  for  if  it 
did,  3  would  n-main  in  li'V, :  2  must  thert'furo  d<MU)te  tlu>  infle.xiou  ori^iially  denoted 
by  3,  or  else  some  one  of  the  inflexions  originally  denoted  by  4,  5.  (>,  7,  8.  9.  It 
appears,  <m  examination,  that  in  the  first  case  there  are  4  ways  of  comfdettng  the  sdieme, 
and  in  each  of  the  latter  ^  2  ways;  there  are  therefore  in  all  1x4  +  6x2,  ^  16 
ways;  that  is.  IG  mkxUs  in  wliich  (no  fij^irp  remaining  tn  loco)  the  figure  1  is  used 
to  denote  the  inflexion  originally  denoted  by  2;  luid  therefore  8  x  1«>,  =128  modes,  for 
whidk  no  figure  remains  tn  loco.  This  completes  the  investigation  of  the  nombeia 
I.  GO,  243,  and  128,  which  together  make  up  the  total  number  488  of  tka  modes  of 
denotation  of  the  nine  inflexions. 


Digrtized  by  Google 


369] 


495 


369. 


ON  A  PBOP£ftTY  OF  COMMUTANTS. 

[From  tlM  PkOMOfhiettl  Magtuin*,  toL  zzz.  (1865),  p|K  411~4ia] 

I  CALL  to  mind  the  definitioD  of  a  oommutant,  viz.  if  in  the  symbol 

"  f 

1  1  I  if> 

S  i  8 

we  permute  independently  in  every  possible  manner  the  mnnWi-s  1,  2..../)  of  each  of 
the  0  columns  except  the  column  marked  (f),  giving  to  each  permutation  its  proper 
aign,  +  or  — ,  according  as  the  number  of  inversions  is  even  or  odd,  thus 

±M  it  •"  •^i  #,  I,.,  i#) 

:  t  : 

wbieh  i«  to  be  read  aa  meadng 

the  sum  of  ail  the  (1 .2. 3  ...|>)'~'  terms  so  obtained  is  the  commutaut  denoted  by 
ibe  abovo-mentioiied  eymboL  In  the  particulBr  case  9 » 2,  the  eommnUmt  is  <rf  eoum 

a  determinant :  in  this  ease,  and  generally  if  ^  be  even,  it  is  immaterial  wluoh  of 
the  columnf?  is  left  nnpemintcd,  so  thnt  the.  (f)  instead  of  being  placed  over  any 
column  may  be  placed  on  the  left  hand  of  the  A  ;  but  when  d  is  odd,  the  function 
has  difibrent  valvee  aooordii^  «•  one  or  another  colunik  is  left  unpenmited,  and  tbe 
position  of  the  (f)  is  ther^m  mtitirial  It  may  be  added  that  if  oil  the  columns 
arc  pprmnted,  then,  if  6  be  even,  the  sum  is  \  .2...p  into  the  commutant  obtained 
by  leaving  any  one  column  uopermutcd;  but  if  &  i»  odd,  then  the  sum  is  =0. 
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Tlie  property  in  qaeetioD  is  a  geMnlisntkm  of  a  ^noperty  of  determinaiits*  yit,  we 


have 


2\X'  ,  X/t'  +  \>,  Xv'  +  XV...  =0 
Xfj,'  +  X'fi,      2ftfi'     ,    ftv'  +  fx'v, .  . 


whenever  the  order  of  the  deteriiiinaut  in  greater  tliau  2. 

To  eaanGtafce  the  oornqMuidiDg  property  of  ooounatantfl^  let 

* 

or,  in  a  notation  analogoiu  to  that  of  a  oommntant, 

n\  + 
1 1 

S  1 

ppj 

denote  a  functioo  tbrmed  precuely  in  the  manner  of  a  determinant  (or  commutant  of 
two  colnmm),  except  that  the  eeveial  Umm  (instead  of  being  taken  irith  a  sign 
•f  or  •>  as  above)  are  taken  w^h  the  sign  +:  thus 


H  or  V\\] 
\n}        I  tij 


each  ^mote 


Tfaif  betqg  so,  the  theorem  is  that  the  oommutant 


A 

z  1 1 

i  I  i 

L  9PP 


where 


7^,     ^  • 


r  1 
<  i 

t  3 

I  I 


whenever  p>0,  is  »<K 

To  prove  this,  condder  the  general  tern  of  the  oommntsat,  vis.  this  is 

±t  ±1 ...  A,/r,,  ^t^e..  Aptfi^., 
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the  geueral  tvrm  of  Ar^t.,  ii>  X«r^«\iii>>>  where  b,  c,..  represent  some  permutatiou 
of  the  nnmbera  1,  S,  8 . .  A  Snlwtitutiiig  tbe  like  taIucb  for  each  at  the  fitototB 
•^i^r..i  ^t^r..,  ^  the  genend  tenn  of  the  oommututt  is 

Taking  the  suiu  of  this  term  vdth  respect  to  the  quantities  s",  ..»>',  which  denote 
any  possible  permutation  of  the  numbers  1,  2...p;  again,  with  respect  to  the  (juantitiee 
f,  f,.,1^t  which  denote  any  possible  permutation  of  the  numbers  1,  and  the 

like  for  eeoh  of  the  (tf  —  1)  aeries  of  quantities,  tbe  sum  in  question  is 


which  is 


ira 

«  * 

i  I 

nnmbcTS 

h'.  h",  . 

of  tbe  series  I,  2...  6,  some  of  these  numbers  must  necessarily  be  eqmi  to  each  other, 
and  we  have  theiefoie 

.0; 


whsDoe  finally  the  cotomutant  is  ^0. 

Ill  the  case  where  p  —  d  =  2,  we  have  for  a  determinant  of  tlie  order  2  the  theorem 

2XX'   ,    \fM'  +  \' 

and  it  is  probable  that  there  exists  a  conesponding  theorem  for  the  oommutaat 

I  n..(p) 
stt 


A* 

where 


1  1  : 


k  Ayr,  \fl 

but  I  have  not  ssoertained  what  this  theorem  is. 


♦X* 

rl 
It 

t» 


Cambridge,  October  26,  1805. 

a  V. 
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370. 

ON  THE  SIGNIFICATION  OF  AN   EI.EMENTAKY  FORMULA  OF 

SOLID  GEOMETRY. 

[Fnnn  tlw  PkOotofUeia  Magadn^  vol  xxx.  (1846X  pp.  419»  414l] 

The  expri^ii/n  for  ihe  pcrpeudicular  distance  of  a  point  {x,  y,  z)  ^ni  a  line 
tbraigb  the  origin  inctined  at  the  angles  (e^  ff,  y)  to  the  three  axes  TBspectiviely,  ii 

=  a-  +  if  +     —  (x  iHM*  a  +  y  cue  (i    x  co« 7)* 
«■         Cos  7  -    ens  ^  f 
+     ccw  a  —  J  cos  7)* 
+  (  x  cos  ^  —  y  cos  a  )• ; 

and  the  remark  in  reference  to  it  is  that,  if  at  the  given  point  F  we  draw,  perpen- 
dkalar  to  the  plane  thiwigh  *P  and  (be  given  line,  «  dvtMwe  FK  equal  to  the 
tHrtmiffft  of  P  from  the  given  line,  then  the  ezpreanem 

]fe<my—»Q(m0,  soMa^'SOoaj,  «ooe/8-yoQea, 

irbieb  enter  into  the  preceding  fonnttla,  denote  reapectively  the  oooidinates  of  the  point 
K  velivTed  to  P  as  origin. 

If  the  givwk  line  UMtead  ef  passing  through  the  ori^  pe«  throq|^  the  point 
y«>  <•*  then  the  eoweepoDdtng  exproocionn  are  of  ooune 

<y-3fc)ooeT-(»-Ji)ooeA  (e-Oooea-<c-«,)coay,  <«>a^ooei9-(y-9^«os% 

and  if  we  denote  the  "nx  cooidinates"  of  the  given  line,  viz. 

cosa,    coei/S,    cosy,   y.cosy  -    co« /i,    r,  cos  a  - x, co« y,    x^,  cos/J -^,0087, 
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respeotiTely  (ao  Hiat  <tf+hff4'th^0),  then  the  tluM  expmmaiiB  become 

cy  —  bz—f,      OM^csg—g,  bx—ay—h 

TeBpectively. 

It  is  moreover  clear  that  if  the  point  F  be  moved  to  P  by  aa  iufiniteumal 
lotatten  9  about  the  giron  linep  then  Use  aa  the  line  PJT  nt  a  distance  PP,  ^mPE, 
firom  the  point  P,  and  the  dkplaeMnaate  «l  P  in  the  direetions  of  the  aiee  are  oon- 
eequently  eqaal  to 

mies-hg-f),  m(a»'^9K-g\  vihte-ay-k) 

raepedzrely,  whidi  ia  a  flindammital  fbraiiila  tn  the  theoiy  of  the  infipiteeinal  rotationa 
of  a  solid  body. 

CSMNirH^  Octoftar  S6,  1866. 


63—3 
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371. 

ON  A  FORMULA  FOR  THE  INTERSECTIONS  OF  A  LINE  AND 
CONIC.  AND  ON  AN  INTEGRAL  FORMULA  CONNECTED 
THEREWITH. 

(From  the  QuartgHjf  Jmrtud  0/  Pun  and  ApftdtA  MtUkemoHei,  vol.  m  (1866),  jip.  1— &] 

In  a  letter  to  mc,  dated  15  May,  1862,  Mr  Spottiswoode  has  extracted  fnun  an 
anpublifllied  MmMNr*  ftnd  he  hn  kindly  permitted  tne  to  oonmwuiicmte,  the  followiag 
ibnnala  for  the  point»  of  intcneetum  of  «  line  and  oooio;  if  the  equatione  of  the 
line  and  conic  are 

^j-  +      +  fa  -  0, 

and  if 

IS*  ^,  K  g 
19,  h,  h,  f 

K%  9*  /.  « 

or»  what  is  the  same  thing,  if 

B.  C.  F,  0.  Hll  f,. 

wht  rt^  A  =  l>c—      kc.  a»  n<i\m\ :  then  the  coordinates  {x,  y,  <)  of  a  point  of  intenectioo 

of  the  Uue  and  conic  aiu  loiuid  troin  the  linear  e(|uation8 

-  (f^    )  ■'■  +  (^r     -  fi)  a  -t{*f^-c^    ) « =  0, 
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equivalent  of  couise  to  two  equations,  and  giving  bj  the  eliminatiou  of  (x,  \j,  z),  the 
eqiMtion 

that  is,  giving  for  6  the  foregoing  value.   And  the  linear  equatiuiB  then  give 

«  •  V  ■  *, 


where  obvioualy 


By  changing  the  sign  of  6,  we  have  of  course  the  coordinates  of  the  other  point 
of  int^rwftion.  The  formiilfe  which,  singularly  enough,  have  aince  been  given  incidentally 

by  M.  Aroaliuld('),  may  be  easily  obtained  as  follows. 

Writing  for  shortnew 

P  -  ii  j-  +  In/  +  gz, 
Q  =  Ax  +  b>j  -f  /V, 

R^gn+fif  +CZ, 
then  the  equation  of  the  eonio  givea 

and  oomfaining  with  thie  the  equation 

&s+n!f+it  =0, 

we  have 

or  iriiat  ia  the  same  thing,  taking  an  indeterminate  muldplter  0, 


1  Ip  hit  iotaiiMliitg  ManMtr  "Uaber  aina  mm  algabntiadw  Bebaadloagmiw  der  Inkignle  inratioMiler 
OarnrwBak  too  te  Fona  n  (c.  ir)rfK,  la  nahlur  n  («,  f)  dae  MMa0»  latiaaaU  Faaattaa  ill,  qaa  awMicit 
IS  ma  f  mat  allaiBrfBa  OUOmg  iwdtar  Oriauig  Iwldrt.'*  OMIc,  t.  ui.  (IMI). 
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vhioh  we,  in  frekj  Hr  ^lofetiiwoode's  Unew  eqimtiom,  and  which  1«m1,  m  before,  to  the 
nine 

But  thi?  value  of  0  is  obtained  in  a  different  manner  by  expressing  (r,  yj.  :)  w 
lioear  functions  of  I',  ^,  JS;  viz.  putting  as  usual  JP^ofcc  —  a/"' -4^- c/»*  + 2y^A,  tht 
UneMT  equation*  thn»  bcoome 

p  +  i/C + oij  +  ^  (Cg  -  i,i2)  =  0, 

-BQ + J«  +•  y  (f /?  -  C'*)  -  0, 

ffp + Ji^ + CJi  +  f  (i,p-  W)  -0. 

or  eliidiinting  (P,  V> 


e 


that  is 


or,  radncing, 

(bat  is 
wm  heibie. 


I  reprodnee,  as  fi>llow^,  a  fandamental  fonnula  of  Aronhold'a  MMnoir.  Conridar  the 
functiiMi 

where  «i,  y„  r,  (corresponding  to  x,  y,  m  m  the  fonner  part  of  this  paper)  wo  deter* 
mined  by  the  oonditiioiM 
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80  that  putting 


and 


we  mnr  have 


and  the  value  of  «  is 


Treating  {m,  y,  «)  as  independent  variables  and  differentiating,  we  have 

*  (Pi* +Q»y+ Ik*)  {ua  +  vif+  m) 

_  *et(gd$—tdy)+jfi{»iK—xdM)+*i(Mfy—jfd») 
(i*i«+Qiy+J?i«)(««+«y+«w)  ' 

or,  what  is  tlie  aame  thing,  if 

tn  that 
then  w«  have 

(wr +4iy  -I-  «ii»)(P«^ + ^1 + Jt*d 
Suppote  now  that  («,  y,  <)  are  eonnectw)  1^  the  equation 

(a,  ^,  gf-'O. 

we  have 

PdK+Qiy  +  Bds^Q, 
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and  thence 

and!  wnaequently 

or  leleeting  the  value 

and  wiitiug 
we  bAve 

 «ir 

where     and  Y  are  connected  by  the  o({uatiun 

that  iB»  F  18  a  given  quadric  radical  fiiaetioD  of  Z.  Hence  integrating  and  leBtoriog 
for  w  its  original  value,  hut  writing  therein  F,  we  have 

f  dX  1  ,    (o,...S.a-t,  yi.  F,  1) 

J(iiZ+eF+«)(AZ+6F+/)"V{-(-A.  ..-$«.     w^}  niT+er+w  ' 

where,  as  just  mentioned,  F  is  a  given  quiutric  radical  tunction  of  X  detenuiued  b} 
the  oqua^n 

(a,  b.  e,  /,  ff,         F,  If^O, 

aud  the  coastanti^  x^,  y,,  £,  arc  such  that 

the  tatioe  of  theee  quantities  hetng  tiierefore  deteiminate;  there  would,  it  ia  dear,  be 
no  hm  of  geneiality  b  aeroming  Thii  ii  Aronhold'e  Theorem  L 

2,  Sttme  BviMiitgt.  W,C^  OeUber  23.  1862. 


Digrtizeo  by  <jOOgle 


372j 


505 


ON  THE  RECIPEOCATION  OP  A  QUARTIC  DEVELOPABLE. 


[From  the  Quorttr^  JowMi  ^  Pvrt  and  AppiM  MaAmatie*,  vol.  to.  (1866). 

ppi  87—82.] 

It  is  inierestiDg  to  consider  in  a  paiticulHr  casa  tho  syntem  of  equations  which 
ebom  A  pattmoti  that  tlw  ndipnetl  of  a  tone  (deTelo|»ble  sorfiMse)  b  a  ourvo  (curve 
in  space);  and  the  nc^iocal  qretein  which  shows  that  the  reciprocal  of  a  cdiyo  is  a 

tome. 

Unng  («,  b,  c,  d)  and  (0,  y,  m,  w)  for  the  reoiproflal  coordinatei,  it  will  he  con- 
venient to  ooUect  the  different  equations  as  follows: 


fkes-f^O,  y«-ftm«0,  BjfW-t^^O, 


(1) 

(2) 

(8) 
(♦) 

(5) 
64 
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This  being  ao,  the  «qi»liioa  (1)  beiooga  to  a  qiuuNae  tone,  the  recipnNel  wheieof 
is  the  skew  cnhio  detenoiiMMl  fay  the  oqiwtioiM  (4);  and  ire  have  to  ehoir  d  poderuri 
that  this  is  aa. 

Y'mt  if  the  torse  is  given,  then  the  reciprocal  figure  is  the  envelope  of  the 
plaue  aic  +  by  +  cs  +  dw  =  0,  (3),  where  («,  y,  s,  w)  are  the  coordinates  and  (a,  b,  c,  d} 
are  regarded  as  variable  {tarameten  oonneoted  by  the  equation  (1);  we  thenoe  obtaia 
thi-  (Mjimtioiis  (3X  where  X  is  an  arbitrary  multiplier;  and  from  the  equatione  (1),  (S), 
aiui  ^■^),  vvL'  have  to  clitniiiato  a,  b,  c,  d,  X.  The  equation  (3)  is  at  once  seen  to  be 
included  in  the  equationj^  (1)  and  and  the  elimination  would  give  only  a  single 
equation  between  the  («,  y,  z,  w)— einoe  however  the  equation  (1)  ia  that  of  a  tone, 
we  know  that  the  elimination  must  ^ve  two  equations,  or  more  accurately  a  two-fold 
relation  (represented,  u.s  in  the  pireaent  CMtt  it  happen^  by  three  equations)  between 
the  coordinates  (x,  y,  z,  w). 

Putting  for  shortueas 

□  =      -  Qohcd  +  h^c"  +  4^rf  -  36V : 
and  aubatituting  for      Ay,      Xtv,  their  values  from  the  equationa  (1)^  we  have  identically 

x»(  )—(<««-*»)□; 

and  hence  (since  0=0)  we  have  between  (a^  y,  w)  the  equationa  (4X  diowuig  that 
the  reciprocal  figure  is  a  skew  cubic 

Secondly,  let  the  nkew  cubic  be  given ;  then  the  reciprocal  figure  is  the  envelope 
of  the  plane  ox  +  fry  +  w  +  d«»  =  0,  (3),  where  now  («,  6,  c,  d)  are  the  coordinates  and 
{j:,  y,  z,  w)  are  regarded  as  variable  parameters  connected  by  the  e4uatioDs  (4):  we 
thenoe  obtain  the  equations  (5)  oontaining  the  arbitrary  multiplierB  q,  n  and  from 
the  eciuations  (3),  (4),  (5)  yve  have  to  eliminate  x,  y,  z,  w,  p,  (j.  r.  The  equation  (3) 
is  at  once  scon  to  be  included  in  the  equations  (4)  and  (5):  since  however  the 
equations  (4)  are  those  of  a  oorve,  we  know  that  the  dinunation  must  give  a  aingle 
equation  between  {a,  fr,  «,  <|), 

The  equations  (4)  are  aatialied  if  we  write  theretn 

auii  Hiibsiitutiug  these  valuen  ot  x,  y,  g,  w  in  the  equations  (5),  these  equations  give 
{a,  b,  c,  d)  in  terma  of  B,  p,  7,  r,  and  we  thence  find  identical^ 

ac-6-  0>(p-2q0  +  rtf-y, 

bc-ad  =  -2d  (p-  i'jd  +  rd  f, 
bd~c-  =-     (p-2>i0+ rt^y, 

that  is 

ac-6»  :  ud~bG  :  bd-tf^O*  :  -26  :  1, 
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or  we  have 

(oii  -  te)>  -  4  (Oft  - 1^  (M  -  (!^)  -  0, 
which  11  in  fiwt  the  equation 

□  =o*rf'-6a6cd  +  4ac»+4W-3i'c»  =  0,  (1) 
and  tbu8  the  reciprocal  is  m  bet  the  qtuurtic  tone,  given  by  the  equation  (1). 

The  equations  (3X  (4X  (S)  lead  to 

c8ti  +  ySft -I- «fio + wSd  -  0 ; 

but  (a,  b,  c,  d)  are  in  conscqueoce  of  these  t^tiuations  connected  by  a  single  equation, 
viz.  the  equation  (1);  the  equation  just  obtained  is  thni  the  only  lelatkm  between 
the  differentiaie  (to,  &,  Se,  U^:  it  is  dear  from  the  equations  (2)  that  this  is  in  &Qt 
the  equation 

The  equations  (1),  (2),  (3)  lead  in  like  manner  to 

o&e  +     + oSf -t- 4Uw  -  0, 
which  in  Tiitiie  of  the  equations  (S)  is  equiTslent  to 

pB  (3x1  -  If)  +  qB(yz-  9xw)  +  rB  (3yw  -     -  0, 
riz.  it  is  a  consoqiicnoe  of 

8(3iiw-y»)— 0.  t(yr-AMv)aO,  i(Syw-**)-0. 

But  inasmuch  as  <«;  y,  s,  w)  are  connected  by  a  two^fiild  relation,  the  equations 
(I),  (2),  (3)  mnet  lead  to  one  other  ItQear  reUtioo  betweeo^-the  dtffiarentiab  {Sk,  fy,  tt^ 
and  I  proceed  to  show  that  this  is  ao. 

Diffieirentiating  we  have 

(  3ad^»e)Sa+('^Sae+ei^Sb-  dab  te+  tf9d+>dw+wik~0. 

Consider  the  matrix 

-3crf       ,      12irf-3c^.  -  aa<J-66c,   -3ac  +  66»  ' 
-8id+6c»,   -  3<jrf-6^<,      12ac-36^,   -806  | 
W-a6e,  -  3ae-(-6&*.  -  Soi       ,  a* 

64—2 
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«nd  suppose  for  «  momeiit  that  tiie  detenntnaot  fiirm«d  tlMMmtii  is  « JT ;  att|i|»o0e  abs 
tbat  the  redprooRl  matxix  » 

^,  5, 
®,  g.  6.  9i 

Then  we  bftve 

with  the  dnulwr  equatums  mvolving  b,  e,  d  mod      9,  %      (®>  8.  <E,  9tX     91.  5^  X) 

But,  snbstitntfaig  for  y»  w)  tbdr  valnea  6om  the  equatioiui  (2),  it  ia  e«qr 
to  we  that  we  have 

a«  +     + ®» + 8fa- -  ^ /fa, 
the  last-meutioued  c«^uatioa  thus  is 

But  if  is  =  27  □  (see  my  paper  "  Ou  Certain  Developable  SuriiEbceii,"  Qitaiierly 
Mat/t4Miatical  Journal,  U  VI.  1864.  pp.  108 — 126,  [344]).  which  is  =0,  and  we  thus  have 

-i-®Ss+S£i0  -0, 

and  similarly 

But  observing  that  in  virtue  of  the  etjuatio!)  K  =  0,  we  have 

a  :  ^  :  ®  :  S  =  ^>  :  S3  :  A  :  5?  =  ®  :  g  :  «  ;  9i  =  8  :  SI  ;  «  :  J), 
theae  ara,  as  they  should  be,  one  and  the  same  e(|iiatkHi» 

The  values  of  the  coefficients  fl»  Im.  are  g^rea,  |k.  IIS  of  the  paper  just 
refened  to,  via.  writbg  □  in  place  of  U,  we  have  H—9X'—4afD,  ke,  where 

X=.        -9abc  +  2». 

Z'-acd  +  2b'd -b<f, 
W  =  -adr-+'6bcd  -  2c^  , 


Dig'itizeo  by  <jt> 


372]  ON  THE  BEdPnOGAIlOM  OF  A  QUABTIC  DBVSLOPABLB.  509 

and  writiog  0^0,  the  values  each  divided  by  3,  arc  simply 

A''  ,  XV,  XZ,  XW. 
rx ,  Y*  ,  YZ,  YW, 

EX  ,  ZY,  Z«,  ZW, 
WX,  WY,  WZ, 

60  that  each  uf  the  four  ei^uations  in  fact,  becomes 

XSm+  Y^+£&s  +  W6w  0. 
or  multiiiljniig  by  3,  and  attenditig  to  tlie  equations  (2),  tbig  ia 

This  should  be  a  ooosequeace  of  the  equatioas 

3(3M-y)-0,  S(3(«-8m9)-0.  <(3yw-if»)«0, 

that  is,  we  should  be  able  from  the  lint  three  to  deduce  the  fourth  equation  in  the 
ejratem 

8i0  Sjr  ~  8s & + 3 jr  to  0. 
—  3wSff+  xBy-  ^5;+3c3ws0, 

or  «e  ought  to  hare 


-ftv 

3y 

-3w. 

-  y. 

8c 

but  expamUng,  this  is 

-  6  (814V  -  5*aysw  +  12x^^  l2jfHo  -  8/s»)  -  0, 

or 

(jrs  -  9«wy  -  4  (aw  -  3^  (y  w  -     «  0, 

which  is  true  in  virtue  of  the  rektious  (4),  Or  wliat  is  the  same  thiug,  we  rosy  show 
without  diffioulty  that  the  equation 

—  ^wS«t  +  *8i/  -  ifis  +  daiSw  =  0, 

is  satisfied  by  writing  therein  «  ;  if  :  *  t  w  —  i  z  0  :  6*  t 
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I  remark  that  in  geueral,  if  □»^(a,  6,  c,  d)^0  m  the  equation  of  a  torne,  th«a 
for  finding  the  reciprocal  ourre,  we  have 

□  =  0,    ('■'  +  6^  +     +  dw  —  0, 
c„  C  +  Xx  ■  0, 

B, +  \v = 0. 

S4O  +  Xw  -  0, 

auU  that  from  these  equations  we  d>  <iur->'  not  uuly 

but  alflu  the  equation 

(%  9,  %  X,  8,  ®>  ^.  «,  fH,  9:TSfl,  0,  y,  t3[&r.  fy.  &.  te)-0. 

where  0,...  are  the  taverse  system  derived  from  the  second  diffMentinl  eoeffictents 

of  □  :  (a,  (9,  7,  5)  are  arbitmry  cuoffirioiits,  introduced  only  for  synimetrj*,  and  there 
id  DO  real  loas  of  geDeratity  in  reducing  all  but  one  of  them  to  zero,  and  so  reducing 
the  equation  for  eznmple  to  the  form 

Sl&r + +  Q>£s + esw  -  a 

The  ezisteoce  of  the  two  linear  equations  between  (&r,  t$,  &w)  prwes  that  (x,  y,  w) 
nn-  rnnne<<ted  by  s  two-fold  relation*  that  is,  that  the  reciprocal  of  the  given  tons 

if<  a  curve. 

CanAridge,  January  26,  lb65. 
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{Vrtm  tiie  Qturtertif  Jmnwi  of  Fure  and  AppUtd  Mathmati^  vol.  m  (1866X 

pp.  106—113.] 

The  pr<eH<int  paper  contains  aomo  investigations  in  relation  to  the  iipecial  sextic 
develflpaUe  or  tone 

(M  -4M)*  -  27  {-^atfi^b^y  -  0. 

considered  Nos.  26  to  35  uf  my  paper  "On  Ccrtiiiu  DevelofMMe  Sarfiioas,"  QMorttdy 
Mathematical  Journal,  t.  vi.  (1864),  pp.  108— 126»  [341]. 

The  cuspidal  curve  is 

tw  -  46d  =  0,        +  fr-e  =  0, 

and  the  nodal  ourve  is 

ae  +  2bd  =  0,   ai»-6^  =  0, 
vis.  to  put  this  in  evidence,  the  equatiou  ia  to  be  written  in  the  form 

{a«  4  SkQ' (M  -  16M)  -  27  (oil*  -  iV)* «  a 

^e  ooordinatea  of  a  point  on  the  cnapidal  curve  may  be  taken  to  be 

a»2,  h--t,  <l-+«^,  «— 2f, 

and  then  if  A,  B,  D,  E  are  curreut  coordinates,  and  a,  fi,  S,  «  arbitrary  coctbcients, 
the  eqaation  of  a  plane  through  the  tangent  line  is 


A,  B,  D,  E 

2  ,  -t,  +  £>.  -if 

.  -1,  -SC 

«,  i9.  S.  e 


=  0. 
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+  (.48 

-Da  )(  - 

+  (Af 

-Ea  )(- 

n 

+  im 

at*) 

nn 

=  0, 


or,  what  i«  the  same  thiqg, 

+  /^ (-  At  +  si^r  +  :{f:p) 

+  S  {-'.iAt*  -bJU*  +  E  ) 


=  0. 


«ikI  by  (>(|uatitig  to  zero  the  coefTi  i  '  i,  ^,  S,  «,  we  have  four  equations  which  are 
eaxily  seen  to  mhice  themselves  to  two  ecpiationn  only,  uih]  which  arr*  in  fact  the 
equations  of  the  tangent  line,  the  equations  of  this  line  may  therefore  be  taken  to  be 


3A««+  s/»V  -£-0 


The  ooordinates  of  *  point  in  the  nodal  cnrve  may  be  taken  to  be 

a«V^  &-r,  <H.  e-V2t«. 

and  lubfltitnting  these  Tatuea  in  the  place  of  B,  D,  S  in  the  eqoatknw  of  the 
tangent  Kne,  we  have 

V2f+3<V-T»  -0, 

«r»  what  b  the  same  thing. 

7*-8fr      +V2f=0,  i.e.  {t  +      «       \  {■r-^tr-t-i  =  0, 

T^-iyfifT-'if      =0.  [T'  +  V'-2/T-rl  {T'-V-ifT-/')  -=0. 

so  that  the  eqaations  are  satisfied  by  the  values  of  r  given  by  the  equation 
that  is,  by  the  values 


which  belong  to  the  jwints  where  the  tangent  line  meetvS  the  nodal  cun-e.  Call  these 
values  Tt  and  Tf ;  then  considering  a,  6  as  cunent  coordinates,  the  values  of  a  :  b 
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belonging  to  the  point  where  the  tangent  line  meets  the  ciupidal  curve  considered  as 
tibw  ooindident  ptmit^  mmI  to  the  points  wtime  it  HMeta  the  nodal  cum*  «n  given 
by  tlie  eqnatioD 

(tt +a</  f6  VI  .(ir,}<(  VS  >  ar,}  -0. 

that  is 

(2i  +  at)*  (2^-  iaU~aV)mO, 

or  say 

(a/  +  2by{a'C  +  2abt  -  26»)  =  0. 

I  pmceed  to  find  the  intt'i'sectioiis  of  the  tangent,  with  the  Prohesaiaii  :  for  this 
purpose  putting  tor  a  moment  iu  the  last-inoutiuued  equation  x  for  at  and  y  for  b,  this  m 

(«  +  ay/ (a?  +  2ay  -  2y«)  =  0, 
or,  if  in  the  place  of  («+y)  we  write  m,  this  ie 

(x  +  y)»(«»-3y»)-0. 
and  the  Heesian  of  this  is  easily  found  to  be 

(«  +  y)«(3*'+8«y  +  V); 
whenoe,  raplaoiiig  x  bjr  the  Heenan  of 


We  have  thus 
that  ia 
or 

and  therefore 
or  putting 


(«  +  2y)*(ae»+14a^y  +  18y). 
ttf+Uxy  +  18tf*  =  0; 
a«+(74V^]y-0, 

a    7  ±7^5  M  18 


"18  ' 


eo  that  !»,  +  »,=  — J,  n,n,  =  und  n,  an-  tlu'  riKit*  ot'  thu  equation  18n*-f  147i  +  3  =0, 
then  we  have  ^'ih^  or  nit,  so}-  ~~*>it>  or  assuming  a  =  l,  then  b^nit. 

c.  V.  65 
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But  the  equations  ut  the  taugeui  line  being  ut  suprd 

o<*+3&f»  +  rf  =  0, 
8a**+«6f-e  =0, 


we  have  thni 


«.<  8+8ji,)t», 


a-1, 

<«-(-l-8«,)f. 
«-(  84-8m}<^. 


ae  the  ooocdiiiAtee  of  tbe  requund  poiat*,  viz.  the  tangent  line  meeta  the  ^heMna* 

in  tbe  point  on  the  cuspidal  edge  cousiderud  as  0  points,  is  two  points  on  the  nodil 
curve  and  in  the  laet^mentioned  2  poonta;  6  +  2  +  2«10  the  order  of  the  Profaiwiiim 

The  foregoing  equationa  give 

ai-Sbdm  lSnt*-¥  14ai  +  8  •  0, 

*^  "  i;»(8«»+8) 

(in  vtrtae  of  18N|*  +  14n,+8«*0), 

«o  that  the  two  pointa  in  qoeatioD  are  the  inteiaeetionB  of  the  tai^ent  line  with  the 
aurface  oe-dSd-Q. 

If  we  oomuiler  the  inleotieetion  of  thia  ni&oe  with  the  toree 

the  equation  ae~Qbd»0,  gives 

and  thence 

that  is 

810^- lS8aMV-f  aiiV -Ok 


^=A(l**».-28> 


an  equation  which  should  agree  with 
'    In  fact  writing 

«- A  (1*4 /I, -23). 

the  eciuation  ISn,'  +  14n,  +  3  =  0  is  ( 18«,  +  7)*  +  5  =  0 ;  that  is,  (144  n,  +  56y  +  320 « 0, 
but  144n,  +  56s81«+79.  or  the  equation  beoovea  (SLe-t- 79)^+320«-0,  that  is 

Sl«jt*-|-81.l58»H-81*-0.  or  81«I*H- 158a-|-81 -0, 

which  ia  ri^l 
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Consider  in  like  manner  the  intersection  of  the  torse  with  the  surface  ae  —  \bd » 0, 
wliere  X     *  given  constaiit  coeflicient ;  we  have 

and  therefoR 

(X  -  4/  aelM'  -  27X  (atf  +  t^ef  «  0, 

that  is 

27X<Al> + [64X  -  (X  -  4n  a&^fe  +  STXM* «  0, 

which  gives 

<d? -  ^,6**  =  0,  or  otf-^^sO. 

if  &i,  &t  «"'^'  the  roots  of 

£7X0*+ [MX  "  (X-4)«] $  +  87X»0. 

The  surftoeB  a«-XM>BO,  <uI*-<?i&V«0  have  in  common  the  two  lines  (a~0,  6  =  0) 
and  (d^O,  S~OX  end  they  intersect  besides  in  a  quartic  cnrre.    And  so  (or  the 

surfaces  ae  —  \M  =  0,  arf*  —  0Jre  -  0.  That  is,  the  surface  ae  -  \bd  =  0  intrific'cts  the 
torse  (ae  -  ibdy —  27  {—ad' -  b-e)- ^  0,  in  the  line  a  =  0,  b  —  O  twice,  in  the  line 
«2_0,  «a*0  twice,  and  in  twu  i^uartic  (excnbo-quartic)  eurvse.  TH»  (wo  qnaitic  cmna 
beooine  identical,  if 

(54X)«-{MX-<X-4yi« 

that  is 

±54X=  54\-(X-4)». 

and  thweliHrei,  if  either 

(X-4)«  -0, 
whieh  gives  the  cuspidal  curve;  or  else  if 

(X-4)*-108X-0, 

that  is 

X*  -  12X'- 60X  -  64 «  (X + 2)P(X  - 16)  -  0. 

(X  +  2)'  =  0or  X-  — 2  gives  the  nodal  curve:  X-16  =  0  gives  ae-166d  =  0,  a  surface 
which  intersects  the  developable  in  the  line  « =  0,  6=0  twice,  in  the  line  d  =  0,  e  =  0 
twice,  and  in  the  two  coincident  quartic  (^excubo-quartic)  curves  given  by  the  equations 
CM  — 16M>0,  afi-'¥0^O.  Ab  a  veri6cation,  I  remaA,  that  tiie  soi&oe  oif-i^sO 
oombined  with  tho  develo|Mble  gives 

that  is  (a«+  tbdf{ae  -  IGbd) «  0,  or  it  meets  the  developable  in  its  carve  of  intenection 

with  ae+2W  =  0  twice,  and  in  its  curve  of  intersection  with  «e-10M  =  0;  that  Ls, 
in  the  line  «  — 0,  i»=0  three  times,  in  the  line  (/  =  0,  e-0  three  times,  in  the  nodal 
quartic  ae  +  2bd  ~  0,  cm^*  —  li^»  =  Q  twicse,  and  in  the  quartic  ae  —  IQbd  "0,  atf—b^^O 
oDce;  8  +  3+6-i-4»18,  the  eider  of  the  complete  tnteisection. 

Qrmuoieht  Jwmary  4,  1864. 

65—2 
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In  my  thetwy  of  the  nngularitiM  of  curves  aod  toraes.  LiouviUe,  t  X.  (IMS) 

pp.  245 — 2.'i0,  [30X  translatnl  under  the  title  "On  Curves  of  I>iuble  Curvature  and  Deve- 
lopable Surtaces."  Cambridge  atid  Jhibliti  JJaUieuuitical  Journal,  t.  v.  (1850),  |^  18—22, 
[H3],  I  omitted  to  take  Mcoont  of  a  noteworthy  singularity,  vii.  this  is,  the  stfttionanr 
tangent  line ;  or  when  the  ej'stem  has  three  coui^ecutive  points  in  a  line,  or,  what 
the  9&rrtf  thing,  thn-e  ron-^eeTitive  plaaea  through  n  line.  I  reprodnoe  the  theoiy  vith 
this  addition  as  follnw-s.    \V'f  Imve 

.  m,  the  "tnli-r  of  the  •^y-'tcin,  —  .>rilrr  <if  the  c^Trve, 

r,  „  rank  ol  the  K)>lem,  ^  ckk^  ut"  cuive,  =  order  ot  torse, 

n,  „  class  of  the  system,  —  class  of  toi'se. 

a,  „  ntimher  of  itationaiy  planet, 

0  n        n       •tationaiy  point«» 

^  „  itataoiMry  ttnee^ 

g  »        n       Unee  in  two  planet, 

h  n        u       Uaee  through  two  pointtb 

m  „  »        poittte  in  two  lines, 

jf  M        i>       phmea  through  two  lioes. 

This  being      the  eeetion  of  the  Uiree  by  an  arbitnoy  ^aae  »  a  plane  curve  fiw  which 

r       i»  the  order, 

n  „  daas, 

»  „     numbeff  of  nod^ 

ai+fl^     »  „  cusps, 

g  „  „        double  tangenta, 

tt  „  „         inflexions ; 

and  we  have  thence  PlUcker's  six  equations,  which  way  be  consider^  as  included  in  the 
three  equations 

ax  r(r-l)— 29-8(01 -f-H 

r-  a(n-l)-%-9a. 

Similarly  considering  the  ooue  standing  on  the  curre  and  banng  an  artntrary  poiiit 
for  vertex,  then  for  this  ooue 


m  is  the  oi>1er. 

r  „  clas«, 

k  „      nuinbt  r  of  noilal  lines, 

P  „           „         cuspidal  lines, 

y  »          „       double  tangent  planes, 


a  +  ^     M  »  inflexions; 
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and  W6  have  FIIleW«  six  «iuatioii8,  wlueh  may  be  oouBulered  at  iadudcd  in  die 
three  equationB 

m=  r(r  _  1)  -  2y  -  3(n  +  ^), 
<Q-3r(r  -  2)- tly  -  8  (« 

These  two  systems  ronstitnto  together  a  system  of  six  ei|iiatioii.s  Ixtwciii  the  ten 
quantities  m,  r,  n,  a.  /?,  ^,  g,  h,  x,  y.  Considering  m,  r.  x,  ^  aa  arbitrary,  the  six 
equataona  detamine  the  temaiiuiig  quantities  n,  a,  fi,  h,  x,  y. 

The  curve 

fl»-4M  +  3c*  =  0,   ac«+26c(i-a(i'-6»«!-c*  =  0, 
is  a  sextic  curve,  the  edge  of  regression  of  the  sextic  toi 

(a«-4W  +  3c>)'-27  («<»+26cd-o<^-6^-c'>»»0, 
and  we  have  m  this  caae^  aa  ia  well  known, 

at.  r»  tt»  «.  i9.     ^,  A»  0,  jf 
»6,  6,  4,  0.  4,  0.  8,  6.  4.  6. 

But  putting  as  above  c  =  0,  then  instead  of  the  sextic  curve  we  have  the  excubo- 
qnartie  c«ir?»  ae-4A(l»0,  oiP-f  flfesO,  which  ia  a  curve  having  two  atatioDaiy  tangenta^ 

viz.  these  are  the  lines  (o=0.  6  =  0)  and  (<i  =  0.  c  =  0),  which  are  in  fact  given  along 
with  the  curve,  by  the  foregoing  equations  (W  -  \bd  =  0,  <uP-f  &^~0.  We  have  in  tbia 
caae  ^  =  2,  Mid  the  system  is  thus  found  to  be 

m,  r,  n,  a,  fi,  ^,  g,  h,  x,  y 

=  4.  6,  4,  0.  0.  2,  3.  3,  4.  4, 

it  was  in  fact  the  considenitiun  of  this  case  whtch  led  me  to  take  aooount  of  the  new 
siogulanty  of  the  stationary  tangent  lines. 

I  take  the  opportunity  of  referrint,'  to  a  most  vi^Inablc  and  interesting  paper  by 
Scbwarz,  "De  superficiebus  in  planum  explicabilibus  primoruni  septeni  ordinum,"  CrMe, 
t  LXiv.  (1864),  pp.  1— -16.  The  anibor,  after  tdbrring  to  my  paper  "On  tile  deve- 
lopable derived  from  an  equation  of  the  fifth  order,"  Cambridge  and  DMm  Mathe- 
vmticnl  Junrnid.  t.  V.  (1850),  pp.  152 — 159,  [86],  enters  into  the  oiiiiuiry  there  siigpr<;tcd 
as  to  the  means  of  ascertaining  the  degree  of  the  '  plaoarity '  of  a  developable  suriacc. 
He  starts  from  certain  theorema  derived  from  Riemaun'a  theory  of  tianscendental 
functions,  viz.:  If  an  algebraical  (plane)  curve  of  the  order  r  has  ^ (r  —  1) (r— 1)  — p 
double  •po'mU  (nndts  OT  cospsX  then  the  Coordinates  of  a  pcant  of  the  curve  may  be 
expresiied  ratiuaally 

If  p  =  0,  that  is,  if  the  curve  has  the  maximum  number  of  double  pointa*  by  a 
single  parameter. 
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If  pal«  by  »  ttogle  jMnmetar,  and  tb«  aqiMce  root  of  a  eobie  «r  quvtie  fimetun 
of  this  pMwneteir. 

If  p^i,  hy  a  mngle  pammeter,  and  tfaA  square  root  of  a  quintic  or  antic  loiietum 
of  ihia  parameter. 

If  p>8j  bj  a  panuneter  and  an  algebraical  fnnetion  thereof  ly;  vhere  f ,  9  are 
oonneoted  hj  aa  equatkn  of  the  order  +  or  ((p-f  2)  acoonSng  aa  p  !•  odd  or 
even. 

Theie  principlea  eatabliah  a  diriaion  of  phuie  ourves  into  algebraical  elaoeea;  ad 

plane  curves  (other  than  the  generating  lines)  situate  on  a  ruled  lurface,  belong  to  the 
same  algebraical  class,  and  the  surface  itself  belongs  to  the  same  class.  Hence,  if  on 
a  ruled  surface  there  is  either  a  right  line  which  is  not  a  generating  line  (this 
cannot  be  the  one  for  developobles)  or  a  oooie,  or  a  eabic  hanag  a  double  pointy  or 
any  other  plane  curve  having  the  maximum  number  of  double  pointa,  the  sor&oe 
belongs  to  the  cla.ss  for  which  p  -  0;  niv]  in  the  ciisf  of  a  developable  surface  the 
equation  of  the  tatigeut  plane  may  be  ratiuualiy  expressed  by  means  of  a  siogk 
panuneter;  that  ia,  the  degree  <^  the  planarity  ia  al,  or  the  autftoe  ta  fihmtw.  This 
leads  to  the  conclusion,  thut  the  developable  SQifima  or  tones  of  the  orden  4,  5,  6 
and  7  are  all  of  them  planar. 

Tbe  author  points  out  that  the  '  special  quintic  developable '  of  my  paper  first 
above  rcffired,  (\'iz.  that  obtairu'tl  by  writing  h  =  0  in  the  equation  of  the  eeztie 
developable)  is  in  fact  the  general  developable  of  the  fifth  order,  or  quintic  torse. 

The  foregoing  theorem,  that  for  a  curve  which  has  the  maximum  uumbor  if 
«I.iu])K-  |>iiints,  the  coordinixtcs  mny  be  oxpn^^fcd  rationally  by  n  'inirlc  parameter,  admits 
of  a  very  simple  algebraical  proof,  as  \a  shown  in  the  puper  by  Ciebsch  "  Ueber 
Corven  deren  ooordtnaten  re^male  Fnnetionea  eines  Facameteis  nnd,"  Or^,  t.  ixiv. 
(1864),  pp.  43 — C5.  In  another  paper  by  the  same  author,  "  Ueber  die  Singukritaten 
algfbrawther  Curxcn,"  pp.  98 — 100,  it  is  remarked  that  if  in  any  plane  cttrvo  we  have 
m  the  order,  n  the  dHt»,  B  the  number  of  nodes,  k  of  cusps,  t  of  double  tangents, 
c  of  inflexions,  then  as  a  deduction  fran  Biemann's  principleat  but  also  at  oooe 
obtainable  from  Pltteker's  equationsb  we  have 

i(jH-l)(jM-2)-S-«  =  i(M-l)^«-2>-T-t; 

and  moreover  if  from  a  given  curve  we  derive  in  any  manner  another  curve,  auch 
that  to  carb  taiij^eut  (or  point)  of  the  first  curve  there  cori-esponds  a  aingle  pwnt  (or 
tangent)  of  the  uecoud  curve,  then  in  the  .'*econd  cur\-e  the  expression 

i<»'-l)(m'-2)-«'-.«',»4(«'->l)(H'-2)-T'-»', 

huH  the  same  value  aa  in  the  first  curve. 
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The  like  property  exists  for  curves  in  space — viz.  taking  account  aa  above  of  the 
new  atDgabiity  of  tlie  tM&oany  Uhm,  tben  we  have 

J(m-l)(n»-2)-A-/3, 
=  ^(r  -l)(r  -2)-y-n  -% 
=  i,(r  -l){r  -2)-»—m-% 

which  equations  are  in  fact  at  once  deducible  from  the  above-mentioned  system  of 
tax  equBtioDB  between  the  quantitiee  m,  r,  ft,  a,  0,  dr,  g,  A,  «,  jr.  and  ntay  if  we  pleaM 
\tt  taken  for  eqnk^one  of  the  systooi. 

If  fW»n  a  given  carve  and  tone  we  derive  n  leoond  eurre  and  tome^  in  eadi 
manner  that  to  each  point  (or  plane)  of  tliA  6iBt  fignie  tbere  corresponds  a  single  plane 

(or  pointy  <(f  the  second  fignre — thon  tlu-  corrof^pondinp  oxpressions  l)(m'— 2)— A'— 

have  the  same  ^ue  for  the  second  as  for  the  tirst  figure. 

Cambridgt,  AprU  11.  I860. 
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374. 

ON  THE  HIGH£E  SINGULAKIIIES  OF  A  PLANE  CURVE. 

[From  the  Quart$rijf  Journal  tif  Pure  and  Applied  MaUtgrnaOet,  toL  vil  (1866X 

pp,  218— mj 

The  theory  of  the  idugularitiea  of  a  plane  curve  was  first  established  by  PlUcker 
in  his  gmft  vork  the  Theori$  der  AlffdmaaAen  Chmmt,  (1889)j  iihm  he  ertuMwIien 
in  ngttd  to  the  ordiuMy  dngnlMities,  »  ejnstem  fd  eix  eqnvtaoiM ;  vis.  if  we  have 

vt,  the  eider  of  the  curves 

B,  „  number  of  dotiUe  pointi, 
x,  »       „  eusps, 

„       n         doaUe  tingente 
«.  •>       n  inflexion^, 
,  tiitti  Hiidcei'*  nx  equations  are 

n  »  m(m-l)-8S-8(r, 
(  eSm(m-2)-6S— 8«, 

r  »iin(m>2)<m*-9)>(i»*-m-6) (25-1- 8«)+2t(t-l)+68K 1), 

j«"  n{n  —  D  — 2t  — d«, 
«  =.  3n(H  -2)-6T-St, 

S  =  ^n(«-2)(H'-9)-(H'-n-6)(2T  +  3t)  +  2T(T-  l)  +  OTt  +  |t(t-l), 

equivaleut  to  three  equations;  thus  in  and  (^^'ithin  proper  limits)  £  and  n  may  be 

omaidered  arbitnuy,  and  the  flnt  three  eqnatioitt  then  gire  ii»  r;  and  in  liln 

aumner  n  and  (within  proper  limits)  r  and  *  may  be  oonsidered  as  arbitrsiy,  and  tb* 
equatioiu  then  give  m,  tt,  & 
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I  have  used  the  ordinary  expressioDS  double  points,  cusps,  double  tangents,  inflexions ; 
Imt  (ntSmg  as  I  have  daewhere  done  vmntt  as  the  oamlotiv*  of  tangent)  it  would  be 

more  precise  and  symmetrical  to  say,  doable  ineunts,  stationary  ineuuts,  double  tangent?, 
and  s<tationary  tangents.  The  double  ineunt  18  called  also  a  node,  viz.  it  is  a  crunodc, 
or  an  acDode,  according  as  the  tangents  are  real  or  imaginary;  and  the  stationary 
ineiint»  or  cubj^  oonddeMd  as  (what  in  the  theoiy  c(  pomt-ooatdinaftM  it  in  Act  ta) 
a  particular  ca»e  of  the  double  ineunt,  is  a  spinode;  to  render  this  notation  g}-mnietrical, 
wo  require  certain  new  t^Mms,  say  link,  as  the  correlativr  to  ncxlf,  and  flex  as  the 
correlative  to  cuap ;  then  the  double  tangent  is  a  link,  viz.  it  is  a  oolink,  or  an 
allink  aoGording  as  the  ineunts  upon  it  (points  of  oontaet)  an  real  or  imsginaiy;  and 
the  stationaty  tarigont  (inflexion)  or  flex,  considered  as  (what  in  the  thcoiy  of  line- 
coordinates  it  in  fact  ts)  a  particular  case  of  the  double  tangent,  is  a  relink.  The 
ordinary  singularities  of  a  plane  curve  would  thus  be  the  node,  the  cusp,  the  link» 
and  the  iez;  hut  I  shall  retain  the  above-noitioned  more  ubdbI  eatpreswons. 

Deducible  from  the  six  equations,  we  have 

n-m  -^(t-ff), 
(«-«)(» +m- 9)= 2(t  - 

which  are  noticed  by  Ptfldcer;  and  also  the  equation 

i{7,t  -  IHwi-  2)-5-«-i(n-        -2)  -  T-t. 

recently  noticed  by  il.  Clebsdi,  in  connection  with  Ricmann'a  investigations  on  the 
Abelian  Integrals;  a  curve  of  the  order  m  may  have  ^(ot  — l)(m  — 2)  double  points, 
leekoning  the  easp  as  a  doable  pointy  and  so  a  curve  vt  the  chns  n  may  have 
}  (n  —  1 )  (n  —  2)  double  tangents,  reckoning  the  inflexion  as  a  double  tangent ;  the  two 
sidefl  of  this  equation  exhibit  therefore,  the  right-hand  side  the  deficiency  of  the  actual 
from  the  possible  number  of  double  tangents,  and  the  left-hand  aide  the  deflcieucy  of 
the  aetoal  from  the  poaaible  number  of  double  points;  and  these  two  numbers  ate 
equal.  We  have  a  division  into  families  based  on  the  value  of  the  expressions  in 
question,  or  say  on  that  of  ^  (»w  —  1)  (m  —  2)  — S  — «  ;  when  this  is  =0,  that  is,  when 
the  curve  has  its  maximum  number  of  double  points  (reckoning  the  cusp  as  a  double 
pdnt),  the  coordinates  0,  y  are  exprsasible  ration^y  in  terms  of  a  parameter  B ;  when 
the  number  is  =1,  they  can  be  expressed  rationally  in  terms  of  0  and  of  the  square 
root  of  a  cubic  or  a  quartic  functioD  of  $,  &c  Stc  It  thus  appears  that  as  well  the 
numbw  t  +  as  the  eomlmisdons  ti4-9it  and  QS'I-Sk  which  enter  into  FlflndDBc^s 
equations^  plaja  an  important  part  in  the  theoiy  of  the  curve;  the  bearing  of  this 
remark  will  be  seen  in  the  sequeL 

Plttdcer  considers  also  some  of  the  higher  angalaxities;  it  will  be  convenient  to 
mention  two  of  his  results. 

NOk  76,  p.  216.    If  two  braaehfls  of  a  curve  touch  each  other»  or  more  generally 
have  a  jr^pointie  interBOctimi,  the  point  in  question  is  equivalent  to  ^  double  points* 
a  T.  66 


Digrtizeo  by  <jOOgle 


522 


ON  THE  HIOBXB  SnroULABITlaB  OF  A  PLAMB  CURV& 


[374 


and  the  tugont  ftt  this  point  to  g  doaUe  taqgenta;  heuob,  if  then  is  no  adier  point 
Mi^gularity,  the  eqiMtioiw  give 

a +9  >im  (m- 2)  («*  .  9)- (iri^  -  M  -  6)  2f + ^  <9  -  IX 
the  hat  trf  whidt  mey  ftlao  be  written 

And  Nos.  77— S2,  ppi  217— SS2.  For  *  ooqp  «l  the  eeoond  kind,  we  have 

m(iii  — 1)—  ffj 
«  -  8m  (m  •  2)    15. ' 
a-^m  {m  -  2)  (iM>  -  9)  -  (fli^- in  -  7>  5 ; 

tkeee  eqaetiona  Flttclmr  estebliehes  by  an  independent  olgebnucel  inveetigatitm,  and 
havii^  done  so,  he  remarks  that  they  are  deducible  from  the  foregdog  ones  by  writing 

therein  ^  =  2J;  that  i«,  that  the  cnsp  of  the  spconri  kind  may  be  considered  m 
equivalent  to  2^  double  puiutu,  and  the  taugeul  at  the  cusp  to  2^  double  tangents. 
iatA  he  thenoe  paaMis  to  the  euip  of  a  higher  cusp  equivalent  to  doable  points 
and  h  +  \  double  tangents.  The  results  in  this  general  owe  (although  uot,  ae  in  the 
original  case,  g  =  2\,  established  independently)  is  perfectly  correct  \  but  the  theocy  is 
open  to  a  grave  objection. 

I  remark,  that  assuming  a  certain  singularity  to  be  equivalent  to  the  numbers  S 
ef  doable  points,  of  cosps,  of  double  tangents,  and  *'  of  inflezKMH,  we  have  in 
the  first  instance  to  determine  ^,  k,  t'  and  t'  in  such  manner  as  to  give  in  the 

class  n,  and  in  the  numberH  i  of  inflexions  and  t  of  double  tangents,  the  reductions 
actually  given  by  the  singularity  in  question.  Thus  in  the  case  of  the  cusp  of  the 
aeoond  kind,  we  ought  to  have 

25'  +  3«'  =  5, 
6&'  +  8«'  +  t'-15, 

(w« -m -  6)      +  3«')  -  2«'  (S'  -  1)  -  ^Vk'- \k'{k  - 1)  +  t'  =      -«  -  7)  5. 
or,  what  is  the  same  thing, 

25' (S-  -  1)  +  US'*'  +  !«'(«'-  1)  -t'  =  5 ; 

and  so  in  general  there  arr,  for  the  doterinination  of  the  four  <|vuiutitii's  K,  k,  t',  i, 
three  equations.  In  the  particular  case  these  arc  satisfied  by  the  values  £'  =  2)^,  k'—Q, 
r's2^,  ('-0.  which  are  Flttoker'a  values}  they  are  also  aatiified  by  the  valoea 
a'al,  /e'  =  l,  t'«*1,  1,  iriiieh  have  the  advantage  of  being  integer  inateod  of 
ftaeUiOinaL 

But  there  is  really  a  further  condition  to  be  satisfied,  viz.  the  number  S  -y-ic 
mnat  have  a  certain  definite  value  dependent  on  the  nature  of  the  singularity;  iar 
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the  oflM  in  baud,  this  is  =  2  (I  obtain  tins  by  the  oonaidiBMfcitni  of  a  quartic 

oum,  having  a  euap  of  the  aeoood  Und,  and  alao  a  double  point;  S  +  «  has  hen  its 

maximum  value  =  3 ;  and  as  the  double  point  gives  5^1,  the  cusp  of  the  second 
kind  gives  2);  and  joining  to  the  former  conditions  this  new  condition,  we  hav« 

definitely  B'-l,  1,  f'-l,  c'-l.  T  have  elaewhere  noticed,  [34.3],  that  the  cupf  of 
the  second  kind  was  equivalent  to  u  double  point  and  cusp,  and  accoixlingly  propoaed 

to  call  it  the  nndr-ciisp ;  but  I  lin<l  not  then  roniarked  that  it  was  also  necessar)'  to 
treat  the  tangvnt  as  equivalent  to  a  double  tangent  and  a  statiouaty  taogeut  (or 
infleodon). 

It  appean;  from  the  foregoing  cuusidemtions,  that  any  singularity  whatever  i»  to 
be  TBgarded  as  equivalent,  and  that  in  a  perfectly  definite  manner,  to  a  certain  nrnnber 

S'  of  double  points,  «'  of  ciisp-^,  t'  of  dtnible  tangents,  and  t'  of  inflexions ;  wo  have 
only  to  ascertain  how  for  any  given  singularity  the  valuee  of  theee  numbers  are  to 
be  ascertained;  and  when  this  is  done,  Pliicker's  equations  will  be  applicable  to  any 
amgnlarities  whatever  of  a  plaM  curves 

At  ail}'  point  of  a  plane  curve  there  is  either  one  branob,  or  any  number  of 
bianchoN,  touching  or  not  touching  eacb  other:  taking  the  given  point  as  of^n,  then 
for  each  branch  the  equation  of  the  curve  givee  Cor  the  ordinate  y  an  ezpresaion  of 

the  form 

where  the  series  is  arranged  in  ascending  powers  of  m,  and  where  the  coefficients 

A,  B,...  have  detiuite  unique  values;  and,  conversely,  that  wliich  is  given  by  such 
expression  of  y  is  a  branch  of  the  curve.  It  i.M  assumed  that  the  axis  of  y,  or  line 
«  — 0,  is  not  a  tuigent  to  the  curve;  this  implies  that  the  expooeuts  p,  q,...  are  none 
of  them  iofittior  to  1,  or,  what  b  the  same  tUmg,  that  the  lowast  edponent  p  is  «1  at 
least:  it  is  for  the  most  part  convenient  to  take  the  axis  of  or  line  yO,  a  tangent 
to  the  hraneh;  the  lowest  expiment  p  is  then  >1. 

The  exponents  may  be  all  integer,  and  the  branch  i?  then  sju'd  to  be  linear;  or 
else  the  cxponentM  or  some  of  them  may  be  fFactioual,  and  the  branch  is  then 
guperlinear ;  viz.  in  the  latter  case,  assuming  that  the  fixcticmal  exponeut«  are  all  of 
them  in  their  least  tenns,  and  that  «  is  the  least  common  multipte  of  the  dwiominatota 

(so  that  the  ezpnsaion  to  y  ia  a  mtional  fiinotion  of  «f  X  ^  bvanoli  is  quadrie, 
onbie,       aeooniUng  as  we  have  tt«B2,  b>S,  Ac  It  ia  clear  that  tiie  eqmsnon  fiir  y 

has  pr(  (isely  «  TOloes.  vii.  the  values  obtained  by  attributing  to  the  radieal  each 
of  its  a  vidnes.  CSoneqpoiMfing  to  each  of  these  a  values,  we  have  what  I  term  a 
partial  branch  of  the  curve,  so  that  the  i|uadric  branch  is  made  up  of  two  partial 
branches,  the  cubic  branch  of  three  partial  brauctica  and  so  on;  for  a  linear  branch 
or  when  a  partial  braadi  »  nothing  else  than  the  bfaneh  itself;  and  the 

espteaaiob  a  partial  braneh  will  aoowdii^ly  include  the  caise  of  a  linear  bniieh. 

Suppose  that  at  any  punt  of  the  curve  we  have  two  partial  brandies,  beloiigii^ 
or  not  bekmging  to  the  same  branch;  let  these  be  reiiBiTBd  to  the  same  axes,  the 
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axb  of  y  not  being  a  taagient  to  either  biaiiah,  so  tliafc  tbo  «cpoiieata  are  none  of 

theiD  <1.  If  in  the  serie.s  for  'ji  —  'Js,  (the  difference  of  the  two  onlinates'l  the  lt?a.«t 
expoueat  ia  =  P,  then  (whether  P  ia  integer  or  fractional)  the  two  partial  branches  are 
tiaid  to  have,  at  the  given  puint,  P  common  points,  or,  more  briefly,  to  tnteieeet  in 
P  pointo.  We  may  from  this  definition  calculate  the  inunber  of  intenectioBi  of  two 
brnnrheR  with  each  other,  or  of  a  branch  with  itself;  for  inetonee,  mippooe  that  at 
any  point  of  the  carve  we  have  (a  =  6)  the  sextic  braach 

+«*  +  ..., 

we  have  the  six  partial  branch^ 

y,=    X" +     ,      y,=   «*-x5  +  ..,, 

=  fl»ar^+x^  +  ....       y,=  a» —     +  ...  , 

y,  =  o)".c*  +  X*  +  . . . ,       y,  =  ft»*x*  —  x'  +  . . ,  ; 

hencf  calcniatinp  (what  is  most  convenipnt)  ftn're  the  nnmber  of  intersections  of  the 
branch  with  itself,  the  partial  branch  y,  intentects  the  other  partial  branches  in 
it  l>  l>  !•  I  poiiito  respoetayely,  giving  the  ram  otber  partial  brandi 

intersects  the  rcmnininp;  frve  branches  in  the  same  tttimber  of  pointo;  and  therefore 
twice  the  number  of  intersections  is  =47. 

For  the  singularity  y=ix*+j^'+  ..  in  iiuesti'in,  I  say  that  if  this  be  equivalent 
aa  above  to  6'  double  points,  k  cusps,  t  double  tangents  and  t  iuiiexiona,  then  that 
the  number  47  just  obtained  is  tbe  value  of  W4-9$/,  and  moreover,  that  the  value 
of  K  is  «'  =  a  —  1  =  5  ;  that  is,  we  have  2S'  +  fix  =  47  and  it'  =  5;  or,  what  is  the  same 
thing,  S'  =  16;  of' =  5.  For  the  determination  of  the  nnmhcrs  t',  t',  it  is  Ui  be  obser\'ed 
that  the  foregoing  theory  of  branches  is  a  theory  of  the  points  of  a  branch,  by  means 
«f  point-oooidinatee :  there  is  a  pradedy  rimilar  theoiy  of  tbe  tangemte  of  a  bianeh 
by  means  of  line-cnordinates,  and  we  may  inquire  as  to  the  number  of  the  common 
tangents  of  two  partial  branches ;  and  thence  as  to  the  number  of  common  tangents  of 
two  branches,  or  of  a  branch  with  itself— it  will  appear  that  the  Une-equatiun  of  the 
branch  is  ^aX*... JT^... ,  so  that  the  branch  (which  is  aa  to  its  paints  sextic, 
a  =  6)  is  as  to  it«  tangents  quadrir,  ^— 2.  the  twu  partial  branehes  have  with  each 
other  the  number  of  common  tangents,  or  twice  this  number  is  =15;  that  is,  we 
have  2r^-|-S»'-16,  and  moreover  that  Is  r'=:6,  i  =1 ;  or  finally  for  the 

singularity  in  question,  the  numben  t^,         £  are  >•  16,  5,  6,  1  reqiectivdy. 

And  so  genenlly  in  the  esse  of  a  breach  vfaidi  is  as  to  its  points  o-io,  having 
with  it^lf  a  nnmber  m\M  of  common  points;  and  as  to  its  tangents  i3-ic,  having 
with   itself  n  number  of  common   tajjgeuts,  we   have   2S'  +  3«'=Af,  x'aao^l, 

2t' +  .'it' =  iV,  <,'  =  jcJ-l,  or,  what  is  the  Hatm  thing,  the  values  of  S',  k,  t',  t'  are 

K  —  a  —  1  , 

fi-1  . 
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I  Bay  that  a  nngnlarity  is  ample  when  we  have  one  fatanoh,  oompound  when  we 

have  more  than  one  bmnch  ;  the  case  above  considered  is  that  of  a  nmple  auagulaiit^, 
viz.  we  have  on  the  curve  one  point,  one  tangent,  one  bmnch. 

Wc  may  have  a  componnd  singiilanty  whito  the  branches  all  touch,  that  ia  wo 
may  have  one  point,  one  tangent,  several  branchea  It  may  be  seen  that  i£  denote 
the  number  of  common  pmnts  of  all  the  branehes  (that  is  of  each  braneh  with  itaelf, 
and  of  every  two  tmoidMB  with  each  other),  aiid  in  like  manner  if  l^lf  denote  the 
number  of  common  tan^nts  of  all  the  branches  (that  is  of  each  branch  with  itself, 
and  of  every  two  branches  with  each  other),  then  the  fonuuhe  are 

«=  2(a-l), 

where  the  signs  2  refer  to  the  difiiaient  bmnohea 

Again,  we  may  have  a  '  utnpound  singularity,  one  point,  several  tangents  with  to 

each  of  them  a  branch  or  biuucbeii ;   here  if  if  detiote  the  number  of  the  common 

points  of  all  the  branches,  and  N  the  number  of  the  common  tangents  of  all  the 
Inanehee  bekngiiij;  to  any  one  tangentk  timi  the  formalie  are 

y-i  [Jf-3S'2(«-1)]. 
*'-  2'S(«-1), 
T'«i2'[i\r-3S  03-1)]. 

2*50-1). 

where  the  signs  S  refer  to  all  the  Inanches  belonging  to  the  same  tsogeat,  and  the 
rigns  S'  to  the  different  tangents.  It  is  to  be  remarked,  that  the  point  on  the  curve 
is  equivalent  to  the  S'  double  points  and  k  cusps ;  each  tangent  is  ec{uivnlent  to 
^     —  3S  0?  -  1)]  double  tangents,  and  inflexional  the  numbers  N,  0  refemng 

of  oonrse  to  the  tangent  in  question. 

Lastly,  we  may  have  a  compound  singularity,  one  tangent,  aeveml  points  (of 
contact X  with  to  eadi  of  them  a  branch  or  branches;  here  if  N  denote  the  number 
of  the  common  tangent?  of  all  the  brandies,  Af  the  number  of  the  common  points  of 
aU  the  branches  belonging  to  any  one  pa'uM  of  contact,  the  formulie  are 

e'-4S'[(if-32  (a-1)], 
«*=  S'S(«-1), 
T'-i  [(J\r-322'0-l)], 

r2(/3-i). 

where  the  signs  2  refer  to  ol!  tlie  branches  belonging  to  the  same  point  of  contact, 
and  the  signs  2'  to  the  different  points  of  contact ;  it  is  to  be  remarked  that  the 


Digrtizeo  by  <jOOgle 


526 


Oir  THB  HIOHBR  BINC^ULABITIBS  OF  A  PLANS  CUBTB. 


[874 


tangent  of  the  eurve  is  equivalent  to  the  t  double  tangents  and  i  iutlexious ;  each 
pomt  of  ooQtaot  b  cquiTalemt  to  ^if-3S(a-l}]  donUe  pointo  and  Z(a-l)  cu8p», 
tliA  namben      «  feferring  of  eonne  to  the  {mint  of  eotitiiet  in  qnertCon. 

Thete  is  no  difficulty  in  passing  to  the  case  of  the  oampoimd  aiiigularity  when 
the  formulaB  for  the  simple  singularity,  one  point,  one  tengent,  one  hmich,  are  cnoe 
obtained,  aad  I  now  go  back  to  the  ooosidemtion  of  thia  case. 

The  clasfi  of  a  curve  is  o<jiial  lu  tlie  miiiiber  of  tniigoiits  which  am  b«'  dniwn 
through  an  arbitrary  point :  the  points  of  contact  of  these  tangents  are  given  a£>  the 
mtenections  of  the  curve  with  a  certain  curve,  the  polar  of  the  arbitrary  point  in 
legaid  to  the  eurve;  thia  pobr  paaaes  through  each  doable  point  and  euap.  the  double 
point  counting  as  two  points  of  intersection,  ami  the  cusp  as  three  points  of  iuter- 
aection  (this  is  in  &ct  the  theory  by  which  is  found  the  reduction  s2S  +  3k  in  the 
dasB  of  the  curve).  Hence,  tf  tibw  curve  has  a  nngnlarity  (5',  k,  r',  i),  wUoh  to  fix 
the  idt  its  may  be  assumed  to  be  a  simple  singularity,  'one  point,  one  tangent,  one 
branch  '  ;  thi  n  the  polar  passes  through  the  singular  point,  the  number  of  intersections 
being  2^'  +  '^k,  or  if  the  actual  number  of  intersections  be  M,  then  we  have  M  —  26'  +  Sk. 
It  ia  to  he  shown  that  the  numbtt-  M  b  eqnal  to  twice  the  nntnber  of  oomnnn  points 
which  the  curve  has  with  itself  at  the  singular  point,  so  that  the  livst -mentioned  number 
is  =  \M.  Siippn*;c  in  the  first  inatanoB  that  there  ia  only  a  single  branch,  aad  let  the 
branch  be  given  by  the  equation 

=  y     +  Ai£f  +...  =  0, 

or  introducing  for  homogeneity  the  third  coordinate  a,  let  thia  equation  be 

P        + A^r^-^  B^rf . .. «  0, 

and  let  Pt<>Oi,  Pt^Oi  0,  he  the  corresponding  «iuations  ibr  the  component  partial 

branches;   it  is  allowable   to  write   P,  P...  ...P.  =  0  for  the   eqitation  of  the  cnrvc('). 

Hence  if  (a,  /9,  y)  be  the  coordinates  of  the  arbitrary  point,  or  putting  in  the  first 
instance  <y=l,  if  (a,  /3,  1)  be  the  eocrdi«atea>  tlien  writing  A  =  aS,  +  ^Sy  +  2«»  the 
equation  «^  the  polar  ia  AP,P, ...  P«  «  0.  or,  what  ia  the  aame  thing, 

PcP. ...  P^ikP,  +  PiP, ...  P.AP,  +  te.mOt 

and  we  have 

AP  -  «  {pAi^r* + qBafi-^*-',,,) + 0r*  -  {pAt^nr^ + jJSW*-*-*...), 
or  puttmg         this  is 

AP-«(|>4*«»-«     +glte^-»   ...)+/8     ^(pAt^  ...). 

and  we  have  thenoe  the  values  of  AP„  AP,...AP.i  the  thing  to  be  observed  is, 

till  III  equation  AP=0  w  not  satisfied  (and  therefore  also  each  of  the  equations 
AP,  =  0,  ...  AP,  =  0  is  not  satisfied)  by  the  coordinates  x  =  0,  y  =  0  of  the  singular 
point.    Wc  have  now  with  the  otjuation  AP,Ps...P,  =  0  of  the  polar  to  combine  the 

i  Of  oottiM  thtt  ia  not  tb«  eqniiUon  in  its  ntiontl  and  integral  fonn,  and  on  thii  Moouat  the  roMoniag 
of  tiw  tdit  is  not  ftw  htm  diflnilQri  th*  •«■«  naiadc  appUn  to  a  nbMtBaat  ««aatioa. 
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e(|uatiua  PiPf...P^=^0:  the  last-mentioDod  equation  breaks  up  into  the  equationa 
P,»0,  P«-iO,...i>.-0|  and  ideetnif  fer  MAinple  the  eqaation  P,«-0.  thii  gives  the 

system  Pi=0,  P,P, ...  P.AP,  =  0,  or  since  wf  roipiire  only  tho  intorsiectiona  at  the 
singular  piiot,  and  AP,  =  0  does  not  pass  through  this  point,  this  may  be  iieplaccd 
by  P,=0.  P,P,...P,  =  0.  The  complete  sj-stem  is  thus  (P,  =  0,  P,P, ...  P.-O), 
(P,  =  0,  P,P, ...  P.  =0),...(P.-(^,  PiP, ...  P.-,  =  0);  or,  whftfc  is  the  same  thiii^  iw  hw 
each  pair  {Pr  =  0,  P,  =  0)  taken  twice.  To  eliminate  y  from  these  equations,  we  have 
merely  to  write  Pr  —  PjssO,  or,  what  is  the  same  thing,  we  have  C(P|,  Pt...P«)'=Oi 
^  denoting  the  product  of  the  squares  of  the  differences  of  the  fbnc^Mia  (P|,  Pt ...  P.). 
Suppose  that  any  two  partial  branches  P,  —  0,  P,  =  0  intorsoct  (accordiiiL;  •<>  the 
above-mentioned  definition)  in  p  ywiuts  ;  then  Pr  -  P.  contains  the  factor  a^,  and  hence 
the  product  ((Pi,  Pt...Ps)  contains  aa  a  ftictor  «  to  the  power  2S,p,  that  is,  the 
equation  in  m  has  SSp  rooto  eadi  sO.  Whenee  if  ^a:|Jf,  theo  the  equatioa  in  w  has 
Jf  roots  each  -0,  or  the  eurve  and  pdar  have  at  the  angular  point  Jf  intenectioas, 
that  is  ir-2S'  +  3K'. 

I  have  no  complete  p  '  f  lo  utTer  of  the  rfflMMWtUg  equation  x'  =  a— 1,  it  was 
obtained  from  the  consideratiuu  of  a  particular  case  as  follows.  Consider  the  linear 
branch  y  =  iLc'*  + ... ,  where  the  exponents  are  all  powtive  int^;ere,  and  taking  the 
axia  of  «  to  he  the  tangent,  the  least  exponent  p  is  greater  than  unity;  if  jfaS 
there  is  at  the  origin  no  inflexion,  if  p  ^  3  there  is  a  single  inflexion,  and  generally 
the  numher  of  inflezioos  is  ^|>-^2.  Now  it  will  presently  appear  that  in  lineHSOordi* 

nates  the  equation  of  the  hmach  is  Z^A'X'-^^  or  rqiladng  Z,  X  hf  the  original 

■ 

point-eootdinates  y,  «  the  htandi  y— A*»9'^ ,..  has  at  the  onpn  p— S  ctisps;  but 

in  the  branch  in  qticstion  we  have  a=p  —  \,  and  the  number  of  cusps  is  thus 
=  a  —  1 ;  this  result  is  continued  by  other  particular  instances,  and  I  assume  in 
general  that  we  have  i^aBo— 1;  whence  in  the  ease  of  a  simple  singularity,  or  where 
there  is  only  one  branch  we  have  Jf^Sf  +  Sx',  x'sa  —  l,  or,  what  is  the  same  thtnj^ 
S'=:^[ir-.3(a-l)],  m'^a  — 1.  The  reasoning  is  esatly  adapted  to  the  case  of  a  eom* 
pound  singularity. 

I  coosidw  the  bgancb 

(where  it  is  assumed  that  (he  nxis  of  a  is  a  tangent  to  the  braiicli,  and  therefore 
that  the  lowest  exponent  p  is  greater  than  unityX  introducing  the  ooordioate  s  for 
homogeneity,  tins  beoones 

yr-' +  il«»jrJ» + Jto»sr«  + ...  -  0, 

and  I  prueeed  to  find  the  corresponding  equation  iu  line  coordinates,  taking  these  to 
be  X,  T,  S,  we  have 

XJ-|fcds^»«-»+  JBg*J»^r-i+..., 

XF= 
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or  writing         F- 1,  we  find  Xml,  and  therelbce 

S  ^—y-pA^  —        qB^   +... ; 

here  substituting  for  —  y  its  value  =  Ax^  +  Bafl  -f  ... ,  we  have 

ir=  pA3*-*+  qBaft-^ ...  t 
Z^{l-p)Ai^    +il-q)Bifi  +... . 

Hence  wiitiiig  pAi^    0,  the  eqnatiom  Me 
•0  that  eliminating  0^  we  Itave 

and  it  is  eaajr  to  Me  by  I^giange's  theorem,  that  the  general  fomn  of  the  expOMnt* 
in  the  Boriee  on  the  righuhand  aide  i«  ;i±Z^Z^>  ^^^^^IZ-^Lti:: ,  where  /  an 

poeitive  integer*,  wfo  indaded.  The  eqaation  in  tbe-ooocdinateo  bdng  known,  the 
euheequent  inveetigation  is  precisely  the  same  m  that  for  the  point-ccxirdinates,  and 
hence  in  the  case  of  onr  branch,  if  this  U-  in  regard  to  its  tangents  0-\c,  and  have  ^JV' 
common  tangents  with  itself,  then  2t  +^t™If,  —     or,  what  is  the  same  thing, 

[JT— 8(/9— 1)],  The  inreetiipitioa  in  the  caae  of  n  eample  atngnlarity  of 

the  raluee  of  t*  ie  thus  oompleted. 
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{Fttm  tke  Quarterly  Jwrwd  nf  Pure  attd  Applied  MaStmatief,  toL  m  (1866), 

pp^  80«— 316.] 

Axial  Pn^MrtiM.  Article  1  to  18. 

1.  A  FOtYRCDROK  may  have  a  g-axis,  viz.  a  line  abotit  wbieh  if  it  is  made  to 

rotate  through  au  augle  =  —  (but  not  tlirovigh  any  sub-multijjlt'  of  this  a.Dgle),  it  will 

occupy  the  same  purtiou  of  space.  It  is  then  clear  that  wheu  the  rotation  is  repeated 
any  number  of  times  the  body  irill  atill  occupy  the  Mime  portion  of  space;  or  if  9 

denote  the  rotation  through  the  angle  -  ,  then  we  have  the  rotations  1,  B,  ...©»-•, 

and  finally  €^'  =  1,  that  is,  when  the  rotation  is  g-timcs  repeated,  the  body  will  resume 
its  original  poation.  Similarly  for  any  nnmber  of  axes  <6*«1,  8^  —  1,...,  where  the 

iiidicvs  (J,  (/...,  may  he  the  same  nr  different)  we  have  the  rotations  1,  B,  ft-,  ...B^', 
...  H'« ;  and  if  H,  ...  be  the  entire  system  of  the  axes  of  the  body, 
these  rotations  will  form  a  group.  The  rotations  in  (question  are  in  liEtct  the  entire  series 
of  those  which  leave  nnaltored  the  portion  of  speoe  oceupied  by  the  body,  and  simoe 
any  tun  rotatiitns  coinbiin'  together  into  a  single  rotation,  any  two  of  the  rotations 
in  question  must  combine  together  into  some  one  of  these  rotations,  that  is,  the 
rotations  in  questioa  fi»m  a  group.  Some  nnalytical  eonsequencsB  of  tUs  tlieaiem  will 
be  obtained  in  the  sequel. 

2.  The  number  of  axes  may  be  deuuled  by  and  the  number  of  rotations  by 
l^f  2(^.1);  we  may  say  that  Si  is  the  number,  and  1  +  S(}-1)  the  effidency  or 
wig^t,  of  the  mms. 

G  V.  67 
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3.  For  any  one  of  the  regular  polyhedm,  E  being  the  number  of  edges,  then 
the  number  of  axes  or  Si  it  and  their  wci^'ht  or  is  ='iE.  In 
fact,  if  as  nsiinl  .*?  denote  tho  number  of  Bummits,  /'  the  number  of  faces,  and  if 
there  be  m  edge»  to  a  face,  aud  n  edges  to  a  summit,  theu  S  +  F^^E  +  2,  tnFst  hS='2E. 
Now  in  all  the  polyhedm  «coept  the  tetrabedrott,  we  have  a  number  of  fit-axec 
passing  thnmgh  the  centres  of  oppoette  frees  (amphihedml  axes  as  Mr  Kirkman  has  termed 
th(nn)  ami  a  nunibor  \S  of  r?-axe8  paasinj:^  thmngh  oppo<?ite  summits  (amphiL(<>naI  axes): 
and  we  have  besides  a  number  of  2-axcs  passing  through  the  mid-points  of  opposite  edges 
(amphigrammie  axes):  the  entire  number  of  axes  is  thus  which  is  + 
and  the  weight  is  1  +  iF{m  - 1)  -t-^Sin  -l)  +  ^E.  which  is  =  1  +  ^mF+  ^nS  -\(F+S-E), 
'^}+E  +  E-l,  =2E.  In  the  case  of  th.  t.tmhedron  S^F^*,  m  =  n=3,  and  the 
only  difference  is  that  instead  of  the  ^F  amphihedral  m-axes  and  the  amphigonal 
flpaxea,  we  have  a  number  {Fm8=}^(,F+S)  of  (n-)i»-guo»i  axes  each  through  a 
summit  and  the  emtre  of  an  oppoiite  free  (gonohedral  axes). 

4.  The  theorem  that  the  w<>ipht  1  +S(f/-1)=2^,  or  say  \  + 'Z  (q  —  I)  -  mF,  may 
be  extended  so  as  to  apply  to  any  polyhedron  whatever.  In  fact  considering  any  face 
A  of  the  polyhedron,  let  F  be  the  nnmbo*  of  faces  homologous  to  (and  inclurive  «f) 
Ai  and,  taking  a  any  edge  of  the  face  A,  let  m  be  the  number  of  edges  of  A 
homologous  to  (and  inclusive  of)  a:  then  we  have  I +  'S,{q— V)  —  inF.  Th!«  is  almost 
a  truism  when  the  signification  of  the  term  "  homologous "  is  explHiued.  iiui^iue  the 
polyhedron  placed  on  a  jdane,  say  the  table,  and  draw  on  the  table  a  pol}'gon  equal 
to  the  polygonal  face  A,  unci  in  this  polygon  select  sumo  onu  ud^'e  corresponding  to 
the  edge  a.  The  polyhedron  may  be  placed  on  the  table  with  the  face  A  coinciding 
with  the  polygon,  or  say  the  face  A  may  be  superimposed  on  the  polygon,  and  that 
in  m  different  ways,  viz.  any  one  of  the  edges  homologous  to  a  may  be  made  to 
coincide  with  the  assumed  vdg<-:  imd  in  like-  manner  there  are  F  diff-.Tont  fii.'("i  (viz 
the  fiaces  homologous  to  A)  which  may  be  superimposed  on  the  polygon,  each  of  them 
in  «n  different  ways ;  that  is  there  are  in  all  mF  diUbrent  positiens  of  the  polyhedron 
for  each  of  which  it  occupies  the  same  portion  of  space.  And  we  have  thus  the 
required  theorem  1 +         1)— ntF. 

3.  As  an  example,  tiikc  the  regulsu-  pyramid  on  a  square  base;  there  is  here  a 
single  axis,  viz.  a  4-axt8,  and  we  have  1 -f  1^(9  - 1) « I '»-3'4i.  If  lor  the  face  A  we 
take  the  square  base,  then  there  is  no  other  doe  homologous  thereto  and  therefore 
F—\\  but  the  four  sides  aiv  hornolo^^'ous  to  enrh  other  or  m  =  4.  and  we  have 
t)iF^  4.  Similarly  taking  for  A  one  of  the  triangular  faces,  since  these  are  homologiiU!$ 
to  each  other,  then  Fm4\  and  if  we  take  for  the  side  a  the  base  of  the  triangle, 
Uien  there  is  no  other  side  homologous  to  this,  or  =  1 ;  and  therefore  inF=  4.  It 
might  at  first  sipht  nppear  that  the  two  equal  m\-s  of  the  triangle  were  honn(loo^.ni<t 
to  each  other,  and  therefore  that  taking  for  the  edge  a  one  of  th(^  side»  we  should 
have  m«S;  but  in  &ct  although  the  two  rides  in  question  are  homologously  related 
to  the  pyramid,  yet  according  to  the  definition  they  arc  not  homologous  sides  of  the 
triangular  fince,  and  we  still  have  m^h  eud  therefore  mF'^4), 
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a.  Of  course  in  the  case  of  a  regular  polyhedron  the  faces  are  all  homologous, 
and  the  edges  of  a  fSkoe  are  all  homologouak  that  is  F  will  denote  the  eatire  number 
of  ftces,  and  »i  the  number  of  edges  to  a  ftoe:  M>  that  for  tlits  case  the  theorem 
pvGs  1  +  2 (9  -•  1)«      a»  above. 

7.  Betuniiiig  to  the  regalar  polyliedim  the  aital  «!j«te»s  are 

Tetrahodron  4L'.  3Z«. 

Ctibf  and  Octahedron  'M',    ilJ,  iiL'. 

Dotlecahtdruu  uud  Icostihediou  QL',  li)L\  1 '>/.•, 

where  L*  denotes  a  3-axis,  &c. ;  thiu  ia  iu  aococdaiioe  with  the  OOtatioil      M.  Bravaift 

in  the  memoir  sub«e<iuently  referred  to. 

8.  Thr  rt-gulur  p<»lyhcdra  may  be  exhibited  in  connexion  with  ouch  other  as 
follows :  Imagine  the  polyhedron  projected  on  a  concentric  sphere  b)  lines  through  the 
centre;  eo  that  the  enmmitB  become  points  on  the  sphere,  the  edges  arcs  of  great 
ordes,  and  the  fiu^e8  spherical  potjrgoi».  Starting  from  the  dodecahedron,  the  centres 
of  the  p«>ntagonal  faces  arc  the  nummita  of  the  icosahednni,  ntid  convcr>iely  for  the 
icoHahe<lrou  the  centres  of  the  tiiangular  fioces  are  the  summits  of  the  dodecahedron : 
moreover  each  edge  of  the  dodeeahednm  cots  at  right  angke  an  edge  of  the  ieoeahedron 
and  the  two  edges  have  the  same  tnid-point.  Again  if  in  any  face  of  the  dodecahedron 
we  draw  one  of  the  five  diagonals  (arcs  through  two  non-adjflet  nt  summit*)  there  it* 
in  the  lace  a  single  edge  not  met  by  this  diagonal ;  and  in  the  other  taoe  through 
this  edge  a  single  diagonal  not  met  by  the  edge;  joining  the  extremitiee  of  the  two 
diagonals  we  have  a  spherical  wjuan;,  the  fiu  i'  of  the  cube ;  it  b  to  be  observod  that 
the  summits  of  the  cube  are  eight  out  of  the  twenty  summits  of  the  dodecahedron, 
and  that  the  centres  of  the  faces  of  the  cube  are  the  mid-poiuts  of  six  out  of  the 
thirty  edges  of  the  dodecahedron  or  the  teesaliedron.  The  cube  given  by  the  fiingoing 
ct)nstrtictioti  is  of  conrse  one  out  nf  five  different  cubes.  The  rentres  of  tlie  fiices  of 
the  cube  are  the  summits  of  the  octahedron;  and  couveraely  the  centn»  of  the  faces 
of  the  octahedron  are  the  sommite  of  ^e  cube;  moreover  each  edge  of  the  cube  cut^ 
at  right  angles  an  edge  of  the  oetahednm;  and  the  two  etigcs  have  the  same  mid- 
priiiit.  Fiiiully,  tiikiiig  fmir  non-adjaceut  summitj^  of  the  L'libe  (uhich  can  be  done  in 
two  diDerent  ways),  these  &iv  the  summits  of  the  tetrahedron,  and  the  mid-poiuts  of 
th«  edges  of  the  tetmhedron  are  the  summitR  of  the  octahedron, 

U.  Considering  the  polyhe<lm  in  the  foregoing  mutual  connexion,  all  the  axes  i.f 
the  tetrahedron  arc  axes  of  the  cube  and  octahedron,  viz.  the  2-axes  of  the  tcti'ahedrun 
are  the  4^es  of  the  cube  and  octahedron;  and  the  3^ee  of  the  tetrahedron  are 
the  3-axes  of  th<'  cub*'  and  wetMhe'lron  ;  moreover  the  S-axes  of  the  cube  and 
oct&liedrou  arc  included  among  the  3-ajce»  of  the  dodecahedrau  and  ioosahediou  and 
the  4^efi  of  the  cube  and  octahedron  are  included  among  the  Snaxes  of  the  dodeca- 
hedron and  icosiihedron ;  but  the  2-axcs  of  tlie  cube  and  '>ctahedron  are  not  included 
among  the  axes  of  the  dodecahedron  and  icosshedron.   The  4-axe8  of  the  cube  and 

G7— 2 
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«eteli6dm>ii  form  thus  »  •yrten  of  reetaagulsr  axei  ooomMm  to  all  tlie  polyhedn,  and 

]  j, resenting  these  axes  (oi-  s;iy  tht-  sununits  of  the  corresponding  rectangular  spherical 
triangle)  by  X,  Y,  Z,  wc  have  a  convenient  system  of  coordinate  axes  t^i  which  to 
refer  all  the  other  axes  of  the  polyhedron,  viz.  if  P  be  the  extremity  (chosen  at 
pleasure)  of  the  axis  in  question,  then  the  podtion  of  the  axis  may  be  determined 
by  it«  distance  PZ  and  azimuth  XFZ  (measured  in  tho  (lirection  from  X  t^i  F),  or 
by  it«  diatancat  FX^  PY,  PZ,  or  say  X,  Y,  Z  from  the  three  rectangular  axes  (we 
IiaT^  U  u  clear,  ow  JTsBrindist ocMazim.,  eo8F«8mdi8ti.rinaxiin.,  eo8^«BOoedtBt).  The 

rotation  angle  of  a  ly-axis  is  =—  this  is  the  angle  through  which  if  the  body 

oc  turned  about  the  axis,  it  still  occupi<»f«  the  same  portion  of  space)  and  the  half- 

rotation  angle  la  thcrcfuru  s  - .    Moreover  if  i,j,kare  Sir  W.  R.  Uamiltoa's  qoatemioB 

S]^bol8,  then  the  "rotation  symbol"  of  the  azia  ia 

the  appUoBtion  ef  which  wilt  he  inreaeiitly  explained. 

10.  The  angular  coordinates  of  the  different  axes  may  be  found  by  spherical 
trigonometry  without  much  dithculty;  and  we  are  then  able  to  form  the  following  axial 
tables  of  the  several  polyhedra:  the  extremity  of  each  axis  is  chosen  in  such  manner 
that  the  diBtaaoe  PZ  as  not  >90^ 
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11.  fiefiwe  piooeediiig  fititlier  I  lema^  that  exdiiaiTelj  of  the  finegoii^  asiil 
tftUma  of  tiie  regnlar  pdjliedm  the  mofy  OiMS  are  aa  fidlowa: 


A.  A  polyhedron  may  have  a  single  q-axh,  my  A':  taking  this  an  the  axis  of  Z 
the  table  ia 


90° 

90' 

0* 

w     •  w  , 

cot  -'Mm-.* 
9  9 

B.  It  may  have  a  angle  r^-axia,  and  (symmetrically  acmaged  m  a  plane  at  right 
angles  tbereta)  q  S-axes^  say  Ai,  qL*.   Taking  the  94x18  aa  the  axu  of  E  and 
one  of  the  S-eaee  aa  the  axia  of  JT,  the  table  ix 


Bet  Sjnteb 


Que  jf-axu,  ^  Eul.  angle  = 


f  9 


q  2-axei»  ^Bot  iii%le=90*. 


0* 


00*         !  90*  I  t 


90°--      1  90'  ,  »co8- 


am)  in  fiartioular  if      2,  the  axee  are  3£'  and  the  table  b 


X 

Z 

Rot.  Bjinbols  | 

3 

2-axe8,    Rob.  angle  =  90*  1 

  . 

90* 

*  1 

0* 

90* 

«' 

90" 

90* 

/ 
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This  iu  inci  appean«,  Bmvais, "  M^tnoiru  sur  Ium  pulykirea  de  forme  symdtrique,"  LiotOfUU, 
t  XIV,  pfk  141 — 180  (IMS),  obwrviog  thftt  fbr  the  jtreaettt  purpose  them  ii  no  dis* 
tindioii  between  hii  three  cues 

Af^,  {2q+l)If  i  A*f.  ql^,  qL"*  \  At,  Sql^, 

12.  The  meaning  of  the  rotation  symbol  is  as  follows :  viz.  if  in  gent- ml  we  have 
a  rotntion  0  about  an  axis  inclined  at  the  angles  X,  Y,  Z  to  any  three  roctaogular 
axes,  and  if  ii  be  the  rotation  symbol, 

n  =  cos  ^B  +  nin^d (i co« X  +j cos  V  +  k cos Z), 

then  il'  x,  y,  t  are  the  original  coordinates  of  any  point  of  the  body,  and  a/,  y,  the 
oooidiBAteB  of  the  Mine  point  after  the  rotatioii;  the  values  of  t^,  y^,  are  given  in 
terms  ef  «^  yt  '  hy  die  fiamula 

+^ + »  n  <&  +iy + if )  n-*. 

This  is  in  fact  the  form  under  which,  iu  the  pa])er  "  On  certain  results  relating  to 
QuatemioW  FIM.  Mag.,  vol.  XXVI.  (1845),  p.  141,  [20J,  I  exhibited  the  rotation  formula 
4^  Enler  and  Bodrigues.  See  also  my  paper  "On  the  application  of  Quaternions  to 
the  Theocy  of  Bolalaon,''  PML  Mag^  voL  zzzql  (1848),  p^  196.  [68]. 

ISw  We  have,  it  »  clear, 

II*-ooe«9+ein«tf(«cosX+jcofl  7+kci»Z) 

whtdi  ehowB  that  11'  is  the  sjnnbol  be  the  rotatiOB  II  repeated  $  times:  (more 

generally  performing  on  the  body,  first  the  rotation  O  anrl  then  the  rotation  O  about 
any  axis,  the  same  or  different,  the  symbol  of  the  resultant  rotation  is  =4>n).    If  II 

2ir 

be  the  qmbol  for  a  rotation  through  the  angle  — ,  then  the  rotation  which  com* 

sponds  to  the  symbol  Yl'i  h  a  rotation  through  360',  that  is  the  body  returns  to  its 
original  position ;  it  might  at  first  sight  appear  that  we  ought  to  have  n<  and 
thai  the  symbols  1,  II,  n*, ...  would  form  a  group;  this  howevw  is  not  so,  for 
we  have  not  11^  =  I ,  but  IT*  =  —  1  ;  in  fact,  it  is  to  be  observed  that  to  pass  from 
ix+jy  +  l-z  to  ix'  +  1-:',  we  have  to  multiply  by  n(  >n~',  so  that  the  symbol  of 
the  rotation  is  indifferently  ±  11,  and  that  the  rotation  symbol  —  1  is  thus  equivalent 
to  the  rotation  symbol  -fl.  But  as  regards  the  formation  of  the  group,  the  only 
difference  is  that  it  is  not  1,  FI,  11-,  ...  FI'"'  which  foini  a  group  of  q  symbols,  but 
±1,  ±  n,  ±  n*,  ...  i  Il«~'  which  form  a  group  of  2^  symbols.  And  so  in  the  axial 
system  of  any  polyhedron,  if  II  be  the  rotation  symbol  of  any  q-&xis,  then  taking  for 
each  axis  of  the  polyhedron  the  set  of  .symbols  ±11,  ±11*,...  ±n«-^,  and  bssides  the 
two  q^bola  ±  1,  the  whole  series  of  symbols  fotm  together  a  group. 

14h  Thus  in  the  beftte-mentaoned  ease  Biqmiy  we  have  the  eight  aymbda 

±l»  ±%  ±h  ±^ 

forming  (as  they  obviously  do)  a  group.  In  the  general  case  B,  putting  for  shortness 

=  cos  -  4- sin  — .  &  and  ^«     COS  — -I- 1  sin 
C.  V.  68 
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the  giuup  oonsists  of  the  4^  aymbolB 

±1,  ±e.  ...  +  H'-' :    ±  4>,,  ±  <!>„  ...  ±  <1)^„ 
(to  verify  that  this  is  80,  it  is  only  necessary  to  form  the  equations 

w-e^,  *,»=-x.  e'4».-*^, 

which  are  tH  once  aMn  to  be  truejL 

15.  The  ±  gciicnl  oaae  .1  giv«s  merely  the  group  <rf  the  2^  symbob 

±  1.  ±  e, ...  ±  e»^, 

which  has  been  already  mentioned. 

19»  The  tetnhedron  gives  the  greap  ot  84  symbol^ 

l(±'i±*±j±k)  16  cube  roots  of  i  1 
±  i  ±h  1^  6  eqtMre  „  „  t, 

±1   '  2  terms 

24 

(the  rigns  ±  being  ell  tndepenclentX 

17.   The  cube  and  octahedron  give  the  group  of  48  symbols 

^(±1±»"V  ;^(±l±iX   ^2^*^**^  12  fourth  iwte  of  ±1 

i(±l±»±j±*)  16  cube      »    .  , 

±i±i.  ±*;  ;^(±ii*X  ^<±*±»X  Jg(±»±j)  18  square   .   ,  . 

^1  2  terms 

48 

(the  signs  ±  being  all  independent). 

18  The  dodecahednw  and  iooahedran  give  the  group  «f  120  s^bob 

+  ^-^^±lijifc±^'5+  l  .  ,  48  fifth  wota  of  ±  1 


i(±i±»±j±&) 
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4 

V.5  -  1 


J± 


±»,  ±j. 

±4*±— j— »±— 
±1 


40  cube  roots  of  1 1 


SO 


2  terms 


(The  Bgna  i  are  alt  undependfliit,  except  that  in  eadi  of  the  duee  equcMwiM  in  the 
top  line  the  signs  in  V5  +  1,  V5  7 1*  aiM  Opposite  to  each  other,  k>  that  each  of  the 
tbxee  expressions  has  16  values.) 

It  is  to  be  remarked  that  in  the  groups  of  24  and  48,  the  group  is  not  altered 
by  any  permutatiou  whatever  of  the  symbols  i,  j,  k;  whereas  the  group  of  120  is  not 
altered  bgr  tiie  eyelieal  pennutation  of  these  qrmbola.  hut  it  is  altered  hy  tiie  inters 
chang«'  of  any  two  of  them;  the  geometrical  reawn  of  this  differenoe  may  be  peioeived 

without  ditHculty. 

Fii.  I  found  accidentally,  Oergonm,  t.  2.V.,  p.  40,  (lb24— 25),  the  foUowiog 
problem:  ^De  combien  de  mamhree  m  oonlevie  dtfiilBeiitea  lea  unes  dea  autrea  peavent- 
elles  etre  appliqu^es  sur  les  faces  dW  pdyhdra  r^golier;  m  reprftetttant  tour  It  tour 
left  nombres  4,  6,  8,  12,  20?" 

Instead  of  the  m  of  the  problem,  writing  as  before  F  for  the  number  of  faces, 
and  writing  also  E  for  the  number  of  edges;  then  if  different  positions  of  the  same 
pdyheilnm  neie  reckoned  «a  different  polyhedn,  the  number  of  wnya  would  of  course 
be  TL{F)  (>1.8.3... J^;  and  since  by  what  preoedea  the  same  polyhednm  can  be 

plaosd  in  IB  pomtions,  die  requited  number  of  ways  is  ^TL{F). 

Thus  for  the  tetrahedron,  if  the  colours  are  black,  white,  red,  gi-een,  wc  may  place 
it  with  the  black  face  on  the  table  and  the 'white  face  in  fnjtit ;  tho  only  vai-iation 
in  tho  disj>ositi()ii  of  tla-  colours,  i.'*  according  as  the  right  hand  and  thf  left  hand 
faces  arc  coloured  red  and  green  or  else  green  and  red  respectively;  and  the  number 
of  ways  therefore  is  ^%  which  agrees  with  the  formula. 


2,  SUme  Buildings,  W.C.,  30  Janmrjf,  1863. 
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THEORfiME  HELATIF  A  L'EQUILIBRE  DE  QUATRE  FORCEa 


[From  the  (kmptM  RtndM  de  rAcademie  <Us  Scienr^.^i  de  Paris,  torn.  LXL  (Jinttflt— 

JHcembrt  18G5),  pp.  829-«.iO.] 

On  nait  que  81  quatrc  forces         agimcnt  8ur  ttti  eorp*  solide  ae  tMOHflOt  40 

tjquilibre,  olors  {th«5or^me  do  11.  MdbiuH)  los  droitea  suivunt  li^|»iol!eH  cog  forr^  a£ji*«ent 
sont  quatre  gendratricus  d'un  mdmu  hyperboluide :  et  de  pluH  cd  repreHcnbtnt  chaque 
foree  pw  ime  kmgneur  inraportioimelk  sur  k  difection  de  oette  foioe,  alora  (tli^orfetne 
de  M.  Chaslcs)  !•  t*  t  niL<drc  furmd  par  deax  quelcoaqnes  dee  forces  eet  ^gel  an  tetnMrB 

forme  par  les  deux  a u ires  forces. 

£Iu  chercbaot  lea  valeurs  deti  quatre  {orcm  le^uelleo  ea  egiMaQt  fleion  quaUe 
g^ndnitrioee  ddtmdee  d'tm  ntine  hyperbok^e  «e  Uenneot  en  A|ailibre,  J'ai  r^iun 
k  trouver  pour  ces  valeurs  unc  ezpraenon  anei  remaiqtiable  qui  oompmnd  oommfl 

ooroUairc  le  thdoremo  de  ^I.  f'ha.sle.s. 

Jc  nomme  moment  de  deux  dro^te^<  la  distance  perpendiculaire  do  ccs  droites 
multiplidc  par  le  muiur  de  leur  inclinalson  mutuclle.  Cela  dtuut,  en  condddnuat  quatre 
dnnteB  2,  8,  4  gdndratrices  d'un  mflme  hyperboloide,  je  dtfooto  par  oee  in€mee 
sj'mboleH  1,  2,  3,  4  It-s  f<>r<  f  <  qui  agifwciit  'lolon  ces  quatre  droites  respectivement,  et 
par  12  te  owment  dcs  druiti»  1  et  2.  et  dc  meroe  pour  lea  auti«8  oombinaaeoiui  de 
deux  drmtea. 

Or  je  du  que  les  fiMoea  1,  2,  4  qui  ee  tieauBnt  en  ^uillbre  out  les  Taletus 
praportionnelles  que  void,    eaveir  en  pfenant  lee  redkaux  avee  dee  signes  oonTenables: 

i-vso4:«, 

S-VM.41.18. 
8«\^41 .12.24, 

4=  Vl2.23.^. 
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Oa  deduit  de  la,  en  eciivaut  pour  abreger 
lea  ^uations 

V  ^817^-3.1.31-2.4.24^ 

V  ViOS««1.2.12-3.4  34, 

oil  par  exemple  I'^uation  1.2.12  =  3.4.31  exprime  que  le  prodailr  des  forces 
1  el  2  par  le  moniMt  12  des  droitw  aiiivwit  leaqoelles  oes  fbtoes  agiaasnt  Mt  dgal 
•tt  prodail  dw  fimes  8  et  4  p«r  le  moment  84  dea  didtes  a^m  leai^idlea  oea  fowMS 
agiment 

J'ljoato       Ton  a»  en  piranant  lea  ndioanz  nvee  lea  a^nea  eonvenaUea, 

^^17i4 + ViTTsi + ^12784  -  0, 

(^quatdofl  qui  mibsitite  non  Heulement  pour  quatre  g^n^ratricefl  quclconques  d'un  raeme 
byperbctlolde,  mais  pour  quatre  droites  \i4es  par  une  relation  gdomdtriquo  plus  g^ndrale, 
&  aavoir,  poor  quatre  dtoitea  tellea  que  lea  deux  dvoitaa  qui  renoontrent  oea  quatn 

droitos  se  n^dniwnt  h  line  seule  droite :  ou  (ce  qui  est  \a  m^mc  chow)  t-clles  (jue 
chacune  dea  quatre  droitca  touche  rbyperboloi'de  qui  posse  par  Ics  trois  autrcs  droites. 
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377. 

NOTE  SUR  LA  CORRESPuNDANOK  DE  DEUX  POINl-^S  SUR 

UNE  COURBE. 

[From  the  Gomfititt  Rmdua  de  iAauiiUnit-  des  f^nencen  de  Parity  torn.  um.  {Jaavier^ 

Juin,  iH^ii),  pp.  5«li— 590.] 

Dahs  h  Ui^orie  it  laqnelle  se  ntpporte  o«tto  y«t«,  lib  point  de  wbwwciiicnt. 

^tait  m'ri  fv-Liin-  dVn  purler,  serait  r^  ii'^e  tm  cas  particttlii  i  i\n  poiut  double ;  titatt, 
pour  siraplitior,  je  ue  ferai  attention  qu'aux  courbcs  sans  juAni  de  rebi-oussement. 

Unc  courbe  de  I'ordre  vi  peut  avoir  uu  plus  \(m  —  \){m  —  2)  points  doubles;  la 
difference  cntre  ce  nombre  et  le  nombre  actucl  B  dt»  poiuLs  doubles  d'uuu  courbe 
donn^  flavair  le  nfloalire 

i}-|(iR-l}(m-2)-S, 

que  je  nomme  le  d^ant  («a  MigbdR,  d^tdeney),  joue,  oomme  on  Mil,  an  rOle  importeat 

dans  la  thf^nric  de  la  cnnrbe.  En  particiiliiT,  pnur  uue  cnirbe  rir  I'nrflrr  m  avoc  le 
d^Ut  D  =  0,  on,  comme  je  dis,  pour  uue  courbe  unicvrsale  de  I'ordre  m,  l«s 
eooidonn^  (x,  y,  t)  d'un  point  (ptclconque  de  1ft  cowbe  (je  me  sen  toajonn  dee 
coordonndes  homogtnes)  sont  proportioimeUes  k  des  fonctioiM  imtionneUee  et  enttiies  da 
degr^  m  d'un  patwn&tre  variable  6, 

Cela  ^tant,  le  th»^rt>me  de  M.  Chosles:  "  Lorsque  sur  unc  droite  deux  series  de 
points  P,  P  se  correspondeat  de  nuiuiere  qu'k  uu  poiut  douut^  P  correspondent  a 
points  P,  et  (ju'ii.  un  point  donud  P  correspondeat  at'  points  P,  alors  le  uombre  des 
points  P  qui  coincident  avee  les  points  oorreapondaata  P'  est  a  +  a';"  oe  th^oiriane, 
dis-jp,  s'('t<  ii<I  sail-*  changemont  h  des  points  cdm  ^pondants  situ^^  aor  uae  oootrbe 
UHxcursale  quelconque;  et  Ton  pent  dnoncer  le  theoreuie  comme  il  suit: 

Lorsque,  sur  uue  courbe  unicursole,  il  y  :t  di  ux  stories  de  pMDts  qui  ont  one 
correspondance  (a,  aQ,  le  nombre  des  points  unis  est  a  -t-  a'. 
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Cda  doime  lieu  mu  fh^oi^e:  "Lon^jue,  aor  one  oourbe,  avee  le  d^fimt  il  y 
a  deux  sdries  do  poiota  qui  ont  une  coirospondancc  (at,  a'),  le  nombre  des  pointo  nniB 
est  a  +  o'+2fcA"  est  un  factenr  qn'il  n'agit  de  determiner.    Cela  pent  sc  faire, 

9inoQ  toujours,  au  moius  dans  la  plupart  dea  cas,  au  moyea  du  tb^or^me  (jue  voici, 
tM  d*Qii«  induetioo  qui  me  pamti  BuffiMUte: 

En  coiisid^rant  sur  la  courbe  1^=0  un  point  donne  P',  et  puis  lea  intersections 
de  la  ooiuW  IT— 0  par  une  eottrbe  6^0  dont  r^qration  eontient  d'niie  mtmiie 
<in.  lconque  les  coordoniit'cs  (af,  y,  z')  du  point  doon^  P" ;  s'il  y  k  intersections  qui 
comcident  avec  le  point  1^,  et  que  les  autres  intersections  formcnt  uo  ajretenie  de 
points  P  qui  correspondent  au  poiat  dooQ^  P",  et  si  cette  eocMvpoiKhiifle  eat  uae 
ootrespondanoe  {tt,  tf\        ^  nemltre  dea  pointe  nma  cat  SfeD. 

Jo  donne  quatrc  cxemples  de  ce  th^rfeme: 

1°.  Recherche  de  la  daese, — Si  lee  pointe  correspondants  P,  P"  sont  aitu^  en 
ligne  droite  a^  nn  point  donni  0,  akm  fca  pointe  jam  eoot  les  points  d*  eoDtaot 

des  tangcntti'.s  mtiiecM  par  le  point  0 ;  done  le  nombre  des  points  unis  eat  igii  k  la 
r1as.sc  «io  hi  c<jurbc.  La  courbe  ©  =  0  est  ici  la  droite  OP,  il  y  a  donn  une  seule 
intersection  P ;  done  k  =  l,  et  nous  avooa  eotre  les  points  P,  P  une  correspoudanoe 
(m  — 1,  m—  1).  Done  none  avona  pour  la  daaoe  Jf  de  la  oouifae  rttqiMaioD 

J/  =  2(m-l)+2i>, 

o(i«  en  aubetituant  pour  D  la  valcur 

i)»^(m~l)(m-2)~£. 

uoua  trouvons 

comme  cela  doit  fttre. 

2'.  Recherche  du  mrnbre  des  injiexions. — Si  les  points  P  sout  les  points  de 
rencontre  avee  la  oovrbe  de  la  tangente  au  point  P',  alora  lea  points  unia  eemnt  lea 

points  d'inflexion.     La  courbe  B  =  0  est   ici  la  tangente   au   point  P ;  il  y  a  ainsi 
deux  intersections  au  point  P ;  done  k  =  2\  de  plus,  k  chaque  point  P  correspondent 
— 2)  points  P,  et  k  chaque  point  P  con-espondent  J/— 2  points  P".    On  a  done 
pour  le  nomine  dee  inflemooa 

%  -(m-l'Jf-4)-i-4A 
ou,  en  nibatituant  pour  Jf,  D,  lean  valeax8» 

t  -8m(m-S)-68. 

oe  qui  eat  juate. 

Anuit  d'aller  plus  loin,  il  ooanent  de  g^n&aliaer  le  th^i^me,  en  remarquant  que 

lea  iut-rsfctions  des  courbe^*  £7  =  0,  ©  =  0  peuTCnt  former  plusieui-«  syst^mes  simples 
ou  multiples  de  ivnnts:  les  intersections  peuvent  etre  le  point  P  (k  fois),  un  syst^me 
de  points  P  (p  iuis),  un  syst^me  de  points  Q  (g  fois),  etc.    Cela  ^taut,  s'il  y  a  entre 
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1m  fMNAto  f  ^  P  tttM  oomspondaooe  («,  «'),  «l>  n  le  nombre  des  pointB  nnis  dn  ee 

systeme  est  a;  s'il  y  a  ontre  Ic.s  points  P'  t-t  Q  mw  corroHpondancc  (^3,  /S*),  et  si  !<• 
nombre  des  poiubi  uab  de  ce  syst^e  est  h,  et  ainsi  dc  suite;  alors  le  tb^reme  prend 
la  fbmae 

|M+«b+ ...  »*}»<a+a')+9(/9+/9^<f ...  <l'tti>} 

c'est  la  Canuc  applicable  k  I'exemple  qui  suit. 

3".  Recherche  du  non^bre  des  tangerdes  double.i. — Prenons  po^r  la  courbe  0  =  0  le 
systeme  des  {M  —  2)  laageatwi  meo^  h  la  oourbc  par  ie  point  donn^  P';  on  a  ici  les 
points  P  qtii  aont  les  pmnts  de  ooDtaot  de  oea  tangentee,  et  las  paintB  Q  qui  scat 

Ics  liutrc'bi  intersections  de  la  courbe  par  oes  tangcnt<;8;  les  intersections  Mut  le  point 
P'  {M  —  2)  fois  (done  k  =  M  —  2),  le  s)*st^me  des  points;  P  (2  fois)  et  le  syat^me  des 
points  Q  (1  fois).  Jjc  s^'st^mc  P,  P"  est  pi^cis^nieut  celui  qui  doune  lea  points 
d'mfleiioo.  On  a  done 

ft^^am  — 1 ; 

a  est  t->rul  au  nombre  de  punts  d'inflexion  (maifli  ponr  pins  de  commodity  je  rtiti> 
U'  symbolf   a);  p™2.    Lp  svst^me  P,  Q  est  Tin  syst^nle  qiti  a  pour  points  nnis  les 
puintt)  de  contact  des  tongcntcs  doubles,  le  norabre  b  de«  points  unis  sera  done  2t, 
en  diAiotaat  par  r  le  nombre  dee  tangentee  doubles.    On  a  ponr  la  ooTraepondanoe 
O,  0)  enten  lee  points  P'  et  Q 

j9-j8'  =  (m-8)(if-2); 

enfin 

Lb  th&wtaie  donne  ainri 

2a+  L.  =  2{iu  +  M--^)+-2{m-:i){M~-2.)  +  i{M-2)D, 
mais  nous  avons  ci-deasus  tronve 

as{in  +  ir-4)-h4i>; 

done  enfin 

b«2T-2(m-3)(itf-2)  +  2(iV-6)Z>. 

0&,  en  subetituant  pour  H  et  D  lours  vuleui^s,  ou  retrouve  la  formule  ordinaire 

2r-  m  (m  -  2)(m*  -  9)  -  (m*  -  m-  6)  4«-|-4c(«  - 1> 

Parmi  les  intersections  dee  coarbes  £^=0,  B  =  0,  il  peut  y  avoir  un  systtoe 
simple  on  inulti])li'  do  points  tixo^;.  c't^t-n-dire  indcpcndants  de  la  pisitii.n  du  point 
P ;  disoiiB  un  systeme  de  X  points  A  {I  fois).  II  y  aura  dans  ce  cas,  eutre  les 
points  P',  A,  line  OMreepoodance  (0,  X).  et  les  points  nms  du  systume  soot  les  points 
A  m^mcs;  le  nombre  des  points  unis  est  done  X;  les  deux  odt^is  de  I'^uation 
contit  iidrotit  les  termos  «{i!ranx  !\  et  /  (0  4-  \)  respect ivement,  qui  se  d^truisent,  ce  qui 
fait  voir  qu'il  est  pcmiis  dc  ndgliger  les  points  tixcs  A,  ot  ne  fairo  attention  qu'aux 
pointB  d'inteneotion  variables. 
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n  est  «BWs  remarqmble  que  1«  thtoime  ginini  pent  ^ienr»  warn  ostte  fanne  plui 

im  oomprenant  parmi  lea  sjntknn  fimnAi  par  les  interaeetiooB  des  oouiIwb  U=0, 
8>0»  le  ifit^me  du  point     (Ir  fina),  et  en  poaant  pour  oe  ejretime 

le  syst^e  du  poiut  P  {k  t'ols)  donne  ainsi  uu  terme  =0  au  cdt^  gauche,  uu  tenne 
m  fkD  an        droit  do  I'^nation. 

Comme  dernier  cxemple  appartenant  k  la  formule  simple 

asa4-a'  +  2ili>» 

je  prends: 

4".  Recherche  du  numhre  des  points  seTtncti'/ues,  c'est-^-dire  dcs  points  qui  i^mt 
tela,  que  par  cbacua  paese  uue  conique  qui  a  daos  ce  point  un  contact  du  ciaquieme 
oidre  avee  la  ooutbei— n  font  prendre  poor  lee  points  P  lea  inteieeotions  avee  la 
ooorbe  de  la  oonique  qui  a  an  point  un  contact  du  quatrifeme  ordre;  Ics  points 
unis  scront  coxix  ririiit  il  '^':>^n{  La  cmirbe  B  =  0  est  la  poniijuc  qui  a  au  point  P' 
uu  contact  du  quatri^me  oixire.  Un  a  ainsi,  parmi  les  iuteruections,  le  poiut  5 
fine;  done  k^6.  A  chaque  point  I"  cotroepondent  2m  —  5  points  P;  k  chaquc  point 
P,  (10wi»  -  20?n  -  5  -  20S)  points  P  (j'empnmte  le  tenne>208  d'une  formule  qne  vient 
de  donner  M.  Zeutheu);  doao  la  formule  donne  pour  le  nombre  dee  points  unis 

lOmF  -  18m  - 10  -  SOS + lOA 

c'eet'jHiire 

15m'-33w-30S. 

Mais  cett^  expressioti  contprend  le  nombre  3m(»H-2)— 68  des  inflexions;  en  csffot, 
pour  UD  point  d'intlexion,  la  conique  avcc  contact  du  quatri^mo  ordre  se  r^uit  k  la 
tangente  prise  deux  fins,  ce  qui  est  une  cnuque  aveo  eontaet  dn  oinqniftine  oidve. 
DoM  enfin  le  nombre  des  points  sextactiques  sera 

ou,  pour  une  courbe  sans  points  doubles, 

m  (ISm  -  S7) : 

oe  qtd  s'aoootde  avee  la  valear  qne  j'ai  tronvife  par  d'autres  moyens,  [Ml]. 
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378. 

REPORT  OF  A  COMMITTEE  APPOINTED  BY  THE  BRITISH 
ASSOCIATION  FOR  THE  ADVANCEMENT  OF  SCIKNCE,  TO 
CONSIDER  THE  FORMATION  OF  A  CATALOGUE  OF  PHILO- 
SOPHICAL MEMOIRS. 

[From  the  Rtgport  of  the  £ri^  Association  for  tlie  Advcmetmtnt  of  Seimet,  (1856), 

pp.  469—464] 

The  Coininittec  were  appointed  OB  the  oocasioD  of  a  cominuaication  from  Professor 
Henrj'  of  Washington,  containing  a  propoHal  for  the  publication  of  Philosophical 
Memoirs  scattered  throughout  the  Ti-ansactioos  of  Societies  in  Europe  and  America, 
tritih  tbe  offer  of  eooiperatioD  on  the  part  of  the  Smithaonum  Iintitote,  to  the  extent 
of  preparing  and  publishing,  in  arconlance  with  the  gnin-ral  jilan  which  might  be 
adopted  by  the  British  Association,  a  CatAloguc  of  all  the  Americau  Memoirs  on 
FhyBiGal  Science— 4o  oondder  the  best  Hystem  of  arroDgeiueDt,  and  to  report  thereon 
to  the  CbuneiL 

Tht  C<jmmittee  are  desirous  of  expreesing  their  aenae  of  the  great  importanoe 
and  increasing  need  of  such  a  Catalogue. 

They  imdci-stand  the  proposal  of  the  Smifhsonian  Institute  to  be,  that  a  Bepuate 
Catalogue  -sliouIJ  be  piejiiUvU  auU  published  lor  America. 

In  the  opinion  of  the  ( 'ommittoo. 

The  Catalogue  ^liouM  Liabrace  bhc  Mathematical  aud  Physical  Scienoea,  but  should 
tixelude  Natural  History  and  Physiology,  Geolo<ry,  Mineralogy,  and  Cheututiy,  which 
would  properly  form  the  subject-matter  of  a  distinct  Catalogue  or  Catalogues.  The 
difficulty  of  drawing  the  line  would  pfrhnp--  be  greates*  with  regard  to  Chemistry 
and  Geology;  but  the  Committee  would  admit  into  the  Catalogue  memoirs  not  purely 
Chemical  or  Oeolcgieal,  bat  having  a  direct  bearing  upon  tlie  aul^ecta  of  the  OatB]qga& 
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The  Catfilogiie  shonld  not  be  mtrieted  to  memoim  in  TransaetionB  of  Sooietiw, 

but  should  «  i  i  ise  also  memoirs  in  thr  PrcxTrdings  of  Sncicties,  in  Mathematical 
and  Seientt<ic  Journals,  in  Ephemorides  und  voliiuies  of  Obeervatiuus,  and  in  other 
coll«!tioua  not  coming  under  any  of  the  preceding  heads.  The  Catalogue  would  not 
ooniinfe  tepuftte  woricB. 

The  Catalogue  should  begin  from  the  year  1800. 

There  should  b«  &  Catalogue  according  to  the  names  of  authors,  and  also  a  Catalogue 
Mcordtng  to  snbjeeto;  tb«  title  of  tbe  tnemoir,  date,  mmI  other  particulara  to  be  in 
each  case  given  in  full,  so  as  to  aroid  the  neeeauty  of  a  reference  from  the  one 

Catalogue  to  the  other. 

The  Ciitiilugiiu  hliould,  in  referring  to  a  memoir,  give  the  number  as  WOU  of  the 
last  au  of  the  lirst  page,  t»u  as  to  show  the  length  of  the  memoir. 

The  Catalogue  should  give  iu  cverj-  case  the  date  of  a  memoir  (the  year  only), 
namely,  in  the  case  of  memoire  published  in  the  Trauiiactiona  of  a  Society,  the  date 
of  reading,  and  in  other  caaes  the  date  en  the  title>page  of  the  volame.  Sndi  date 
should  be  inserted  as  a  disttiict  ftct,  even  in  the  caae  of  a  volttue  of  tramactiona 

referred  to  by  its  date. 

The  Catalogue  should  contain  a  list  of  volnmes  indexed,  showtiig^  the  eotnplotc 
title;  iu  the  cai>e  of  transactiousj  the  year  to  which  the  volume  belongs,  and  the 
year  of  imblication ;  and  in  other  caaes,  the  year  of  pabUcation,  and  the  abbremted 
veferenGe  to  the  woik 

The  refcreuccM  to  works  should  be  given  in  a  form  SuJBeiientiy  fiill  to  be  eaaily 
intelligible  without  tuniing  to  the  ez]danati<m  of  such  ref(nenoe. 

The  author's  name  and  the  date  should  be  printed  in  a  distinctive  type,  so  as 
to  be  conspicuous  at  first  sight  ;  and  generally  the  typographical  execution  should  be 
such  as  to  fiicilitate  as  much  as  possible  the  use  of  the  Catalogue. 

As  to  the  Catalogue  according  to  the  authors'  names,  the  memoirs  of  the  same 

author  should  be  arrangetl  according  to  their  dates. 

As  to  the  Catalogue  according  to  8ubject.s,  the  question  of  the  arrangement  is 
one  of  very  great  difficulty.  It  appears  to  the  Committee  that  the  scheme  of  arrange- 
ment cannot  be  fixed  upon  according  to  any  d  priori  classification  of  subjeebs,  but 
must  be  detrnnined  after  i^omo  progress  has  been  made  in  the  preliminary  work  of 
collecting  the  titles  of  the  meruotxii  to  be  catalogued.  The  value  of  this  part  of  the 
Catalogue  will  materially  depend  upon  the  selection  of  a  proper  principle  of  arrange- 
ment, and  the  care  and  accunicy  ^^ith  which  such  principle  is  carried  out.  The 
arrangement  of  the  memoirs  in  the  ultimate  subdiviaons  should  be  according  to  thrir 
dat*»j. 

The  moat  oouvenieut  method  of  making  the  Catalogue  would  appear  to  be,  that 
each  Ttdnme  to  be  indexed  should  be  gone  through  separately,  and  a  list  formed  of 

$9-^2 
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dl  the  memoirs  which  come  within  the  pl*n  of  the  proposed  Catologna    Sveh  Kat 

ahould  be  in  triplicate,  one  copy  for  reference,  a  seooad  copy  to  be  cut  up  and 
armnped  for  the  Tatalogue  accnnliiig  to  authoni'  names,  and  another  copy  to  be  cat 

up  aud  arraugud  for  tiio  Caljilogur  .Kcording  to  subjects. 

The  Committee  )ui\e  endeavoured  to  form  an  estimate  of  the  space  which  the 
Gitalogne  would  occupy.  The  number  of  papers  in  «  volume  «f  tDMunettons  ii  hi 
general  small,  but  there  are  works,  8uch  as  the  CotttpCat  Bmtdiu,  the  Aatmutmudta 
Nacftricfden,  the  Philosophical  Magazine,  containing  a  very  great  number  of  papers, 
the  bides  of  which  would  consequently  occupy  a  cooiiiderable  space  in  the  Catalogue 
Upon  the  whole,  the  Committee  oondder  thit,  ezdnding  America,  tiiejr  may  estimate 
the  number  of  papci-s  r  l  in  entered  at  125,000 ;  or  ^inoe  each  paper  would  be 
entered  twice,  the  number  of  entries  would  be  250,000.  The  number  of  entries  that 
could  couveuieutly  be  brought  into  a  page  4to.  (double  columns)  would  be  about  30, 
eo  tlMtk  acoofding  to  the  above  celamateb  the  Catalogoe  would  oeeitjigr  ten  qnaito 
vdumee  of  ntiier  moce  than  800  pages  eadi. 

It  appears  to  the  Committee  that  there  should  be  paid  EkliteCBt  who  should  be 
familiar  with  the  several  great  branches  respectively  of  the  Sciences  to  wliich  the 
Catalogue  relates;  but  that  the  general  scheme  of  amuigement  and  details  of  the 
GatalogQe  ehonld  he  agreed  ufMn  between  all  the  Editorab  and  that  thej  ahonid  be 
jointly  responsible  for  the  execution.  It  would  of  course  be  necodoaty  that  the  EditOt* 
should  have  the  assLstancu  of  an  adequate  staff  <if  clerks. 

The  principal  scientific  transartions  and  works  would  be  arc(!s,sible  in  England  at 
the  Library  of  the  British  Museum,  and  the  libraries  of  the  Royal  iSocicty  and  other 
Philoeophical  SodetieB.  It  would  be  the  duty  of  the  Editon  to  ascertMn  all  the 
different  works  which  ought  ta  W  oatalogued,  and  to  procure  information  aa  to  the 
contents  of  such  of  them  as  may  not  happen  to  be  accessible. 

The  Catalogue  according  to  authors'  names  would  be  the  most  ivadily  executed, 
and  this  Catalogue,  if  it  should  be  found  convenient,  might  b<^  tirsi  published.  The 
time  of  bringing  out  the  two  Catalogues  would  of  course  depend  upon  the  sufficiency 

of  the  assistance  at  the  command  of  the  Editors;  but  if  the  Catalogue  bo  undertaken, 
it  is  desirable  that  the  arrangement  slioulil  be  such,  that  the  complete  work  might  be 
brought  out  within  a  period  not  exceeding  three  years. 

A.  Catley. 
R.  Grant. 

0.  G.  STOKE.S. 

im  JwM,  18o6. 
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379. 

NOTICES  UF  COiMMUNICATIONS  TO  THE  BRITISH  ASSOCIATION 
FOR  THE  ADVANCEMENT  OF  SCIENCE. 

[From  the  Reports  of  the  British  Aaaociaiion  for  the  Admutceimiit  of  Science,  1854  to  1860, 
NaUcit  ONct  iltaraoCt  ot  iiitic»HQii<OMi  CbHmiiiiioafMiu  to  Am  Aefiibml 


S.   At  <A«  Arjm  ^  A»  TfKuuMreum§eriM  lifimtigk.   Keporti,  1855,  p,  1. 

The  porism  of  tho  in-and-circrim!«cribed  triangle  in  its  most  general  form  relates 
Co  a  triangle  the  angles  of  which  lie  in  fixed  cnireB,  and  the  sides  of  whtdi  toaeh 
fixed  currei,  tnit  at  present  I  consider  only  the  cn8c  in  which  the  angles  lie  in  one 

and  the  «amo  fixoH  cirv  ■  which  for  greater  simplicity  I  coDsidor  l<j  be  a  cnnic.  We 
have  therefore  a  Lnaiigiu  ABC  the  angles  of  which  lie  in  a  tixod  conic  o  and  the 
sides  vi  wbiefa  toneh  the  fixed  curves  9f,  9,  &  And  if  we  oonsider  the  oonie  6  and 

the  curves  21,  ©  a?  ^'ivon,  the  curvo  will  l)e  the  cnvclojh'  of  the  side  AB  of  the 
triangle.  Suppose  that  the  curves  %  S  arc  of  tho  classes  m,  n  respectively;  there  is 
DO  difficulty  in  showing  that  the  curve  (S  in  of  the  class  Smn,  But  the  curve  d  haa 
in  general  double  tangeutn  forming  two  distinct  groupH,  the  fint  group  ariHing  from 
the  fiimflrilatprnls  inscribed  in  f)-.t  ronic  3  aiiii  such  that  two  oppaaih>  s-  f;  -  tonch 
the  curve  %  and  the  other  two  opposite  sides  the  curve  the  second  group  arising 
from  qnadrilttterals  sodi  that  two  adjacent  aides  touch  tiie  curve  V  and  the  other 
two  adjaoant  sides  touch  the  curve  ©.  The  number  of  double  tangants  of  the  first 
group  is  =TOH(m?i  — 1),  and  the  number  of  double  tangents  of  the  necond  group  is 
« iiM  (;itN  —  »i  —  »  +  1) }  the  number  of  double  tangents  of  the  two  groups  is  theiefove 
:»ffm(2«m— m— t»X  The  curve  G  has  not  in  gmaenl  any  inflexion^  henoe,  bdng  of 
the  claes  2nm  with  •im(Smtt— m-R)  donUe  tangents,  it  will  be  of  the  order 
2fn}»(iR  +  n  — 1). 
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When  the  cturves  91  and  8  are  oonice,  the  curve  4S  ie  theiefoire  of  the  eUw 

with  16  double  tangents  but  no  inflexions,  coll^«c■•|tl<:'lltI^  of  the  order  24.  Bot  then 
are  two  remarkable  eases  in  which  the  (mlcr  is  furthi  i-  (iiminiKhed. 

First  when  each  of  the  couice  91,  has  double  contact  with  the  conic  The  four 
pointe  of  oontact  give  rise  to  8  new  douUe  tingentB  or  there  ere  in  all  84  doiiUe 

tangents,  the  curve  is  therefore  of  the  degree  8:  and  hetog  of  the  class  8  with  24 
double  tangents,  it  must  of  iiecossity  break  up  into  4  CTin'e*'  each  of  the  cla'w  2,  i.e. 
into  4  oonics.  Each  of  these  has  double  contact  with  the  conic  -B,  or  attending  to  only 
one  of  the  four  oonka  we  have  the  well*known  theorem  which  I  call  the  poriBm 
(homographic)  of  the  in-and-circumscribed  tiiangh-,  viz.  "there  an  an  infinity  of 
triangles  inscribed  each  in  a  conic,  and  such  that  the  sides  tonch  couica  having  each 
of  them  double  contact  with  the  circumacribed  conic" 

Secondly,  the  conies  9  and  8  may  inteneet  the  conic  €  in  the  nme  four 

points.  Here  every  tangent  of  the  curve  6  is  in  fact  a  double  tangent  belonging  to 
the  firet-mentioned  group,  the  curve  (F  in  fact  consistis  of  two  coiucideut  curves :  each 
of  them  ii)  therefore  of  the  class  4>.  But  this  curve  of  the  class  4  has  itself  four 
double  tangents  arising  from  the  common  points  of  intenection  of  the  conies  H,  8 
with  the  Conic  2 ;  It  must:  thrrrforc  break  up  into  two  curves  each  of  the  class  2, 
Le.  into  two  conies:  each  of  these  intersects  the  conic  S  in  the  same  four  points 
in  which  it  is  intersected  by  the  conies  ft,  8.  Attendmg  only  to  one  of  the  two 
conies  we  have  the  oth>  r  well  known  theorem  whidi  I  call  the  porism  (allographic)  of 
the  in-and-circumprril)cd  triangl.  ,  viz.  "there  vxift  an  infinity  of  triangles  inscribed  in 
a  conic,  and  such  that  the  sides  touch  coni(»,  each  of  them  meeting  the  circuuuscnbed 
oonie  in  the  same  four  pmnts." 


S.   On  a»  iToltM  ^  JHlanu  «•  Amiyliettl  GtomUtry.   Ite|wrt»  1851^  p.  & 

Thb  author  remarks  that  the  principles  of  Modem  Geometry  riiow  that  any 

metrical  property  whatever  is  really  ba.sed  upon  a  purely  descriptive  property,  and  that 
thpw  principles  cemtain  in  fact  a  theory  of  distance — but  that  such  theory  has  not 
been  diseugageil  trotu  its  applications  and  stated  in  a  distinct  and  explicit  form.  The 
paper  contains  an  account  of  the  theory  in  question,  viz.  it  is  shown  that  in  any 

RYstoMi  of  j^'eonictry  of  twu  diTnensions  the  notion  of  distanci'  can  be  arrived  at  from 
descriptive  principles  by  means  of  a  conic  called  the  Abaolute,  and  which  in  ordiiuuy 
geometr}'  degenerates  into  »  pair  of  points. 


4.   On  CWvM  ^  ike  Fmrth  Ordtt  kumatg  i%m  J>o«Mi  Pe^nta;   Beport^  1640,  p.  4. 

TiiE  paper  is  a  short  notice  only  of  researches  which  the  Author  is  engaged  in 

with  reference  to  curves  of  the  fourth  order  having  three  double  points.   A  curve  of 

the  kind  in   qnrstinn    is   (h-ii\i  i]    from  a   conic   by  the   well-known   trnnsfoi  inatinn  of 

substituting  for  the  original  tiiliuear  coordinates  their  reciprocals:  and  the  species  of 

the  curve  of  the  fourth  order  depends  on  the  positiott  of  the  conic  with  rsqiect  to 
the  fundamental  triangle^ 
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ft.   Oh  Curvaa  ^  tJke  Third  Ordtr.   Report^  ld61,  p.  2. 

A  CUHVE  of  the  thini  Older  or  cubic  curve  is  a  sectiou  of  a  Cubic  oooe  and  such 
coue  is  intersected  by  n  concentric  sphere  in  a  spherical  cubic.  It  is  an  obvious 
consequence  of  a  theorem  of  Sir  Isaac  Newton's  that  there  are  dve  principal  kinds 
of  cnbao  obbbs,  or  what  ii  the  lame  thing  Bve  principal  kiads  of  apherioal  cubicB— 
but  tiM  natttie  of  these  five  kinds  of  spherical  cubics  was  first  distinctly  explfuned  by 
Wobius.  They  may  be  dcHlgnated  the  simplex,  the  complete,  the  crunoda!,  the  acnodal 
and  the  cuepidcd:  where  crunodc,  acaode,  denote  respectively  the  two  species  of  double 
pointB  (nodwX  vis.  tlie  double  poinfe  with  two  real  bnundieflt  and  the  ooajttgate  or 
isolated  point.  The  foregoing  results  are  known :  the.  six-cial  object  of  the  paper  is 
to  establish  a  subdivision  of  the  simplex  kind  of  spherical  cubics.  The  simplex  kind 
18  a  continuous  reentering  curve  cutting  a  great  circle,  to  fix  the  ideas  ny  the 
equator,  in  three  pain  of  opposite  points,  which  tte  the  three  real  inflexions  of  the 
curvr.  The  three  great  rircles  which  are  the*  tanpnnts  at  the  iuflt^xioiis  ami  the 
equator  divide  the  entire  surface  of  the  sphere  into  fourteen  regions  whereof  eight 
Hie  trilateral  and  the  remaining  six  arc  quadrilateraL  The  eurtre  nay  be  enttraly  in 
six  out  of  the  eight  trilateral  regions,  and  it  is  in  this  case  said  to  be  timpUx 
trilateral ;  or  it  may  lie  entin  ly  in  the  six  quadriktcnil  regions,  and  it  is  in  this 
case  said  to  be  timplex  qitadniaterai ;  and  there  is  nn  intermediate  form,  the  simplex 
nmOndj  vix.  in  this  oaee  the  thxee  great  eirelea  taogents  at  the  inflexions  meet  in 
a  pair  r>f  opposite  points  and  therp  are  in  all  only  twelve  regions  all  of  them 
triliOeral;  the  curve  lies  entirely  in  six  of  these  re^ons. 


6.   0»  o  C«r<iitii  Cwv  ^  tkt  fowrA  <MUr,   Bepoit,  IMS,  pi.  3. 

The  curve  in  (|ueHtion  is  thp  Itwus  of  thp  eentn^rt  of  the  conies  which  pfina 
through  three  given  points  and  touch  a  given  line;  if  the  equations  of  the  aides  of 
the  triangle  fonned  V  ^  ^^xt^  points  an  «=0,  y^d,  ««0,  these  eootdioates  being 

such  that  T  +  y  +  z  =  ()  is  the  eijuiilion  of  the  line  infinity,  and  if  ir4-^y  +  7Z  =  0bo 
the  equation  of  the  given  line,  then  (as  is  known)  the  equation  of  the  curve  is 

The  ^cial  object  of  the  cummunication  was  to  exhibit  the  form  of  the  curve  in 
the  ease  where  the  line  outs  the  triangle^  and  to  point  out  the  oonespondence  of  the 
poritions  of  the  centre  upon  the  curve,  and  the  point  of  oontaot  on  the  given  line. 
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7.    On  the  JieprtgerUtUion  of  a  Cutw  in  SfHioe  by  memu  nf  a  Cone  and  Monoid 

Smtfrnm.  lk|»ort,  1862,  p.  3. 

Thk  author  gave  a  short  arroiint  of  liis  researches  recently  jribli-lied  in  the 
Comptes  Jtentbu.  The  difficulty  as  to  the  reprcscatation  of  a  curve  in  apace  is,  that 
mdi  m  cam  is  not  is  gemral  the  complete  intenectun  of  two  nn&ees;  any  two 
sofboeB  poraing  tiuoogh  the  curve  intersect  not  only  io  the  Ottm  itwif,  but  in  a 
certain  companion  curve,  which  cannot  bo  got  rid  of;  this  companion  curve  in  in  thf> 
proposed  mode  of  reprcscutatioQ  reduced  to  the  8imple»t  form,  viz.  that  of  a  system 
of  lines  paaring  thiough  one  and  the  same  point.  The  two  lurfMieB  employed  for  the 
rfpre.*eiitati(jii  of  a  curve  of  the  nth  oi-der  are,  a  cone  of  the  nth  ordor  having  for 
its  vertex  an  arbitrary  point  (say  the  point  x^O,  y  =  0,  z^O),  and  a  monwi  surface 
with  the  same  vertex,  vis.  a  eurfoce  the  equatioo  whereof  is  of  the  fiom  Qw  —  F  =  Q, 
P  and  Q  being  homogeneoos  funetiona  of  («,  y,  t)  of  the  degraee  p  and  p— 1 
respoetivcly  (where  p  is  rvt  niost  =n  — 1).  The  monoid  surface  contains  tipon  it 
pip  — I)  Lines  given  by  the  equations  (P  —  0,  Q 0) ;  and,  the  oooe  passing  through 
n{p-l)  of  thaw  linee  (if,  as  above  auppoeed,  ji thta  impUea  that  some  of 
these  lines  are  multiple  lines  of  the  cone),  the  monoid  snrfooe  will  bssidee  inteiMCt 
the  oooe  in  a  curve  of  the  nth  order. 


A.   On  a  Formula  <^  M.  Ckedtt  rtioHng  In  <A«  ConUiet  «f  Cmiet.    Report,  IS64,  p.  1. 

The  author  ^ve  an  account  of  the  recent  investigations  oi  Al.  Cbasles  in  relation 
to  the  theoiy  of  oonics,  viz.,  M.  Cbaslee  has  fimmd  Uiat  the  piopcrtus  of  a  system 
of  conies,  containing  one  arbitrary  pai-aincter,  depend  upon  two  qoantities  called  by 
him  the  chnrnderislicx  of  the  8yst**m ;  thr^Hc  are,  ft,  tho  numbor  of  conies  of  the 
syi^tem  which  pass  through  a  given  point,  and,  »,  the  number  of  conies  of  the  system 
whidi  tench  a  }^ven  line ;  or,  say,  /»  is  the  pmvmttritt  erdsr,  v  the  paramttno  fHem, 
of  the  systeni.  And  he  exhibited  a  transformation  obtained  b>'  him  of  a  formula  of 
M.  Chasles  for  the  inimber  of  conies  which  touch  five  given  curves,  viz.,  if  (if,  m) 
(i\r,  li)  (P,  p)  (Q.  qj  {li,  r)  be  the  orders  and  claases  of  the  five  given  curves  respec- 
lavdy,  then  the  numher  of  curves  is 

-(1,  2,  4.  4.  2,  1)(M,  m>(iV.  n)  (P,  p)  (Q,  q)  (R.  r), 

wheie  the  notation  stands  for  1 .  MNPQR  +  2lmNPQli  +  ilmnFQR  +  Sic  The  trans- 
formed formula  in  question  was  communicated  by  the  author  to  M  Chasles,  and  had 
appeared  iu  the  Compter  Rendiut;  but  it  is,  in  fact,  included  ui  a  very  beautitul  and 
geneial  theorem  given  in  the  same  Numhtt-  by      Ghasbe  himself 
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9.   Oh  th»  FtcUtm  qf  Ute  Ifnmd'eireum»eriUd  IVmn^   Report^  1864,  1. 

The  general  problem  of  the  iii'Aiid-circumsciibed  triangle  may  he  thus  stated,  viz., 
to  find  »  triaagle  the  angles  whereof  severally  lie  in,  and  the  ddes  sererally  touch,  a 
given  curve  or  curves;  and  we  may,  in  the  first  inHtanc^  inquire  as  to  the  number 
of  such  triangles.  The  first  and  casit'st  case  b  when  the  cun'es  are  all  distinct ;  here, 
if  the  angles  lie  in  curves  of  the  orders  m,  h,  p,  respectively,  and  the  aides  touch 
enma  of  tiie  efoasn  Q,  R,  8,  respectiTely,  thm  the  numher  of  triangles  is  ^fmmpQRS. 
The  number  inuy  be  obtained  for  some  other  cases;  but  the  author  has  not  yet 
considered  the  final  and  most  difficult  case,  viz.  that  in  which  the  angles  severally 
lie  in,  and  the  sides  severally  touch,  one  and  the  same  given  cun'e. 


The  foregoing  notices  rehte  to  verbal  communications  upon  questions  with  which 

I  wat  at  th>'  time  occupiecl  iiml  which  are  for  the  most  part  more  filUy  discussed  in 

papers  printed  t'l.s<-\vhpre.    T  reniaik  upon  them  as  f<>llow«?; 

1.  I  have  no  remembrance  as  to  this;  I  think  no  paper  printed  or  written. 

2.  See  17.-). 

3.  .See  T.'i.S. 

4.  ]So  paper  printed.  The  intention  was  to  consider  the  ditiereut  fomw  of 
trinodal  quartic  curves,  in  partunilar  those  with  real  nodea^  as  obtained  fhmi  the 
invei-sion  of  a  conic  according  to  the  different  relations  of  the  conic  to  the  fundamental 
triangle.  Thus  according  as  the  conic  cuts  in  two  real  points,  touches,  or  cuts  in  two 
imaginaiy  points,  a  side  of  the  triangle,  the  tangents  at  the  corresponding  node  are 
real,  ooinoidentk  or  imsginary;  vi&  the  node  is  a  crunode,  cusp^  or  acnode.  And  in 
the  case  of  ronl  intcrsertions  there  a  further  distinrtii-n  nccording  as  the  inter- 
sections lie  each  or  either  of  them  on  the  side  itself,  or  on  the  side  produced  in 
one  or  other  of  the  two  directions,  By  oonsidering  the  dtffiwent  rshtions  of  the  oonic 
to  the  Aindamentel  triangle  we  thus  obtain  the  different  forms  of  the  trinodal  quartic. 

5.  See  351. 

6.  I  think  no  paper  printed  or  written. 

7.  See  802  and  30$. 

8.  See  306. 

9.  The  question  is  considered  in  «  nietimir  On  tln'  Pinblem  of  the  In^and-K^roum- 
acribed  Triangle,  Phil.  Train,  t.  CLXL  (for  1871;,  pp.  SeU— 412. 


c  V.  70 
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NOTE  ON  THE  RECTANGULAR  HYPERBOLA. 


[From  the  Ur/ord,  Cambridge  and  Dublin  Messenger  of  Mathematics,  vol.  I.  (1862),  p.  77.] 

Every  conic  which  passea  through  the  points  of  intersection  of  two  rcctAngultf 
hyperbolaa  is  &  rectangular  hypwbola.  In  fact  if  a  conic  be  referred  to  rectangular 
axes,  the  condition  that  it  mny  be  a  n  rran^'ular  h\p  rbola  is  Coeff.  of  .'~  =  ~Coeff.  of  y' 
Uenoe  U  U,  V  he  any  two  ijuadratic  functions  of  x,  and  if  X  be  a  coostant,  the 
condition  in  question  being  satisfied  for  each  of  the  fonetions  U,  V»  ts  sstisfied  tat 
the  fimetton  U  +  W:  and  tho  equatiuii  of  any  (onic  through  the  points  of  interaeetiion 
of  the  conies  U^O^  K««0  is  (r+XFsO:  which  proves  the  theorem  in  question. 

In  particular  if  from  two  of  the  angle-)*  of  a  triangle  perpendiculars  are  kt  &U 
on  the  opposite  fides,  and  if  the  point  of  intersection  of  the  perpenrliVnIars  and  the 
third  augle  be  joined:  then  since  the  hrst  side  and  the  perpeudiculai-  upon  it  are  a 
rectangnlsr  hyperbola,  end  the  seoond  dde  and  the  perpendionlar  upon  it  are  a 
rectangular  hyperbola;  the  third  side  luid  the  joining  line  must  be  a  rectangular 
hyperbola:  that  w,  these  two  lines  must  be  at  right  angles  to  each  other.  We  have 
thus  the  well-known  theorem  that  the  perpendiculars  let  fiill  from  the  angles  of  a 
triangle  on  the  o^iposite  sides  meet  in  a  point 

The  theorem  ss  to  the  hyperbolas  is  a  partienlar  case  of  the  theoi^  that  three 

conies  which  pass  thlOUgh  the  Hanie  four  points  are  met  by  any  line  whatever  in 
six  puiiits  fiiriiung  n  s-vstcm  in  iuv*Tluti(>ti  In  faet  a  i-ectangular  hyperbola  is  a  conic 
meeting  the  line  at  intinity  in  two  points  harmonically  related  to  the  circular  points 
at  infinity:  henoe  two  of  the  oonics  being  rectangntar  hyperbolas,  the  foci  of  the 
involution  are  the  circular  points  at  infinity:  hcnoe  these  points  and  the  points  in 
which  the  line  at  infinity  meets  the  thii<1  conic  are  hsnnonioaUy  related  to  each  Otbsr; 
that  is,  the  third  conic  is  a  i-ectangular  hyj>erbola. 
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NOTE  ON  BEZOUT'S  METHOD  OF  ELIMINATION. 


[From  the  Oxford,  Cambridif*  and  Dublin  Hmeiujfer  q/  Matkmatiot,  vol  ii.  (1&64). 

pp.  88.  89.] 

Let  U,  V  ha  any  two  fatioool  and  iotegrat  fiineticiiB  of  m  at  the  Mune  cider; 
to  fix  the  ideea  let  them  be  the  cubte  function* 

I/"  as<U^  +6fl^  +«? 


Write 


m  vr 

«,  a' 

,  IT 

(7  =,     r  .  J8-|  tr        ,  v  \, 

U,  IT  ^,   S  =    U  ,  ir  If.  IT 

I  d,d:  I  1  aai*  +  bair' +  cx  +  d,  a V  +  i'jC  +  c'«  +  d'  1      j  IT,  IT 

then  we  hove 

8  ^A^+B^-i-Cx+J),  -0, 


.  =0, 


70—2 
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D  =  8 -Rx,  "-Rx. 
Let  c  be  AD  erbitrary  quanti^  and  mike 

Qg^l  U  ,  V 


we  have  it  w  dear 


and  thence 


□  =  Aa'  +  Ma'  +  L'a  +  1), 

=  afP  +  a}{Q- Px)  +  aiR-Qx),  ~  Rx, 
=  (a»  -  a'x)  P  +  (*•  -  a«)  Q  +  (a  -  x)  i2. 


a— X 


The  equations  P  =  0,  Q«0,  ii  =  0  are  respectively  quadratic  equatiouii  in  x,  the 
equatkm  which  aie  lued  in  Besoub's  method  of  etiminirtion ;  and  rqireeetttiiig  them  by 

we  have 

=  0 


L  , 

M  , 

N 

L', 

M' , 

N- 

I", 

M", 

N" 

as  the  c-quation  resulting  from  the  eliuiiuatiou  uf  x  from  the  equations  £7  =>  0,  IT  0. 
The  foreguiug  inveetigation  diows  that  the  funetbna  P,  Jt  are  obtaioed  aa  the 
coeffictenta  of  aF,  a,  1  in  the  development  of 


_1_ 
a— i 


U  ,  V 


or  more  generally,  taking  U,  V  to  he  any  two  funotiona  of  the  order  n,  that  the  n 
fniicti'iTi^  P.  Q,  R,  &c.  each  of  the  order  n  — 1  are  obtained  as  the  coeffieientB  of 
a"-',  a"-',  ...  a,  1  in  the  development  of 

u.,  tj:  y 

where  IT.,  f/.'  arc  what  I],  IT  become  when  x  i«  replaced  therein  by  «:  and  we 
have  thus  a  simple  il  poitarion  verification  of  the  fiMrin  in  which,  several  years  ago, 
I  presented  Beaoat'a  Method  of  Elimination. 

2.  StoH*  StOdings,  W.a,  March  5,  186S. 
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NOTE  ON  THE  TETBAHEDBON. 


[From  the  Oxford^  Cambridge  and  Dublin  Meuenger  of  Maihematia,  U  Ul.  (1S66), 

pp.  8—10.] 

TOB  follo«nDig  wnple  ptoperties  of  a  tetnhfldroa  Mem  wortb  noticiiig. 

In  the  tetrahedron  ABCD  if  AC=BD  and  AD  =  RC,  then  the  line  joining  the 
middle  points  of  AB+CD,  or  aay  the  poiats  ^AM  and  ^CD,  cute  aib  right  angles 

these  lines  AB  and  CD. 

If  AB  ^  CD,  then  the  line  joinint,'  the  points  \  AC,  \  BD,  and  the  line  joining 
the  poiuUH  i[AD,  ^BC  (liue»  which  in  aay  tetrahedron  meei  each  other),  cut  each 
other  at  rig^t  anglea. 

In  &et  if  A,  G,  D  have  for  their  cooidinatee  (a„  7,),  (a,,  0,.  y,),  (a,,  /9„  7,), 
(a*,  fft,  ft)-  th«i  the  coordinates  of  the  point  ^AB  are  ^(oi  +  a,),  and  so 

for  the  points  ^OD,  Ad  the  equatioDH  of  the  line  through  the  poiats  ^AB,  ^CJ) 

therefore  are 

.«-tfqi+gi)  .  '/-J<^t^')  »-Hyi+rd 

a,  +  «,_c^_e(, "  ft +d,-/8,-/i»  °  7i  +    -  7<  -  y«' 

and  I  obeerve  in  paeaing  that  this  line  panee  through  the  pcnnt  whoae  ooordittates  are 

i(ai+«,+«i+^),  i<i8,+/9,+i8»+A),  i(7i+T.+7k-»-'y*); 

the  other  two  similar  lines  paw  through  the  same  point,  and  the  above-mentioned 
property  of  the  general  tetrahedron  b  thus  proved 

The  oondition  that  the  twegoing  Kne  may  ent  at  right  anglea  the  line  AB^  the 
equationa  whereof  are 

-  O)  ^  y  -    ^  2  -  7i 

«i  -  Of    0i-0t    7i  -  7»  ' 


Digitized  by  Google 


558  NOTE  OV  THS  TflTltAHBDBON.  [382 

is  at  onoe  wen  to  be 

2  (o,-o,)(a,  +  a,-a,-a,)  =  0, 

where  X  denotes  the  sum  of  the  oorrefipooding  tenus  io  a,  ff,  f.  And  ao  the 
oondition  that  tlie  Mine  line  may  cut  at  right  anglea  the  One  0J>  » 

2  (Oj  -  a*)  («i  +  0, — fl^  -  aj  s=  0. 

But  the  eooditietia  AC^BD,  AD^BG  give  respectiirely 

S      -  a,)«  -  (a,  -  oj"} »  0.  2      -a,y-  (a,  -  a,y\  »  0, 

or  writing  these  in  the  form 

S  («i  -  «i  -  «ik + <0  («i +«•-«•- •  0, 

S     -  <^ + ^ -«i)  (4  +  «!  -      «i) -0» 
we  obtain,  by  MiooMoively  adding  and  snbtraetuig.  the  two  reqoirBd  equationa 

The  equations  of  the  lino  through  ^AC,  ^BD  are 

and  thoae  of  the  line  tiuiough  |  AH,  ^BC  are 

^ +«,-«,- oij "  "  Til + 7,  -  <yi  -  Y« ' 

and  the  oondition  that  these  may  cut  at  right  angle*  is 

2  (a,  +    -  a,  -  «»>     +  «» -  o,  -  a,)  =  0, 

that  is 

2K«,-«,)»-<«,-«,)*|-0, 

which  is  in  fact  the  condition  AB  =  CD. 

Combining  the  two  theorems  we  see  that  if  iti  a  tetrahedron  the  pairs  of  opposite 
sides  are  respectively  equal,  then  the  line  joining  the  centres  of  opposite  sides  cuts 
these  «ides  at  right  angles,  and  moreover  the  three  joining  lines  cut  each  other  at 
right  angles. 

A  tetrahedron  of  the  form  in  (^uostiou  may  be  constructed  as  fellows:  viz.  taking 
a  parallelognun  ABCD,  whereof  the  diagonals  AC,  BD  an  unequal,  then  bending  the 
parallelogium  nbout  its  shorter  diagonal  AC  in  such  mnnnf>r  that  in  the  solid  figure 
BD  becomes  equal  to  AC,  we  have  a  tetrahedron  the  opposite  sides  whereof  are 
respectively  equal. 
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Or  it  may  be  comtructed  even  more  dmp!y  ais  foUows;  viz.  if  ABCIf  and 

A' BCD  be  pai-allel  faces  of  nny  rcctaDgular  panllelopiped  (the  angles  A  A', 
B  ami  R,  C  and  C,  D  and  D'  being  respectively  opposite  to  each  other),  then  ABCD 
or  A' BCD'  ia  a  tetrahedron  of  the  form  in  question.  The  consideration  of  tbo 
recAatigttiar  pemlleioinped  puta  in  e^enee  the  feregoing  geometriod  propet^. 

In  such  a  tetrahedron  the  line  joining  the  centres  of  a  pair  of  opposite  sides 
is  in  the  fanguage  of  Bmvaia,  see  hia  "  If^oire  snr  les  polyMrea  de  fbmM  ayrndtrique," 

Liouville,  t  XIV.  (1849),  pp.  141 — 180,  a  binary  axLs  of  symmetry:  viz.  the  figure  is 
not  altered  by  turning  it  round  such  axis  through  an  angle  =^360".  There  are  thus 
three  such  axes  at  right  angles  to  each  other,  but  the  figure  has  not  any  centre  of 
symmetry,  nor  (aasuming  that  it  is  not  (nrther  particniariaed)  any  plane  of  aymmetry: 
e;ich  of  the  three  axes  is  a  prinripal  aucis,  and  the  figure  belongs  to  the  sixth  of 
Bravais'  twenty-three  clasaes  of  polyhedra,  see  the  table  p.  179.  It  was  in  fact  by 
aeekix^  to  oonstraet  a  Hgtan  of  this  class  that  I  was  l«d  to  the  inveati^tion. 
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PROBLEMS  AND  SOLUTIONS. 


[From  the  MatlmuuUcal  {Questions  unth  their  Solutions  from  the  Educational  Timet, 

toIb.  I.  to  IT..  1808  to  1885.] 

[Vol  I.  (June  1888  to  June  1884).  pp.  18,  10.] 

18981  (By  T.  T.  Wilkinson,  1  .1v.A.S.) — Given  a  cirele  (C)  and  any  point  A,  cither 
within  or  without  the  cinle:  through  A  dmw  BAD  cutting  the  cinlf  in  B,  D. 
Then  it  is  required  to  tind  another  point  E,  such  that,  if  LEM  be  drawn  cutting 
the  drele  in  L,  M,  we  nay  always  have  A&^LB.EM ±BA,AD. 


Solution  by  Baonaaom  Cajux. 

Conndcr  a  circle  centre  0  and  radius  OA,  and  in  telation  tharato  a  point  JT 
dthw  oatflide  or  inside  the  cirele,  and  suppose  that 

{OAy-ipay,  or  the  "squared  inner  potency**  of  If  is  denoted  hy  Ui.M, 

and 

{OMf  —  {OAy,  ur  the  "squared  outvr  potency"  of  iV  is  denoted  by  Qo.M, 

so  thnt,  for  an  out«dt>  point.  Go .  ^1/,  ^-'Zti.M,  is  the  square  of  the  tangential 
dii»Uiuc%;  oi  M  truut  the  cii-cie ;  and,  lur  an  insiide  point,  □>'  .M,  » —  Qo .  M,  is  the 
Bqnare  of  the  shortest  semi-chord  through  Jf. 

Suppose  now  that  M  in  a.  given  poutt ;  the  proposed  question  is  in  effect  to  hud 
the  locos  of  a  point  P  sudi  that  ±Oo,P±Qo.M={MFyi  but  ve  have  thus  in 

reality  four  different  cjuestions  according  as  the  signs  arc  a^^unied  to  be  +  +  ,+—,—  + . 
or  — ;  the  case  +  +  ,  or  when  Oo.l'  +  Qo.M  =  {MFf,  is  perhaps  the  most  inter- 
esting. 
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Ttidog  the  xadius  w  unity,  (a,  0)  u  tbe  coordioates  of  M,  and  («,  y)  m  the 
eoovdimtw  of  P»  we  have  here 

<^  +  y«-l)+(««+j9«-l)-(«-«)«+(y-i8)F,  or  *c+^y-l-0; 

that  IB,  the  locos  of  P  is  a  sight  line,  the  polar  of  Jf  in  t^gui  to  (he  oircle. 

It  may  be  remaiked,  that,  when  JV  ia  on  innde  pcnnt,  then  throughout  the  loous 

P  is  an  outside  point ;  and,  replacing  the  negative  quantity  Do .  M  by  its  value, 
=  —  □1.21/,  we  have  Do  .  P  —  Qi .  M  =  {MPf.  If,  however.  M  is  an  outsirlc  point,  then 
in  part  of  the  locus  P  is  an  outside  point,  and  we  have  Oo.P  +  Q0.M  ^(MPy,  while 
in  the  nwainder  of  the  loeoa  P  Is  an  inside  point,  and,  r^heing  the  negative 
quantity  Do.P  by  its  value,  --Dt.P,  we  have  -Ci .  P+no.M=(MPy.  For  the 
case  +  — ,  the  locus  of  P  ia  a  right  line,  but  for  each  of  the  other  two  caaes 
-+  and  — ->  the  keoa  is  a  curde;  the  diawiswon  of  the  aereral  caies  prasanta  no 
particniar  dilficulty. 


[Vol  L  pp.  48^6.] 

1887.  (By  W.  K  CuffokDi.)— 1.  Four  common  tangents  are  drawn  to  a  circle 
and  an  ellipae  which  pasaea  ihioagh  the  centre  (0)  of  the  oircle;  if  ^i,  be  opposite 
intersections  of  tlu  tangents^  proTO  that  OA  and  OB  are  equally ,  inclined  to  the 

tangent  at  0  to  the  ellipse. 

2.  If  a  straight  line  A  join  the  poles  of  B  with  respect  to  two  couics,  prove 
(hat  the  lines  joiaing  AB  to  a  pur  <^  oppoaite  inteiaections  of  commoo  tangents, 
form,  with  il,  i^,  an  harmonic  pencil. 

3.  If  a  pnint  A  he  the  intersection  of  the  polars  of  B  with  respect  to  two 
conies,  and  AB  be  cut  by  a  pair  of  common  chords  in  C,  D,  prove  that  ACBD  is 
an  humodo  laage. 


8.   Soluium  by  Profirsor  Gatlet. 

This  elegant  theorem  is  included  as  a  particulai'  case  in  the  known  theorem, 
**  Given  three  ooniea  inserihed  in  (he  same  qttadnh(etal,  the  taagenta  from  any  point 
to  these  conioa  fcinn  a  pencil  in  invdutuin.'* 

Mr  Clifford's  tlK-on'tu  is  in  (act  as  follow.s :  viz.,  Four  common  tanfjeiits  are  drawn 
to  a  circle  and  an  ellipse  which  p&'isos  through  the  centre  0  of  the  circle ;  \S  A,  B 
he  opposite  intaneetiens  of  the  tangents,  then  OA,  OB  are  equally  indinad  to  the 
tangent  at  0  to  the  ellipae. 

This  comes  to  saying  that  the  tangent  at  0  to  the  ellipse,  say  OT,  is  the  douLK- 
or  aibi -conjugate  line  of  thu  involution  of  the  p<  ncil  f  trnud  by  the  lines  OA,  OB, 
and  the  lines  01,  OJ  drawn  Irom  0  to  the  circular  points  at  intiuiiy ;  and  if  we 
re^aee  the  circle  by  an  arbitiwy  oonio  8,  and  the  line  at  infinity  by  an  arbitraiy 
line  //,  the  theorem  trill  be  as  follows : 
*    C  V.  71 
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Connder  «  oonic  8;  *  Uue  mMting  tUa  oobic  in  the  points  /,  J ;  and  th«  poisft 
0,  the  inteneotjoil  uf  the  tangmts  at  /,  J,  or  (what  is  the  same  thing)  the  pole  of 

the  line  IJ  in  regard  to  tho  conic.  If  througli  the  point  0  there  be  drawTi  any 
other  conic  B,  and  i£  A,  B  ho  opposite  intursections  of  the  common  tangents  of  the 
oonka  3,  8;  then  die  tangent  OT  at  the  point  0  to  the  eonie  S  is  the  donUe  er 
8ibi-conjiigate  line  of  the  involution  of  the  pencil  formed  by  tho  lines  OA,  OB,  and 
the  lines  01,  0J\  w,  as  we  may  also  express  it,  the  lines  OT,  OT,  the  lines  OA,  OB, 
and  the  Unea  01,  OJ  hm  a  pencil  in  involution. 

Now,  oonsiderii^  the  two  points  or  p(»nt-pair  (A,  £)  as  a  oonic  inscxtbed  in  the 

quadrilateral  formed  by  the  common  taigtnto  of  tho  conies  8  mad  6,  the  couics 
.•^  and  H  and  the  pnint-paii  (.1,  B)  are  a  syatera  of  three  eonica  inscribed  m  th. 
Hamc  c]^uadhlatcral ;  and  hence,  by  the  general  theorem  above  referred  to,  if  (/  be  any 
point  whatever,  the  tangnits  from  O  to  the  oonie  8,  the  tangents  from  to  the 
oonic  S,  and  the  tangents  from  0'  to  the  point-pair  (that  is,  the  two  lines 
(/A,  CB)  form  a  pencil  in  involution.  But,  if  (7  coincide  with  0,  then  the  tangents 
to  the  conic  «S  are  the  lines  01,  OJ ;  and  the  tangents  to  the  conic  8  are  the 
coincident  lines  OT,  OT ;  and  we  have  thence  the  tbeoren  ID  question ;  viz.,  that  the 
tines  OT,  OT,  the  lines  01,  (U.  and  the  lines  OA,  OB  form  a  penml  in  involntion. 


[Vol.  I.  pp.  77—79.] 

1109.  (By  W.  K.  CUFFOBO.) — ^For  every  point  on  a  come  section  there  exists 
a  strai^t  line  BO,  not  mee(»iig  tha  eomSi  such  that,  if  thioos^  anj  otiier  point  K 
on  the  conic  there  be  drawn  any  two  Straight  lines  meeting  BC  in  B,  C,  and  the 
carve  in  D,  B,  the  ang^  BAG,  DAE  am  eithiv  equal  or  supplementaiy. 


I  find  that  this  very  elegant  theorem  depends  on  the  lemma  to  be  presently 
stated,  and  that  it  is  intimately  connected  with  Newton's  theorem  for  tho  oi^nie 
description  of  a  conic,  or,  what  is  the  same  thing,  with  tho  theorem  of  the  anbarmonic 
relation  of  the  points  of  a  conia 


Lemma.  If  AT  the  tangent,  and  AS  any  nther  line  through  a  point  ^  of  a 
conic  and  if  two  lines  equally  inclined  U>  AT  and  .45  respectively  meet  the  conic 
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in  the  pointB  E  ud  D  (m..  if  ^TAK^SAD,  th«  two  Mglw  being  ineBmrad  in 
opposite  directions  toOk  AT,  AS  nepectiTely) ;  then  the  line  KD  meete  A8  in  a 
fixed  point  B,  that  is,  a  point  the  pontion  «f  which  iK  independent  of  the  magnitude 

af  the  equal  augleii. 

To  prove  this,  take  ^1  for  thr»  origin,  and  the  bisecton  of  the  angle  I'AS  for 
the  axes  of  x  and       then  the  equi^tion  of  the  conic  is 

+  2A«y + £^ + ^ + 20at  s  0 ; 

the  equation  of  the  tangent  at  the  origin,  that  is,  the  lino  ^2*.  is  gx  +  /'tf=0;  and 
hence  the  equation  of  the  line  ^4^  is  <jT—fi/  =  0.  Taking  y  =  cut  for  ihv  oijuatiou 
of  the  lino  AK,  we  have,  for  the  coordinates  a-,,  t/^  of  the  point  K  where  this  meets 
the 

and  then  the  eqnatton  «f  the  bna  AD  will  be  if^^cm,  and  we  ahall  have,  for  the 
eoordinatee  o^,  jf,  of  the  point  D  where  this  meets  the  oonic, 

(a-SA«+M)a^H-2(/a+^)-0.  y^^-aa^. 

The  equation  of  the  line  KD  is 

«       y  ,  1  I « 0. 

X-,.        02!,,     I  ! 

I 

-eutt,   1  I 

that  is 

ox  («,  +  ar,)  +  y  («,  -  a-,)  -  2flu;,x,  =  0 ; 

and  for  the  coordinates  of  the  point  B  where  this  meets  the  line  AS,  the  equation 
whereof  is  gx—/y  =  0,  we  have 

or,  as  this  may  be  written. 

But  we  have 

and  iienoe  the  equation  ia 

giving  »-—^$  wui  thenoe  y  =  -|>  fof  the  coordinates  of  the  point  Bi  and»  these 
being  independent  of  a,  the  Jemma  is  seen  to  be  true. 

71—2 
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Oonnder  wnw  tlte  pmnto  A,  K  tm  find  pointB  on  the  come;  tlMn,  ravolTuig  liboat 

A  the  constant  angle  DAB,  and  about  K  the  constant  (zero)  angle  DKB,  the  loOM 
of  £  is  (by  the  theorem  of  the  nnharmonic  relation  of  the  points  of  a  conic)  given 
in  the  fii»t  icstaoce  as  a  cunic  through  the  point«i  A,  K;  but,  obflerviog  that 
•  position  of  the  angle  DAB  la  TAK,  utd  that  the  corresponding  poation  of  DKB 

is  AKA,  the  lino  AK  is  part  of  th'^  locus;  and  the  locus  is  made  up  of  this  line 
and  a  line  BC.  And,  conversely,  given  the  fixed  ptiath  A,  K,  and  the  line  BC,  the 
original  conic  is,  by  Newton's  theorem,  described  by  meani  oi  the  constant  angleas 
DAB,  DKB  revolving  about  ibeee  points  in  such  a  mannw  that  the  arms  AB,  KB 
generate  by  their  intersections-  tho  lin>'  BC  This  being  so,  the  other  two  anni 
AD,  KD  generate  by  their  intensecliuus  the  conic. 

And  then,  considering  the  two  positions  DAB,  EAC  of  the  angle  DAB  (so  that 
A  arc  in  a  line  with  K,  and  E,  V  are  also  in  a  line  with  K),  we  have 
4DAB^  Z  EAC,  that  is,  i;  DAB^  i.  BAG,  which  is  Mr  Cliflbid'a  theorem. 

It  has  been  eeen  that,  A  being  given,  the  same  line  BG  w  obtained  whatever 

be  the.poeitiori  i,f  the  point  K;  and,  taking  AK  fur  the  normal  at  A,  it  at  once 
appears  £»^otnt'f!icaUy  that  dh^  rciiinrkr  d  In  Mr  Clifford)  the  line  BC  is  the  polar  of 
the  point  H  of  intersection  <,(  all  tlio  choni--  whicli  subtend  a  right  angle  at  A. 

|Pn>fe,«?ior  Caylcy's  Icmtna  may  be  otherwise  proved,  as  follows: 

The  trilinciir  r-qtiatiun  of  the  conic,  referred  to  two  tnnEronts  (a  at  A.  B  at  S) 
and  their  chord  of  contact  (7  or  AS),  is  U -  Xafi  —  y  s  0 ;  and  the  equation  of  two 
etnight  lines  (AK,  AD)  equally  indiued  to  m,  y  vt 

(«-/*7)(>ta- y)  =  0.    or    F  =  ar*  +  y  -  (>*  + /i-')«7  =  0 ; 

also  V  4-  V=  U  denotes  a  conic  passing  through  the  intersections  of  U  and  F ;  but 
U+V  m  resolvable  into  a«0»  or  the  tangent  AT,  and 

a  +  X^-(/*  +  M-')7  =  0, 

which  is,  therefore,  the  etjuation  ot  the  chord  KD;  whence  we  sec  that  KD  meets 
A8  (or  7)  in  a  point  B  (given  by  yO^  K  +  >B^O)  whoso  position  is  independent  of 
/^  that  is,  of  the  equal  angles  SAD,  TAK.\ 


[Vol.  I.  pp.  125—127.] 

1478.  (By  J.  McDowKM,,  M.A.) — (o)  Two  sidos  of  a  given  trianpln  alwajv  pAM 
through  twu  ti.\ed  puials  :  prove  that  the  third  .sidu  .ilways  touches  a  fixed  circle. 

</3)  Two  sides  of  a  given  triangle  touch  two  fixed  circles;  prove  that  the  third 
nde  also  touches  a  fixed  oircle. 

(y)  Two  aiidee  of  a  given  polTgon  touch  fixed  drdea;  pvove  that  all  the  remaining 
ddes  also  touch  fixed  drdesi 
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3.    Solution  by  FKorm^OK  Cavl£Y. 

Since  the  theoiLiii  (y)  follows  at  oncc  from  (^8),  and  (a)  is  incluciccl  m 
it  is  only  necessary  to  prove  {fi).  Consider  three  given  circles,  and  let  it  be  proposed 
to  eonrtraot  a  triangle  die  ridee  wfaeroof  tondi  the  given  otrdea,  and  which  is  eimiha- 
to  a  given  triangle;  the  direction  of  one  side  may  be  assumed  at  pleasure,  and  then 
the  triangle  is  determined.  Impose  now  on  the  triangle  the  condition  that  the  area 
is  equal  to  a  given  quantity;  we  obtain  for  the  given  area  an  expreasdon  involving 
the  angle  $  wludi  fizei  the  dboetiiini  of  one  of  the  mdee,  and  we  have  thus  an 
equation  for  the  determination  of  the  ;uigle  0.  Rnt,  f<r  a  properly  determined 
relation  between  the  data  of  the  problem,  the  expression  for  the  area  becomes 
independent  <^  the  angle  6,  that  is,  eveiy  toian^,  the  rides  whereof  toadi  the  three 
dides^  end  which  is  similar  to  a  given  triao^C,  is  of  the  same  area,  or  say,  the  area 
of  every  such  triangle  is  equal  to  a  given  quantity  A ;  mid,  this  being  so,  it  is 
clear  that,  if  we  construct  a  triangle  similar  to  a  given  triangle  and  of  the  given 
area  A  (that  ie*  a  triangle  equal  to  a  given  triangle),  in  auoh  manner  that  two  of 
the  sides  touch  two  of  tile  given  circles,  then  the  envelope  of  the  reiMUmng  ride  will 
be  tiie  remaining  given  circle;  which  is  in  fact  the  theorem  {fi). 

It  only  remains  therefikre  to  diow  that  the  foregoing  jwrisinaitie  case  of  the  firoblero 

For  the  first  circle,  let  the  coordinates  of  the  eetitr.'  -  r  6,  and  the  radios 
be  e;  and  ^iippo!»e  in  liko  manner  that  we  have  u,  b',  and  c  for  the  .second  circle, 
and  a",  b",  and  c"  for  the  third  dixdc.  Let  X,  \',  X"  be  the  inclinalioiis  to  the  axis 
of  c  of  the  perpendifwlaw  on  the  sides  which  tondi  these  dntes  respeetivriy;  tiien 
the  equations  of  the  thiee  rides  nspectively  are 

(«-a)ooBX-|-(y-6)rinX-c«0,  («-a')ewX'-(-(y-y)rinX'-ef-0, 

(«  -  (O  eosX'" +<y  -     on  X'' -    -  0. 

If  the  triangle  be  similar  to  a  given  triangle,  then  the  diffiuences  of  the  angles 
X,  X'.  X"  will  he  ipven  an|^es,  or,  what  is  Ae  aaaie  thing;  we  may  write 

x-tf+e  X'-y+f.  X''-r+ft 

where  0,  0*  are  given  «ngle%  and  f  m  •  variaUe  angle.  Let  A  he  the  arsa  of 
the  triai^gl^  then  (disregarding  a  merriy  nunseriflal'  lactor)  we  have 

^A  -  rin(X'- X'0(aooeX+ (rin  X+o) 

+  rin  (X* -X)(tff  cosX'+ VrinX' +0+ «mOt- J^OCtf^wX*  +  >''rinX''+0; 

or,  what  is  the  same  thing, 

VA=  sin(^-^'){a  cos(^  +  i  ^'m{0  +  f)  +  c  1 
+  sin  (d" -  0  )  |a.'  008  +  f )  +  b'  .sir,  (6'  +  f )  +  c'  j 
+  sin     -  ^  )  lo"  cos  (ff'  +  {)  +  b"  sin      +  f )  +  c1. 
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It  is  wm  dear  lihBt  the  right-luiid  aide  w31  be  mdepenitoit  of  f  ,  if  onlj 

am  (tf' -  0*)  (a  COB  +  (  on  ^  +  nn       ^(a' eoe  ^  +  mn  ^ 

+Bm<tf-^(a*  ooar + r  ab  r)  «0. 

am    -  r)  (- «  nn  + & eoe  ^+ ain     -  0)  (- of  am  0* +irow  ^ 

4- rin(0 -^(•a^'anr + ft^ow  r) -0; 

equalikna  whieh  show  thai*,  given  iJie  form  of  ttie  tmogle  and  the  centraa  of  two  of 

the  drcies,  the  centre  of  the  third  circle  (in  the  porismatio  oaae)  IB  a  detenninste 
unique  point:  and  the  theorem  in  thus  proved. 


[VoL  I.  pp.  137—141.] 

1273.  (By  the  EDiroit  [W.  J.  Millek,  B.A.].)— Tn  a  given  ttinigle  let  three 
triaaglea  be  inscribed,  by  joining  the  points  of  contact  of  the  inscribed  circle,  the 
pointB  where  the  hiaeeton  of  the  angleB  meet  the  sides,  and  the  points  where  the  per- 
pendiculars meet  the  ndes;  then  will  the  corresponding  sides  of  these  three  triangles 
pass  through  the  same  point;  also  the  triangle  formed  by  the  three  points  of  inter- 
section will  be  a  circumscribed  co-polar  to  the  original  triangle,  and  the  pole  will  be 
on  the  straight  line  in  whieh  the  aides  of  the  given  triangle  meet  the  bsMeton  of  its 
exterior  aaglaa. 


1.  Sakaioft  bjf  FRonesBOB  Catiky. 
The  theorem  ia^  in  ftet^  included  in  the  foUowii^  more  general 

Theobem.  Let  the  points  0,  0',  0",  ...  lie  on  a  conic  circumscribed  about  a 
triangle  ABC;  then  first  tho  polars  of  the  points  0,  0',  0",  ...  in  regard  to  the 
tiiaugle  (see  Note  at  the  end  of  the  Solution)  pass  through  a  fixed  point  n.  And 
seeondly,  if  bjr  means  of  the  point  0,  joiniog  it  with  the  vertices  A,  B,  G,  and  taking 
the  intersections  of  these  Ihie-^  with  the  sirles  BC,  OA,  AB,  respectively,  we  form  a 
triangle  inscribed  in  the  triangle  ABC;  and  the  like  for  the  points  0',  0",,..;  the 
eocresponding  atdea  of  the  inscribed  triangles  meet  in  three  points  ionning  a  triangle 
cinuniseribed  aboat  the  origiixal  triangle  ABC,  and  such  that  the  lines  jotmog  the 
oorreflponding  vertices  of  the  last-mentioned  two  triangle  meet  in  the  point  SI. 

But,  in  order  to  sec  that  the  proposed  theorem  127.1  i»  in  fact  included  under 

the  foregoing  more  general  one,  it  is  neccssarj'  to  state  the  fuUowiug 

SuBsli>iAiiv  Theorem.  Consider  a  conic  inscribed  in  the  triangle  ABC,  and 
paaring  thnnxgh  the  points  /,  J. 

TtiuB  0  the  pole  of  the  line  IJ  io  i^ud  to  the  eonio;  the  point  <^  inter- 
section of  the  lines  joining  the  vertices  of  the  triangle  with  the  points  of  contact 

on  the  opposite  sides  i-csj>ectively ;  O"  the  point  of  intersection  of  the  lines;  Al,  Bm,  Cn, 
where  ^  is  a  point  on  BC  such  that  the  lines  lA,  IBC,  II,  U  form  a  haruiouic  pencil, 
and  the  like  for  the  points  m  and  n  respectively. 
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Then  the  pcnnts  0,  0',  0^  lie  on  a  eonie  ciroumBcribed  about  the  tmngle  ABO. 

In  fi»ct,  if  in  the  subsidiary  theorem  the  inscribed  conic  be  a  circle,  and  the 
pomtB  7,  J  be  the  flbeular  points  at  in&utjr,  the  point  0  will  be  the  centre  of  the 
circle,  that  is,  the  point  of  intersection  of  the  interior  bisectors  of  the  angles;  (/  will 
be  the  point  of  intersection  of  the  lines  to  tho  points  of  contact  of  the  inscribed 
circle;  and  0"  the  point  of  intersection  of  the  perpendiculars  on  the  sides  of  the 
trian^;  and,  theae  three  points  bebg  <n  n  oonie  oireamaeribed  about  the  triangle, 
the  general  thmvenk  will  apply  to  the  throe  points  in  qnestion. 


I  fint  prove  the  auhsidiaiy  theorem.  Taking  cbQ,  y^O.  s^tQ  figr  the  equations 

of  the  sides  of  the  trtangln  anrl  (a,  ^,  y),  (a',  ^,  y")  for  the  oooidiiiatBB  of  the  points 
/,  J  respectively;  the  ec^uation  of  the  inscribed  conic  is 


=  0. 


or  say 

eVe+ft  Vy +  cV^  =  0, 

where 

a»^i5/-Vj5^yssj»-jjt,  b^i/fi^^^mq-^,  e»V^-V^-r-r„  suppose. 

The  coordinates  of  the  point  of  intersection  of  the  lines  from  the  vertices  to  the 
points  of  contact  on  the  ofqposite  sides  are 


that  ia^ 


1 

1 

?' 

1 

1 

1 

The  equation  of  the  Ene  IJ  is 

(/»/ - /T^)  •+ (yaC  -  7«)  y  +  (a^"  -  «'/8)  ^  =  0 ; 
or,  what  is  the  same  thing, 

Represent iiig  this  for  a  moment  by  +  +  v£  =  0,  the  coordinates  of  the  pole  uf 
this  lino,  in  regard  to  the  inscribed  conic  a  ^/x  +  b  i^y  +  c  t/z  —  0,  are  as 

Now 

<?M+J^-(r-r,)'(9» -  7.')  +  (9  -  ^.J-t^-rA 

«(r-  r,)  (9  -  9,)[(r  -  r,)  (q  +  9,)  +  {q-  9,)  (r  +  r,)], 
=  2  (r  -  r,)  (g  -  q^)  {qr  -  q^r,) . 


Digitized  by  Google 


S68  PBOBUtMS  AND  SOLUTIONS.  [883 

buti  ofaMrri^g  that  jijr-pifir,,  we  have 

beooe 

ifjt  I  &V>    2(f -/>.)(9-g.)<^-n)p.g.r. . 

ood  we  have  the  like  values  for  aV  +  aud  ^  -f  a>  respectively ;  heuce,  omiuiog 
the  tymaetnxml  frebw,  we  have,  for  the  ooordinetes  of  the  pcnnt  in  (|a«itkii, 

1      1  1 

W»i    9?i  ""i 

Taking  the  equation  of  the  line  to  be  Qjf  +  B*^0,  tboae  of  the  luiee  il,  U  will  be 
where 

and  the  harmonio  oooditiMi  gives  X+X'>0,  that  is, 

Q  (oyS-  +  a'/9)  +  /e  (07'  0 ; 

the  equation  of  the  line  Al  is  thuH  found  to  be 

aud,  hince  wc  have  thv.  like  forms  for  the  equaftioiis  of  the  linM  Alt  and  Or,  we  have 
for  the  coordinates  of  the  ]iotnt  of  interaeotioin  of  these  three  liaee 

1  1  J  

that  is 

1       .      1      ,  J  

The  equation  of  a  oonie  eireunMecihed  ahout  the  triangle  ABO  is 

-  +  ^  +  -=0, 
9  y  » 

where  X,  v  are  arhitiaiy  eoeflkieatB ;  and  the  oondition  for  the  three  points  heing 
in  the  conic  is  thos  found  to  be 


ig-9Cr>  {r-tif 
J>»+J»i*,    9*+gi'.  »«+r,» 


-0, 
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hatt  in  virtue  ol  tbe  ralationB 

ip-PiT  2pp,  +  (r^+p,*),  &a. 

this  equatioQ  is  identically  true,  aud  the  subsidiarj  theorem  is  thus  proved. 

Passing  now  to  the  general  theorem,  I  prove  the  first  part  o£  it  as  foUows: 
The  equation  of  a  oonic  ciioutuBeribed  about  the  tna^gle  «>0,  ]r»0,  «'0  is 

A    B    C  ^ 

-+  -  +  -  =0; 
a:     y  z 

hunce,  if  (a,  fi,  y).  (t^,  ff,  </X  (a",  /8^,  ^/^  an  the  oooidinataB  of  any  three  paiate  on 
the  conic,  we  have 


ABC 


A   B  .0 


ABC 


Mill  thenoe 


-0, 


111 

111 

*'*  W*  7 

i  1  i_  1  ' 
la"'  ^'  7"  I 

whioh  IB  the  ooadition  for  the  inteieectioii  in  a  point  of  tbe  tbiee  linee 

-<  +  ^+  -=o. 

«      P  7 


and  tbe  theotem  in  quartion  ie  thus  proved.  I  remark,  in  pa^^iag,  that  tbe  tbeorem 
might  aleo  be  stated  as  iii:dU>we:— The  locus  of  a  point  0,  snch  that  its  polar  in 
regard  to  the  triangle  ABC  paasea  thioogh  a  fixed  point  0»  is  a  oonic  diewnsonbed 

about  the  triangle. 

To  prove  the  geooud  part  of  the  theorem,  take  for  the  coordinatee  of  the  points 
0.  0',  0"  respectively  (a.  B.  7).  (a',  ff',  7').  («",  /3".  7");  then 


1  1  1 

5'  fi'  7 

1  1  1 

«"  i8"  7' 

i  ^  1 

,  a'"  ^'  7" 


=  0, 


C.  V. 
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and  j£  X,  T,  X  an  the  oooidiDateB  of  the  point  0»  then  m  have 

X    Y  Z 

The  equatioiia  of  the  aides  of  the  inwrihed  tmagle  obtttned  by  menw  of  the 

paint  0  are 

-H^r<^  i-H-^ 

and  the  like  for  the  triangles  obtained  by  means  of  the  poiuta  0'  aud  0"  rcspoclivolj. 
Henoe,  fbr  n  iai  of  oonwpanding  odes  of  the  three  trianglee,  we  have,  &g,, 

-5+1+^.0, 

end  it  ie  deer  that  these  eqmMooe  ate  nmultaneoiuBty  latvfied  by  the  valuee 

X  :  y  :  r  —  - J  '.  T  :  Z, 

ivnd  wo  have  the  like  expressions  for  the  other  sots  of  corresponding  ddes;  that  ifl, 
we  have  for  the  coordinates  of  the  vertices  of  the  resulting  triangle 

{-X  :  7  :  Z),    {X  :  -  y  :  Z).   {X  :  Y  i  -Z), 

and  hence  also  the  equations  of  the  sidee  of  tits  triangle  in  queation  are 

y     i  z     X     ^     X     V  - 

thnt  i<%,  it  IS  a  triangle  drcumscribcd  about  the  triangle  ABC.  The  equations  of  Uie 
iinca  joining  the  corresponding  vertices  of  the  two  triangles  are 


y     s     z    X     te  y 

F"^'  ^"y  ]r"7 


f 


and  these  lines  meet  in  the  point  (A"  :  Y  :  Z),  which  is  the  point  CI,  the  iuterBection 
of  the  potan  of  0,  ff,  0*;  the  demonstration  of  the  theoiem  is  thns  completed 

[The  expression  Polar  of  a  point  in  regard  to  a  triangle  denotes  a  line  constructed 
as  Movrsj— vis.,  0  being  the  point  and  ABG  the  triaagle,  th«t.  taking  m  BC  n  point 
a,  the  harmonic  in  regard  to  the  points  B  and  C  of  the  intersection  of  BC  by  AO  ; 
and  in  like  manner  on  CA  and  AB  the  points  b  and  c  respectively,  the  throe  points 
a,  b,  c  lie  on  a  line  which  is  the  polar  of  the  point  0.  If  the  equations  of  the 
aidea  are  »=0,  yO,  »-0,  and  the  coordinates  o(  the  point  axe  (a,  0,  y),  then 


Digitized  by  Google 


388] 


PBOBLBMB  AMD  SOLUnOM& 


571 


tlie  equation  of  the  pdar  is  ^'i'^'''^"^*  ^  equation  may  alao  be  written 

(aS,  +  /98y  +  ySc)'xy«  =  0,  and  it  thus  appeaw  tkat  llie  line  just  dofinod  as  the  polar  » 
in  fact  the  second  or  line  polar  of  the  pnnt  m  legard  to  the  three  linea  BO,  CA^  AS 

C0Qsidere<i  us  forming  a  cubic  curve.} 


[VoL  a  July  to  December  1864.  ppL  6—9.] 

160B.  (Proposed  by  Frafenor  Catiet.)— If  P,  1,  2,  9^  4  be  points  on  *  eooie, 
then  the  four  points  Pi,  PS;,  Ql ;  Pk,  Q4;  P4,  i^^  lie  on  a  oonio  pwng  thnitigh 
the  pcnnte  P  and  Q, 


Solution  by  the  PfiOPOSBB. 

This  is  au  immediate  consequence  of  the  theorem  of  the  anharmonic  property  of 
the  points  of  a  conic.  For  if  (Pi,  P2,  P3,  P4)  denote  the  aaharmonic  ratio  of  the 
Iniee  Pi,  P2,  P3,  P4,  and  m  in  other  oases;  then 

(P2.  PI.  P4,  P3J  =  (P1.  P2,  P3.  P4)  =  (gi,  Q2.  C3.  ^4); 

that  is 

(P2.  Pi.  P4.  P3)-(Q1.  QS.  QS,  Q4). 
frhich  proves  Hie  theorem. 

In  particular,  if  P,  Q  are  the  circular  pmnta  at  infinity,  then  the  oonie  ia  n  oiivle. 

Moreover  the  points  P\,  Q2 ;  P2.  Ql  arc  the  antifocal  points  of  1,  2;  viz.,  calliog  these 
1',  2',  then  12  and  1'2'  are  linos  at  ritjht  angles  to  each  other,  having  a  common 
centre  0,  but  such  that  r2'  =  t.l2,  (t^V— 1.  as  usual);  or,  what  in  the  same  thing, 
Oli»Ol— t.Ol'— t.OS'.  And  the  theorem  is  as  follows:  viz.,  if  1,  2,  3,  4  arc  points 
on  »  drelo,  and 

r,  2'  aie  the  antifooal.  points  of  1,  2, 
8.4'      ,  8.4, 

then  r,  ft,  9>,  41  are  points  on  a  cirde. 

As  an  d  ■posteriori  proof,  take  the  centre  of  the  given  circle  as  oiigin,  so  that 
(a,.  ^,),  (a,,  8,\  (a,,  /3.x  being  the  cooidinates  of  1.  2,  3.  4,  and  the  tadins 

being  taken  as  unity,  we  have 

+  /3,»  =  0,'  +  A'  =  a.'  +  A'  =  «4'  +  A*  =  1 . 

Suppose  fbr  •  moment  that  a^  y  are  the  oootdinates  of  the  antifooal  points  of  1.  2;  i*» 
have 

«-«i±»(y-A)-0,  «-«tT»(y-A)«0. 

that  is 

«  +  »y  =  a, +  v3i,  «-ty  =  a,-ti8„ 
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for  tbe  coonfinatn  of  the  one  point ;  and  aimilaiiy 

for  ihe  coordinatefl  of  the  other  point. 
Henoe,  taking  the  new  coordiuatea 

and  tdmilarly  J,=a, +  r/9,,  5i  =  ai  — i^,,  &c. ;  the  «x)ordinates  uf  the  antifocal  points  1'.  2' 
are  (il,,  B.)  and  (.•!,,  /?,)  respeotivcly;  but  we  have  yI,/?,  -  a,^  + /3,»  =  1,  i4,B.  =  9-'  +  8;-^  1. 

8o  that      =       ft  =  J^  ;  aud  the  coordinates  are  ^.4,,  ™J,  {At,  J  j  respectively. 

SamilH-ly  tiie  ooaidta»to8  of  tbe  aatUbed  paintB  (8',  4^  ire  ^-J*  ^  J-)  respeo- 
tiTBly.  \ 

IUm  as  the  equation  of  tbe  drale  fehroi^  the  two  paiie  of  entifeoal  poiato 
or,  what  is  the  same  thing, 

Z F+  \  (Z  +  F)  -  i>  (A'  -  r )  + 1'  =  0. 


that  u 

if 

We  ought  then  to  have 


and  these  will  exist  simultaneously,  if 


A, 

1 

A,' 

A,' 

1 

At* 

Ji* 

A, 

1 

A/ 

A, 

1 

A,' 

A,' 

,   A„  1 
1 


«0. 


Digitized  by  Google 


388]  FBOBLBUB  AND  BOLimOMa.  573 

an  identini  eqtiatum  which  is  caaily  verified.  It,  in  fivct,  gives 

which  is  obviouslj  tnia    The  equation  may  also  be  written 

1,  At,  Af,  AiAf 
1,  Af,  Af,  AyA^ 
1,  A^t  Af, 

and  in  this  form  it  expresses  the  known  theorem  of  the  equality  «f  the  MbKnnuoie 
ratios  of  (Au  A„  A,,       and  {Au  Au  A^.  A^ 

Bat,  in  order  to  eetnelly  find  the  drele,  we  may  mite 

XY  +  LY-hMX  +N  =0, 
A,  +L  +  MA,A,^  NA^  =  i), 
At  +L  +MAiAt  +  NAi  =  0, 
At  +L  +  MAfA^  +  NAt^O, 
and  dinuDAttng     itf,      the  eqiiatioin  of  the  ciiote  is 

XF.  T,  X    .  1  -0, 
At  f  If  AtAtf  Af 

Aa  I    1 ,    A1A9*  Ai 

At  t  1 J  '^•^41  Af 

0t,  »edudiig,  this  ia 

(A^-A,nX7(,A^-Aul^+Y{AMA^+A^-AJt.iAt+A^\ 

or  say 

X¥(AtAt  -  A^^  +  Y  [A^^  {Af^A,)-A^AtiA.  +  A,)] 

that  is 

XY+l  ,  X    ,   r  1  =  0, 
Ai  +  At,   AiAf,    1  I 
Af  +^4»  AtA4,   I  I 
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which  w  the  required  eqintioii;  or,  tanflformiiig  (o  the  origiiud  aseSi  we  have  c+tyX, 
•-ty«F.  ke^  and  therefore  ZF*>«^'i>jr*;  aad  the  oqiiation  beoomee 


a.  +  o, -h  M/:^,  ^/9,),  (o,  +  «^^,Hai  +  «/3>),  1 
a»  +  <h  +  Hfi*  +  0*>.       +  +  1 

whidi  k  the  equatiioo  of  the  dide  thioogh  the  two  pain  of  a&ttfocal  poiubt. 

{Note.  The  second  form  of  the  equation  of  the  circle  may  be  otherwise  deduced 
from  the  first,  without  expanding  the  determinants,  by  the  following  method: 


AT. 


Y,       X,  1  = 

A,A:.  A, 

A,A,.  A, 

At,   1 1  AfAt,  A4 


A,,  1. 

A  1. 


xr+i.  y,  X.  1 

^1    Af,  1 .  AiAf,  Aj 

A,  +  A,,  1  ,  AjAi,  Ai 

4» + At,  1 ,  A*^«,  At 


therefore 


xy+ 1, 

y. 

A', 

1 

A,) 

XY+\, 

A'. 

A,  +  A„ 

1. 

iit 

A,+A,. 

AxAi,, 

1  ' 

0. 

0. 

Ai  —  Ai 

At  +  Au 

A^A^, 

1 

1, 

ii.iii. 

A, 

XY+l 

X. 

Y 

-0. 

A,  +  A, 

AiAj, 

1 

1 

Ed.  tW.  J.  AL]j 


[Vol  n.  pp.  S2— 81.] 
1B13.   (Proposed  by  the  Rev.  J.  Blissard,  B.A.) — Prove  the  following  formula}: 

x(*+ l)..(x+n-l) 
«    ^  Y„(    1    n{n'-V)      1       jM«'-l')(n'-2»)      1       ,  1 
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(2)  The  above  fbnwUa  vrgxemai  as 

jTsy  «»  1  .  n'(i>«-l«)       1         n'(n'-l')(n*-2')  1 

r(«-n)r(«+»)"^~l'«'*"    1.2    •«(«+!)"        1.2.8  •«(«+l)(»+2)"^"^- 

and  Hhow  that  this  equation  ii  subject  to  (hd  aole  netiiotum  that  when  n  is  not 
intcgnl  c  muBt  not  be  negativ& 


Setvtion  Ay  Fboiubob  Oatlbt;  ami  X.  U.  J. 

* 

Let  Ik  be  »  poiitive  integer,  and  suppose  that  [«]*  denoten  ■>  umnl  the  footonal 
1). ...(*—»+ 1);  then  we  have 

[«  +  A]»  -  (1+  A)*  («]»  «  ^1  +  ifcA  +  ^Y^^  A»  +  &c.)  [«]• 
or  pntttoig  k^—n  we  have 

Writing  heidn  (c+n-l)  fiir  »,  and  dividing  by  [x+n—lj^,  we  have 

[a:-]]"  H»   1    n'(n'-l»)        1  , 

^+tt-l)»~*"Ti"'"     1.2     ' «(»+!) 

or,  what  it  the  aune  thing, 

(rxy  n^  1  .  n»(«'-P)  1  

r<«-«)r(«f+»)  ^"T-S"^   1.2  •«(«+i)"**' 

which  is  the  formula  (2).  The  foregoing  demonstmtion  applies  to  the  ease  of  n  a 

poritave  integer;  but  as  the  two  sides  are  respectively  unaltered  when  n  is  changed 
into  —  n,  it  is  clear  that  the  formula  holds  good  also  for  n  a  negiUive  integer.  The 
right  hand  side  is  the  hypcrgeometric  scries  F{n,  —  a,  x,  1)  and  the  formula  therefore  is 

a  particular  case  of  the  known  formula 

which  when  a  or  ^  in  n  positive  integer  Is  a  mere  identity,  tnie  thi  icfuir  fin  nil 
values  of  <y;  but  if  neither  a  nor  is  a  positive  integer,  then  the  right  hand  i>ide 
is  an  infiidte  aeriee  which  is  only  convergent  (or  y>a  +  ff.  In  the  particular  case  we 
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have  a^H,  fi^^u,  7=  or;  hence  if  n  be  a  poutive  or  negative  inusgcr,  the  formuU 
IB  AD  identitjr,  but  if  ii  be  fiictional,  the  condition  of  oonTeifaiiejr  is  «>0,  that  ii, 
«  mtut  be  poiitive; 

To  prove  the  ibrniula  (1)  it  ia  only  neeenaiy  to  remark,  that  (tt  bdng  a  pontive 

fx  —  11" 

integer)  the  quantity  jjn  ^  *  rational  fraction,  the  numerator  aD<i  donnminatoi 

whereof  are  of  the  same  d^ree  n,  and  which  becomes  =  1  for  x .  Hence,  dccom- 
pofling  it  into  ample  fraetiona,  we  may  write 

[x+u-l]"  ^*"'m-^-r 
where  the  summation  extends  from  r«0  to  r=*»  —  1  both  iucluaiv«.   And  we  have 

or,  obaerviqg  that  [«+»-l]"«[«  +  «-li»-'^»(4f+r)[«  +  r-l/,  we  have 

'     ![«  +  "-  IJ"''"'  L-f  +  J-  -  1?J      '  "  l»  -  r  -  IJ'-'-'  [-  Ij' 

(-)"  [«  +  ^-l"^         ,  /_v,^     _  [n+rr^^  [n  + r]^' 

[»-r-l]'»-^'(-)'t»]^    ^  '    [n-r- l]"-'-'[r]'[r]'   ^         £*•]'•  M' 

Henee  the  formuU  ia 

or,  as  this  may  ah»  be  written, 

.(«  +  H-l>  '  I    «        1«       »  +  l  «+*  J 

which  is  the  formula  in  noostion. 


[Vd.  II.  ppi  61,  52.] 

1612.  (Proposed  by  Professor  Cayley.) — It  ia  p.ssib!i  to  ooostract  a  hexagon 
1234>56,  inscribed  in  a  coiiio,  and  such  that  the  iHagonals  14,  25,  36  pn«"?  rpspectively 
through  the  Paecalian  points  (interaectiuns  of  opposite  ludes)  'i'i,  oH;  A4f,  t>l  ;  45,  1-. 
Given  the  pointa  1,  2;  4j  6;  to  ooostruct  the  hexagon. 
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fSdution  by  the  PHOPCWER, 


Let  12,  45,  meet  in  0,  and  through  (>  draw  at  pleasure  a  lint-  meeting  14  in  P, 
and  25  in  Q\  let  P2,  Qi  muet  io  3,  and  F5,  Ql  ia  thou  the  line  36  will  pass 
through  0,  and  th)»  being  so.  tlie  hexagon  128436  eatulies  the  required  eonditione. 


We  have  to  ahow  that  36  pa<csos  thrnnti;li  O.  Lt!t  Q4  meet  012  iu  A,  aud  P2 
meet  045  in  B;  then  the  poiiitn  ii,  3,  O,  are  the  iotersvctions  of  corresponding  sides 
of  the  ferianglee  AlQ,  B&P;  and  in  otder  that  these  potnti  may  lie  in  a  line,  the 
lines  ji'iiiing  the  corivspnnding  vertices  must  meet  in  n  point,  thiit  is,  wi?  hare  to  shmv 
that  the  tines  15,  AB,  PQ  rno^t  iu  a  point.  The  property  is  iu  fact  as  follows;  viz., 
given  the  points  2,  4;  and  aho  the  puintt^  Q,  0,  P  lying  in  a  line;  then  comferudiing 
the  points  1,  5,  A,  Ii,  which  arc  the  respective  intersections  of  Pi,  02;  Q2,  04; 
Q4,  02:  P2.  04  ,  the  lines  l.">,  AB.  PQ  will  meet  iu  a  point  Tuko  ^=0,  y  =  0, 
«kO  tor  the  respective  «quatiou«  of  Pi,  Q4t,  PQ;  then  0  is  an  arbitrary  point  ia  the 
line  PQ,  say  that  for  the  point  0  we  have  tttO,  cut+by^O;  also  02,  04  are 
■rhitniy  lines  through  0 :  »ay  that  their  equations  arc  ax  +  bi/  +  \M*>Oi  ax+by-¥fi2  =  0; 
then  we  have  for  the  points  A  mui  B.  i  i  s|K'<  tivi  Iy,  (u  +bt/  + fiz  =  0,y  =  0;  asc  +  b>/ fu  =  0, 
Bs  =  0;  hence  the  eciuation  of  AB  is  fuix  +  )J>i/ +  Xfus  0.  The  equation  of  PA  is 
am+ftt=Ot  and  that  of  Q2  ia  hy+Xg^O',  the  point  1  ia  therefoire  given  by 
a,r  +  =  0,  az  +  bi/  +  \zmOi  and  5  by  by  +  Xz  —  0,  ax  +  by  +  fiz  =  0;  hence  the  equation 
ot  i:>  is  fiax+\by -^^  (fi?  —  fiX  +  y?)e  =  0;  aud  the  e«  {nation  of  PQ  being  z  =  0,  it  is 
clear  that  the  three  lines  AB,  15.  PQ  iutersect  iu  the  point  given  by  the  equations 

Ojjs.  1.  By  ins)X'ctiijn  of  the  Hgure  we  see  that  &PQ  is  a  triangle  whereof  the 
sidea  BP,  SQ,  PQ  p<i.^^  i.  spectively  through  the  fixed  points  2,  4,  0;  while  the  vertioei 
P  and  Q  lie  in  the  fixed  lines  14,  2).  ilu  locue  «f  the  v««ex  8  u  oonaaqneotty  n 
oooic;  and  the  like  aa  rq^rda  the  triangle  QPQ. 

Obsl  2L  The  regular  hexagon  projects  into  a  hexagon  inscribed  in  a  conic  and 

circumscribed  about  another  ronir  havinj^  double  contact   therewith;  in  the  hexagon 
SO  obtained  (as  appears  at  once  by  the  consideration  of  the  regular  hexagon)  the 
c.  V.  73 
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above-mentioMd  property  holds;  biit  tlie  ia-Aod-etrenmseribed  hexagon  has  the  additioiial 

property  that  the  thr.  rli.iironals  meet  in  a  point,  and  it  is  therefore  a  less  general 
6gure  than  the  bexagoo  of  the  foregoing  theoreoL  It  would,  I  think,  be  worth  while 
to  study  farther  the  hexagon  of  the  theoresi. 

(Note.  In  the  Roluticn  of  Question  1548  it  is  shown  that  if  two  pairs  of 
oppoHite  Hir!es  of  cuiy  hsaagom  mtersect  each  on  a  diagonal  prodaoed,  ao  likewise  will 

the  third  pair. 

A  '»!ipht  variation  of  Prf)fns«!or  Cayli  v's  pnvif  tnay  be  obtained  by  finding  the 
e«jiiations  of  P5,  Ql,  and  thence  of  .HO,  which  are  respectively 

a«;-(X-|i)s-iO,  Av-h(^-|»)«aO» 
ehowing  that  86  panes  through  0.  En.  [W.  J.  M].}. 


[Vol  11.  pp.  70—72  ] 

1662.  (Proposed  by  F.  D.  Thomson,  M.A.) — Find  the  locus<  of  the  points  of  contact 
ot  taiigentH  drawn  from  a  given  point  to  a  conic  circumacribiog  a  given  quadrangle. 
The  qiMdrugle  being  suppoeed  oonrex,  tEaoe  the  changes  of  form  of  the  locus  fbr 
different  portions  of  the  given  point. 


SolaHon  b>j  PROFESSOik  Catlcy;  and  (lie  Proponbil 

Let  0  be  the  given  jiuint  ,  1,  2,  3,  4  the  vortices  of  the  given  ijtiadrangle; 
A,  B,  C  the  oeutrei$  of  the  quudraugle,  viz.,  A  the  intersection  of  the  lines  14.  23; 
J}  of  H  31;  (7  of  84,  12.  The  polais  of  0  in  regard  to  the  several  dreamaerihed 
conies  intersect  in  a  point  Thix  being  so,  the  locus  is  a  cubic  pastting  through 
the  niiio  points  T,  2,  4,  A,  B,  C,  0,  0',  and  which  i«  moreover  such  that  the 
laugtJuUi  at  the  four  puiuta  1,  2,  3,  4  meet  the  cubic  in  the  point  0.  and  the 
tangents  at  the  four  pmnts  A,  B,  G,  O  meet  the  cubic  in  the  point  It  is  to  be 
remarked  that  the  nine  points  are  so  it<lated  to  i  ich  other  that  a  cubic  rhrmcjh 
any  eight  of  these  points  passes  through  the  renmiuiiig  ninth  point;  say  a  cubic 
thivugh  1,  2,  3,  4,  A,  B,  C,  0  pajneu  through  0';  the  nine  points  oonaequently  do 
not  detenBine  the  cubic;  but  the  cubic  will  be  determined,  e.g.,  by  the  conditions 
that  it  passes  through  1,  2,  3,  4,  A,  B,  C,  0,  and  has  01  for  the  tangent  at  1. 
The  senea  of  cubioa  oorrespundiug  to  diifereul  positions  of  the  point  0  is  identical 
with  the  series  of  cabics  passing  through  the  seven  pcinta  1.  2.  8,  4,  A,  S,  C 
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Coovenely  may  given  cabic  curve  may  be  taken  to  be  a  oulrie  of  the  series;  mmI 

the  points  \,  2,  4  will  then  be  dHermiiied  an  follows,  viz.,  1,  2,  3,  4  jirn  the  points 
of  contact  of  the  tangtiots  to  the  cubic  from  an  arbitntry  point  0  on  the  cubio;  and 


tiMii  tddng  ae  befim  A,  B,  0  for  tbe  intaaeetioiM  of  14.  S8,  of  84.  31  and  of 

34,  12,  reiip(»("tivcly,  the  points  A,  H,  C  will  lie  on  the  cubic,  und  fhi-  tMii^'onts-  at 
A,  B,  C,  0  will  meet  the  cubic  in  a  point  0'.  1  call  to  mind  that  a  cubic  curve 
without  angularities  is  either  eomphx  or  sinoplex ;  in  the  nmplex  kind  there  can  be 
drawn  from  any  point  of  the  curve  two,  and  only  two,  real  tangents  to  the  curve; 
ill  th.'  complex  kind,  therc  can  be  drawn  four  real  tangents  or  else  no  real  tangent, 
trom  any  point  on  a  certain  bianch  of  the  curve  there  can  be  drawn  four  real 
tangents,  from  a  prant  on  the  remaimng  portioo  of  the  curve  no  real  tangent 
Hence,  in  the  forgoing  muHtniction,  in  order  that  the  points  1,  2,  8,  4  may  be  ras], 
the  given  cubic  must  be  ot  the  complex  kind,  and  the  point  0  must  be  taken  on 
the  branch  which  hiu<  through  each  of  its  points  four  real  tangent-s. 

The  foregoing  re^ultH  may  be  establishefl  ijeometi'icaUy  or  analfjticaUlf ;  but  for 
brevity  I  merely  indicate  the  analytical  demonstration.  Suppose  first,  that  the  point 
I,  2.  3,  4  are  given  as  the  inteisections  of  the  conies  U  =  Q,  1^=0;  let  a,  (3,  y  be 
the  ffooTdinatew  of  the  point  0,  and  write  J)^«Sg+fiSy+ySt,  so  that  DU=0  and 
PV  =  i)  are  the  equations  of  the  pilars  of  0  in  rc^'ard  to  the  conies  U  =  0,  V=0 
respectively.  The  equation  of  any  conic  through  the  foui-  points  u  U-i-kV=0;  and 
the  equation  of  the  polar  of  0  in  re^;ard  thereto  is  jyU+kDV^O;  eliminating  k 
from  diese  equations,  we  have  UDV-YDU^Of  whidi  is  the  equation  of  the  given 
locus.  We  see  at  once  that  it  is  a  cubic  curve  pn-xsing  through  the  points 
iU~0,  KaO),  that  hi,  the  points  1,  2,  3,  4;  and  through  the  point  DU^O, 
that  tt,  the  point  (/;  it  also  follows  without  difficalty  that  the  curve  passes  throngh 
the  point  0.  But  for  the  remaining  results  it  is  better  to  particularize  the  conio* 
U=0,  V=0.  Let  the  eqimtionH  of  12,  23.  34,  41  be  ar==0,  y  =  0,  z  =  0,  w  =  0 
respectively,  (where  x  +  y  +  z  -\-w  =  0);  and  in  the  same  system,  let  a,  i9.  7.  S  be  the 
coocdinatea  of  0  (9+ fi+y+B^O),  then  mg^O,  yw^O  are  each  of  them  a  eonie 
(pair  of  lines)  pa.ssing  through  the  four  p)int«;  and  we  may  thcreforo  write  U  =  yw, 
K  =  x2;  the  equation  UDV—VDU^Q  thus  becomes  yw{^az-\-'fx)  —  xz(^w  +  hy)  =  M,  or, 
as  this  equation  may  also  be  written. 
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which  ii  the  equation  of  the  culne  curye;  eiid  from  this  fiimi  the  several  above- 
mentioMd  fesults  nay  be  obtained  wtthonfc  iliflieitlty. 

To  give  an  idea  of  the  form  of  the  curve  corresponding  to  n  given  cunvex 

liiadrnii^lf  12??4.  auil  ^nvi'ii  jn.-itimi  <if  rho  point  O,  I  «Tippo<?t^  thnt  O  is  simate 
mUtin  the  quadraugle,  for  iiistaucc  in  the  triauglo  Bli.  The  mere  inApectioo  of  the 
figure,  and  conridemtton  of  the  conditions  wluch  are  to  be  satisfied  by  the  cuiHe  enrve, 
is  enough  to  show  that  this  \><  of  the  fonn  described  by  Newton  as  anguinea  cum 
imtlt,  viz.,  tlie  ovtti  parses  through  the  poiuf^  ^,  4,  A,  B,  and  the  «pq>entin<'  bram^h 
through  the  poiuts  1,  2,  C,  0,  0'.  But  the  complete  discussion  of  the  dillcreut  cases 
would  be  somewhat  laborious. 

{A  gtometrioal  iuventigation  of  the  locus  is  given  on  p.  124  of  Cremona's  Teoria 
QeoiMtriea  dM»  Curve  Piane.  Ea  [W.  J.  H.].) 


[Vol  IL  pp.  69.  90.] 

1633v  (Proposed  by  Professor  Cayley.) — If  on  the  sides  of  a  triangle  there  are 
taken  three  pntjits.  ono  on  va<h  sidr ;  and  if  through  the  throe  pnints  and  the  three 
vertices  of  the  triangle  there  are  drawn  a  cubic  curve  and  a  (juailic  curve,  iuter- 
sseting  in  mz  other  pointo;  then  there  exists  a  qnintic  curve  passing  through  each 
of  the  three  points  anid  having  each  of  the  six  points  f<Hr  a  double  point 


Si/LiUiuH  b;/  t/ie  I'koI'uski!. 

Let  P  s  0  be  the  equation  of  the  (^aortic  curve,  ^  -  0  the  equation  of  the  cubic 
curve,  Jf at  0  the  C(|uation  of  the  three  sides  of  the  triangle ;  then  if  we  can  find 
A,  B,  C  functions  of  the  onl.  i-s  (t,  1.  2  respectively,  and  U  a  function  of  the  fifth 
order,  Kuch  that  wi  have  iilentically  \fU='AP*  +  BPQ  +  CQ';  we  have  AHJ  =  0.  a  cur\e 
of  the  eighth  order,  having  a  double  point  at  each  of  the  points  (/-*  —  0,  Q  —  0),  which 
points  are  the  three  vertices  of  the  triangle,  the  three  points,  and  the  six  pobts; 
but  the  curve  MU'^O  h  »ude  vp  of  the  curve  M  =  0  (the  three  sides  of  the 
triancflo,  Ixnnpf  a  ciibio  curve  having  each  of  the  vertieen  for  a  double  point,  and 
passing  through  ewh  of  the  three  points)  and  of  a  certain  quintic  curve  U  =^0; 
henoe  the  qnintie  ourve  must  psss  through  each  of  the  three  points^  and  have  a 
double  point  at  each  of  the  six  points}  or  there  exists  a  quintie  curve  aatufying  the 
conditions  of  the  theorem. 

I  fake  x  =  0,  y  =  0,  5  =  0  for  the  equatintm  nf  the  three  sides  of  the  triangle,  and 
then  (the  constants  being  all  of  them  arbitrary')  writing  for  shoitncss 

t;  =  u'x       .  +  Of,        y  =  ax       .  + 
t  =  o"«+6"y  ^«a"x  +  /3"y 
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1  assume  that  the  three  poiuts  are  given  by  the  equations  (««0,  {"O),  (^  =  0,  »j  =  0), 
{t  s  0,  (ss  0),  respectively.  This  being  so,  we  tney  write 

Q  =  yei^  +  sxfih'  +  xy^"  +  xi/ze  -  0,     -  P  -  yilcX  +  *mj  F  +  Ky^Z  +  xyzB  =  0, 

for  the  equatiou8  of  the  cubic  curve  and  the  quartic  curve  respectively.  We  have 
of  course  M » xys  —  0  fur  the  equatiou  of  the  three  sides  of  the  triangle,  and  the 
identity  to  be  satiBfied  is  xgzU ^  AF*  ■¥  BPQ  ■¥  CQ^. 

I  was  led  to  the  values  of  A,  B,  0  by  ooDsideretioos  founded  on  the  theory  of 

curves  in  space.    We  have 

A  =  B&'B",      li  -  (SV  +  h"a)  Ix  ■¥  (8"^  +  h^')  i'y  +  (87'  +  S'7)  Ws. 

0  =         +  +  TySV  +  (7i8"«'  +  i^')  jfJt  +  (a'Tfi"  +  a'VS)  «*  +  0"a'«  +  ^'B')  ; 

and  with  theee  values  it  is  easy  to  show  that  the  function  AP'  +  BPQ+  C(f  conr.iiii-? 
the  factor  xyz;  for  snbslitnting  the  values  of  P,  Q,  all  the  terms  of  AP*+ BF(i  +  CQ^ 
contain  explicitly  thf  tUctor  ./yj,  except  the  terras 


and  these  tenns  will  contain  the  factor  xfft,  it  only  the  expressions  AX'^^BXB+O^t 
jy»- /?TT+C8'».  AZ'-PZZ"  \-r^'^  contain  respectively  the  factors  x,  y,  z.  But 
AX*  —  JiXB-i-CS'  will  contain  the  factor  x,  if  only  the  expre^uu  vanishes  for  j  — 0; 
and  for  ««0  we  have 

AX'-BXB  +  CS'=0  = 

SB'S'  {fiy  +  fzy  -  [5-5"  (0y  +  7^)  +  fi  (^'&y  +  y'S^'t)]  &(^y+  ys)  +  (fij,  +  ys)  0S"« y  +  y'B"z)  S' ; 

lh:\t  ifi,  A  —  nXS -t- Cc-  contains  the  fiwtor  x;  and  hy  syininc  t  ry  tht"'  other  two 
expressions  contain  the  factors  y  and  t  respectively.  The  excepted  term.s  contain  therefoi-e 
the  Aetorqi»;  end  there  exists  therefore  a  quintic  (unction  U^{AI'*  +  BPQ+CQ^)~-xi/z  ; 
which  proves  the  theotem. 

p 

The  values  of  A,  B,  0  wexe  obtained  by  considering  the  surface  which, 
as  is  at  onee  seen,  contains  upon  itself  the  three  lines 


A  <y*a»$*X'  +  i».<!*7*P  +  it^jfV^)  -  B  (yVf*Z5  +  fa^rfYB'  +  x'tfl^'ZB  ) 


or  sa  these  equations  may  be  written 


a'x  .  +  y'z  +  h'm  =0), 
a"a;  +  /3"y   .  +S"w  =  0); 
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•ltd  then  seekiag  £»r  tbe  equation  of  the  hyperbobid  which  ptunn  through  the  thiee 
lines,  thifl  is  found  to  be  Av^+Bm+C''Q,  when  A,  B  0  have  tbe  befbre-meDtuwed 

values. 

If  in  the  foregoing  theorem  the  cubic  in  considered  an  a  given  cubic  cimT,  and 
tbe  three  points  as  three  arbitrary*  points  on  the  cubic,  the  question  then  arises  to 
find  the  triangle;  or  we  have  the  proUem  proposed  mt  Question  1807. 


[Vol.  n.  p.  91.] 

1542.  (Proposal  by  ProfesHor  Cavley.) — If  a  given  line  meet  two  given  conies 
in  the  points  {A,  B)  and  {A',  B)  respectively;  and  if  (A",  B")  be  the  sibi-conjugate 
points  (or  fixa)  of  the  pain  (A,  A*)  and  {B,  ff),  ot  of  the  pan  (A,  ST)  and  {A\  B). 
then  (A",  li")  lie  on  a  conic  passing  through  the  four  pmnts  of  inteneetioii  of  the 

two  given  conies. 


[Vol  11  1  i  07—100.] 

1606.    (Proposed  by  the  Editou,  [W.  J.  M.]). — Solve  the  following  problems: 

(a)   Through  tbiee  given  puiuLs  to  draw  a  conic  whose  foci  shall  lie  in  two  given 

lines. 

()3)  Through  four  given  points  to  draw  a  conic  such  that  one  of  its  chonls  of 
intersection  with  a  given  conic  shall  pass  through  a  given  pobL 

(7)  Through  two  given  points  to  draw  a  circle  such  that  its  chords  <tf  tnte^ 
section  with  a  given  drcle  shall  pass  through  a  given  point. 


(«)  Through  three  given  points  to  diuw  u  conic  whose  foci  shall  lie  in  two  given 
linuM. 

The  focus  of  a  conic  is  a  point  sneh  that  the  lines  joining  it  with  the  two 
circular  points  at  iniinity  (say  the  points  /,  J)  are  tangents  to  the  conic.   Hence  the 

(|»c»tion  is.  in  n  pfivm  linr  to  fine!  a  point  .4,  and  in  another  ffiveu  line  to  find  a 
point  B,  such  that  there  exist*!  a  conic  touching  the  four  lines  Al,  AJ,  BI,  BJ 
(where  /,  J  are  any  given  points)  and  besides  psasing  through  three  given  points. 
Moi(>  genemlly,  instead  of  tlic  lino  from  A,  B  to  the  given  points  /,  J,  we  rosy 
(•MUHider  the  tangent-s  from  A,  B,  io  a  given  conic  H;  the  question  then  Ls,  in  a 
given  line  to  find  a  point  A,  and  in  another  given  line  to  find  a  point  B,  such  that 
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there  ezuta  a  conio  touching  the  tangents  firom  A,  B  to  n.  given  cotiio  8,  and  besides 

IWlwing  thlOUgh  three  ^'ivon  points.  It  is  rather  more  convenient  to  OOoaidcr  tha 
reciprocji!  ipifstion  -tlmui^h  it  is  to  hr  home  in  mind  that  for  any  two  ret^ipnxa! 
questions  a  solution  of  the  ooe  quetition  by  inean^s  of  coordinates  {x,  y,  t)  regaixled  as 
point-oooidinates  ii  in  6et  a  aotution  of  the  other  quealiiou  by  ineaiiB  of  the  same 
OoordlMtM  (j:,  y,  t)  regarded  as  line-coordinAtcs.  The  raet|meal  question  is:  thrun^'h 
a  given  point  to  draw  a  line  A,  and  through  another  given  point  t  i  draw  a  line  B 
such  that  there  exists  a  conic  {jas^ing  through  the  intersections  of  these  lines  wiih  a 
given  oonie  6,  and  hendes  touching  tbiree  given  lines.  The  given  points  may  he  taken 
to  be  (x^Q,  f  =  0),  (,y  =  0,  z  =  0);  this  detennines  the  lino  z  =  0,  but  not  the  lines 
z  =  Q,  y»0,  so  that  the  point  (x- -  0,  ^=0)  may  without  \<m  of  generality  be  auppoeed 
to  lie  on  the  conic  H ;  the  eiiuation  of  this  conic  will  therefore  he 

(a,  b,  0,  /,  g,  h^x,  y,  «)•  -0. 

I  take  +  7J- =  0  foi  flio  equation  of  the  line  A,  /xy  +  i;  =  0  for  the  equation  of  the 
Use  B  (so  that  the  quantities  to  be  determined  are  the  ratios  a  :  y  and  /i  :  v);  this 
being  so,  the  required  conio  peiwMie  through  the  intexBectione  of  these  lines  with  the 
conic  6 1  ita  equation  will  thcnfore  he 

(a,  b,  0,  /,  y,  h^x,  y,  zf  +  2  (at  +  yz)  Oijf  +  v«)  «  0 ; 

or  what  is  t>he  same  thing 

where  a,  %  ^  y  have  to  he  determined  in  and)  manner  that  this  come  nay  touch 

three  gi\en  lines.  It  is  to  be  observed  that  a,  7,  /i,  i',  enter  into  the  equation 
through  the  combinations  cyt,  a  :  %  and  ^  :  jr,  so  that  there  are  really  only  three 
dispusable  quantities. 

The  condition  in  order  that  the  oonie  nwy  touch  a  line  ^-(-iMr+CtM  0  is 

,  (/ +     (f)r  +  »»  )  -  « iTf    + /«) 

that  is,  puttnjg  for  shortness  C  =  ab-lt'.  F=gh-a/,  O^hf-bg,  and  reversing  the 
sign  of  the  whole  ezpreasicHi, 

:  SV-  SF^f-  2(?tf- 

■^■2v[-by^--(ay-ga),)-  -  hati^+  bai^  +  {hf  -  a/ )  ^7)] 

+       M  -  »lifl  +        [an  <y{  -  aO)  +  »^  }«V}  =0; 
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or  wbit  U  the  mne  thing 

{ittQ+MCvf  -      +  2"     +  97)  +  V(«+*y)  +  *  «<» ; 

where      q,  r,  a,  t  are  given  functions  of  (f,  ^, 

I  write  for  greater  oonvenienoe 

/»"Y>  7«Jf, 

(so  thnt  th:-  i|iia!ititi<'s  to  bf  deteimined  will  be  the  ntioa  X  x  T  :  Z  :  IT);  the 
foregoing  equation  then  becomes 

or  what  in  the  sanu'  thing 

{nYW+Xi(2- iW)i'  +  %Xr*(pW-^^+ 2X*Y  (rW+tZ) + 0. 

Hence,  considcriog  in  place  of  the  line  fa?  +  iyy+ =  0,  the  three  given  !ine« 
^,x  +  if,!/  -i-i^^O,  i^+v^+(^^0,  (t^+^+i^^O  •ttccetfively,  we  h*ve  the  three 

equations 

It,. YW  +  X  (f .2 - f, MOl'  +  2X Y*(iHW  +  q,Z)  +  2X'Y (r, IK  +       +  t^X'Y'  =  0. 

which,  tiTatint;,'  .V,  Y,  Z.  W  ns  thr-  rrKirdinates  nf  a  point  in  spar-e,  aif  cai  h  of  them 
the  eijuation  ot  a  tjnartic  surface  having  the  line  (Jf»0,  K  =  0)  for  a  cuspidal  line. 
The  required  valneM  of  X,  Y,  Z,  W  un  the  ooonlinateB  of  a  pdnt  of  intenection  of 
the  three  surfaces,  and  these  heing  found  the  eqOAtion  of  the  COnic  Mtuiying  the 
conditions  of  the  question  is 

(«,  *,  0,/  g.        y,  sy+2(Wx+Zz)(^^,+  |)=a 

As  to  the  intci-soction  of  surfaces  having  a  crtrnmon  liiK,  see  Salnuni'-  .So/irf 
Geometry,  p.  257 ;  but  the  case  of  a  cuspidal  liue  not  haWog  been  hitherto  discusacd, 
I  am  not  able  to  my  now  how  many  {Mints  of  intenection  there  are  of  the  three 
surfaces,  nor  oonaequently  what  i.H  the  number  of  the  eolutimM  of  the  question  is 
hand.   It  of  course  appears  that  64  is  a  superior  limit 

(S)  Thioii^'h  tour  given  point<4  to  draw  a  conic  '•nch  that  one  of  its  chords  of 
intersection  with  a  given  conic  shall  pjuss  through  a  given  point. 

Let  the  four  points  be  given  an  the  intersectinns  of  tho  conies  1^=0,  V—0,  and 
let  ir  =  0  be  the  equation  of  the  given  cunic,  (a,  pi,  y}  the  coordiiiate»  of  the  given 
pinnt. 
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Tb«  eqiutioD  of  the  required  comc  may  be  token  to  be  €t^\U+/iV^O,  end 

thia  being  so,  the  equation  of  any  conio  paning  through  the  points  of  intersection  of 
the  conif  fl  1^ 0  and  t!if  given  conic  TT^O,  will  be  \U+/iV+»W^Oi  and  if  v  be 

properly  tletei-mined,  viz.  by  the  equation 

Diuct.  (\U+fiV+pW)  =  0, 

which  it  will  be  ob<«ci'%o<!  is  a  ctibic  eqiiafion  in  (X.  ft,  v),  tht'ii  XU  +  ^V+pWssO  will 
be  the  equation  of  a  pair  of  the  chortln  of  intersection  ot  liio  conies  H  =  0,  WssO. 
The  ehoid  vhidi  poaMs  throogh  the  giv«i  point  (a;  $,  y)  may  he  taken  to  be  one 
of  the  pair  of  chords ;  the  pair  of  chords,  regarded  as  !i  onnic,  then  passes  through 
the  given  point  (a,  0,  y);  or  if  U^,  V,,  Wt  aie  what  U,  V,  W  become  on  aub- 
stituting  therein  the  values  (a,  fi,  7)  for  the  ooordinatea,  we  have 

whicli  i>  a  linear  equation  in  ^  /i,  »)\  and ' oombining  it  with  the  befere-mentkaed 

cubic  et^uutiou, 

Disct.  (\r+^F+.r;r)  =  u, 

the  two  efjtiatiiins  give  the  ratios  {X  :  p.  :  v),  and  the  etjufition  of  the  req»iin>it  conic 
is  \U ■\- ii.V  =  There  are  three  systcniti  of  ratios  "K  :  i*.  :  v,  and  consequently  throe 
conica  aatiafying  the  eondtttona  of  the  Queation. 

Suppose  that  the  conies  £/^«-0,  K>0,  ir»0,  have  a  coinmou  chord,  then  the 
eonioa  9««X{7+/mF'bO,  IT^O,  have  thia  common  ehord,  aay  the  fixed  diord;  and  they 

have  besides  another  chord  of  interaection,  say  the  proper  chord,  which  is  the  lino 
joining  the  two  points  of  intersection  not  on  tho  fixed  chord.  It  follows  that,  in 
the  equation  \U p,V +vW  =  0,  v  may  be  so  dctermiued  that  this  equation  shall 
repreaent  the  fixed  and  proper  dionla;  the  raquired  vdne  of  y  »  one  of  thoae  given 

by  the  befnio-nit-'ntioiiefl  cubic  equation,  which  will  then  huve  a  wiugle  rational  factor 
of  the  form  a\-^btt.-\-cv,  and  the  value  of  v  is  that  obtained  by  means  of  this  foctor, 
that  is,  by  the  equation  aX  +  6M  +  cf  =  0. 

[The  value  in  question  may,  however,  be  found  independently  of  the  cubic  equation ; 
thus,  if  the  three  ooniea  have  the  oommon  chord  P»0,  then  their  equations  may  be 
taken  to  be  CT-O,  U+FQ^^,  U+PR^'O:  we  have  then  B^^XU+t^iU+PQ},  mi 
the  value  of  y  ia  at  onoe  seen  to  be  p^—iX+fi),  for  then 

x£r+ +  yF  -  xi7+ j»  ( ir+ -  (X + (r+ -  0, 

that  is,  P{jtQ-(X  +  fi)R]  =  0,  which  is  the  oouie  made  up  «f  the  fixed  dmrd  P^O 
and  the  proper  chord  ftQ^(X+tt)R^O,\ 

But  returning  to  the  equations  U^O,  FsO,  W=>0,  the  valne  of  v  ia  given  by 

the  equation  aX  +  6/*  +  cv  =  0,  obtained  by  equating  to  zero  the  rational  factor  of  the 
cubic  equation.    Suppose  now  that  the  proper  chord  passes  through  the  given  point 
(>•  /3>  y)>  then,  as  before,  the  equation  \U i/iV vW^H  ia  antiafied  by  these  values 
a  V.  74 
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of  the  wxmtinateg,  or  we  have  XCT^-f/KFt-f  vir«*0;  wtueh,  with  (he  before-meDtioiied 

linear  equation  oX  +  6^  +  =  0,  determines  the  ration  \  :  fi  :  v  ;  and  the  required  conic 
ifl  \O+fjiV=0\  there  is,  then,  in  the  prewat  cane  only  one  conic  wtisfying  the 
oonditions  of  the  Quefltion. 

<7)  Through  two  given  p)mt8  to  draw  a  circle  such  that  its  chord  of  intcraectioa 
inth  a  given  direto  shall  peas  through  a  given  point 

The  foregouig  discussion  of  the  case  of  three  conies  having  a  common  chord  is 
of  ooone  direetijr  applicablo  to  the  proeont  qneetion,  the  oonmon  ehonl  being  the  line 

infinity;  it  is  therefore  sufficient  to  give  the  final  analytical  result;  viz.,  if  the  given 
points  are  y  =  0,  a?=  ±  1,  and  if  the  given  ciHc  is  «*  +  y'  +  c  +  2/y+ 2^X"0,  and  the 
point  through  which  posses  the  chord  is  « s  a,  y  =  ^,  then  the  equation  of  the  required 
dide  18 

<*»+y«- 1 +|(29«+^+ 1  +  c)y -0, 
The  equation  of  the  ehoid  of  interaection  ii^  in  (ad, 

1  +  «  - 1  (9^ + 8>38 + 1 -I- e)  y  +  %wr  +  ^  -  0. 

whioh  is  satisfied,  as  it  ehoald  be,  by  y^fi. 

But  the  geometrical  solution  is  even  more  simple.  Let  A,  B,  he  the  given  points, 
C  the  point  throiurh  which  passes  the  chord  of  int*  rsL-,  Unn ;  ih<'n,  joiuitig  C,  A.  and 
taking  on  this  line  a  point  U  such  that  CA .  CH  is  equal  to  the  square  on  the 
tangentkl  diataaee  of  0  from  the  given  ctrole,  it  is  at  onoe  wen  that  any  circle 
through  A,  H  IB  such  tliat  its  chord  of  intersection  with  the  given  circle  paaae* 
throiigh  0;  henoe  the  required  oirele  is  that  drawn  through  the  three  points  A^  H»  B. 


[Vol.  lu.  January  to  July,  1865,  p.  29.J 

1607.  (Prnjiosc'l  hy  Professor  CayleY.) — lu  a  givim  <nibic  ctirve  tii  in=?>^ribo  a 
tiiaogle  such  that  the  three  sides  sliall  pass  respectively  through  three  given  points  on 
the  oorve. 


[Vol.  III.  pj).  tJO— 63.] 

1647.  (Propoeed  by  Professor  Caylby.)— Find  the  locus  of  the  foci  of  an  ellipse 
of  g^ven  major  axis,  pentng  through  three  given  points. 

[In  connexion  with  the  problem  the  Proposer  remarks  as  follows : 

Let  A,  B,  C  he  the  given  points;  take  P  an  arbitrary  point  (not  in  general  in 
the  plane  of  the  three  given  points),  then  wo  may  find  a  point  Q  (not  in  general 
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ia  the  plane  ot  the  three  given  points)  auch  that  QA  +  AP  =  QB  +  BF  =  QO +  CP  " 
given  majot  axis.  And  this  being  so,  if  the  locus  of  P  1m  a  given  surfiwe,  then  we 
shall  have  a  certain  surfiwe,  ihe  loous  of  Qi  and  so  if  the  locus  of  P  be  a  given 
curve  in  spare,  thim  we  shall  have  a  given  cnrvp  in  space,  the  locus  of  Q.  In 
partivulai,  il  the  lucus  of  P  be  the  plane  of  tbe  three  given  points,  then  the  locus 
of  Q  will  be  a  certain  sorfiwe,  euttmg  the  plane  in  a  curve  trhidi  is  the  loons  in 
thf  fort  going  problem ;  and  when  Q  is  situate  on  this  mrve,  then  also  P  will  he 
situate  on  the  same  curve.  Or  if  the  locus  of  P  be  the  curve  iu  question,  then  the 
locus  of  Q  will  be  the  same  curve.  Say,  iu  general,  that  the  iooi  of  P  and  Q  are 
reciprocal  loci,  then  the  curve  in  the  pntblem  %$  its  own  rtc^rveoL  And  we  may 
propose  the  Moiwing  qnestioo : 

Find  the  curve  or  surlaoe,  the  locua  of  P,  which  is  its  own  reciprocal. 

We  have  also  aualogouji  to  the  original  prubleui  the  followiag  questiuu  lu  Solid 
OeoBsetiy : 

Given  the  four  points  A,  B,  C,  D  m  space,  to  find  the  locus  of  the  points  P,  Q 
auch  that 


SUuHait  6y  tk$  Fmposbit. 

In  general  if  a,  6,  c  be  the  sides  of  a  triangle,  and  /,  ^,  A  the  distances  of  anj 
point  firom  the  angles  of  the  triangle  (or.  what  is  the  same  thing,  if  (a,  6,  e,  /,  g,  A) 
be  the  distances  of  any  foar  points  in  a  plane  from  each  other^  then  we  have  a  certain 

relation 

^{a,  b,  e,f,  ff,  A)=0. 

Hence  if  r,  «,  t  be  the  distances  of  the  one  focus  from  the  angles  of  the  triangle,  and 
Ae  nugor  axis  is  ■■2X,  then  the  distancss  fur  the  other  focus  are  tk—r,  SX— t,  SX-^t; 
and  comiderbg  the  three  angles  and  the  other  focus  as  a  qrstem  of  four  punta,  we 
have 

^(fl.  6,  c,  2X-r,  2X-«,  2\-t)  =  0, 

which  is  a  relation  between  the  distances  r,  s,  t  of  the  first  focus  from  the  angles  of  the 
triangle,  and  which,  treating  these  distances  as  cooi-dinates  (of  course  in  a  generalised 
sense  of  the  term  "Coordinate"),  may  be  regarded  as  the  eqnaticQ  of  tlie  rsqnirsd 
locus.   It  is  to  he  observed,  that  we  have  jdentically 

^(a,  h,  e,  r,  s,  t)-0, 

and  the  equation  uiit)  In  txprcssed  in  the  fdmplihcd  lonn 

^(a,  b,  c  2X-r,  2X-()-^(a»  b,  c,  r,  *,  0-0. 

74—2 
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To  devdope  tlie  aoliifiioii,  I  notioe  that  the  exprcaaion  for  the  equation  ^  (o,  b,  c,/,  g,  h)mH  » 

fcV     +  A»)  +  c*a»(A»+/«)  +  a»6»  (/»  + (/») 
+  <f'h*  (f  +  c»)  +      (c»  +  a')  +/y  (a"  +  6«) 

-  a'/*  (a'+ /»)  -  6y  (6«  +  i7*)  -  c»A'  (c»  +  A») 

-  oy** -         -  c»/y  -  a'6*c»  =  0 ; 

8ee  my  paper,  "  Note  on  the  value  of  certain  delcnninanLs  Qtuui.  MaA,  Jomm. 

vol  III.  (1860),  pp.  275—277,  [286].    Or,  as  thin  may  also  h.<  written 

whore  2  refers  to  thf  siinultAnwins  t'vplir4il  penrmtatioii  of  (u,  b,  c)  and  of  (  /*,  rj,  h). 
Hence  we  have  only  in  this  equation  to  write  2\-r,  2X  — «,  2X  - 1  in  place  of 
</>  9.  A)>  and  to  omit  (he  terma  independent  <tf  X,  bciug  in  fitot  thoee  wbieh  eie  equeJ 
to  ^{a,  b,  9,  r,  s,  f).  OhMirviDg  that  we  hmfe 

^< + (^/a  e  (4V  -  SX  (« + 0  -f  -  «<)* + a*  (2X  -  r)> 

-  16X«  -16X*  (« +<)  -i-Wif+t+iH-t-e^- 4X[«((«+«) +0^]  +  ^-¥«Pr'i 
/*  =  (2\  -  r)'  -  16X«  -  3iX.¥ + UK^  _  8Xr» + r*, 

the  equation  becomes 

lt)\*  :S  (6»  +  (T"  -  a')  -  2a»] 

-  16V{S(6*  +  <*'-a')(*  +0-22a»r} 

+  4XMS(ft»+fi»-o»)(<«+l'+4«t  +  o^)-62a^r*) 

-  4\  (SCftv+i^ -a^)[4l(« dV]-SS<i^t«}-0. 

wtiere  the  S's  refer  to  the  simultnncous  cyclical  periuutatioo  of  the  (a,  b.  c)  and  the 
<r,  s,  f).  The  coefficients  of  \*  and  V  are,  it  is  easy  to  see,  each  =0;  and  in  the 
coefficient  of  X*  the  terma  2(6»  +  c'-o»)(«' +  f)-62<i»r'  are  =-42<tV;  hence  dividing 
the  whole  equation  hjr  4iX,  we  find 

X  (2  (6>  +  c»  -  a»)  (4«<  +  a«)  -  42o»r»l  -  [S  (6»  +  c"  -  o')     («  +  <)  +  o»r]  -  22aV)  =  0. 
which  is  the  required  relation  between  (r,  s,  t). 

It  may  be  noticed  that,  expressing  the  distances  r,  «,  i  in  tennH  of  Cai  tesian  or 
trilinear  coonlinates  (x,  >j)  or  (r,  y,  then  r*,  «»,  are  rational  and  integral  functions 
of  the  coonliuates,  and  Lhc  funii  of  the  eejiiation  therefore  is 

where  the  subscript  numbers  denote  the  degrees  in  regard  to  the  coordinates.  Multiply- 
ing this  equation  successively  by  1,  r,  #,  t,  si,  ir,  rs,  rst.  we  have  eight  equations  linear 
in  the  but-mentioned  dght  quanliUes*  the  coefliciente  h«ng  of  known  degrees  respectivelj ; 
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and  eliminating  tlie  dght  quantities,  we  have  the  t«UoiialiMd  equation  ezprataed  in  the 
Ann,  detenninant  (of  cvder  8)«0;  ina.  tiiia  is 


1  A 

J> 

tL 

n 

» 

» 

A 
V 

^  . 

0  , 

A  , 

A  » 

A 

A,  , 

A. 

0  , 

A  , 

1  Ai^. 

JB^, 

A  . 

0  . 

0  . 

AP, 

A 

0  , 

At*  . 

Af. 

c; 

0  , 

lit*. 

A*». 

4.  . 

A 

0  , 

A«», 

Ai^. 

A, 

This  seems  to  lie  of  tlie  degree  18  in  the  ooordinates,  Imt  it  is  prolwlile  that  the  veal 
dqirae  ia  bwer. 


[Vol  m.  ppk  63—65.] 

1652.  (Propopod  by  W.  K.  Clifforp.)— Througli  the  an,^les  A,  B,  C  of  a  plane 
tiiaagle  three  straight  lines  Aa,  £b,  Co  are  drawn.  A  straight  line  A&  meets  Cc  in 
B;  BB  meeta  A9  in  P;  PC  meets  in  Q;  meets  in  r;  and  so  on.  Prove 
that,  after  going  twioe  ronnd  the  triangle  in  this  way,  we  always  eome  hack  to  iJie 
same  point. 

Sluiw  that  the  theorem  is  its  own  reciprocal.  Find  the  analogous  properties  of  ft 
skew  quadrilateral  in  space,  and  of  a  polygon  of  »  sides  in  a  plane. 


Sohaion  by  Professor  Catlbt. 

1.  The  theorem  may  be  thus  stated :  Given  tbroo  lines  a,  y,  z,  and  in  these  lines 
lespectively  the  points  A,  B,  C\  then  tiMie  exist  an  infinity  of  hexagons^  sneh  that 


the  pairs  of  opposite  angles  lie  in  the  lines  x,  y,  z,  rfspocttvoly,  and  that  the  pairs 
of  opposite  aides  pass  through  the  points  A,  B,  G,  respectively. 
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2.  demoustration  ia  as  follows:    We  hav<>  to  show  that,  startiog  from  an 

arbitrarv  point  1  in  the  line  x,  and  const nictlDj:,'  in  tho  prr>crib.:d  mannrT  (as  j^li.nvn 
successiveiy  in  the  figure)  the  poiute  2,  3,  4,  5,  6,  the  last  side  Gl  of  the  hexagon 
1S3456  will  pus  through  B.  By  the  ooiMtnietiaa,  we  have  ii,  2,  3  in  a  line,  and 

likewise  C,  4,  .">;  hence,  by  Pascal's  theoivm,  u{>i>lied  to  tht*  six  points  in  a  pair  of 
linps,  the  poirf-  of  intersection  of  the  linej*  f25,         Hf',  A&X  (■^♦.  G2)>  that  is,  the 

poiuLH  B,  6,  1,  \w  ill  n  line;  which  is  the  re^uircHl  thvorcm. 

3.  More  generally  suppose  that  the  poiuts  A,  B,  C  are  not  on  the  lines  x,  y,  t, 
twpectively.  I  remark  that  it  is  not  in  general  possible  to  describe  a  hexogou  sncH 
tliat  the  opposite  angles  lie  in  the  liue.s  x,  y,  z,  respectively,  and  the  opponte  sides 

pn.«s  thiTAigh  tl;r  points  A,  Tl,  C,  rcsju-otively ;  but  if  there  exists  one  lifxapon  fvij., 
a  proper  hexagon,  not  a  triangle  twice  repeated^  then  there  exists  an  infinity  of  sach 

4u  In  fact,  if  it  be  required  to  find  a  polygon,  the  angles  whereof  lie  io  given 
lines  rospeetively,  and  the  aides  whereof  pass  through  given  points  r^tpeetiTely;  the 
problem  is  either  indeterminate  or  admits  of  only  tivo  solutions.  If  therefore  in  any 
particular  case  there  are  three  or  more  solutions,  the  problem  is  indeterminate,  and 
has  an  infinity  of  solutions.  Now,  in  the  above-meutioned  case  of  the  three  lines- 
and  the  three  points,  there  exist  two  triangles,  the  angles  whereof  lie  in  the  given 
lines,  umi  tlio  sides  pa.**  through  tho  given  point!< ;  and  each  triangle,  takin;;  the 
angles  twice  over  in  tho  same  order  123123,  is  a  hexagon  satisfying  the  conditions  of 
the  problem;  hence,  if  we  have  beside*  a  proper  hexagon  satisfying  the  oonditions  of 
tlte  problem,  thero  are  really  Arte  solutions,  and  the  pn^m  is  therefore  indetenrnoate. 

5.  Suppose  that  the  throe  lines  c;  y.  $,  and  also  two  of  the  three  points,  say 

the  points  A  and  B,  arv  given ;  we  mtiv  construct  geometrically  a  locus,  such  that, 
takiug  for  C  any  point  of  this  locus,  the  problem  shall  be  indeterminate :  in  fiict, 
starting  with  the  point  4,  and  constructing  suooessiTely  the  points  3,  2 :  taking  an 
arbitrary  direction  for  the  line  21,  and  eotistniotbg  suooeiaiTely  the  points  1,  6,  5; 
then  the  intersection  of  tlie  lines  21  and  54  if  n  position  of  the  point  C:  and  by 
takiug  any  nuiuber  of  directions  for  the  line  21,  we  obtain  tor  each  of  them  a  different 
position  of  the  point  0;  and  so  construct  the  locus. 

6.  The  locus  in  question  is,  as  will  be  shown,  a  line ;  and  if  the  point  ^  is  on 
the  line  a,  and  the  point  Jf  on  the  line  y,  then  the  locus  of  C  will  be  the  line  «; 
that  is,  C  being  any  point  of  the  Ime  m,  the  problem  la  indetetminate ;  which  is 
Mr  Clifford's  theorem. 

7.  To  prove  this,  consider  the  lines  x,  and  also  the  points  A,  B.  C,  as 
given;  the  point  1  is  an  arbitrary  point  on  the  line  a,  linearly  determined  by  means 
of  a  parameter  «;  and  fin*  every  position  of  the  point  1  we  have  a  oomeponding 
position  of  the  point  4;  let  »'  be  the  corresponding  jjanimetei  for  the  point  4;  the 
series  of  poinfn  T  is  homogriipliic  with  the  series  of  points  4  ;  thut  is,  the  parameters 
u,  tt'  are  connected  by  an  equation  of  the  form  auu  +  l/u  +  cu  +  d  =  0,  (where  of  course 
a,  b,  c,  d  are  funetiona  of  the  panmeters  which  datennin*  the  given  lines  9,     »  attd 
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poiiitfi  A,  B,  C).  fiat  if  ihe  problem  be  indeterminate,  then  starting  fhnn  the  point 
1  mod  oonitnutting  the  point  4i»  *nd  again  startiug  from  the  point  4  and  making  the 

very  same  construction,  Wf  arrive  ;U  tin-  urigiiml  point  1,  that  is,  m  must  bp  the 
same  function  of  u'  that  m'  is  of  u;  and  this  will  be  the  case  if  6«c;  hence  6ac 
i«  the  oondition  in  order  that  the  probien  may  be  indeterminate. 

ft,  To  effisct  the  oaloulation,  take  x«0,  y«0,  <sO  for  the  eqnationa  of  the  linen 

X,  jf,  M  respectively ;  and  let  («,  f%  (a',  ff,  7'),  («",  /3",  7")  be  the  coordinates  of  the 
poiutH  A,  B,  ('  respectively.  Let  1  and  4  be  given  a.'«  the  intersections  of  tlu>  line 
x»0  with  the  lines  jf  —  uz=0,  y— tt'«<sO,  respectively;  and  assume  that  for  the  point  2 
we  have  y-0,  x—wO,  and  for  the  point  3»  *^0,  «— wyaO.  Tbea  1,  C>  S  aire  in 
a  line ;  a«  an  also  i,  A,  9i  9,  B,  4i  hence  we  obtain 

y'u  —  /8"  00  —  7 

therefore,  eliininati^g  «  and  «,  we  have 

The  required  oondition,  therefim,  ifi 

a$"y'  =  ad'y"  -  ct$y"  -  a."ffy,    or    n/yy"  -  a^  'y  -  1^7  -  ^"d'y  ^  0  : 

which  is  liuenr  in  regard  to  each  of  the  three  f^ts  fct,  /9,  7),  (a',  y),  (a",  /J",  7"), 
separately ;  that  is,  two  of  the  points  A,  B,  C  being  given,  the  locus  of  the  remaining 
ptnnt  ifl  a  line.   In  particular,  if  a»0,  /3'  =  0;  then  the  equation  beoomet  af0y"  =  O, 

and  assuming  tlmt  neitlier  a'— 0,  or  /9  =  0,  then  the  eijuatiDii  becomes  7"  =  0,  thsit  is, 
A,  B  being  arbitrary  points  on  the  lines  «  — 0,  y^O  respectively,  the  locus  of  0  is  the 
Una  jsO. 

91.  Mr  Clifford's  theorem  is  clearly  its  own  reciprocal.  I  do  not  know  the  frteia$ 
analoguea  of  his  special  form  of  the  theorara;  but  the  analogue  of  the  more  general 
theorem  stat*'(l  in  (6)  is  as  follows:  viz,  we  may  have  In  the  plane  n  lines  x.  y,  z.  ... 
and  M  points  A,  B,  C, ... ,  such  that  there  exist  an  iuiinity  of  2A-gons  whereof  the 
pairs  of  opposite  angles  He  in  the  given  lines  respectively;  and  the  pain  of  rtpposite 
sdes  pass  through  the  given  points  respectively;  and  if  the  a  lines  and  n^l  of  tiie 
n  points  be  assumed  at  pleasurf,  then  the  locus  of  the  remaining  point  is  n  line.  It 
is  moreover  dear  by  the  principle  of  reciprocity,  that  if  the  n  points  and  11  ~\  of 
the  n  finee  be  assumed  at  pUmurej  then  the  «ivelope  of  the  remaining  line  is  a 
pmnt. 

There  esists  also  an  analogue  in  space;  viz.  we  may  have  n  lines  «,  y,  ir, ...  and 

/I  lines  A,  B,  <7,  ...  snch  that  there  exist  an  infinity  of  (skew)  2)i  c^ons  whereof  the 
pairs  of  opposite  angles  lie  in  the  given  lines  x,  y,  z,...  respectively;  and  the  pairs  of 
opposite  ddes  meet  in  the  given  lines  A,  B,  C,..,  respeotively.  It  may  be  added,  that 
if  ail  but  one  of  the  2a  lines  x,  y,  z,...A,  B,  G ,„  an  given,  then  the  'six  coordi- 
nates '  of  the  remaining  line  satisfy  a  certain  linear  equation,  but  I  do  not  stop  to 
explain  the  geometrical  iutei'pretatioD  of  this  theorem. 
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10.  lUfeniiig  to  the  foregoing  iigare,  if  instead  of  the  point  1  we  take  on  the 

liue  ii  pilnt  1',  and  construct  therewith  the  hexagon  1'2'3'4'5'6' ;  then  if  a,  a  be  the 
(foci  or)  yibi-conjngat-e  |x)iiits  of  the  range  1,  4.  1',  4'  on  the  line  x:  t3'  the  sibi- 
conjugaie  puinLii  uf  the  range  2,  5,  2',  o  on  the  line  ^ ;  and  y,  y  the  tsibi-coujugate 
pointa  of  die  range  8,  ft,  8',  6*  on  ttii  fine  «;  the  {Mittta  in  queition  form  two  trianglee 
a^j,  ".'f^y,  «iuh  that  Rir  each  triangle  the  angles  lie  in  the  given  Hiu»s  and  the  sides 
pass  through  the  given  pointH.  This  is  an  cle|^t  geometrical  coastructdon  for  the 
problem  of  the  in-and-ciroumscrihed  triangle,  in  the  partioular  oaae  where  the  giroa 
pdnta  il,     C  lie  in  the  given  lines  4e;  y,  «,  raapectiTely. 

11.  The  points  1,  2,  3,  4,  5,  6,  A,  B.  C  i  on>tiint<;t  a  sptem  of  9  points  which  lit 
in  9  lines  of  f)  each.  The  points  a,  0,  y,  a,  7',  A,  Ji,  C  constitute  a  radically 
distinct  system  of  9  points  lying  in  9  lines  of  3  each;  viz.,  iu  the  former  system 
there  are  8  seta  of  8  lines  whioh  eontun  alt  the  8  points;  in  the  latter  system 
there  is  only  the  set  of  lines  Aaa',  B0ff,  (Jfff  which  contains  all  the  nitie  piints.  The 
last-mentioned  syitein  may  be  constructed  as  follows :  The  poiutH  ^,  and  7,  7'  are 
Mrbitrary:  A  is  the  iutermiotiun  of  the  lines  ^7  and  (i'y  \  and  then  joining  A  nith 
the  point  of  intenectton  of  the  Imee  0f'  and  fft  we  have  «  an  arlHtrary  point 
on  the  joining  line;  the  lines  oy  and  fiff  meet  in  the  point  B,  the  lines  2^  am!  77' 
in  the  point  (7;  the  lines  Cff  and  By'  will  then  meet  in  a  point  a'  on  the  liue  Aa.; 
and  we  have  tina  the  figure  of  the  nine  pointa  a,     7,  a ,  ^,  y.  A,  B,  C. 


[Vol.  IIL  pp.  78,  79.] 

1667.    (Projxjsed  by  Professor  SvLVESTEB.) 
Show  that  the  discriminant  of  the  fonn 

will  be  a  rational  integral  function  of  the  quantities  «^  h,  Op  Tk/t,  X*+fi^  and  of  the 
second  degree  only  in  respect  to  the  last  of  them. 


SoltOian  by  Pbofe.s.sor  Caylev. 

In  general 

DiBCt.  {a,  b,  c,  d,  e,  /  JX-c  +       X'x  +  fi'^y  =  (  V  ^  ^f^t  -Uiscl.  (a,  b,  c,  d,  e, /^a;,  yf. 

Hence  first.,  if  (X,  ^,  X',  /i')  =  (0,  1,  1,  0),  then 

Disci,  (a,  b,  c,  d,  e,  f^y,  a:)'  =  Di8ct.  («,  6,  c,  rf,  e,  f^te,  y)-; 

and  secondly,  if  0  be  an  imagiuaty  fifth  root  of  unity  and  (X,  ft,  \',  ft,')  -  (m,  0,  0^  1>. 
then 

i 

Disct.(a.  b,  c,  d.  e, /jj^&w,  y/=Disct.  {a,  b,  c,  d,  e,f^x,  yf. 
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These  two  rwnlto  may  afao  be  written, 

Btset  <<t,  b,  e,  d,  yyvBiaet,  (/  «,  d»  e,  h,  a$»,  0, 

DiBet(a,  (.  e,  d,  y)^<-Diwt.  (a,  ht^,  cm^,  dt^,  «•», 

that  is,  the  dueriimnant  of  (a,    c,  d,  0,  /"^x,  yf  is  not  altered  by  taking  tbe  ooeflBdenta  in 

a  reverse  order,  01  l)v  nmltijiljing  the  Keveral  coefficients  by  the  powers  »*,  a,  of  au 

imaginary  fifth  root  of  uiiil  \ .  Applying  tht  se  theorcmH  to  the  fonn  (a,  h\,  fV,  tm',  6m,  a$x,  y)*, 
the  discriminaDt  is  uot  altered  by  changing  the  coefficients  into  (a,  bft,,  c/t-,  c\%  b\,  a) ; 
tbat  is,  by  the  interchange  of  X  and      nor  by  changing  the  coeflBeients  into 

{a,  ia«^  ct^\  m^ij?,  boin,  a\  or   [a,  c(W]P,  eQimy,  Hl*»\  ; 

tbat  ie^  the  diBcriminaat  18  not  altered  by  the  change  of  X,  into  7m\  ixm  respectively. 
The  dtMriminant  is  thei-efore  a  rational  and  integral  Ainetion,  qrnmetrical  in  regard  to 
X,  IX,  and  wliich  is  not  altered  by  iho  changf  of  X,  ^t.  into  Xa>*,  fuu  respect i\  <  ly.  Tu  virtue 
of  the  second  property  the  discruuinant  is  a  rational  integml  function  ot  \*,  ftf), 
and  then  in  virtue  of  the  first  property  it  is  a  rMioDat  integml  function  of  (Kft,  XV« 
that  is,  of  \fL,  X*  +  /ii*.  For  the  general  form  (a,  b,  c,  d,  e,  fj^x,  y/,  if  a  tenn  of  the 
discriminant  be  a*i>'c»(i'e'y^,  then  we  have  o  +  j8 +  7 +  S  +  e  +  <^  -  5a  +  4^  +  %+2S+e=20 ; 
b«nce  attending  only  to  the  indices  a,  fi,  y  we  have  3a  +  +  >  20,  and  therefore 
d  Jintien  S0'¥9y>fO,  so  that  ft+y  is  =6  at  most  It  foUows  that  for  the  form 
(a,  6X,  cX*,  c/i',  l^,  clj./,  yf,  the  sum  of  the  indices  of  6X,  cX*  ia  =6  at  most,  and 
therefore,  even  if  the  index  of  cX'  is  =  C,  the  index  of  X  will  be  only  ^12,  that  is,  the 
disciimiDaat  ctmtains  no  power  of  X  higher  than  X":  hence  oonaidered  as  a  fuoctign  of 
XfL,  X'-Fii*.  the  highest  power  of  X'-f/t*  m  (X* which  completes  the  theorem. 


[Vol,  III.  p.  90.] 

1687.  (Proposed  by  Professor  Cayley.) — To  describe  a  spherical  triangle  such  that 
the  angles  thereof  and  of  the  polar  triangle  lie  on  a  spherical  conic. 

On  the  sphere,  the  locus  of  a  pcnnt  such  that  the  perpendienlan  from  it  upon 

the  sides  of  a  given  spherical  triangle  have  their  feet  on  a  line  (gi*eat  cirpk),  is  in 
general  a  spherical  cubic ;  if  however  the  triangle  be  such  as  is  mentioned  in  the 
above  Problem,  then  the  locus  breaks  up  into  a  line  (great  circle)  and  into  the  oonic 
throuf^  the  an^es  <tf  the  given  and  poJar  triangles. 


[Vol.  III.  pp.  92—96.] 

1690.  (Proposed  by  W.  A.  Wuitwohth,  M.A.)— If  ABC  be  the  triangle  formed  by 
the  three  diagonals  tu^,      ee^  of  a  complete  quadrilateral  aefWeif,  then  a  conic  can 

be  found  having  double  Limtatt  iu  the  chord  aa'  with  the  critical  cunic  of  the  quadri- 

latertd  hh'cc',  JouWe  contact  in  the  ftiord  hh'  with  the  critical  conic  of  the  quadrilateral 
cc'aa',  and  double  cutituct  iu  the  chord  ce'  with  the  critical  conic  ot  the  quadrilateral 

a  r.  75 
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The  same  conic  will  also  intersect  in  the  chord  a'&V,  the  three  conies  which  paes 
through  the  intersection  of  Aa,  Bb,  CSe  and  touch  Miy  two  sidw  of  (be  tiriaii|{le  ofo 

at  the  extremities  <it'  the  third  sida 

It  will  intersect  in  the  chord  a'be  the  three  conicti  which  pass  through  the  inter- 
Mctioii  of  Aa,  Btf,  W  and  touoh  aay  two  ndM  of  tho  triangle  ofrV  at  the  extmnitiet 
«f  the  thud  dde. 

It  will  iiit*?i-sect  in  the  cIidiy!  aVc  the  three  oonics  which  pa-sn  through  the  inter- 
sectioa  of  Aa,  Bb,  CV  and  touch  any  two  sides  of  the  triangle  a'bo'  at  the  extremities 
of  the  thivd  nde^ 

It  will  intenedr  in  the  dioid  oAd*  tiie  throe  eonice  whidi  pen  through  the  mter- 
ecction  of  Aa',  Bb\  Oe  and  touch  any  two  Bdee  of  the  triangle  «iVc  at  the  extKODities 
of  the  third  tide. 

Def.  The  critical  conic  of  any  quadrilateral  is  a  circumacribed  conic  stidi  (Iiat  the 
tangent  ai  any  angular  point  forms  a  harmonic  pencil  vfitk  the  tidee  md  diagonal 
meeting  at  tfiat  point 

It  is  obvious  that  if  the  quadrilateral  be  projected  into  a  square,  the  critical 
oonte  will  beoome  the  circumacribed  ciide. 


1.  The  equations  of  the  sides  uf  the  quadrilateral  may  be  taken  to  be  re»pecti\ely 
«a«0,  jf"*0,  «»0,  tooO,  where  the  implicit  coastanta  are  so  determined  that  we  have 


3.    Solution  by  Prokbssor  Cayley. 


this  being  eo,  the  equataoaa  of  the  three  diagonals  are  respectively 

^4-^=0,    or   5+iti  =  0,  or    x  +  y  —  z  —  w=  0  (three  equivalent  forms) 

x  +  s  -{),   or    iy  +  M;  =  0,  or   x-y+z—wOi     ..        „  „  ) 

x  +  «;  =  0,   or   y  +  z=0,  or   «-y-«  +  w»0  {     .,        „  ) 


and  the  equations  of  the  critical  conies  are  reKpectively 


xy  +  zw  =  0,   xz  +  yw  =  0,   xio  +  yz=Q, 


Hence  we  aee  that  the  equation  of  the  required  conic  is 


In  fwt  diis  equation  may  he  writtm 


A  -  (c  -  y + «  -  -  4  («!f + yw)  -  0, 
A y- < + w)*  -  4  (mv  +  y«)  -  0. 
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eqoAttoos  which  pat  in  «irideiiQ«  the  double  contact  with  the  three  criticBl 
leqieetiTely.   We  hare  mbo^  ideoticallj, 

A-(«+y+*  +  w)(«+y-8»-«)-2w(«+y-*-i»)+  4(<'-fly), 

and  tli«  equation  A  *-  0  may  therefbra  he  written 

d  M  —  8?"  (x  +  3/ -  X  - 10) + 4  (<* -ojry)  8  0, 

«  fma  which  ehowa  that  the  eonie  ^->«y«tO  nieet«  the  line  w-O  in  the  «ame  two 
points  in  which  it  is  met  hy  the  conic  A«0.  And  it  henee  iqipeaia  by  eynunetiy  that 
the  conks 

^•O,  tf-jf$>mO,  y*— cr-O,  «y«iO  meet  the  fine  ws^O  iu  the  earae  two  points^ 
A  -  0,  «;» -  y2  =  0,      --  zw  =  0,  2'  -  «iy    0  meet  the  lino  x  =  0  in  the  same  two  points, 

A  =  0,  vf—xz  =  0,  X*  — rw=0,  t'  —  wi^O  meet  the  line  y  sa  0  in  the  same  two  poiuta, 
A  =  0,  u'-  — xy  =  0.  a*  — yK'  =  0,  y'  —  wx-O  meet  the  line  <  sO  in  the  t>ame  two  points, 

which  ate  the  relations  ooustitutiug  the  ktter  part  of  the  piopceed  theorem. 

2.  The  analogous  theoretns  iu  space  may  be  briefly  referred  tn.  Takinp  .r:^0, 
If^O,  gmO,  w  —  0  an  the  equations  of  the  taces  of  a  tetrohodi-on  ABCD,  then  the 
implicit  constants  may  be  so  determined  that  the  coordinates  of  a  ^ven  arbitrary  point 
0  shall  ho  (1,  1,  1,  1).  We  may  by  lines  drawn  firom  the  vertices  of  the  tctrahi>dtoa 
prfijt'ct  the  point  O  on  the  faco^,  so  as  to  obtain  a  point  in  rat  h  of  the  four  faces ; 
and  then  in  each  iiwx',  by  lines  drawn  fi-om  the  vertices  of  the  face,  project  the  point 
in  that  face  upon  the  edges  of  the  firoe;  the  two  points  thus  obtained  on  each  edge 
of  t!  I  imhedrou  are  (it  i»  easy  to  see)  one  and  the  Same  point;  that  is,  we  have 
on  each  edge  of  the  tetrahedron  a  point ;  and  there  exists  a  quadric  stu&oe 

A  ss^ y* + 10*  -  lys  -  2»B  -  2sy  -  itns  -  2jfw- Ssw  a  0 

toufihing  the  edges  of  the  tetnhedvon  in  these  six  points  respectively. 

The  snrfiKe  in  question  bss  piano  oontoet  with 

the  hypeibohnd  sg  +  m^O  along  the  intersection  with  m+p—*—w^O, 
„       mt+gwmO      n  n         »  sr-y+s-w»0, 

„       «W+|tfmO      ,.  „  n         «-y-s  +  w-0, 

and  moreover  the  sui&oes 

«^-y*-0,  3^-»p-0,  ^-^-0  meet  tiie  line  wsO,  «+y<l>s*l-w-0 

in  the  same  two  points; 
A-iO,  «^-3/»sO,  y»-«ir=0,  s«-t(y«0  moet  tiie  line  «=0,  .r  +  y  + 2  + tt;  =  o 

in  the  same  two  points; 

A^O,   iir'-a?2«0,   x'—zw^^O,   z'-wx  —  Q  meet  the  line  y-0,  x  +  y  +  «  +  «r»0 

in  the  same  two  points ; 

A-0,  w»-sy»0,  «*'~|rw«Oj  y»—«w«0  meet  the  line  *»0,  a-  +  y  +  z  +  w  =  0 

in  the  same  two  points. 
75—2 
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With  respect  to  the  oooatnietion  of  the  four  pknee, 

it  is  to  be  observed  that  if  through  any  edge  of  the  tetrahedrou,  for  instance  the 
CfJfje  x  =  0,  y  =  0,  wc  draw  \hr  ])iiin(>  r— t/  — 0  thruiijjh  the  point  0,  th<  n  the  harmonic 
of  thiB  iu  regard  to  the  planca  x  =  U.  y  =  0  is  the  plane  x-fysO;  we  have  thus  six 
planes,  one  throngfa  each  edge  of  the  teimhedrMi,  viz.,  these  sre  y-i-tvO,  m+S'^O, 
ar  +  y  =  0,  »ff  «  0,  ^  +  w=  0,  z  +  wO;  ih-  six  phuies  being  the  faces  of  a  hexahedron, 
which  is  sill  h  that  the  vertices  of  the  tetrahedron  arr  four  of  the  eight  vertices  of 
the  hexahedron.  The  pairs  of  opptisitc  faces  of  the  hexahedron  meet  in  thrc«  lines 
lying  in  the  plane  ae4-y^M+iD^0,  and  eonsequently  Ibnnhig  a  triangle  such  that 
through  each  nidc  of  the  triangle  there  pass  two  oppmitc  faces  of  the  hexahedron ; 
the  ptanefl  x+i/  —  t  —  w  =  0,  x-i/+z  —  w^O,  x  —  y  —  z  +  w^O  are  the  harmonics  of  the 
plane  x  +  y  +  e-i-u>  =  0  in  respect  of  the  pairs  of  opposite  faces  of  the  hexahedron ; 
vii^  the  plane  g-t'y—s^w^O  is  the  harmonic  of  the  phne  sr-i-y+f+isssO  in  reapeet 
to  the  plancB  x  +  y-^O,  ztw^O;  and  the  like  for  the  other  two  phuies  «-jr+«— w^O 
and  «— «  +  «=sO  respectively. 


[VoL  IT.  Jaly  to  December,  IMS.  pp.  17,  18.] 

1710.  (Fkopoaed  by  Ftofessor  Gatucy.)— Tnuse  the  curve  y*'2/M-«*-0»  where 
the  eooidinates  are  such  that  m^jf+MmQ  is  the  line  M/Einfjr. 


SohaioH  6y  lis  PBonMBS. 

II*  —  g*  —  I 

We  have  «■  2y»f  '  ^  writing  y»Ar,  then  «■=  that  is 

•  :  y  :  <-^-l  :  2tf»  :  2^. 

HenoOi  we  see  that     g  nrc  indefinitely  sdmiII  in  compariaon  of  x, 

if  6=  QC,  and  thon  «  :  y  :  ;  2^  :  2^.  that  is  f  =  2zt  ; 

or,  if  ^  =  0,    and  then  x  :     :  «  =  -  1  :  2^  :  2^,  that  is     =  -  2y'x ; 

so  that  in  the  ueighbourhiKxl  of  the  point  (y  =  0,  z  =  0)  there  aiv  tNvo  bmuches  coin- 
ciding with  the  parabola  y'  2sx  and  with  the  Mjmicubical  {>anibola  =^  —  iy'xz, 
respectively. 

To  find  the  potnts  at  infinity  we  have  s+y+tmO,  that  is  ^-l- 2^+8^-1 » 

+  ^-1)  =  0;  and  observing  thut  ili.-  oriuatinn  fi'-^-ff'-  +  fl-\=.0  has  one 
peal  root,  say  6=k,  if  A;  be  the  real  root  of  the  equation  +  + k— 1  ~0{k»-oOb 
nearly X— there  are  two  real  points  at  infinity-,  viz.,  corresponding  to  1,  we  have 

the  point  (0,  —1,  IX  end  oonesponding  to  O^k  the  point  (— l^-l^  Jfc,  1). 

The  equation  of  the  tai^^t  at  a  point  {%  fi,  «y)  is 
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and  henoe  writiog  <a»  A  t)«*(0,  -1,  1)  vq  have  the  aaymptote  x<f  2y-t-S>-0:  to  find 

where  this  meets  the  curve,  we  have  $*  +  *0*  +  iff"  -  I  =  0,  that  is  (0  h  1Y  (f^  +  20- l)»  0, 
or  at  the  points  of  intenection  d'  +  id—l  —  O,  that  is  0  —  —l±  ^2,  or  there  are  two 
rea]  points  of  intersection. 

Again  writing  (a,  0,  7)  =  (— 1— Af,  k,  l)w«  find  the  asymptote  Irte— 2y  +  (il! +  !)*■•  0: 
to  limi  where  this  meets  the  curvi?,  we  have  - 1)  -  4A-^ +  (2X;  4- 2)^»0,  that  is 

k'e*-U-^  +  (2k  +  2)&'-lc'  =  {e-kyittf'-2a^  +  k  ■^^)e■'^]^0■,  or  for  the  points  of 
intersection  Jfc"^  — 2(^-'  +  ^*+ 1  =0,  an  equation  in  $  with  two  real  roots,  hence 
the  pmnta  d  intenBction  ere  real. 

It  ie  now  eesy  to  ley  down  the  ennre;  yiz.,  if,  to  fix  the  ideae,  the  fottdamental 

triangle  is  taken       bo  <  iiuilateral,  and  the  coordinates  x,  y,  z  are  considered  to  be 

positive  for  points  vtUhin  the  triangle,  then  the  curve  is  as  ehown  io  the  annexed 
figure  1. 


It  may  be  mnarked  that  the  curve  is  met  by  every  real  line  in  two  real  fioints 
nt  !ea.«t.  and  consiHjnently  thnt  it  is  not  the  prujeciion  uf  any  finite  rurvp  whatever. 
By  a  modificatiou  of  the  coostants  of  the  e<]uatioD,  we  might  obtain  curves  which  are 
iniite,  such  ae  the  curve  tn  figure  S;  or  enrvee  with  two  or  four  infinite  branches, 
whioh  ate  the  pngeotione  of  audi  a  finite  eurre. 


[Vol  IT.  pp.  82—87,] 

1744.  (Propoeed  by  W.  S.  BUttMSiDB,  B.A.)— It  is  required  to  find  (4^,  y„  «,). 
functiona  of  (a;  y,  »),  eucb  that  we  may  have  ideutioally 


SeitOwn  6y  PBOPU8OB  Catlkt. 

The  Solution  is  in  <aot  given  in  my  "Uenoir  00  Curves  of  the  Third  Order* 
PhOmofildeai  Tran»aii±ioM»  vol  cxLVn.  (18S7},  pp^  415—446,  [146]. 

Write  — *  =  -ijl;  then,  taking  {X,  F,  Z)  as  current  coordinates,       ^,  ;)  are, 

XtfZ 

it  is  clear,  the  coordinates  of  a  point  on  the  cubic  curve      +  Y*  +  Z' +  GIX ITZ  ^  0  i 
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Mid  if  (z,.  y,,  «,)  Me  the  oooidimtee  of  aay  other  point  on  the  eaaie  culite  eum,  then 
we  ahull  have 

«iyi«i     "~         ay*  * 

«o  that  (m,,  9u  ti)  will  satttfy  the  condition  in  question.   Hence,  if  from  a  jpven  point 

(j.  y,  :)  on  thu  cubic  curve  we  obtain  by  any  geometrical  construction  another  point 
OQ  the  cur^e,  the  coordinates  of  this  new  point  will  be  functions  (and,  if  the  construction 
is  such  aB  to  lead  to  a  ijingle  point  only,  they  will  be  rational  functions)  of  (x,  sX 
satiofying  the  eondition  in  question. 

For  instance,  if  the  point  («,  y,  s)  he  joined  with  any  point  (a,  0,  7)  on  the  carve, 

the  joining  line  will  again  meet  the  cur\'e  in  a  single  point,  which  roay  be  taken  to 
be  the  point  (x,,  y,,  «,).  This  assumes  that  we  know  on  the  cnbio  curve  a  point 
(«,  B,  7) ;  but  such  a  point  at  once  presents  itwilf,  viz.,  we  may  write  (2,  >3,  7)  =(1,  —  1,  0)  ; 
which  gives  only  the  aelf^eTident  solution  («],  yi,  <t)«B(y,  'X  ^oint  (1,  -1,  0) 
is  clearly  one  of  the  nine  points  of  inflexion  of  the  cubic  curve,  and  by  using  these 
in  any  manner  whatever,  viz.,  joiuiug  the  point  (or,  y,  z)  with  any  point  of  iodexion. 
and  then  the  new  point  with  any  other  point  of  inflexion,  and  so  on  indelimtely.  we 
obtain  in  connexion  with  the  given  point  («,  y,  m)  seventeen  other  points  on  the  curve, 
in  all  a  system  of  eightera  points :  these  are 

(«.  y. (  «,  «v»  «»'*).  (  «.      •«)        «.  y).  (  «,  ws,*^),  (  «,  (A,  wy) 


(y,  e.  x),    (my,  tft,     a),    («'y,  t»i,  «) 


(«,  y.  a),  (MS,  s»Vr    *)»         wyi  *> 

(y,  <r,  «X         «» •'X  (•y. 


possessing  rernarkabl*'  geometrical  properties ;  and  of  eonrsc  each  of  the  seventeen  new 
points  furnishes  a  (self-evident)  solution  of  the  given  identity. 

But  we  may  take  (2,  ^,  7)  =  (.(,  11,  ;  the  point  (x,,  y,,  r,)  is  here  the  point  of 
intersection  of  the  cubic  by  the  t-utigent  at  the  point  {x,  y,  t)\  or  say  it  is  the 
"tangential*'  of  the  point  {9,  y,  m\  The  values  thus  obtained  for  («tf  yi«  ^  •>» 

(^..  y..  *-i)  =  :^(y'-n  y(«*-n  »{^-y^l. 

which  (excluding  the  above-mentioned  self-evident  solutions)  is  in  &ct  the  most  nmple 
solution  of  the  proposed  identity.  In  order  to  verify  that  the  hst^nrR-ntiune*!  vulues 
of  (x,,  y,,  )  uie  in  fact  the  coordinates  of  the  tsngential  of  {«,  y,  M),  I  observe  that 
this  will  be  the  cum.  if  only  we  have 

(x*  +  %i)    +  (y'  +  2/20-)  y,  +  («'  +  %(xy)  r,  -  0.    x,'  +  y,'  +     +  C^-^iyi^i  =  0, 

the  first  of  which  is  obviously  satisfied  by  the  values  in  question ;  and  for  the  verification 

of  the  second  ei{uation, 

a^i'  +  y\  +  *V  =  ^  (?/  -  >  -  y  {i'-jr-f  +  g'  (X'  -  y^)», 
=  -  (y  -  -  y"  (5^  _  a^)  -  i»  (x'  _  y»). 
=    (x^  +  y'  +  2»)(y'-«»)(r'-x')(T'-y»K 

«iyi*i  =ay*(y*-«*)(«*-«^(«'~y*). 
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therefofw 

+  i^.'  +  z.'  +  6i*,ir,    -  (J!*  +    +    +  ^>/e)  {f-2')(i'-x')(x'-!/'),  -  0 
if         +«*+6^«— 0;  the  sanoe  equations  verify  at  once  the  identity 

AaotlMnr  eolution  is  as  followe:  vis.,  if  we  take  the  ihiid  tnteneetion  with  the 

cubic  of  the  line  joining  the  points  (y,  ^  «)  and  — «(«*— jf^},  the 

coordinates  of  the  line  in  qaestion  are 

According  to  a  very  beautiiul  theorem  of  Profeiwor  Sylvester's  in  relation  to  the  theory  of 
cahie  come,  the  ooordioatea  of  a  point  whidi  depraide  linearly  on  a  given  pmnt  of  the 

curve  are  necessarily  rational  and  integral  functions  of  a  sqmre  degree  of  the  coordi- 
nates (x,  y,  z)  of  the  given  point  j  and  moreover  that  (considering  im  one  solution  those 
which  can  be  derived  from  each  other  by  a  mere  permutation  of  the  coordinates,  or 
change  of  x  into  tax,  ba),  there  is  only  one  solution  of  a  given  square  d^|;Fee  m*;  the 
solutions  of  the  d<'£n"cc^  4  JWfl  9  are  given  ubovc  The  tangential  of  thp  tangential,  nr 
Hccond  tangential  of  the  point  («,  y,  z),  gives  the  solution  of  the  dcgi-ee  16;  joining 
this  second  tangential  with  the  original  point  (x,  y,  z),  we  have  the  aolution  of  the 
degree  2') ;  and  the  same  solutiou  is  also  given  as  the  sixth  point  of  intersection  with 
the  cubic,  of  the  conic  of  .'-p<iintic  inter«>ef*t!')H  at  the  point  (x,  y,  z).  See  my  memoir 
"  On  the  conic  of  5-pointic  contact  at  any  point  of  a  plane  curve,"  PhiL  Tram.  voL  CXLIX. 
<1839X  pp.  371—400,  [261]. 


AdHiiaik  to  the  foregoing  SUtdioik   0»  a  tjfttmii  af  Si^fitttn  Pomk  on  a  OMe  Ounm. 

CSonridering  the  cubic  curve  «*+j^+j*+€lsj|!iaO,  we  have  the  nine  points  of 
infleiiom,  whieh  1  represent  as  follows: 

«-(0.  1,-1X  <l-(-1.0,  IX  ^-(1.-1,  OX 
6»(0.  1,  -•),  0,  IX  -•»,  OX 

e  =*(0.  1,  -         f'i-^,  0.  IX      »  =(1.  - OX 

viz.,  «•  being  an  imaginary  cube  root  of  unity,  the  coordinates  of  a  are  ^0,  1.  —  1),  those 
of  ft.  (0.  1,  -^X  *c 
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The  peinto  of  inflexion  lie  (as  is  kiunni)  bjr  tlueee  on  twelve  lines ;  vul,  the  Himb  aie 


abe. 

bdi, 

edk. 

Conaider  now  a  point  on  the  onrve,  the  ooordtnatee  whereof  are  («.  jr,  *),  where  ef 

r Mil IX        if  +      6^y;  =  o  :  this  U  one  of  a  Byitem  of  dgfateen  points  on  the  cam> 

which  la&y  be  repreHented  iis  fullowH: 


A  =  (x,  y.  z), 
B  =  (y.  z,  x), 
C         X,  y), 

J  =(j".  z,  y), 
K=iz,  y,  x), 
L^iy,  X,  z). 


E  =  {cay,  m's,  ' 
F  —  {<i>'z,     X,  a>y), 

M  =  (  X,  <az,  to-y), 
iV'=(«r,  a»*y,  ./•), 
0  =  id)-;/,     X,  to  z). 


i/  ^  (<»'^/.  <»  ?  > 

P  =  (  X,  a»'z,  A»  y), 
R  =  {«o  y,     X,  a-z ), 


vin.,  tli<»  coordinati-s  of  A  are  (a,      r  );  tliosc  of  B  an?  (y,  r,  .r),  &c. 

The  tuugeat  at  A  meets  the  curve  in  a  poiot,  "  the  taogential  of  A,"  the  coordi- 
nates whereof  are  *•),  y(i'-y').  ^C^-y*);  whidi  pwnt  may  be  calied  A\  And 
we  have  thus  the  eighteen  tangentiah 

A',  R,  c,  ly,  r.  r,  o*,  fl*.  r,  j\  ic,  i\  it,  if.       <r.  «. 

The  eighteen  pointa  A,  B.  &c.,  have  the  following  propertj-;  vh.,  the  line  joining'  any 
two  of  them  meets  the  cubic  in  a  third  point,  whioh  is  eidier  one  of  the  uiue  points 
of  inflexion,  or  one  of  the  cii^ht'  cn  tangential^;  there  are  throntjh  t  aeh  point  of  inflexion 
9  such  lines,  aud  through  each  tangential  4  aach  lines;  (9  x  U) -f  (IM  x  4)=153>i(lii.l7), 
the  number  of  pairs  of  potntu  AB,  AC,  &«.  The  Knee  through  the  inflexions  are  the 
81  lines  obtained  by  joining  any  one  of  the  points  (A,  B.  C,  D,  E,  F,  G.  H,  I)  with 
any  one  of  the  points  (J,  K,  L,  M,  ^\  0,  F,  Q,  It),  as  shown  in  the  following  Table: 


ABCDSFOUI 


J  a 
K 
I 


M 

If 


d 

9 

c 

/ 


0\i 

Q  i  * 

I  


d 

<J 
e 

/ 
•* 

9 
€ 
k 

b 


9 
a 
d 
t 
e 

/ 
h 

b 
0 


e 

/ 

b 
« 
h 

d 

9 


/ 

i 

e 

t 

k 

b 

d 


i 
« 

/ 
h 
b 
« 

9 


b 

h 
m 
d 

9 
« 

/ 
t 


« 
h 
b 
d 
9 

» 

t 


k 
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«  < 
9  I 
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viz,,  the  line  AJ  pnMs  through  the  ItM  AK  through  d,  te.;  the  proof  that  AJ 
IiuBeB  through  a  depends  on  the  identical  equation 

«.  V*    *  *0; 
0,   1. -1 

and  the  like  for  the  other  lioea  AK,  AL,  Aa 

The  lines  thi-ough  the  tanguntials  are  the  30  liucs  obtained  by  joining  any  two 

of  the  pointa  (A,  B,  G,  D,  E,  F,  0,  M,  /)  and  the  36  Unes  ohtained  by  joining  any 

two  of  the  pointH  (J,  K,  L,  M,  N,  0,  S^',  and  these  72  linee  paaa  through  the 

taugeutialv,  aa  shown  by  the  table 


ABC, 

RDI, 

CEG, 

JKL, 

KMR, 

LNP. 

ADG, 

BEH, 

CFI, 

JMP, 

KNQ. 

LOR, 

AEI , 

BFG, 

DKF 

JNR. 

JOP, 

MNO, 

AFU, 

CDH, 

QUI, 

joq. 

LMQ, 

PQH. 

viz.,  in  the  tri;»iJ  ABC,  BC  pas-ses  through  A',  CA  througli  AB  through  C :  mA 
the  like  for  the  other  triads.  The  proof  that  BC  pasiwe  through  A  depends  on  the 
identical  equation 

y     .       *      ,        «  |-0; 

I 

»     t       »      ,  y 
«(«•-*•),  y  (*•-«•).  ^(x'-y') 

ami  the  like  for  lh<-  other  combinations  of  points. 

If  SVC  ntrond  only  to  the  points  A,  B,  C  and  their  tanpfnti  ils  A',  R,  C ;  then 
we  iiave  ou  the  cubic  thre«  points  A,  B,  C,  such  that  the  hue  joining  any  two  of 
them  paeoes  through  the  tangential  of  the  third  point.  And  the  figure  may  be  con- 
structed by  meana  of  the  three  real  points  of  inflexion  a,  d,  g,  as  follows,  viz.,  joining 
these  with  any  point  J  on  the  cubic,  the  lities  f-o  obtained  respectively  meet  the  cubic 
in  three  new  points  which  nnay  be  taken  for  the  points  A,  B,  C.  Or  if  one  of  thetio 
points,  say  A,  he  given,  then  jmning  it  with  one  of  the  three  real  inflextaas,  this 
line  again  meets  the  cubic  in  the  point  J,  mul  from  it  by  moaoa  of  th>'  other  two 
real  inflexions  we  obtain  the  i-eniaining  points  B  and  0 ;  it  is  clear  that,  A  being 
given,  the  construction  gives  three  points,  say  J,  K,  L,  each  of  them  leading  to  the 
two  points  B  and  C 


We  may  consider  the  ijucstion  from  a  difierent  point  of  view.  Let  A,  B,  O  ht 
given  pointer  and  let  there  be  given  also  three  lines  passing  through   these  three 

points  respectively;  thnnigh  the  gi\in  ]H;iuts,  tiMnhing  at  these  p<mit^  tlio  givcii  IIiu-js 
respectively,  de^jcribe  a  cubic ;  and  let  the  given  lines  again  meet  the  cubic  iu  the 
points  A',  B,  C  respectively.   The  equation  of  the  enhb  oootMns  three  arbitiaty 
c.  V.  76 
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panmetets;  but  when  two  of  these  are  properly  detemined,  the  pointa  A,  B,  C  tad 

fhfir  tangcntials  A',  ff,  C  will  be  ivliifnl  as  in  the  theorem;  viz.,  tlic  I'm-  thnjugh 

any  two  uf  the  points  will  paw*  through  the  toQgeotial  of  the  third  poiut  Tlie 
analytical  inTe^tigation  w  as  follows : 

Let  the  c4uatiou5  of  the  three  taugcntM  be  x  =  0,  ^  ~  0,  r  a:  0.  and  suppose  that, 
fiw  the  points  At  B,  O  respectively,  we  have 

(j-  =  0,  y  =  Xr),    ii/  =  0.  z  =  fjui),    (j  =  0,  x  =  f i/), 

thcu  the  equation  of  a  cubic  touching  the  three  lines  at  the  three  pmnte  respectively 
wm  be 

-  m'-^^-'  -  v-By'  -  X'Cz'  +  h\t/:  =  0, 

where  A,  B,  C,  K  arc  arbitrary  coefficieuts;  but  i£  A  :  B  :  C "X  t     :  v,  then  th« 

e(|uation  is 

-  Xft.lT'  -  fiiry*  -  V  W  +  Kxjfi  -  0, 

where 

A,  A'  are  the  iutersectioua  of  ««  0,  by  t/  —  \s  =0,    fLvy  +i  =  0  reapectively, 

B,  B         „  y=0.  0,  cXx+«»0 

C,  0'        „  „  *eO,  ,.  x-v!i  =  0,    \fu:  +  y»0  „  ; 

the  cfjuatioDs  uf  BC,  CA,  AB  thus  are 

—  fuc  +  fivy  +  s  =  0,    r -  I'y  +  fX* w 0,    \fuc  + y  —  Xf^O, 
which  pass  through  A',  B,  ami  ("  re«j>ecLively. 

If  we  consider  nlotig  with  the  points  A,  B,  V  the  point<<  K.  L,  and  their 
respective  tangentials,  then  we  have  inscribed  in  the  cubic  a  hcx^on  ALBJCK  which 
hae  the  faUowuig  pvopettiei^  via.,  the  pane  of  oppoaite  sides  and  the  three  diapmals 
paas  through  the  three  re*l  inflexions  tn  juied^  vis., 

Alt  BE,  thnnij^  g 

ItBt  CXf  JAt  It  a 
BJ,  KAy  CI,     „  d 

This  shows  that  the  six  pointa  A,  B,  C,  J,  K,  L  are  the  inteneetiona  4^  the  eubie 

hy  ft  conic;  and  moreover,  considering  the  tciaui^h-s  ARC,  JKL  formed  by  the  alteniate 
vci-tice<!,  then  in  each  triangle  the  atdee  pass  through  the  tongenttals  of  the  opposite 

ve rtic I  ■  s  n  ■  s  ] i<  !c ti  vely . 

In  what  precedes  we  have  in  ctfect  found  the  cooixlinates  {e,  x,  y)  of  the  third 
point  of  intersection  with  the  cubic,  of  the  line  joining  the  points  (y,  z,  x)  and 
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[xiy-s*),  y^^-^^),  s{!t'-y*)\.  The  ocKndinates  of  the  wme  point  may  be  othenriie 
Ibttiid  by  «  dtieet  investigitioit,  m  follows:  Write 

it  iu  the  equatiuD  of  the  cur\'e  we  substitute  fur  x,  y,  z,  tiie  values  uxi-^vx^, 
«yi+«yi*  we  find 


say  ui''  +  i?Q«0;  we  may  therelure  wite  u^Q,  t»— —  P,  and  the  ooordiDatea  of  the 
third  pomt  aie  Q«,-Pir,.  Qy,-Py,.  Qz.-Pz,,  Now 


+  zx     -  y")  {yr  (a^  -  y»)  -  ir»  (y-  -  z*)] 

+  2i  {y».yr.(z»-«0(«*-r)-^(y-«*)='«^l- 

+  xjfg  (  f*  +     +    —       —      —  ah/')  t 


so  that  we  havi-  Q.*-,  -  P.r,  -  He  ;  iiinl  in  liko  manner  f/y,  -  Py,  =  n.r,  Q;,— 7';,  =  ny; 
and  therefore        -  P.v.  :  Qyi  —  i^y.  ■  Qz,—Pzt  =  z  :  x  :  y,  which  proves  the  theurum. 

I  consider  in  like  manner  the  followinj^  question;  viz.,  if  (y,  x,  z)  joined  with 
the  taugential  of  {x,  y,  z);  to  find  the  third  jxuat  of  intersectiou.    We  have  here 

Jfi  :  y.  :  «j  =  a(y'-^)  :  y(^-o^)  :  r(a^-y');    jt,  :  y,  :  *,  =  y  :  «  :  «i 

and  Ft  Q  f»  befon ;  and  the  coordinates  of  the  third  point  are 


+*•  (•^-y)  [ys  («» -  y»)  -  lar  (y  -  *•)] 

-  *{y»(«»-««y-**(x'-y»)(y»-z')| 

+  yl''(-^-y')'-^(y'-^)(^-*^)! 


it  (ar,V,  +  y.'y,  +  ti%  +  21  (a-.y.^i  +  y,r,  x,  +  «,x, y, 
+  V  {«vri«  +  yty.^  +      +  2t  (<r,y,«,  +  y,  z,x,  +  z, x,y,)i  -  0, 


aleo 


that  » 


(.r  +  »/  -  2lz)      +  f/«^  +     -  s«yi^ ; 

(X  +  y  - 2/z)(^  +  y«  +     - y^5» -  xy) xy« ; 


■mihurl^ 


atio 


re— 2 
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and  w«  ben«e  have  the  valuM 

for  the  wwrduMtM  uf  the  point  in  queDtiotu 


[VoL  IV.  pp.  38,  aaj 

176L  (Proposed  by  PirO&BMn*  CaYLET.)— Let  ABCD  be  any  <|iiaiInlatomL  Coiistmet^ 
a«  showD  in  the  figure^  the  points  F,  Q,  H,  I:  in  BC  fiud  a  point  Q  such  that 

SG  CQ  1 

^^.^s^;  and  complete  the  conatrttction  aa  shown  in  the  figtim  Sho<r  that  an 

ellipse  may  be  dmwn  paming  through  the  eight  pointH  F,  ^,  if,  /»  a,  A  7,  3,  and 
having  at  theaa  pointa  respectively  the  taogents  shown  in  the  figure. 


{Profamwr  Cayley  ranarka  that  if  ABOD  i»  the  pi  rsjx  i-tive  rcprcscntAtion  of  n  !*i]uare, 
then  the  ellip^ie  ia  the  porspwtivf*  ivpn-wntntioii  of  tin-  inscrilKnl  circle;  the  iheoitm 
gives  eight  points  and  the  tangent  at  each  of  thetn ;  and  the  ellipse  may  therefore 
be  drawn       hand  with  an  aoenraigr  quite  saflBeient  kt  pnctieal  purposes.  The 

df'Tnnnsl-ration  is  immrdiat*-,  by  trt'Utiiicf  the  fij:^niT  ns  a  pcr?^pcrtivp  n.>preHeDtation :  the 
gi»t  of  the  theorem  is  the  very  convenieDt  ooustructiun  in  perspective  which  it  faruiahe&i 


[VoL  IV.  pp.  65—67.) 

1776.  (Pkoposed  by  W.  E.  Clifvobix)— If  a  straight  line  meet  the  boss  of  the 

tetrahedron  ABCD  in  the  points  a,  b,  c,  d,  respectively;  the  ^heres  whose  diametem 
are  Aa,  Bb,  Cc,  Dd  have  a  common  radical  axis. 
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Solntion  by  pROKEsson  Oatlet. 


Let  the  jfivcn  lino  be  taken  fm*  the  axis  of  t\  the  axes  of  x,  tf  being  .my 
rectangular  axes  in  the  plane  perpendicular  thereto ;  the  equatioiui  of  the  giveo  lino 
are  therefore  (««0.  ^=0).  Take  (a,,  A,  7,),  (a,,  A,  ff^  {9,,  A,  %X       A.  t*)  ^ 

rooniinfitCT  of  the  yifmit>  A,  B,  f^,  D  respectively;  and  (0,  0,  Cj),  fO,  0,  ''  ),  (0,  0,  c,,),  (0.  0,  '•J 
tor  the  coordinates  of  the  points  a,  b,  c,  d  respectively.  Then,  to  deterwiuc  Ci,  the 
equafeioa  of  the  plane  SVD  ia 

I  * ,         2  ,  11-0, 
fit,  ft,  1 
^»  At   Tfcf  ^ 
««.    A.   7«>    1  ' 

and  cutting  this  by  the  line  «  =  0,  y  =  0,  we  have 

0  ,   0  ,    c ,    1  I  -  0, 
A.    7«.    1  ! 

A.  7..  1  i 

(li>   A*   7«»   1  I 

with  similar  equations  for  c^,  respeotiTely.  The  four  eqiutianB  may  he  ntuted  into 
tbe  aingle  equation 


1,  ai, 

=  1^. 

a,, 

7.  |. 

1, 

a.. 

. 

j  C,J*i. 

1, 

^« 

a,. 

A. 

7« 

1. 

A 

«<. 

A. 

where  />,,  p„  p,,  />,  are  arbitr 
-  (1,  I,  1,  1)  and  (pt,  p,,  p,, 


6i> 


lU'y  mnltipliei"s.  Honci\  wTitiiig  sucoeasively  (jh,  /ib,  p,,  p«) 
i»*)  =  (7i.  7a.  7*.  7*).  w«  have  >r»t 


A  i  =  l»  "fi*  Ai 


4.  A 
«■.  A 
A 


7i 

1.  aj.  A.  7» 
1.    a>.    A.  7i 

1.  oi.  A.  74 


that  is 


1 .  "i .    A .  c,  +  7,    =  0  ; 

1.  A.  Cj  +  7, 

1.  A.  c,  +  7j 

I.  a4.   A.  C4  +  7«  , 
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«^7k.    1>    ^,  fit 


that  i4> 


fu  •!»  Ai  7i  I  > 

Ti>  4.  A.  0^ 

7t>  ^.  fit,  f 

Jtt  4ii  A*  ft 


I  1.    *it    A.    C,yi  =0j 

j  1.     «a.     A.  C,7, 

!■    «»•    A.  CjYj 

and  these  two  ranilts  may  be  united  into  the  aingte  fimnala 

1-0. 


h  A>  Ct'i'ft,  Ctift 
1.  ctit.  At  ^+iisi.  ci-ft 


i!  If     «»»     A>     ft +  74*     fl«74  • 

Now  the  equation  of  a  sphere  having  for  the  extremities  of  a  diameter  tho  points 
(a;  A  7>  «)  n 

[x-iia  +  a)y  +  y-\ib  +  fi)f+[z-i{c  +  y)f  =  ^[{a-ar+{b-fir  +  {c-yn 
_  a)  («  -  a) + (y   6)  (y  -  /8) + («  -  c)  (*  -  7)  -  0, 


or 


or 


ar"  +  y' +  «"•  -  (a  +  a)  ar  -  (6  4-i8)y  -  (c -^  7>*  +  u«  +  6/S  +  oy-0; 

tbereifitwe,  when  the  two  pmnta  are  (t,  0,  tf)  and  (0.  0,  e%  the  equation  ia 

a?" + 3(» + - «r (c + 7) *+ or  - 0. 

Hence,  putting  for  shortness  P--ax-^y~-(c+y)z+cy,  viz.,  A  =  -aia-/S,y-(ci+7,)r+CiY,, 
te;,  the  equatiooa  of  the  firar  aphma  are 

a:»  +  y»  +  r=  +  P,  =  0,    ««  +  y»  +  **  +  P,  =  0,       + y- +  =  0,   «>  +  ,,=  +  ^5  +     =  0, 

and  the  four  sphei-es  will  have  a  oommou  radical  axis,  if  £»  proper  valuea  of  the 

multipliers  ft,  v,  p  we  have 

(i^.  -  A)  +  »  (i'.  -  i'.)  + /» (P,  -  Pi)  -  0. 
or  what  la  the  same  thing,  if  for  proper  valuea  of  X,  ^  v,  ^  we  have 


^ 
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tlut  u,  if 


X  + 

<»  + 

l'  + 

P 

-0, 

Xa,  + 

#i«t  + 

=  0, 

m3=  + 

=  0, 

X(c,  +  y,)  +  ^(c,  +  7,)  +  !»((•,  +  7>)  +  P  (C4  +  7*)=  0. 

Xc,7i+       M<^7j+        «^a73+  =0; 

and  eliminating  from  thofk'  e<|natiom<  (X,  fi,  v.  p),  we  find  the  abov«-in«atiou«d  relation 
betw««u  Oi,  fi,,  7i,  C|,  &c.i  which  proves  the  theorem. 


[Vol  IV.  pp.  70,  71.] 

1771.  (Pn>poBed  by  Profesaor  Cayley.) — Given  a  circle  and  a  lioe,  it  is  reijuired 
to  find  a  parabola,  having  the  Una  far  itd  direeinz,  and  the  drele  for  a  dtele  «f 
cnrraturB. 


2.  £MiilMWi  fry  th»  Profosbb. 

Let  j^+ji*— IsO  be  the  equatian  of  the  given  circle,  x^m  that  of  the  given 

line.  Taking  on  the  nirrl*-  nn  arbitniry  point  (c«s  6,  sin  ff),  wo  may  find  a  parabola 
having  the  given  line  for  its  directrix,  and  touching  the  circle  at  the  last-mentioned 
point ;  vis.,  tiie  equation  of  the  pambola  ia  found  to  be 

-22fidD(?(1  +2  00^9— Smooetf)- 4eool*0(co)<  (?-/») +  1  +Soo«>tf-4fRO0«tf«*0. 

(There  is  no  difficulty  iu  veri/yijig  that  this  parabola  has  tor  its  directrix  the  line 
z—m^lt,  that  the  equation  .ia  tiatiiified  by  tbe  valaea  »^eo»0,  y=dii^,  and  that  the 

derived  eqaatiim  ia  eatiefied  hy  the  values  a^«m0,  y  =  sin 

RcpTMonting  for  a  moment  the  lefilrhaud  aide  of  the  equation  by  U,  we  have  identically 

-y'ain*  0- 1^  oocf^  0  •  2y  tin  0  (1  +  2  ooi^tf  -  Sm  eoa  tf)  -  4tB  «oe' <^  (cos  (9  -  m) 

+  l+4oo^^-4i»ooe0, 
-  ^  lin  ^  +  «  cos  - 1  )(y  ain      «  coe  - 1  -  4  ooa*  4- ^  004  0. 

Hence  to  find  the  inteneotions  of  the  paiabola  with  the  eiide,  we  have  fine 

giving  the  point  («oatf«  tanff)  tanew;  rinoe  yaintf +«ooa^-IsO  ia  the  equation  the 
tangent  to  the  ctide  at  the  pmnt  in  question;  and  aeoondiy 

^+y*-1^0,  yaintf— «eoBtf-l-4ooiP0+4mooetfaiO, 
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giving  the  remaiDiiig  two  poiot.s  of  iutei>ectiou.  If  the  i-ircle  be  n  circle  of  cunatiire, 
one  of  the**  must  coincide  with  tlif  ]y>mt  {o»  $,  sin  6),  that  i.«  the  equation 
tf  iiind  —  xcmd—l —i  (x^^d-^^Micumd  =  {i,  must  be  iatisfied  by  the  values  x«coe^, 
y-ao^;  thi»  will  be  the  com  if  —  6ooB^0'4'4moo0tf»O,  that  w  giving  for 

the  pdrabola  y'  +  2y  +  l=0,  which  in  not  a  profcr  Solution,  or  else  cos  ^  "if,  giving 
sin  ^  =  ±  (1  —  >«')*,  80  that  there  are  tim  parabolas  satisfying  the  conditions  of  the 
problem;  if  to  fix  the  ideaa  we  take  the  upper  sign,  the  c4uation  of  the  currespoudiug 
parabola  In 

jC  -  2  (1  -  <  m«)*  y  +  if      + 1  - 1    -  0 ; 
and  it  may  he  added  that  the  coordinatea  of  the  focus  are 

«  — TO  — /yw',   y=(l— llm')'. 

The  uijuatifiti  of  the  other  parabola  aod  the  coordioateti  of  the  focus  are  of  coun>e 
found  by  merely  changing  the  «ign  of  the  indicaL  The  parabolaB  are  real  if  m<}; 

if  III  ~  I  we  ha^  e  a  single  parabola,  the  piint  of  contact  betng  in  this  case  the  vertex 
of  the  parabola  ;  and  if  in  >i|  the  parabolas  are  imaginary. 

Pidft  ssitr  Caylev  stnt<^  that  hf  was  led  to  the  forepoins;  problem  by  the  coiisirloration 
of  the  curve  (proposed  for  mvestigatioo  in  Quest.  1M2)  which  is  the  envelope  of  a 
variable  circle  having  ito  centre  in  the  given  drele  and  touching  the  fpveo  tine.  The 
required  curve  (which  is  of  the  sixth  order)  has  two  cuaps  which,  it  is  eaay  to  • 
geometrically,  are  the  foci  of  the  parabolas  in  the  problem.  Taking  (oos^,  sind)  for 
the  coordinates  of  the  centre  of  the  variable  circle,  we  shall  have 

r=  '^  COS  ^  —  m  co«  2d  +  ^  ouH  3^,   y  —  ^nnB  —  w  sin  2^  4-  ^  un  8tf, 

for  the  oootdinates  of  a  point  ou  the  envelope.} 


[Vol.  IV.  pp.  81— S.-i] 

1790  (rrojK>sc<l  by  Professor  Svi.VESTEK.) — (1)  If  a  bet  of  six  points  be  respectively 
represented  by  the  six  pcniiutatious  of  a  :  i>  :  c,  show  that  they  lie  in  a  conic,  and 
write  down  its  equation. 

(S)  Hmce  prove  that  if  AB,  BO,  OA  be  three  real  lines  oontaining  the  aia* 
points  of  inflexion  of  a  cubic  curve  having  an  oval,  the  pairs  of  tangjente  drawn  to 
the  oval  from  A,  B,  C  will  meet  it  in  «ix  points  lying  in  a  oonia 


SobUion  hjf  FBomsuR  Catlbt. 

1.  That  the  six  pmnts, 

1  -  (o,  b,e),  2 = (6,  c,  a),  8  -  (c,  a,  ft). 
4 -(a.  e,  ft),      3  -{A,  a,  e%      6  -  <o,  ft,  cX 
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M«  ritxwfe  on  a  oonie,  appeim  at  onoe  by  writing  down  ito  eqtiation :  rii, 
(Be+ »+  a6)(«^+ y  +  «•)  -  (a»  +    +  «P)  (y»+ w+«!y)-0, 

which  iH  !>aiij<tied  by  the  coordinates  of  each  of  ihe  six  puiiita 

2.  It  is  interesting  to  remark  that  tht  six  ])oint8  on  the  conic  form,  not 
a  general  inscrilMd  hexagou,  but  a  hexagon  such  as  in  mentioned  in  Prob.  1512 
(Td.  IL  p.  51%  vk,j  one  in  wbidi  tbe  three  diagonala  pass  reqiectivaly  tiuon^  th« 
Bucalian  points  (intetsections  of  oppoaitt  sichw):  in  &ct>  in  the  beugan  148526^ 
the  eqoationa  of  the  aides  and  diagonals,  these  aze 

14  {h  +  c)»-      a  a  2=0,      25.  (c +  ft  y-      6^  =  0, 

16.  -cm-  c  y  +  («  +  6)*  =  0,  26.  -o  «-  u  y+(ft+e)a-0, 
l«,      ->»+(o  +  a)y-      ft  «=0,      24,      -e  0.)-(a+ft)y-      « *-0, 

96.  {a  +  b)9—  «  y-  0  a«0, 
S4  -ft«-  ft  y+(e+a)x>0, 
SS.      —  a  d;+(ftH>e)y—  as>0; 

■0  that  the  lines  14|  25,  36  meet  in  the  point  «-0,  y-ha^O, 
16.  M.  35  ^  y»0, 

15,26.64  «  «.0»«-l-y«0. 

3.  It  is  further  to  he  remarlted  that  the  six  pdnts  lie  on  (he  euhSe  eurve 


and  are  eonseiinently  the  six  points  of  inteisection  <rf  this  eolne  by  the  above  mentioned 
conio. 

*  The  pointR  (x  =  0,  y  +  z  =  0),  =  o,  z  +  x  =  0),  (2  =  0,  x  +  y  =  0)  are  the  three 
real  inflexioDS  of  the  cubic ;  hence,  attending  only  to  the  cubic,  and  starting  from  the 
arbitrary  point  (a,  b,  c)  on  this  curve  it  appears  by  what  prpndcs,  that  we  may, 
b^  means  of  the  three  real  iaflexions  of  the  cubic,  construct  the  system  of  six  points, 
(Hie  oonstruction  isi,  in  tnei,  identical  with  that  given  in  my  Solution  of  Problem  1744, 
voL  IV.  pp.  ti2 — .37,  [ante  p.  597]  the  six  points  being  aix  out  of  the  therein 
mentiooed  eighteen  points);  and  it  further  appears^  that  these  six  points  lie  on  a  oonia 

,1.    As  rcj^^iinls  the  «ecoii(!   part   of  the  proposed  Problem,  consider  the  cubic  ctirve 
-i-    +    +  Qlxjfz  —  0  \  the  three  real  lines  containing  the  nine  points  of  iutiexiou  are 
the  fines       0,  y— 0,  «sO;  and  the  points  A,  B,  C  are  dMfefiwe  (y  =  0,  2=0), 
(s«0,  (d(*«0,  yoO)  respectively.    From  each  o(  these'  jxtints  we  may  dniw  to 

the  curve  six  tangents,  and  we  have  thu-^  un  the  curve  t  i),;hi4"en  point«,  which  are  a 
particular  case  of  the  system  in  the  Solution  of  Frob.  1744.    Or  if  from  each  of  the 
points  we  dmw  two  properly  sdeeted  tangents^  (whoi  the  ettUe  has  an  oval  these 
a  V.  77 
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may  be  the  tiro  tangentB  to  the  mtl.)  then  we  obtain  »  tyrtum  of  nx  foinlta,  {part 

of  the  system  of  eighteen  pointB) ;  viz ,  the  coordinates  of  the  six  points  are  of  the 
form  (n.  b,  c\  (6,  e,  a),  («,  a,  b},  (a,  c  b),  (6.  a,  c),  (c,  6,  a)  and  therefora  the  nx  pmnta 

ai-e  in  a  conic. 

6.  To  verify  this,  if  we  take  y  » ftr  for  the  equatbn  of  a  tangent  from  die  point 
(ip.O,  y-OX  the  equation  (l  +  ^«*4'fUAi^  +  <'-0  mart  have  a  pair  of  equal  roots, 

giving  for  ^  the  equation  {l  +  0^  +  9»^mO;  and  we  then  lind  '--^4^/'«<  ^  i*> 

S  bdng  deteraiined  bjr  the  foregoing  equation,  the  coordinates  of  the  pmnt  of  oontaci 

are  x  :  ^  :  s « 1  :     :  —  ^iff  -  rooU  of  the  equation  in  9  are  of  the  fonn 

^if  4*       i  >       i-  i  *od  awnming  that  the  curve  baa  an  oval,  there  are  two  real 
0|    V(  v« 

roots      J     Henoe,  wiitbg  m  :  y  i  t^l  :  $%  i  —-^^  »  a  ;  6  :  e.  the  eubttitatiou  ^ 

for  6,  gives  <r  :  y  :  «a&  :  a  :  1!^  tiukt  !•»  the  coordinates  of  the  pointa  of  eofttacfc  of 
the  tangents  to  the  oval,  from  the  point  (r^O,  yO)  are  (^i,  b,  e)  and  (6.  a,  c) 
respecHvi  ly  ;  iiml  writing  stircc««ivi'ly  iy,  2,  x)  and  (r,  x,  y)  in  place  of  (r,  y,  z),  the 
coordinates  for  the  tangents  from  (y  =  0,  £»0)  ore  (6,  c,  a),  (c,  a);  and  tboee  fur 
the  tattgente  from  jr^O)  are  <e,  a»  6)  aiad  (a,  0, 1);  ao  that  the  ooordinates  «f 

the  aix  points  of  contact  are  a  system  of  the  form  in  question. 

[VoL  IT.  pi  107.] 

1818.  (Proposed  by  Professor  Catlbt.)— Find  the  envelope  of  *  series  of  drdea 
which  touch  n  given  Htraight  line  and  have  their  centres  In  the  ctrcnmforence  of  a 
given  circle   {See  Quest.  1771.; 

[VoL  nr.  pp.  108.  lOO.] 

1816.    (Proposed  by  R.  BALL,  M.A.) — Expre«  the  roots  of  the  eqtwtjon 

{ae  -  46d  +  3c')  (tW  +       +  Cca=  +  4rf.r  +  «>V  -    {(tie  -  6»)  j-*  +  2  (tit/  -  a' 

+  (o«+  2W-3c»)j-»+  2(6e!-crf)a:  +  (ce-rf-),-  =  0. 

in  terror  of  the  roots  a,  ^8,  y,  *  of  it* +  4ia:* +        4«i»  +  e«0. 

SniMiM  6y  Phofbhor  Catlkt. 

Writing 

r  =  («,  6,  f,  rf,         y)*  =  a(a:-ay)(jr-  ffi/)iT  -  yy){x -Sy), 

H  =  {iir-  h\  \{  a<l  -  be),  i  (a«  +  2W  -  3c=),  |  (ie  -  erf),  ce  -  d^J^r,  y)*, 
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theD  conridering  «  :  y  a*  tli«  uaknown  qiuuUty,  it  is  required  to  find  the  roots  of 

thf  t'(|uation  lU-  —  ^W  =  0  in  terms  of  the  roots  (a,  ^,  7,  S)  of  the  cniiiation  ?7  =  0; 
or,  what  is  the  same  thiog,  it  is  reqaired  to  fiod  the  linear  factors  of  the  fuoctioa 
{U*  —  9B*.  The  fanotlon  in  question  is  the  product  of  four  qnadratie  fiwkns,  rational 
functions  of  (a,  /9,  7,  5);  nnd  tht>?c  being  known,  the  four  pairs  of  linear  factors  OMI 
be  determined  each  of  them  by  the  solution  of  a  quadratic  equation.  In  foet^  writing 

e.  =  o  {(/9  -  a) (x  -  yu)  {x  -  Zy)  +  (7  -  «)    -  hy)  (j"  -  &y)  +  (5  -  a)  (x  -  ^y) (x  -  7^)]. 

ftp  ^  n  [(y  -  j8>  ir  -  B>/)  (r  —  a>/)  +  (B  —  0)  f.r  -  ay)  (.r  -  yij)  +  (a  -  0)  (x  -  y;/)  (x  -  hy)], 

=  rt  {(8  -  7)  (a^  -  «y) -      +  (a  - 7)(*  - /^y) ("^  - %)  +  l/t^  -  7)  <^  -  ^J^)  - 
e, «  a  {(«-«)  (X  -  iSy)  («  -     + -  S)  («-  yy)  («  -  «jr> + (,y  - 1)  (*  _  «y)  («  -^)J, 

we  have  identically  S56(/(7*~  3J9^  -e.B^e^ftt ;  ho  that  the  quadratic  fiw:toi»  of  ItP^ZB* 

are  B.,  H^,  f),,  8!|.  To  shuw  that  this  is  so,  it  is  to  be  remaiked  that  the  product 
B.ftjB^Bj  is  )i  »}TfnmetricaI  function  of  tlip  root?*  o.  /9,  7,  and  oon«e'{n<»ntly  a  rational 
and  integral  fuuctiou  of  the  coefficients  (a,  b,  c,  e)  oi  U  \  moreover  H.,  ,  By,  B«  being 
eaeh  of  them  a  oovariaot  («n  iiratioiial  one)  of  IT,  the  pirodnet  in  quesdon  must  he 
a  oovariant  But  a  covsriant  is  completely  detenniued  when  the  leading  coefficient  is 
given ;  hence  it  will  be  aufficirnt  to  ^how  that  the  loading  coefficients,  or  coefficients 
of  ;e*,  in  the  functions  ©.©flH^H,  and  2h6{IU'-:iH')  are  equal  to  each  other.  Writing 
for  a  moment  ttt^p,  Xafi^q,  ia0ym,r,  afiyS^t,  the  eo^Bdent  of  s^  in  a'''6u  is 
0  +  y  +  B  -  which  =/)  —  4« ;  we  have  thence  the  piofluct  (p  —  4a)(/)  —  4/9)(p— 4y)  48), 
which  is  '=p*~^p'.p  +  16^.q-64f.r-^i9Gs,  =  250* -  64pr+ IGp'j 

Hence,  ix'Btoring  the  omitted  factor  a*,  and  observing  that  wo  have  p,  g,  r,  #  equal 
to  —46,  Oe,  — e,  each  divided  by  a,  the  coefficient  of      in  ^.B^H^Bi  is 

246 (oM - 4a'W  +  6«fr>c  -  3i«),  or  25G  \(ae         +  .Sc')  a*  -  3  (ac  -  b'y], 

and  is  consequently  equal  to  the  coefficient  of      in  256(/</^  — 3iP);  which  proves  the 

theorem. 

It  may  be  remarked  that  the  leading  coefficient  of  Si/*  is  =a~'(a,  b,  c,  d,  e^b,  —  af  ; 
and  that  for  a  quantte  t'  =  (a,  h,..){x,  y)"  of  the  oider  n  we  have  a  corresponding 

oovsriaut  of  the  onin  ;r(;.  —  2),  the  leatling  coefficient  uf  which  is  =a~'(a,  6  ^6,  — «)". 

For  M  =  2,  this  i-  tht  itnariant  (diHcriminant)  ac  —  lif ;  for  ;(  =  it  is  the  cubicovariant 
(a\i  — 3a6c  +  2^, • .  y/i  for  n  — 4  it  is,  as  we  have  seen,  the  covariant SiT^ 
For  f»- 5,  Uie  leading  ooeffident  o^/'- 5a4«  +  lOtf^  -  lOoft^  +  4^  is  mtfitfif- Sahe+tacd 
+  8W— Sic*)  -  2  (oc  —  6*)  (o*rf  —  3aic +  2fc*),  which  shows  that  the  covariant  in  question 
(of  the  order  15)  is  =  f  Xn  17t  -  2  fX...  15  h  N...  ISV  whero  the  Nos.  refer  to  the 
Tables  of  my  Second  Memoir  c»n  Quantics,  Fiui.  Trans.,  vol.  cxlvl  (18.>6),  pp.  101 — 126, 
[141 ;  in  the  notation  there  explained,  the  expression  for  the  oovamnt  is  A*E—20Fl, 

{The  roots  of  6.«bO  are  readily  found  to  he 

a(ff  +  y-i-B)-(yB  +  B0  +  0y)  ±     [(«  -ffYiy-  Bf  +  {.9-yy  (5  -         (a  -  Bn^-yT]]* 

these  th«i,  with  three  similar  pairs,  express  the  eight  roots  a«  required.} 

77—2 
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302,  305.  The  theory  of  curves  in  .space  was  propcwod  as  the  nil^ect  of  the 
Prize-question  of  the  Steiner  Foundation  by  the  Ac«deiuy  of  Sciences  of  Rprlin  in  the 
year  1881  "  irgend  eine  auf  die  Theorie  der  hobereu  algebraischeu  Raunicurvea  aich 
benehende  Frags  von  w68«Dtlteb«i'  Bedeotttng  Tollrtandig  su  eil«di|geii,''  and  the  priie 
mm  divided  between  tbe  two  memoin 

Halphen,  "Me'muire  sur  la  classification  des  eouibet  gsuches  •IgAnqueft"  Jour. 
£eole  PolyL  Cah,  Lli.  (1882),  pp.  I— 20O,  and 

Nbther,  "Zur  OniiiiHf^'iing  dor  Theorie  der  algi  bniischi  n  Raumctirvcn."  Ahh.  der 
Akad,  tu  Berlin  vo/n  Jahre  1882,  pp.  1  to  120;  both  treating  of  the  clasHihcation  of 
curvw  in  apace. 

We  have  alio  the  valuable 

Valentber,  "Znr  Theorie  d«r  Bwunemven,'*  Atta  jKrfAM«i(Mxi»  X.  il.  1888,  ppi. 
136—830,  wbieb  relatea  leas  directly  to  the  question  of  cknifieatton. 

The  thref  imfhors  all  refer  tn  these  papei-s  in  tlir  Comptes  Renrhix,  and  make 
cuiuiiderable  use  of  my  cooceptiou  of  the  monoid  surlivce.  It  would  be  out  of  place 
to  attempt  to  |^ve  any  account  here  of  these  memoin:  I  only  rafer  to  sueh  remarks 
or  theorems  contained  in  them  «•  stand  in  inwnedwte  ooimecttoa  with  the  remarks 
which  follow. 

The  rjiu'stion  of  classification  is  much  simpHHed  by  rxclti<h'iii,'  from  ronsidpration 
the  cun'cs  with  singular  p>int8  (that  is  actual  double  points  and  stationary  pointo)^ 
and  this  is  in  &ct  done  both  by  Halphen  and  Notber  and  in  the  present  Xote. 
The  curves  considered  lu-e  thus  cunrs  with  only  a])i»ari  nt  double  points  (adps.)  viz, 
for  a  curve  of  the  order  d  (I  use  Ualpben's  letters)  with  h  apparent  double  points, 
taking  an  arbitrary  point  as  vertex,  the  cone  through  the  curve  is  a  cone  of  the 
order  d.  with  h  nodal  line.\  each  of  these  meeting  the  curve  in  two  (real  or 
imaginaiy)  non-eoincideDt  poiata^    Such  a  curve  is  the  partial  intersection  of  the 

where  the  inferior  cone  P,  =  (x,  y,  jr)*,  =  0,  of  the  monoid  surface,  and  the  superior 
cone      —  («,  y,  t)^\  —0,  of  the  monoid  suHsoe  each  of  them  pans  through  all  the  A 
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noda]  lines  of  the  cone,  and  besides  through  $  lines  of  the  cotio :  thu  iMinplete  inter- 
section of  the  cone  and  monoid  Hurfacc  is  thus  made  up  of  the  curve  once,  the 
h  nodal  lines  each  twice,  and  the  6  lines  each  once;  and  if  as  before  the  order  of 
the  curve  is  —d,  then  we  thus  have  (X--f- =  +  2A +  vu;  we  must  hsTe 
kd=2h->r  0\  A«  the  condition  to  be  satisiie<l  in  order  that  the  cvrre  of  the  Older  d 
may  be  the  partial  intersection  of  the  cuue  and  niunuid  sudace. 

In  my  papers  in  ihr  Comptc.'i  Rendut  I  endeavourr<l  to  find,  and  Halphon  and 
Nother  both  endeavour  to  tiud,  the  surikcea  of  lowest  order  which  have  the  curve  of 
order  d  tar  their  ooinplete  or  partial  interseetiotu  This  (although,  m  wiU  presently 
•ppear,  the  theory  nuj  be  eoniidered  in  a  more  complete  finm)  n  od  important  and 
intcTTsting  question ;  bat  upon  fnrtht  r  n  flt  ction  it  appears  to  me  that  it  is  a 
((uestion  beaide  that  which  first  presents  itself  and  ought  to  be  iu  the  first  instance 
coDndenMl,  vis.  this  is  the  question  of  the  ehnsifieatton  of  corves  in  spsoe  sooofding 
to  the  foregoing  representation  of  any  such  curve  as  the  partial  intersection  of  a  cone 
and  monoid  stirfaci'.  Snpposinfj  it  effected,  and  a  kind  of  curvo  fomplotdy  dcfin<^ 
according  to  thi»  inmio  of  representation,  then  there  arises  the  further  quentioii  to  which  I 
have  rsfened  (Sahnon's  Solid  Qwmetry,  Ed  3,  (1874).  ]k  289.  and  Ed.  4.  p,  881), 

vi7»  we  may  have  passing  through  any  given  curve  a  complete  system  of  surfaces, 
that  is  a  system  (/"O,  V  =  0,  W  =  0,...  where  these  functions  are  not  connected  by 
any  such  equation  as  U^NV+PW  + and  where  every  other  suriaoe  which  passes 
through  the  curve  is  expreanble  in  the  form  MU-i-  NV+  PW  +  ...  =  0.  It  is  not  easy 
to  prove  (but  as  to  this  soe  Hi^l  •  i-t  "Zur  'nieurio  dt  r  al^jebraischen  Oebildc," 
OOttingen  Nacfiriehten,  1888,  p.  454),  but  it  may  be  safely  assumed  that  for  a  curve  of 
any  given  order  whatever,  the  number  of  eqnations  in  such  a  complete  system  is 
finite,  aud  we  have  thus  the  representation  of  a  cur\'e  in  space  by  means  of  a 
complete  system  of  surfnccs'  pa>i?;iiijT  thronph  it.  Obviously  the  curve  is  hore  the 
partial  (or  if  the  system  consists  ol  only  two  surface  then  the  complete)  iutersectioD 
say  of  the  two  smrfiwes  tT-O,  V^O  of  towest  order  ftmng  throi^  it,  whidh  b 
the  question  above  referred  to. 

Reverting  to  the  rspronontation  by  the  cone  and  monoid  snr&ee,  Halphen  gives 

the  capital  theorem,  that  if  we  have  any  particular  inferior  cone  P~0  pasang  through 
the  curve,  then  we  may  without  hnia  uf  generality  take  the  equation  of  the  monoid 

sniftoe  to  be  io=^:  viz.  if  instead  hereof  the  equation  of  the  monoid  sur&oe  is 
taken  to  be       p,  then  this  equation  in  virtue  of  the  equation  U^O  of  the  cone 

Q 

m  always  reducible  to  the  tirsst  rnenlionetl  form  w^^;  that  is  in   virtue  of  the 

Q'     Q  (J 

equation  U^H,  we  have  w^po^.  or  what  is  the  sane  thii^,  p«p  in  virtue  of 

(7=0,  that  is  QP-QF^MU,  where  M  is  a  rational  aud  integral  function  (x,  Jf,  s}^ 
of  the  dqp»e  \  •ik-l-  »+l~c^  if  ib  be  the  degree  of      and  n  that  of  P. 

It  thus  appears  that  if  i»  be-  the  order  of  the  cone  of  lowest  order  which  passes 
through  the  h  nodal  lines  of  the  cone  U=0,  then  we  have  always  functions  Q,  P 
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of  the  orden  tt+lj  »  reqieetirely,  wdi  \ha%  the  eqiuitton  of  tii«  monmd  sntfiiee  w 
Or  what  is  the  a«nft  tbttig,  w«  hftve  alwap  a  monoid  aaxheo  of  the  order 
n  + 1 :  wo  thu  imTe  at  the  notion  of  Halphen's  ehanoteris^  n. 

Instead  of  the  forcing  equation  kim2h-i-0,  we  thus  hare  and  foe 

given  values  of  d,  h  then  it  thus  a  minimum  value  of  n  (viz.  nd  must  be  -.xt  least 
=  2A);  there  b  also  a  nmximuin  valiie  of  n,  viz.  this  is  the  least  value  for  which 
^»(tt  +  3)  is  >Bor</(.  for  with  such  a  value  of  n  there  is  alwap  through  the  h 
nodal  line*  a  eone  of  the  ordor  n. 

For  a  ipven  valae  of  tf,  we  have  A«  at  most  ^(d-l)(d-2),  and  Halphen 
shows  that  h  mint  he  at  least  =  [{ (d  —  ly],  if  we  denote  iu  this  manner  the  integral 

part  of  the  pxpression  wthin  the  bracket*.  And  then,  h  having  any  value  between 
these  limits,  for  any  given  values  of  d,  h  we  have  by  what  precedes  a  certain  number 
<tf  nlnei  of  n. 

We  thus  hare  pnmA  fade  eurres  in  apaoe  of  the  eereral  Ibnns  (d,  h,  n):  tnit  it 

may  very  well  be,  and  tn  fitct  Halphen  iiud«  that  when  d  '\»  »Q  m  upwards,  then 
for  certain  values  of  A,  v  above,  thei-e  is  not  any  curve  (d,  h,  n):  thus  d  =  9,  A  =  17, 
the  values  of  w  are  « =  4  or  5,  but  there  is  not  any  curve  d « 9,  A  b  17,  for  either 
<tf  these  vdoee  of  n;  or  say  the  cnrves  (9,  17,  4)  and  (9,  17,  5)  are  non-exietent. 

And  I  notice  further  that  in  certain  eases  for  which  Halphen  tiuds  a  curve 
(d;  A,  «)  each  carve  does  not  eriat  except  for  iqtedal  ooofiguratioiM  of  the  h  nodal 
lines  not  detemiined  by  the  mere  defuiltiou  of  n  a^*  the  order  of  the  eone  of  lowest 
order  which  passes  through  the  h  nodal  lines:  for  iiist«nce  d  =  d,  A  =16,  for 
wtueh  Balj^en  gives  a  curve,  I  find  that  it  i»  not  enough  that  the  16  nodal  lines 
no  Btuate  on  a  quartie  oone,  hut  that  they  muit  he  the  16  tines  of  intenection  of 
two  quartie  cones. 

T  remark  moreover  that  Halphen  does  not  carr}  out  the  fortgoinjj;  prinelple  of 
classiiication  according  to  the  values  of  (d,  A,  n) :  thus  d  =  9,  A  =  22,  the  values  of  n 
are  6  and  5 ;  viz.  the  22  nodal  lines  are  in  general  on  a  eextie  oone  hut  they  may 
b<  oil  a  quintic  com;  the  curves  (9,  22,  G)  and  (9,  22,  •>)  exist  each  of  them,  but 
he  gives  only  the  former  nf  the  two  forms.  The  form  (9,  22,  6)  has  a  capacity  36 
(depends  upon  36  constants)  but  (9,  22,  5)  a  capacity  35  only,  and  I  assume  that 
Halphen  eoomdered  it  as  a  pttriaeuUur  case  of  (9,  22,  6),  (there  is  it  seems  to  me  a 
want  of  precision  iu  hit^  deBuition  of  a  family)— Init  I  consider  that  this  is  an 
abandonment  of  the  principle — the  two  curves  differ  ipno  /ado  in  that  in  the  tii^t 
form  the  22  nodal  lines  are  not,  in  the  second  tbrm  they  are,  on  a  quintic  curve. 
In  NSther's  tiieory  the  eharaeteristic  «  does  not  {iceseitt  itsdf. 

Resuming  the  general  theory,  and  considering  d.  A,  n  as  given,  we  start  from  the 

cone  0^0  of  the  order  d,  with  h  nodal  lines  lying  in  a  cone  of  the  order  n:  we 
take  P  =  0  a  cone  of  the  order  n  passing  through  the  h  iioilal  lines,  and  besides 
meeting  the  cone  U  =  0  iu  &  lines ;  nd «  2A  -f  (where  0  may  be  =  0).  And  we  then 
have  QsO  »  oone  of  the  order  ii  +  l  iMnsiiiig  throttgh  the  k  lines  and  the  $  lines; 


and  this  bebg  90  we  have  ^""^  Cor  the  «qttttt«a  «f  tl»e  motMidl  vaxhcb,  and 

consequently  I/sO  and  v  =  p  for  the  eqnatunui  of  ike  carve,  viz.  the  cone  CTssO 

and  the  monoid  sarftoe  of  the  order  r  +  1  meet  in  tbu  h  Unea  each  twice,  in  the  6 
linee,  and  in  the  curve  of  the  order  d;  (» l)d«Sft+tf 4-dL  Observe  here  that  the 

cone  Q  =  0  a<5  a  cone  >>f  the  urder  n  -:-  1  subjected  only  to  the  conditions  of  passing 
through  the  h  lines  and  the  0  lines  has  in  general  a  capacity  »  ^  {n  +  \  )  (n  +  4)  -  h  —  $ ; 
this  nmnher  ahoirid  be  ^  3  at  least,  for  if  it  were  «  2,  we  ahoald  have  Q  =  {x+fiy  +  yz)P 
(since  PacO  is  a  cmie  of  the  next  inferior  order  through  the  same  k+&  tineaX  and 
thus  the  eurve  would  be  a  plane  curve.  Observe  further  that  the  cone  ?7  =  0,  quk 
cone  of  the  order  d  with  A  nodal  lines  has  in  general  a  capacity  =^d(d  +  3)-A;  the 
cone  Pa>0,  by  what  precedes  maj  be  regarded  as  determinate,  and  the  oone  Q^O  as 
just  appearing  has  in  general  a  capacity  =  i  (?« -f  l)(n  +  4)  — /i  — ^;  there  is  a  term 
+ 1  for  the  implicit  constant  factor  in  the  function  Q,  and  we  thus  find  for  the 
capacity  of  the  curve  the  expression  J +  3)  — A  + 1  +  +  4)  — A— viz.  this 

is  -|d(d+8)  +  i(i^-l-5ii)4-8-«d.  -i(<(-a>»-l'}<3d-i-8M)+3.  which  putting  br  a 
moment  d  —  n  =  <i  h  -\c^  +  i  (Hd  —  5a)  +  3,  =  4<f  +  ^  («  -  2)  (a  —  3) ;  hence  i  c-^t^  'ririg  for 
a  its  value,  we  find  Ciipacity  of  curve  =4<i  +  4(d  — 2-«)(<i  — 3  — a):  in  particular  if 
n^d—i  or  d  — 8,  the  eaj»a<ity  is  «4«{, 

We  are  thus  able  in  the  case  where  ^{n  +  l){n  +  4)-k^0  —  Z  or  more,  say 
^ii<f»-f9)  'cr>  h+$-¥l,  actually  to  construct  the  equation  of  a  curve  (d,  h,  n), 

having  in  the  case  where  n  =  d  —  2  or  d—3  a  capacity  =  id :  the  conditions  in 
question  for  any  given  value  of  d,  arc  satisfied  by  the  considerable  number  of  curves 
which  form  Halpheu's  "premier  groupe." 

For  instance  (i « 9,  then  the  complete  table  of  the  values  of  h,  n,  6  is 


d 

k 

It 

$ 

Cap. 

9   1  16 

4 

4 

38 

5 

13 

0 

17 

4 

■2 

0 

5 

11 
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I« 

4 

0 

36 

9 

36 

19 

7 

36 

20 

5 

5 

36 

21 

5 

3 

36 

G 

12 

0 

22 

5 

1 

3S 
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10 

36t 

33 

6 

8 

36t 

34 

6 

6 

36t 

25 

6 

4 

36t 

C 

•> 

36t 

6 

(» 

3Gt 

•28 

' 

36t 
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awl  iho  eonditiona  are  aatiafied  for  ihow  valuM  of  (cT,  h,  n)  against  whieti  I  have  art 

the  capacity  36t.  I  do  not  explain  the  mnaoni^g  flgurea  of  the  column  of  capacities, 
but  remark  only  that  0  means  that  tho  i^'irvc  is  non-exiatf"nt,  and  that  96  refers  to 

the  curvti  (9,  22,  5)  which  is  alhiJeil  to  abu\u  a.s  not  specified  by  Halphen. 

It  is  important  to  remark  that  if  the  above-mentioned  condition  j[n{n-{-d)=  or 
>h+0'i-l,  or  reatoring  it  to  the  original  form  ^(n+l)(n+4i)-h-0^S  at  leaat,  ia  wit 
satisfied,  then  it  by  no  means  follows,  and  it  is  not  in  geueral  the  case,  that  tho  curve 
is  non-existent:  I  have  said  only  that  the  cone  Q  =  0  has  in  general  a  capacity 
B^(n-|- l)(n +4)  — A  — but  the  configuration  of  the  h  +  6  lines  may  be  such  as  not 
to  impoae  on  tlie  oone  Q^O  which  paiaea  through  them  ao  mai^  aa  h+B  oondituma, 
and  the  rapacity  of  the  cone  may  thus  be  greater  than  ^  (n  +  1)  (n+ 4)  —  A  —  ^,  and 
may  thus  be  * 3  at  least;  moreover  supposing  that  in  such  a  case  the  cur\'e  exists, 
the  capacity  of  the  cone  t7»0  inatead  of  heing  {d  +  3)  ^  h,  may  very  well  baya, 
and  preeumably  has,  a  greater  value,  and  the  reasoning  by  which  the  capacity  of  the 
curve  wan  fDund  to  be  -  id  +  ^{d  —  2  —  n)  (d  — S  —  n)  ceases  to  be  applicaWo.  The 
theory,  as  depending  upon  special  configurations  of  the  h  lines  and  the  0  lines,  ia 
a  oomi^ioatad  and  diffientt  one;,  and  I  do  not  attempt  to  enter  upon  it 

In  ooneltuion  I  wiah  to  refer  to  an  important  theorem  given  hf  Valentiner  and 

also  by  Halphen  and  Niither.  Considering  in  connexion  with  the  curve  of  the  order  d, 
a  surface  of  the  order  m,  then  since  the  capacity  hereof  (or  tnimber  of  constants 
contained  in  its  equation)  is  =^(m  + l)(m  +  2)(m  +  3)— 1  or  |  m  (7/1' +  6m  + 11),  it  is 
obviona  that  if  this  be  greater  than  md,  the  anr&ce  ean  be  made  to  paaa  through 
more  than  md  pjints  uf  the  curve,  ;\nd  thus  that  the  cunx-  will  lie  upon  a  snrfare 
of  the  order  m.  But  the  condition  which  has  really  to  be  satisfied  in  order  that 
the  curve  may  lie  upon  a  aorfluse  of  the  order  m  ia  &  leas  stringent  one:  if  jv  be 
the  deficiency  of  the  curve,  =  i  (rf  - 1  )(<i  —  2)  -  A,  if  aa  before  the  curve  is  without 
actual  singularities,  and  A  be  the  number  of  its  apparent  double  points,  then  the 
condition  is  ^?»(m'  +  6?n-i- 11)  greater  than  md—p,  viz.  the  surfitce  of  the  order  m 
being  made  to  peas  thitmgh  mi-¥\  — p  points  aaaamed  at  pleaaare  on  the  curve  will 
ipao  facto  pass  through  p  determinate  points  of  the  curve,  that  is  in  all  through  md  -I- 1 
points  of  the  curve,  or  it  will  contain  the  curve.  The  theorem  is  true  subject  only 
to  the  limitation  m=  or  >d  —  2.  The  moat  simple  form  of  statement  is  perha{»  that 
given  by  Valentiner,  p.  194  (changing  only  hia  letteia),  ris.  if  m  be  ssor><i-8,the 
intersections  of  u  .«tirface  uf  the  order  m  widi  a  curve  of  the  order  id  mth  h  ^tparmt 
double  points  are  determined  by  mean!'  of 

dm  -  i  (d  -  1)  (rf  -  2)  +  A  (=  dtn -p) 

of  theae  lAteneetioits, 

SIS.  The  generaliaation  which  is  here  given  of  EulerV  theorem  +  ia 

a  first  stop  towards  the  theory  d'  V<  loped  in  Listing^S  Meoioir  "Census  raumlicher 
Coniplexe  oder  Verallgemeioerung  des  £aler'achea  Sataea  von  den  Fiolyedem."  QiittiogM 

Abh.  t.  X.  (1862). 

320.    The  transcendent  » gd  (—  im),  with  a  pure  iin^nary  argument  is  the  function 
log  tan  (iir  +  ^i)  (hypwbolic  logarithm)  tabulated  by  Legendre,  ^itr.  d$  CvUmd  Int^roU, 
0.  78 
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t  11.  <1816X  Table  nr.  and  Tniti  dt$  Fmetietu  SttititigvM,  t.  u.  (1826).  Table  it. 

at  intorvaU  of  30'  from  0"  to  W,  to  twelve  deeimaU  and  fifth  differences.  But 
the  march  of  the  functioa  is  somewhat  disguised  by  the  aigument  being  taicen  in 
degrees  and  minutes  and  the  fiinetion  in  abstmet  namber.  I  have  in  the  paper  "On 
tlie  orthomorphofiis  of  the  circle  into  the  parabola,"  Quart.  Math.  Jour.  toL  U.  (188S), 

pp.  213—220,  SCO  p.  220,  given  the  table  (ut  intervals  of  1"  to  seven  decimals) 
exhibiting  the  argument  and  the  function  each  of  them  in  degrees  and  minutes  and 
also  in  ftbstraet  Dumber. 

S3S.  Besides  the  13  numbers  mentioned  bj  Qauss  it  appeeuv  by  the  paper,  Perott, 
"Sur  la  formation  dcs  dotennitJuMi^  inegnliers,"  Crdle,  t  xcv.  (188SX  pfk  2S8-*S96,  that 
in  the  first  thousand  the  detenninante  -468  and  -931  are  izr^ler. 

341.  Consider  the  equation  of  a  cnrve  as  given  in  the  form  ^— /(^)~0;  then  in 
the  notation  of  Reciprocants     =      «=iy",  b—^t/'".  <'  =  A.v""  d  =  where  the 

accents  denote  differentiatiou  in  regard  to  x)  the  equatiou  of  the  conic  of  five-pomtic 
contact  at  the  pobt  («,  y)  of  the  eurve  is 

+a*(Z-«){F-y-«(J-«)| 
+  (ac-6»)  }F-y-«(Z-«))« 
-n?  {F-y-<(Z-«)}-0, 

which  I  verify     IoIIowb:  imtiDg  X^»+$,  we  have 
and  thenoe 

F-y-t<Z-«)-  «^+i*»  +  ctf*+<M». 

SttbetitatiDg  tbeee  values  and  derdopinig  as  far  as  ^  we  find 

«^ 

-  a*  (atf»  +  W»  +  c*» + -  0, 

vi&  this  is 

0^ 0^  +  00*  -  o  (a^  -  3o6c  +  26»)  tf»  -  0. 

The  equation  is  thus  satisfied  as  far  as  0*,  showing  that  the  conic  is  a  conic  of 
5-pointit:  wntnrt ;  am]  it  will  be  satisfied  as  far  as  ^  if  only  a(u'd  -  9abc-^2b')  =  0. 
The  value  a  =  0  belongs  to  an  inflexion,  and  reduces  the  equation  of  the  conic  to 
(F— y  —  t(X— «)}*»0,  yiz.  this  is  the  stationary  tangent  taken  twiee,  whioh  is  in  an 
tmproper  sense  a  conic  of  six-pointic  contact :  the  other  factor  determines  *  sextSCtie 
point,  viz.  wo  have  a'd  -  3abc  +  26'  =  0  ob  the  condition  of  a  sextactic  point. 

We  might  from  this  form,  whidi  belongs  to  the  curve  as  given  by  the  equation 
y— /(a;)  =  0.  pass  to  the  fonu  belonging  to  the  curve  as  given  by  the  equation 
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V,  — («»  y,  «y",  sO,  and  thus  obtaia  the  torm  givem  in  the  memoir,  and  llie  praeen 

would  I  can  woll  iinagiiic  be  a  more  simple  one,  but  it  would  certainly  be  ver\  com- 
pHcnt^:  as  an  illustration  take  the  simple  case  of  an  inflexion:  the  condition  for  this, 

for  the  equation  y-f{x)  =  0  of  the  emrre  is  asO,  that  u  Paesing  fint  to  the 

form  Ut        y»  IJ^^-O^  we  bare 

"35  ^Zfe*"^ 

and  thenoe 

d^U_^^d^U  ^d'U  /duVdUd^l,  „ 
viz.  substituting  for  ^  its  value  from  the  first  equation  the  coudition  ^  =  0,  becomes 

\dt//  dj^        dt/        (Ldi/     \d,T/   dt/  ' 

and  we  can  then  make  the  further  transformation  to  the  form  U » (x,  t/,  » 0,  and 
■o  obtain  but  not  very  easily  the  iwalt  H(U)^9i  hat  in  the  trani&nnations  for  the 

sextactic  point,  besides  the  difTereutiiil  coefficient  a  of  the  lecood  order  we  have  the 
coefTlriLntB  b,  c.  d  of  the  orders  3,  4  and  5  respectively;  and  the  eomplication  is  thus 

very  much  greater. 

343,  354^  374.  The  principal  paper  is  374;  354  is  a  mere  r^m^  of  this;  and 
943  relates  to  the  higher  singularity  which  first  piresented  itself,  and  which  is  there 
shown  to  arise  from  the  coalescence  of  a  node  and  a  cnsp,  but  in  974  (where  it  is 
considered  more  fully)  it  is  shown  to  be  equivalttat  to  a  node,  a  cusp,  a  double 

tangent  and  an  inflexion. 

On  the  general  subject,  and  tuinulid  on  .■]7+,  we  have 

Smith,  H.  J.  S.,  "  On  the  Higher  Singularities  of  Plane  Curvetj/'  Frm.  Lond. 
Matk.  Soc  voi  vh  (1875X  PF^  15S— 182.  The  anihor  refers  to  the  two  ibllowing 
enquiries : 

(1)  It  is  important  to  prove  that  the  indices  of  ^inTiilarity  .v^  tLi'fined  by 
Professor  Csyley  satisfy  the  equations  of  PlUcker;  and  that  the  "genus"  or  "deficiency" 
of  the  plane  curve  is  eonectly  given  by  these  indioeak 

(2)  It  is  also  of  interest  to  ezamttte  whether  say  given  singularity  can  be  actually 
formed  by  the  coalescence  of  the  ordinary  singularities  to  which  it  'i»  regarded  sa 
equivalent:  in  other  words  whtthtr  a  singularity  of  wliiih  tlie  indices  are  S,  t,  k,  i 
and  which  is  therefore  regarded  as  equivalent  to  £  double  points,  t  double  tangents, 
«  euspa  and  t  inflevioDS  possesses  «  penulttmate  form  in  which  all  these  singukuritiea 
exbt  diatinet  from  one  another  but  infinitely  dose  together. 

The  paper  relates  cliirf!\  tu  tlie  first  of  these  eoquiries,  the  second  being  reserved 

for  a  further  coTninutiieatioti  which  was  never  made. 

See  also  Ualphcu's  "  Etude  sur  lea  points  siiiguiiers  des  courbes  alg^briques 
planes,"  published  as  an  Appendix,  pp.  337—648,  to  the  translation  of  Salmon's  Higfrn 


Digitized  by  Google 


620  NOTBB  AND  ttBrBRSMdS. 

PibHi#  Ctmet,  "IVaiM  de  Cl6»i#trie  Analjrtiqae,"  pur  0.  S»lmoD  tniduit  par  O.  Gbemio, 
8to.  Buia,  1884.  and  the  liat  of  Ifemoin  given,  p.  6S& 

S47.  I  attach  some  importanoe  to  this  flhort  paper  aa  giving  my  own  geneesl 
views  of  the  subject  to  which  it  relatee,  and  in  paitiicalar  aa  to  the  line  of  aepeistion 
between  Hoite  aud  trausceudenta)  anatysiK 

378.    I  have  printed  this  Report  as  it  was  in  mmo  meastirc  in  connt!xion  there- 
with that  the  Boyal  Society  of  Loudon  undertook  the  very  important  work,  their 
Catelogne  of  Seienl^e  Papen.  I  do  not  ventmber  by  whom  the  Beport  wee  dnfted 
but  eome  of  tiie  recommendations  contained  in  it  are  due  to  me.  The  Catalogue 
18  on  a  more   extensive  plan   than  that  recommended  in  the  Rcjwrt,  inn^rmnch  as  it 
i»  not  limited  to  Fhyiiictf  and  Mathematics  but  extends  to  ail  branches  of  Natural 
Knowledge — ^bnt  it  ie  interesting  to  compare  the  extent  of  it  with  the  eetimate  in  the 
Rf port— vols.  I.  to  VI.  (1800  to  1863)  contain  together  5743  pages:  vols.  Vll.  and  viu. 
(1864  to   1873)  contain  together   2357   pages— the  number  of  entries  on   a  page  is 
about  ==30;  and  we  thuij  have,  1800  to  1863,  about  173,000  entries,  aud  1864  to  1873. 
about  71,000  entries. 
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